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FINITE DIFFERENCE APPROXIMATION FOR
PARABOLIC INTERFACE PROBLEM WITH
TIME-DEPENDENT COEFFICIENTS

Bratislav V. Sredojevi¢ and Dejan R. Bojovié

ABSTRACT. The convergence of difference scheme for two-dimensional initial-
boundary value problem for the heat equation with concentrated capacity
and time-dependent coefficients of the space derivatives, is considered. An
estimate of the rate of convergence in a special discrete ﬁ/; 1/2
compatible with the smoothness of the coefficients and solution, is proved.

Sobolev norm,

1. Introduction

The finite-difference method is one of the basic tools for the numerical solution
of partial differential equations. In the case of problems with discontinuous coef-
ficients and concentrated factors (Dirac delta functions, free boundaries, etc.) the
solution has a weak global regularity and it is impossible to establish convergence
of finite difference schemes using the classical Taylor series expansion. Often, the
Bramble-Hilbert lemma takes the role of the Taylor formula for functions from the
Sobolev spaces [6,8L12].

Following Lazarov et al. [12], a convergence rate estimate of the form

lu—ollws, < CHFullws, s>k,

is called compatible with the smoothness (regularity) of the solution w of the
boundary-value problem. Here v is the solution of the discrete problem, h is the
spatial mesh step, W3 and WQk 5, are Sobolev spaces of functions with continuous
and discrete argument, respectively, C' is a constant which doesn’t depend on u
and h. For the parabolic case typical estimates are of the form

lu=vllyrirs < Ch+ VD lullyeera, 5>k,
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where 7 is the time step. In the case of equations with variable coefficients the
constant C' in the error bounds depends on norms of the coefficients (see, for ex-
ample, [11[8[18]).

One interesting class of parabolic problems model processes in heat-conducting
media with concentrated capacity in which the heat capacity coefficient contains a
Dirac delta function, or equivalently, the jump of the heat flow in the singular point
is proportional to the time-derivative of the temperature [I4]. Such problems are
nonstandard and the classical tools of the theory of finite difference schemes are
difficult to apply to their convergence analysis.

In the present paper a finite-difference scheme, approximating the two-dimen-
sonal initial-boundary value problem for the heat equation with concentrated capac-
ity and time dependent coefficients is derived. Special Sobolev norm (corresponding

to the norm VV21 /2 for a classical heat-conduction problem) is constructed. In this
norm, a convergence rate estimate, compatible with the smoothness of the solution
of the boundary value problem, is obtained.

Note that the convergence to classical solutions is studied in [5,19]. One-
dimensional parabolic problem with weak solution is studied in [2[3L[10]; 2D par-
abolic problem with variable coefficients (but not time-dependent) is considered
in [311].

2. Preliminary results

Let H be a real separable Hilbert space endowed with inner product (-,-) and
norm || - || and S-unbounded self-adjoint positive definite linear operator, with
domain D(S) dense in H. It is easy to see that the product (u,v)s = (Su,v),
u,v € D(S) satisfies the inner product axioms. The closure of D(S) in the norm
[lulls = (u, u);/2 is a Hilbert space Hg C H. The inner product (u,v) continuously
extends to Hg x Hg, where HS = Hgl is the dual space for Hg. Spaces Hg, H
and Hg-1 represent a Gelfand triple Hg C H C Hg-1 with continuous imbeddings.
Operator S extends to the map S : Hg — Hg. There exist unbounded self-
adjoint positive definite linear operator S'/2, such that D(S'/?) = Hg and (u,v)s =
(Su,v) = (S'/?u, S'/?v). We also define Sobolev spaces W3 (a, b; H), W (a, b; H) =
Lso(a,b; H), of the functions u = wu(t) mapping the interval (a,b) C R into H
(see [131120]).

Let A and B be unbounded self-adjoint positive definite linear operators, A =
A(t), B # B(t), in Hilbert space H, in general noncommutative, with D(A) dense
in H and H4 C Hg. We consider the following abstract Cauchy problems:

d
(2.1) Bd—;LJrAu:f(t), 0<t<T, u(0)=0,
du dg

where f(t) and g(t) are given and wu(t) is the unknown function with values in H.
Let also assume that Ay < A(t) < kAo where k = const > 1 and Ay # Ap(?)
is a constant self-adjoint positive definite linear operator in H. The following
propositions are proved in [2].
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LEMMA 2.1. Let f € Lo(0,T; H 4—1). Then the solution to problem (ZT) satis-
0
fies a priori estmate

T / T
u fut
(2.3) /nu|mﬁ+/t/” w4%”3ﬁw A|ﬁ@ﬁ;w

LEMMA 2.2. Let g € W21/ (0,T;Hg-1). Then the solution to problem (22)
satisfies a priori estimate

lfu(t) — ()%
/HuHMa+/Q/ AT
T ’ T
o — g [T 1 2
{/ / t’|2 dtdt’ + /0 (;JFT—_t)Hg(t)HB—ldt-

An analogous result hold for the operator-difference schemes. Let Hjp be a
finite-dimensional real Hilbert space with the inner product (-,-); and the norm
I - In- For a self-adjoint positive linear operator Sp, in Hp, by Hg, we denote
the space Hg, = Hj with the inner product (v,w)s, = (Spv,w), and the norm
lvlls, = (Shv.v),.

Let w, be a uniform mesh on (0,7) with the step size 7 = T'/m, w} = w, U{T}
and w,; = w; U {0,T}. Further, we shall use standard notation from the theory of
the difference schemes [17]. In particular, we set

v(t) —v(E -7
vp = vp(t) = %
We consider the implicit operator-difference scheme
(2.4) Bpuvg+ Apv = o(t), te wj, v(0) =0,

where Ay, = Ap(t) and By, # By (t) are linear positive definite self-adjoint operators
in Hp, in general case noncommutative, p(t) is given and v(t) is an unknown
function with values in Hy,. Let us also consider the scheme
(2.5) Bpvr+ Apv =7, tew, v(0)=0,

where (t) is a given mesh function with values in Hj. Analogously, as in the
previous case, we assume that Apg < Ap(t) < kApo where k = const > 1 and
Apo # Apo(t) is a self-adjoint positive linear operator in Hy,. The following analogs
of Lemmas 2.1 and 2.2 are proved in [11].

LEMMA 2.3. The solution v of operator-difference scheme (Z4) satisfies a priori
estimate

[o(t) —o()]%
Ty @I, 7Y D e ST > eIl
tewt tE@, t/ €@y b/ £t tew?

LEMMA 2.4. The solution v of operator-difference scheme ([Z1)) satisfies a priori
estimate

Y oA, > D %

tewd tED, t/ €D, b/ #t
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, [(t) — ()2 1
<C[T Z Z |

B! 1 9
712 7 § : B
teon ottt t—¢| i t+7 T —t+r h

3. Differential problem and its approximation

Let us consider the 2D initial-boundary-value problem for the heat equation in
the presence of a concentrated capacity at the line zo =&, 0 < £ < 1:

U o 0 ou
(3.1) (1+ K(Sz(x))g - Z 8_:m(ai(x’t)8_:m> = f, on Q,

u=0, on 9Q x (0,T),
u(l‘,O) - UO(m)a on {2,

where 5 (x) = §(xy —§) is the Dirac delta function, K = const > 0 and = (0, 1)2,
Q =Q x (0,T). We shall assume that

(3:2) ai € WS @) WS TQa), e >0,
fe W21+a,1/2+a/2(Q)
ug € Wi (Q1) N WE(Qy),
(3.3) ue WP (Qu) n W32 (Qa) n W2 (3 x (0,7)),

where Q1 = (0,1) x (0,£), Q2 = (0,1) x (£,1), Q1 = Q1 x (0,T), Q2 = Oy X
(0,7), & = {(x1,8)]x1 € (0,1)}. Note that conditions [B2Z) express the minimal
smoothness requirements on the data under which the solution u of (BI) may
belong to the function space stated in (83). To guarantee that such u really exists,
we also need some additional compatibility conditions at the corners of Q (see [7]).
We also assume that and 0 < ¢; < a;(z,t) < ¢, on Q.

Let wp,—uniform mesh with step size h in Q, wy, = @, NQ, w1y = @ N ([0,1) x
(0,1)), wan, = @wp,N((0,1)x[0,1)), o, = wp,NE. Suppose that & is a rational number.
Then one can choose step h so that oj, # (). Also we assume that the condition
c1h? < 7 < coh? is satisfied. Define the finite differences in the usual way:

v—vt vt —w

h ) Uz (l‘,t) = h )

where v¥i(z,t) = v(z £ eih,t), e1 = (1,0), eo = (0,1). Problem @BI) can be
approximated on the mesh @, = wp, X W, by the following difference scheme with
averaged right-hand side:

(3.4) (1+ Kby, vz + Lyv = TETT, f, on Qnr,

v=0, onvy, xw,, v(z,0)=up(z), on wp,

Vz; (l‘, t) -

where Lpv = 7% Z?:l((aivmi)fi + (aivi’i)wi)v

5U;L (I) = {07 N ¢ o

1/h, T € op
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is the mesh Dirac function, and T4,7%,7; are Steklov averaging operators defined
by

z1+h/2
Tlf($1,$2):T1if($1$h/2,$2):—/ f(x}, ) dx,
xr

h Jer—n)2

I2+h/2
T2f(3017302)=T2if($1,I2ij/2)=E/ f(x1, xy) dah,

:82—}1/2

_ I
T, f(x,t) =T, f(z,t — 1) = - f(x,t)dt'.
t—T1
Note that these operators are commutative and transform the derivatives to divided

differences, for example:
ou Ju
T-7 - i T+
g 8931 Yz g 8:@

We also define

T227f(I1, $2) =

0%y _Ou
i D 2 =Uz,z,, 1y ot =

1 [*2 xh — X9 , ,

E/ ) (1+ - )f(xl,IQ)d$2,

1 [reth Th — T

T22+f(x1,x2)zﬁ/ (1— 2h Q)f(xl,xé)dacg.
x

We define the following discrete norms and seminorms:

10100y =7 D0 10C D 0w 101wy =7 D 10C D0

tewy tewt

2
|U|L2(wT;W21/2(a =T Z |U 1/2(0;,,)’

tEw

[v(,t) —v(-, )7
2 ) ) 2(wn)
0] W% (wri La(wn)) Z T Z ETE ’

tED, €D, , t'#t

lo(,t) — v (-, )11
2 ’ ’ 2(on)
|v] Wy/2(wr; La(on)) =T Z T Z It — 1|2 )

€D, tED,,tH#t

1 1
2 2
Wi“(wﬂLQ(wh))J”Z (t+7 - TftJrT)HU( e

tEwr

2
= Uy, 1; Ug.

vl [0

W22 (wr; La(wn))

1 1
2 2 § . 2
1ol72 0 2ty ™ |“|W§/2<wT;L2<ah>>+T - (t+T - Tft+7)||v(’t)HL2("h)’
2
||’UHI’/IV/21,1/2 Qnr =T E HU ||W1(‘~'h) + |U| 1/2(0.) La(wn)) + |U| 1/2(0-)7—;[/2(0'},,)).
tEwT

4. Convergence of the difference scheme

In this section we prove the convergence of difference scheme (34) in the
W21 1/ *(Qnr) norm. Let u be the solution to boundary-value problem (&) and
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v the solution of difference problem ([34). The error z = u — v satisfies the finite
difference scheme

(4.1) (14 K8y, )2; + Lnz = ¢, on wy, X w,
+

z=0, on v, xw,, z(z,0)=0, on wp.

where
2

Y = Z Ni,z; + Xbart + 50'hﬂfa
=1

X = u— T3,
_ ou 1 -
ni =T, T3 T, (az‘a—xi) - 5lai + af")ug,,
p=Ku—T}HKu).
Let us set n1 =71 + 06,71, X = X + 05, X, Where
h? 0%u da; Ou h? ou

e (g 2222, = 2]
n 6 Lot a16$18I2 * 6$2 8I1 b ’ X 6 1 8I2 Z’

and [u]y = u(z1, £+ 0,t) — u(x1,£ — 0,¢).
Using Lemmas 2.3 and 2.4, we directly obtain the following a priori estimate
for the solution of difference scheme ([@I]):

(4'2) HZHVT/;J/?(Q,”) < C[||772||L2(Qhr) + ||ﬁ1||L2(QhT) + |ﬁ1|L2(wT;W;/2(ah))

5220, ooy T N2 0 Loy T 107220 o)

Therefore, in order to estimate the rate of convergence of difference scheme
B4, it is sufficient to estimate the right-hand side of inequality (2.
We decompose 1; = n;1 + ni2 + 1:3, Where

_ ou _ _Ou
nin =T T5 Ty (aia—xi) — (TT5_.T; ai)(ﬂJrT:sin t 8_%)’
+2 e +i +po e OU
Nig = [Tz T37iTt a; —O,E)(Gi —l—ai )} (T; T37i t aT),
i _Ou
nis = —0,5(a; + a; ){TiJrTBsz’ . Uz}

The term 71 is a bounded bilinear functional of the argument (a;,u) € VV41 172 (e) x
wil(e),

e=ce(z,t) ={(z), 25, t") rx; < <a;+h, |25, —x5_3] <h, t' € (t—T1,1)},

and for ¢ = 1, o # £ Further, 7;; = 0 whenever a; is a constant or u is a
polynomial of degree one in x; or x2 or a constant. Applying the Bramble-Hilbert
lemma [6] we get:

(4.3) |’I7i1(I,t)| < Clai'Wi’1/2(e)|u|W42’l(e)'
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The term ;5 is a bounded bilinear functional of the argument (a;, u) € T/Vq2 Le)x
WQIIJ’%;_Q) (e), ¢ = 2+e¢. Further, ;2 = 0 whenever q; is a polynomial of degree one
in £ or xo or constant or u is constant. Applying the Bramble-Hilbert lemma we

get the following estimate:

(4) ma(a O] < Claddwz o 1o

The term 7;3 is a bounded bilinear functional of the argument (a;, u) € C(Qx) x
W§’3/2(e), k = 1,2, Further, 1;3 = 0 whenever u is a polynomial of degree two in
1 or x2 and a polynomial of arbitrary degree in t. Applying the Bramble-Hilbert
lemma, we get the estimate

(45) mal, )] < Clladllegyyfulyz 72

From estimates ([A3)—(@3), choosing i = 2, after summation and using the
imbeddings

W22+6,1+a/2 c W41’1/2, W3,3/2 c W42’1,

2te,14e/2 2,1 3,3/2 1,1/2
(*) W; CWq ) Wy CI/Vq/q 2)”
WQQJFE’HE/2 c C, forq=2+c¢,
we get
(4.6) 1720l La(@ney < CP* (llaallyyzeerserz ) lullyyanrz g,

+ Ha2||W22+5,1+5/2(Q2) ||u||W§.,3/2(Q2)).

Let us estimate the term 7;. At the point ¢ o5, we have 7; = m and
estimates ({3)—(@3) are valid. At the point © € o, we decompose

3

= Z(nik + 77{1@)7

k=1

where 771ik are defined at the point x9 =& +£0

_ ou _ _ Ou
0k, = T{ T2, (alaT) — 2T an) (T T )
1

0x1

ooy )i ) (1 )

[ () - (g )

Gl g ) - e g )
= oo - S5 B S e ),

+1 2
4 a1 + af [(Jr ot _QU) h( te O )}
= ——2(0 T T — ) — — T T, )
M3 1 12 e g U:c1$3 Y
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The term 771i,1 is a bounded bilinear functional of the argument (ai,u) €
W41’1/2(eli) x W2t (et) where
el = (1,21 +h) x (£, E+h) x (t—T7,1),
e; = (z1,214+h) X (§—h,&) x (t—T,1).

Further, 77%1 = 0 whenever a; is a constant or u is a polynomial of degree one in
1 or o or a constant. Applying the Bramble-Hilbert lemma we get

+
(4.7) i1z, )] < C|a1|W41v1/2(eli)|“|W42v1(eli)-

The term an is a bounded bilinear functional of the argument (ai,u) €
1,1/2 .

qu(ef) X WQq’/{q—2) (eli), q = 2 + ¢. Further, an = 0 whenever a; is a poly-

nomial of degree one in x; or xo or constant or w is a constant. Applying the

Bramble—Hilbert lemma we get the estimate

+
(4.8) |77172(x,t)| < C|al|V(/’;'1(e1i)|U|W1’1/2 (ef)

2q/(a—2)
The term nf3 is a bounded bilinear functional of the argument (ai,u) €

C(Qr) x W23’3/2(6it), k = 1,2. Further, nf3 = 0 whenever u is a polynomial
of degree two in 1 or zo and polynomial of arbitraty degree in ¢t. Applying the
Bramble-Hilbert lemma we get

+
(4.9) s )] < Cllan eyl o722
From estimates (£3)-(&3H) and (£7)—(£3), after summation and using imbed-
dings (@), we get
(@10)  itlac@un) < OB (larlyzeerra gy lullys oy,
+ ||a1||W22+5,1+5/2(Q2)||u||W§.,3/2(Q2)).
Let us estimate the term #;. For ¢ € W21 / 2(E), the following estimate is valid
|T1+¢|W21/2(0_h) < C|¢|W21/2(E) < C||¢||W21(Qk)7 k= 1,2,

wherefrom

o~

s Olyarz g,y < CRA(ITy v (- O)llwy @y + 1T v D )
where v = 11 + 15, and
0% da, Ou
- a18$1aw27 2= 3—9@3—951
After summation, we have

(4.11)

Vi

. 2
1] L o w2720y < O (IWllwrogny + IPlwroggn))-
Using the Holder inequality and the imbeddings (), we get

Il < larllyzsensers g ullysor g,y
) S

k=1,2.

)

(4.12)

||V2||W21’0(Qk |a1||W22+5v1+5/2(Qk) HUHWSB/?(Qk)v
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From (@I1)-(I2) we obtain

(4.13) |ﬁ1|L2(w,.,W21/2(crh)) < Ch2 (||a1||W22+s,1+s/2(Q1) ||U||W23,3/2(Q1)

+ ||as ||W22+5,1+5/2(Q2) ||u||W23,3/2(Q2)).

The estimates of terms ¥, p and { are obtained in [11]:

(4.14) X272, Loy S CR2VLh (lullyzr2 g,y + lullysar ),
(4.15) ||'LL||V~V21/2(w,,L2(ah)) < Ch2\/1/h ||u||W23'3/2(Z><(O,T))’
(4.16) IR0 5272, aonyy < CHAV IRl 20 (s 0.1

Finally, from ([@2)-(@I8) we obtain the following result.

THEOREM 4.1. The solution of problem B4 converges in W;’I/Q(Qm) to the
solution of differential problem (B1)), provided c1h? < 7 < cph?®. Furthermore,

HU_U”VTGI’I/Z(Q;LT) < ChQ(m?X ||ai||W22+s,1+s/2(Ql)+m?x ||ai||W22+g,1+5/2(Q2)+Z(h))

% (lulygar gy + lullwesrz gy + lullys sz o))

where I(h) = y/log1/h.

REMARK 4.1. The previous estimate is “almost" compatible with the smooth-
ness of the coefficients and solution of differential problem (BI]). The compatibility
is spoiled only by the term I(h), which slowly increases when h — 0.

REMARK 4.2. Convergence in Wg’l(Qhr) is proved in [4].
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