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a Technical Faculty, University of Kragujevac, Svetog Save 65, 32000 Čačak, Serbia
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We continue (and, in a sense, close) our investigation begun in the paper Djurčić et al.
(2009) [10] concerning quotient speed of divergence of sequences of positive real numbers
and its relations with selection principles and games. By the way, we show a theorem of
the generalized Galambos–Bojanić–Seneta type.
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1. Introduction

In several recent papers, the authors found out nice relations between theory of divergent processes in asymptotic
analysis and theory of selection principles and games (see [6,8–10]). This note can be viewed as an addendum to the
paper [10], because here we extend and improve the following result ([10, Theorem 3.11]; for the definitions see the next
section):

Theorem 1.1. The following selection properties are equivalent and all are satisfied:

(1) S1(ARVs,Tr(2)(R∞,s));
(2) α2(ARVs,Tr(2)(R∞,s));
(3) α3(ARVs,Tr(2)(R∞,s));
(4) α4(ARVs,Tr(2)(R∞,s)).

In fact, the above theorem is valid for any fixed k ∈ N. The methodology we used in the proof of this result did not allow
us to show that the second coordinate here can be replaced by the smaller class Tr(∞)(R∞,s) introduced also in [10]. One of
main aims of this note is to show that it is possible. Even more: the first coordinate also can be replaced by a wider class
PI∗s of sequences considered in [3] and [11].

We also show a result of the generalized Galambos–Bojanić–Seneta type; such theorems describe the asymptotic behavior
of a sequence by the asymptotic behavior of a corresponding real function.
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1 Supported by MN RS.
0022-247X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2009.12.036

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:dragandj@tfc.kg.ac.rs
mailto:lkocinac@ptt.rs
mailto:zizo@tfc.kg.ac.rs
http://dx.doi.org/10.1016/j.jmaa.2009.12.036
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2. Definitions and preliminaries

We introduce the notions which will be used in this note.

2.1. Regular variation

A measurable function ϕ : [a,∞) → (0,∞), a > 0, is said to be O-regularly varying (in the sense of Karamata) [1,4] if for
each λ > 0 it satisfies

kϕ(λ) := lim inf
x→∞

ϕ(λx)

ϕ(x)
> 0. (1)

The set of all these functions will be denoted by ORVf .
A measurable function ϕ : [a,∞) → (0,∞), a > 0, is said to be in the class PI∗f if there exists λ0 � 1 such that for each

λ > λ0

kϕ(λ) := lim inf
x→∞

ϕ(λx)

ϕ(x)
> 1. (2)

A sequence x = (xn)n∈N of positive real numbers is said to belong to the class PI∗s [3,11] if there is λ0 � 1 such that for
each λ > λ0 it holds

kx(λ) := lim inf
n→∞

x[λn]
xn

> 1. (3)

Note that for λ0 = 1 we have the well-known class ARVs of sequences (see [7–10]), and it holds

R∞,s � ARVs � PI∗s ,

where R∞,s denotes the class of all rapidly varying sequences in the sense of de Haan (see, for instance, [6]).
Let x = (xn)n∈N be a strictly increasing, unbounded sequence of positive real numbers. The numerical function of x is the

function δx : [x1,∞) → N defined by

δx(t) = max{n ∈ N: xn � t}.
The numerical function of a sequence is an important characteristic of divergent sequences (see [18]).

2.2. Selection principles and games

For more details about selection principles we refer the reader to [19].
Let A and B be subsets of the set S of all sequences of positive real numbers. Then S1(A, B) denotes the selection

principle: For each sequence (An: n ∈ N) of elements of A there is a sequence (bn: n ∈ N) such that for each n, bn ∈ An

and {bn: n ∈ N} is an element of B.
The symbol G1(A, B) denotes the infinitely long game for two players, ONE and TWO, who play a round for each positive

integer. In the n-th round ONE chooses a set An ∈ A, and TWO responds by choosing an element bn ∈ An . TWO wins a play
(A1,b1; . . . ; An,bn; . . .) if {bn: n ∈ N} ∈ B; otherwise, ONE wins.

It is evident that if TWO has (even if ONE does not have) a winning strategy in the game G1(A, B), then the selection
hypothesis S1(A, B) is true. The converse implication is not always true.

Let us mention also that a strategy for a player TWO is a coding strategy if TWO remembers only the most recent move
by ONE and by TWO before his next move, i.e. if the moves of TWO are: b1 = σ(A1,∅); bn = σ(An,bn−1), n � 2.

The symbol αi(A, B), i = 1,2,3,4, denotes the following selection hypothesis (see [20]). For each sequence (An: n ∈ N)

of elements of A there is an element B ∈ B such that:

α1(A, B): for each n ∈ N the set An \ B is finite;
α2(A, B): for each n ∈ N the set An ∩ B is infinite;
α3(A, B): for infinitely many n ∈ N the set An ∩ B is infinite;
α4(A, B): for infinitely many n ∈ N the set An ∩ B is nonempty.

2.3. Quotient speed of divergence

In this subsection we mention a consideration from [10].
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Let x = (xn)n∈N be a sequence in S. For each k ∈ N define a new sequence V (k)(x) = (V (k)
n (x))n∈N inductively by

V (1)
n (x) := xn+1

xn
, n ∈ N;

V (k+1)
n (x) := V (k)

n+1(x)

V (k)
n (x)

, n ∈ N.

The sequence V (k)(x) we call the quotient sequence of x of order k. We also put V (0)(x) = x.
Given a natural number k, the k-th quotient speed of a sequence x = (xn)n∈N is ∞, denoted vk(x) = ∞, if

lim
n→∞ V (k)

n (x) = ∞.

We also defined for each k ∈ N

Tr(k)(R∞,s) = {
x ∈ S: vk(x) = ∞}

and

Tr(∞)(R∞,s) =
∞⋂

k=1

Tr(k)(R∞,s).

Then

Tr(∞)(R∞,s) � · · · � Tr(k)(R∞,s) � · · · � Tr(2)(R∞,s) � Tr(1)(R∞,s) � R∞,s.

Notice that the class Tr(1)(R∞,s) coincides with the class Tr(R∞,s) of translationally rapidly varying sequences (see [9,21]).

3. Results

The following result of the Galambos–Bojanić–Seneta type ([2,17]; see also [5,6,13,14,16] for similar results) explains
the importance of the class PI∗s of sequences in the theory of qualitative analysis of divergent processes and in asymptotic
analysis in general.

Theorem 3.1. Let x = (xn)n∈N be a strictly increasing, unbounded sequence of positive real numbers. Then the following are equivalent:

(a) x belongs to the class PI∗s ;
(b) the numerical function δx of x belongs to the class ORVf .

Proof. (a) ⇒ (b): Let (xn)n∈N ∈ PI∗s . There is λ0 � 1 such that kx(λ) > 1 for each λ > λ0. Also, there exists a non-trivial
segment [A, B] � (λ0, λ

2
0) so that: there is n0 ∈ N with x[λn]

xn
> 1 for all n � n0 and each λ ∈ [A, B]. Then for each such λ > λ3

0
and sufficiently large t � t0 � 1 we have

x[λt]
x[t]

= x[z[η[t]]]
x[η[t]]

· x[η[t]]
x[t]

,

where z = z(t) ∈ [A, B] and η = 2λ
A+B . Since η > λ0, it follows

lim inf
t→∞

x[λt]
x[t]

� kx(η) > 1.

This just means that the function x[t] , t � 1, belongs to the class PI∗f ; it is non-decreasing and unbounded. Its generalized in-
verse (see [1,15]) (x[t])← , t � x1, belongs to the class ORVf (see [11]). But, since (x[t])← is strongly asymptotically equivalent
to δx(t) for t → ∞ [12], one has δx ∈ ORVf .

(b) ⇒ (a): Suppose now δx ∈ ORVf . But, according to [16] δx is strongly asymptotically equivalent to (x[t])← (for t → ∞),
so that (x[t])← ∈ ORVf . By a result from [11], x[t] belongs to the class PI∗f . Therefore, x ∈ PI∗s . �

As we mentioned in the Introduction the technique we used in the proof of Theorem 1.1 were not applicable to show
that in that theorem Tr(2)(R∞,s) can be replaced by Tr(∞)(R∞,s).

Now we define a new class of sequences which will help us to obtain an improvement of Theorem 1.1 changing both
coordinates in it (see Theorem 3.4 below and its corollaries).

Definition 3.2. A sequence x = (xn)n∈N ∈ S belongs to the class Tr(1)
ω (R∞,s) if there is b > 1 so that logb x = (logb xn)n∈N

belongs to the class Tr(1)(R∞,s).
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Proposition 3.3. Tr(1)
ω (R∞,s) � Tr(∞)(R∞,s).

Proof. Let x = (xn)n∈N ∈ Tr(1)
ω (R∞,s). There is b > 1 such that y := logb x = (logb xn)n∈N ∈ Tr(1)(R∞,s), which means that

lim
n→∞

yn+1

yn
= ∞ and lim

n→∞ yn = ∞.

By mathematical induction one can prove that for any fixed k ∈ N we have

V (k)
n (x) = byn+k−Ck

1 yn+k−1+Ck
2 yn+k−2−···+(−1)k yn

(where, as usually, Ck
m = (k

m

)
, k,m ∈ N) and thus

vk(x) = lim
n→∞ V (k)

n (x) = lim
n→∞ b

yn+k−1(
yn+k

yn+k−1
−Ck

1+Ck
2

yn+k−2
yn+k−1

−···+(−1)k yn
yn+k−1

) = ∞.

This means that for each k ∈ N the sequence x belongs to the class Tr(k)(R∞,s) and consequently x ∈ Tr(∞)(R∞,s). So,
Tr(1)

ω (R∞,s) ⊂ Tr(∞)(R∞,s).
It is easy to verify that the sequence x defined by xn = bbn

(b > 1, n ∈ N), belongs to Tr(∞)(R∞,s) and does not belong to

Tr(1)
ω (R∞,s). �

Theorem 3.4. The player TWO has a winning coding strategy in the game G1(PI∗s ,Tr(1)
ω (R∞,s)).

Proof. A strategy σ for TWO will be defined in the following way. Suppose that the first move of ONE is the sequence
x1 = (x1,m)m∈N from PI∗ω . TWO responds by choosing an arbitrary y1 = x1,m1 ∈ x1; let σ(x1) = y1. Let in the second round
ONE choose x2 ∈ PI∗s . TWO argues as follows. There is λ0 � 1 such that for each λ > λ0 one can find m0 ∈ N with x2,[λm] �
c(λ) · x2,m for some c(λ) > 1 and each m � m0. TWO considers i = [λ0]+ 1; then x2,m0 < c(i)x2,m0 � x2,im0 and also x2,ikm0

�
(c(i))k · x2,m0 for each k ∈ N. This means that TWO finds out a subsequence of x2, namely (x2,ikm0

)k∈N , which is unbounded.

TWO responds by taking σ(x2, y1) = y2 = x2,m2 such that y2 � (y1)
2. If in the third round ONE has played x3 = (x3,m)m∈N

from PI∗s , TWO argues as in the second round and responds by choosing σ(x3, y2) = y3 = x3,m3 in x3 such that y3 � (y2)
3.

And so on.
It is easy to check that the sequence (yn)n∈N belongs to Tr(1)

ω (R∞,s). �
Corollary 3.5. The selection principle S1(PI∗s ,Tr(1)

ω (R∞,s)) is satisfied.

Corollary 3.6. The selection principle S1(PI∗s ,Tr(∞)(R∞,s)) is satisfied.

Remark 3.7. Let us emphasize that using the idea in the proof of [10, Theorem 3.11] and the argumentation similar to the
argumentation by TWO in the proof of Theorem 3.4 (regarding the existence of an unbounded subsequence in a sequence
from PI∗s ) one can prove that the selection properties

(i) S1(PI∗s ,Tr(1)
ω (R∞,s)),

(ii) α2(PI∗s ,Tr(1)
ω (R∞,s)),

(iii) α3(PI∗s ,Tr(1)
ω (R∞,s)),

(iv) α4(PI∗s ,Tr(1)
ω (R∞,s))

are equivalent and all are satisfied.
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[9] D. Djurčić, Lj.D.R. Kočinac, M.R. Žižović, Classes of sequences of real numbers, games and selection properties, Topology Appl. 156 (2008) 46–55.
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