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1. Introduction

In several recent papers, the authors found out nice relations between theory of divergent processes in asymptotic
analysis and theory of selection principles and games (see [6,8-10]). This note can be viewed as an addendum to the
paper [10], because here we extend and improve the following result ([10, Theorem 3.11]; for the definitions see the next
section):

Theorem 1.1. The following selection properties are equivalent and all are satisfied:

) S1(ARVs, '@ (Roo 6));
) 2(ARVs, TH® (Reo 6));
) a3(ARVs, Tr® (Reo 6));
4) a4(ARVs, TM® (R s)).

(1
2
3
(

In fact, the above theorem is valid for any fixed k € N. The methodology we used in the proof of this result did not allow
us to show that the second coordinate here can be replaced by the smaller class Tr® (Ry ) introduced also in [10]. One of
main aims of this note is to show that it is possible. Even more: the first coordinate also can be replaced by a wider class
PI% of sequences considered in [3] and [11].

We also show a result of the generalized Galambos-Bojani¢-Seneta type; such theorems describe the asymptotic behavior
of a sequence by the asymptotic behavior of a corresponding real function.
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2. Definitions and preliminaries
We introduce the notions which will be used in this note.
2.1. Regular variation

A measurable function ¢ : [a, c0) — (0, 00), a > 0, is said to be O-regularly varying (in the sense of Karamata) [1,4] if for
each A > 0 it satisfies

P (AX)
P(X)

The set of all these functions will be denoted by ORVs.
A measurable function ¢ : [a, 00) — (0, 00), a > 0, is said to be in the class PIf if there exists Ao > 1 such that for each
A> Ao

ke (X) = liminf > 0. (1)
X—00

AX

ko () = liminf 24 - . )
X—00 (x)

A sequence X = (Xp)nen Of positive real numbers is said to belong to the class PI¥ [3,11] if there is Ao > 1 such that for

each A > )¢ it holds

ke(h) = liminf 210 S 1. (3)
n—oo  Xp

Note that for Ao =1 we have the well-known class ARV of sequences (see [7-10]), and it holds

Roo.s G ARVs G P,

where Ry s denotes the class of all rapidly varying sequences in the sense of de Haan (see, for instance, [6]).
Let x = (xp)nen be a strictly increasing, unbounded sequence of positive real numbers. The numerical function of x is the
function éy : [x1, 00) — N defined by

Sx(t) = max{n € N: x, <t}.

The numerical function of a sequence is an important characteristic of divergent sequences (see [18]).
2.2. Selection principles and games

For more details about selection principles we refer the reader to [19].

Let A and B be subsets of the set S of all sequences of positive real numbers. Then S;(A, B) denotes the selection
principle: For each sequence (A,: n € N) of elements of A there is a sequence (b,: n € N) such that for each n, b, € A,
and {b;: n €N} is an element of B.

The symbol G1 (A, B) denotes the infinitely long game for two players, ONE and TWO, who play a round for each positive
integer. In the n-th round ONE chooses a set A, € A, and TWO responds by choosing an element b, € A,. TWO wins a play
(Aq,b1;...; Ap, by; ...) if {by: n € N} € B; otherwise, ONE wins.

It is evident that if TWO has (even if ONE does not have) a winning strategy in the game Gi(A, B), then the selection
hypothesis S1(A, B) is true. The converse implication is not always true.

Let us mention also that a strategy for a player TWO is a coding strategy if TWO remembers only the most recent move
by ONE and by TWO before his next move, i.e. if the moves of TWO are: by =0 (A1,9); bp =0 (Ap, bp—1), n > 2.

The symbol «;(A, B), i =1, 2, 3, 4, denotes the following selection hypothesis (see [20]). For each sequence (A;: n € N)
of elements of A there is an element B € B such that:

a1(A, B): for each n € N the set A, \ B is finite;

oz(A, B): for each n € N the set A, N B is infinite;

a3(A, B): for infinitely many n € N the set A, N B is infinite;

a4(A, B): for infinitely many n € N the set A; N B is nonempty.
2.3. Quotient speed of divergence

In this subsection we mention a consideration from [10].
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Let x = (Xp)nen be a sequence in S. For each k € N define a new sequence Vo (x) = (V,ﬂ") (%))nen inductively by

X
V,El)(x) = n—H, nelN;
Xn

y®
()

k+1 +

V,(l )(X) =1 L

1 heN.
v ()

The sequence V®) (x) we call the quotient sequence of x of order k. We also put V© (x) = x.
Given a natural number k, the k-th quotient speed of a sequence x = (X;)nen is 00, denoted vy (x) = oo, if

lim V0 (x) = o0.
n—oo
We also defined for each k e N

T (Roo.s) = {x €S vi(x) = o0}

and

o0
Tr(oo)(Roo,s) = m Tr(k)(Roo,s)~
k=1

Then

T Roo,s) G-+ G T (Roois) G-+ G TP (Roo,s) G MV (Rec,s) G Roos:

Notice that the class Tr" (Ry.s) coincides with the class Tr(Rxos) of translationally rapidly varying sequences (see [9,21]).
3. Results

The following result of the Galambos-Bojani¢-Seneta type ([2,17]; see also [5,6,13,14,16] for similar results) explains
the importance of the class PI of sequences in the theory of qualitative analysis of divergent processes and in asymptotic
analysis in general.

Theorem 3.1. Let x = (xp)nen be a strictly increasing, unbounded sequence of positive real numbers. Then the following are equivalent:

(a) x belongs to the class PIY;
(b) the numerical function 8y of x belongs to the class ORVs.

Proof. (a) = (b): Let (xn)nen € PIE. There is A9 > 1 such that ky(1) > 1 for each A > Ag. Also, there exists a non-trivial
segment [A, B] g (X0, A%) so that: there is ng € N with )q)?_,:ﬂ > 1 for all n > ng and each A € [A, B]. Then for each such A > Ag
and sufficiently large t > tg > 1 we have

Xae) _ Xizinlem Xmlel)
X[t] Xlen - X[t

where z=1z(t) € [A,B] and n = Az%. Since n > Ao, it follows

X
liminf
t—o0 X[t]

> kx(n) > 1.

This just means that the function x), t > 1, belongs to the class PI¥; it is non-decreasing and unbounded. Its generalized in-
verse (see [1,15]) (xr7) <, t > x1, belongs to the class ORV; (see [11]). But, since (x{;) " is strongly asymptotically equivalent
to 8y (t) for t — oo [12], one has 8y € ORVs.

(b) = (a): Suppose now 8x € ORV;. But, according to [16] dx is strongly asymptotically equivalent to (xj;) < (for t — o0),
so that (x;)) € ORV;. By a result from [11], X[} belongs to the class PIf. Therefore, x € PIf. O

As we mentioned in the Introduction the technique we used in the proof of Theorem 1.1 were not applicable to show
that in that theorem Tr® (Rys) can be replaced by Tr® (Roo ).

Now we define a new class of sequences which will help us to obtain an improvement of Theorem 1.1 changing both
coordinates in it (see Theorem 3.4 below and its corollaries).

Definition 3.2. A sequence x = (Xp)nen € S belongs to the class TrS)(ROO_S) if there is b > 1 so that log, x = (10g Xp)nen
belongs to the class Tr" (Ruo.s).
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Proposition 3.3. T (Rec.s) C T (Rec,s).

Proof. Let x = (Xp)neN € Trg)(Roo,s). There is b > 1 such that y :=logj, x = (108} Xn)nen € Tr“)(Roo,s), which means that

lim Yn1
n—o0o yn

=00 and lim y; =oo.
n—oo
By mathematical induction one can prove that for any fixed k € N we have
Vr(lk) x) = by"+k_cll<yn+k—] +C’2<y"+k72—"'+(—1)"yn

(where, as usually, C&, = (¥), k,m € N) and thus

Yn+k ky ck Yntk—2 k__yn
. . Ynk—1( —Ci4Cy =2 (1) )

Vi(x) = lim V,gk)(x) = lim b7 k1 1T 2 Vngk Yntk—1" = 00.

n—oo n—-oo

This means that for each k € N the sequence x belongs to the class T (R, s) and consequently x € Tr° (R s). So,
Tr) (Roo.s) € T (Roc o).

It is easy to verify that the sequence x defined by x, =b"" (b > 1, n € N), belongs to Tr("o)(Roo,s) and does not belong to
T (Rooss). O

Theorem 3.4. The player TWO has a winning coding strategy in the game G1 (P, Trép (Roo,s))-

Proof. A strategy o for TWO will be defined in the following way. Suppose that the first move of ONE is the sequence
X1 = (X1,m)men from PI}. TWO responds by choosing an arbitrary y{ = X1 m, € X1; let o(x1) = y1. Let in the second round
ONE choose x; € PI. TWO argues as follows. There is Ao > 1 such that for each A > A¢ one can find mg € N with x; pm >
c(A) - xo,;m for some c(A) > 1 and each m > mg. TWO considers i = [Ao] + 1; then Xz m, < c(i)X2,my < X2,im, and also Xy ikmy =
(c()¥ - X2.m, for each k € N. This means that TWO finds out a subsequence of x, namely (X3 kg keN, which is unbounded.

TWO responds by taking o (x2, y1) = y2 = X2,m, such that y, > (y1)2. If in the third round ONE has played x3 = (X3,m)meN
from PIf, TWO argues as in the second round and responds by choosing o (x3, y2) = y3 = X3 m, in X3 such that y3 > (y2)3.
And so on.

It is easy to check that the sequence (yn)nen belongs to TrS)(ROO,S). a

Corollary 3.5. The selection principle S (PI}, Trg) (Ro,s)) is satisfied.

S

Corollary 3.6. The selection principle Sq (PI¥, i) (Roo.s)) is satisfied.

Remark 3.7. Let us emphasize that using the idea in the proof of [10, Theorem 3.11] and the argumentation similar to the
argumentation by TWO in the proof of Theorem 3.4 (regarding the existence of an unbounded subsequence in a sequence
from PI) one can prove that the selection properties

(i) S1(PIZ, Ty (Roo.s)),
(ii) a2(PIZ, Ty (Reo s)),
(iii) o3 (PIE, Ty (Rooss)),
(iv) @a(PIZ, Try) (Roc.s))

are equivalent and all are satisfied.
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