
IN FLU ENCE  OF  ELEC TRON  MO TION  IN  TAR GET  ATOM  ON
STOP PING  POWER  FOR  LOW-EN ER GETIC  IONS

by

Nenad STEVANOVI] *, Vladi mir M. MARKOVI],
Momir ARSENIJEVI], and Dragoslav NIKEZI]

Fac ulty of Sci ence, Uni ver sity of Kragujevac, Kragujevac, Ser bia

Sci en tific pa per
DOI: 10.2298/NTRP1202113S

In this pa per the stop ping power was cal cu lated, rep re sent ing the elec trons of the tar get atom
as an as sem bly of quan tum os cil la tors. It was con sid ered that the elec trons in the at oms have
some ve loc ity be fore in ter ac tion with the pro jec tile, which is the main con tri bu tion of this pa -
per. The in flu ence of elec tron ve loc ity on stop ping power for dif fer ent pro jec tiles and tar gets
was in ves ti gated. It was found that the ve loc ity of the elec tron stop ping power has the great -
est in flu ence at low en er gies of the pro jec tile.
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IN TRO DUC TION

The in ter ac tion of ions with mat ter is the sub ject of
in ves ti ga tion in many ar eas of phys ics such as: atomic
and nu clear phys ics, plasma phys ics, solid state phys ics,
ra di a tion phys ics, as tro phys ics, and other [1]. There are
open prob lems for in ves ti ga tion of in ter ac tions of low
en ergy ions with tar get at oms [2, 3] as well as pass ing of
low-en ergy pho tons through the mat ter [4]. 

The study of the mech a nisms where an ion (in
fur ther text pro jec tile) losses its en ergy while in ter act -
ing with mat ter has great sig nif i cance. The stop ping
power, S, is one of the most im por tant vari ables in that
field and it is de fined as the ra tio of en ergy, dE, lost on
some dis tance, dx, and that dis tance is: S = –dE/dx.

By us ing the quan tum-me chan i cal treat ment in
the first Born ap prox i ma tion, Bethe has ob tained the
fol low ing ex pres sion for stop ping power [5] 
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where N is the num ber of atoms ,  v – the pro jec tile ve -
loc ity, z1 and z2 are atomic num bers of the pro jec tile
and the tar get, and I – the  mean ion is ation po ten tial of
the tar get atom.

For cal cu la tion of stop ping power, the states of
the pro jec tile and elec trons in tar get atom be fore and
af ter in ter ac tion must be known. The states of the pro -
jec tile were pre sented as plane waves, but for states of
elec trons in the tar get atom some ap prox i ma tions were 
used in lit er a ture. Bohr [6] has mod elled elec trons in

tar get atom as a set of clas si cal har monic os cil la tors.
Sim i lar ap proach was ap plied by Sigmund and
Haagerup [7], who mod elled tar get elec trons as as -
sem ble of quan tum har monic os cil la tors. Stevanovic
and Nikezic [8, 9] ex tended the model pre sented in [7]
and ap plied for the pro jec tile that con tains bounded
elec trons and must be treated as par tially stripped ion.
It was shown that the pro jec tile ex ci ta tion con trib utes
up to 20% to the to tal en ergy loss in the lower en ergy
re gion.

Cabrera-Trujillo [10] also treated elec trons in
tar get atom as quan tum os cil la tors, where to tal stop -
ping power was pre sented as a sum of or bital stop ping
pow ers. It was shown that or bital ion iz ing po ten tial Ij

is equal to en ergy of the os cil la tor, Ij = hwj [10].
These mod els were de vel oped for fast pro jec -

tiles, where the ve loc ity of elec tron in the tar get atom
can be ne glected. But, for low-en er getic pro jec tiles
(ions) this as sump tion is not jus ti fied.

In this pa per stop ping power was cal cu lated by
mod el ling elec trons in the tar get at oms as as sem ble of
quan tum os cil la tors where the ve loc ity of tar get elec trons 
was taken into ac count. In flu ence of the elec tron ve loc ity 
on stop ping power was con sid ered in this pa per.

METH OD OL OGY

Ac cord ing to quan tum-me chan i cal model, the
stop ping power can be cal cu lated as [5-10]
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where Em and Em0
, are eigenvalues of elec tron en ergy

in the tar get atom en ergy for ex cited and ground states, 
re spec tively; dsm is dif fer en tial cross-sec tion of in ter -
ac tion pro jec tile and tar get elec trons. Qmin and Qmax are 
min i mal and max i mal trans ferred en er gies of the pro -
jec tile. The sum ma tion goes over all en er getic states,
mj, of the tar get atom. In de vel oped form the stop ping
power can be ex pressed as

S
z

m v

N

M

E E M
Q

Q
m m m m

Q

Q

j j j j

= ×

× -

1
2 4

0
2 2

0

2

2

8

0 0

e

pe e a

d
( )

min

max

òåå
>= m mj

z

j j0

2

1
(3)

where Ma is the mo lar mass of tar get atom, me – the
mass of elec tron, v – the pro jec tile ve loc ity, N0 – the
Avo ga dro num ber, z1 and z2 are the atomic num bers of
pro jec tile and tar get at oms, re spec tively; j de notes the
elec trons in tar get atom. Ma trix el e ment M m mj j0

for
har monic os cil la tor is equal to [7-10]
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where E E mm m j jj j
- =

0
hw

By us ing en ergy con ser va tion for col li sion pro -
jec tile with elec tron in tar get atom, the max i mal trans -
ferred en ergy of the pro jec tile is

Q m v m jmax = -2 22
e evv

rr
(5)

where 
r
v and 

r
v j are ve loc i ties of the pro jec tile and tar -

get elec tron be fore col li sion. Lower bound ary of in te -
gra tion Qmin has a form [5-10]
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Up per bound ary for sum ma tion over en er getic
states in eq. (3) can be de ter mined from the con di tion
that max i mal trans ferred en ergy is trans formed for
tran si tion to state mmax as
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From eq. (7) it can be ob tained
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This must be an in te ger be cause quan tum num -
ber m de notes en ergy lev els from 1 to mmax. 

Us ing eqs. (4)-(7), the so lu tion of eq. (3) can be
pre sented by gamma func tion
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The ex pres sion for stop ping power, eq. (8), ob -
tained in this pa per is dif fer ent in re spect to stop ping
power cal cu lated in [5-10] be cause the ve loc ity of tar -
get elec tron 

r
v j is in tro duced here. 

The elec tron’s ve loc ity in a given or bital can be
eval u ated us ing virial the o rem [10]. The virial the o -
rem for mu lates a gen eral re la tion be tween mean value
of the ki netic en ergy $T  and po ten tial  $V. In the case of 
sta tion ary states and spher i cally sym met ric po ten tial 
V r rn( ) µ , above men tioned re la tion takes sim ple form 
2 $ $T n V= . For har monic po ten tial, n = 2, elec tron’s
ki netic en ergy is equal to its po ten tial en ergy, i. e. ion -
is ation en ergy of a given elec tron’s or bital is
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The pro jec tion of elec tron ve loc ity 
r
v j to pro jec -

tile ve loc ity 
r
v is pz, then the fol low ing ex pres sion is

valid
rr
vv zj jvv pcos( ) .q =
Ac cord ing to these con sid er ations, eq. (8) be -

comes
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The pro jec tion pz = cos q can take val ues be -
tween pzl = –1 (the pro jec tile and the elec tron have op -
po site ve loc ity di rec tions be fore in ter ac tion) and pzu =
+1 (the pro jec tile and the elec tron have the same ve -
loc ity di rec tions be fore in ter ac tion). The con di tion for
in ter ac tion is that pro jec tion of elec tron’s ve loc ity is
smaller than ve loc ity of the pro jec tile, vj pzu > n. In the
op po site case, the pro jec tile can not reach elec tron and
in ter ac tion will not oc cur. Hence, for a given pro jec tile 
and elec tron ve loc ity, the up per val ues of pro jec tion
must be equal to
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Ac cord ing to these con sid er ations, up per
bound ary of sum in the eq. (10), as in te ger num ber, has 
val ues be tween
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There fore, there are Nsj = Nuj – Nlj +1 val ues of
the up per bound ary of the sum, i. e., Nsj groups of elec -
trons which in ter act with pro jec tile. Be cause the di rec -
tions of elec trons’ ve loc i ties are equally pos si ble, the
prob a bil ity that the pro jec tile in ter acts with some sub -
groups of elec trons is 1/Nsj. The eq. (10) be comes
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The pro jec tion ¢p z , in the sec ond term of eq. (11), 
is changed from the pzl to pzu with the step of 
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Fi nally, the eq. (11) can be writ ten in the form
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RE SULTS

In this pa per, the stop ping power was de rived,
where mo tion of tar get elec trons be fore in ter ac tion
with the pro jec tile was taken into ac count, and the ob -
tained ex pres sion was pre sented by eq. (12). The
stop ping power given by eq. (12) is a func tion of pro -
jec tile en ergy (or ve loc ity v). The stop ping power for
the fol low ing pro jec tile-tar get pairs was cal cu lated:
H-H, He-C, and He-O. To ap ply eq. (12) it is needed
to de ter mine ion iz ing po ten tials for all the tar get atom 
orbitals, Ij and ve loc i ties of elec trons vj in given
orbitals. The ion iz ing po ten tials Ij were de ter mined in 
[10] and their val ues for H, He, and C at oms are: for
H, IH1 = 15 eV; for He atom, IHe1,2 = 38.83 eV; and for
O atom, IO1 = =.729.41 eV, IO2 = 56.86 eV, and IO3 =
=.46.64 eV. The elec tron ve loc ity vj in a given or bital
j  is cal cu lated by eq. (9). The ex pres sion for the stop -
ping power, given by eq. (12), can be ap plied for
point-like pro jec tile with  ve loc ity v > z1

2/3v0 [9, 10]
(v0 = 2.16·106 m/s is Bohr ve loc ity) where elec tron
cap ture is ne glected. 

The stop ping power of hy dro gen tar get for hy -
dro gen ion as a func tion of the pro jec tile en ergy (eq.

12) is given in fig. 1 and pre sented by solid line. 
Dash-dot line pres ents the stop ping power cal cu lated
ac cord ing to the for mula given in [7], while dashed
line pres ents stop ping power cal cu lated in [10]. Scat -
ter cir cle pres ents data ob tained from SRIM2006 [11]. 

A good agree ment has been found be tween all
groups of data for the larger pro jec tile en ergy. The re -
sults were pre sented for the pro jec tile en ergy larger
than 25 keV where elec tron cap ture is ne glected and
pro jec tile can be treated as point like par ti cle. It can be
seen that in flu ence of the elec tron ve loc ity is larger for
slower pro jec tile, where pro jec tile ve loc ity has sim i lar 
value as tar get elec tron. The stop ping power cal cu -
lated in this pa per, eq. (12), is lower than that in [7, 10]
be cause tar get elec tron has some en ergy be fore in ter -
ac tion, and pro jec tile can loose a smaller amount of en -
ergy than in the case of in ter ac tion with elec tron at rest. 
Due to elec tron mo tion in the tar get be fore in ter ac tion
with pro jec tile, the stop ping power is lower for about
25% for H-H in ter ac tion. 

Fig ure 2 pres ents the stop ping power for He-C
in ter ac tion. The no ta tion is the same as in fig. 1. The
eq. (12) is valid for the pro jec tile with en ergy larger
than 250 keV. The be hav iour of stop ping power curves 
is sim i lar as in fig. 1 and for lower pro jec tile en ergy
stop ping power by eq. (12) is smaller for 10%, es pe -
cially in Bragg peak re gion.
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Fig ure 1. The stop ping power of hy dro gen for hy dro gen
pro jec tile

Fig ure 2. The stop ping power of car bon for he lium
pro jec tile



Fig ure 3 rep re sents the stop ping power of ox y -
gen  for he lium pro jec tile as a func tion of en ergy. The
pro jec tile en ergy is larger than 250 keV where elec tron 
cap ture is ne glected. The in flu ence of elec tron ve loc -
ity is larg est for the lower pro jec tile en ergy, where the
stop ping power is smaller for 28%. 

For con sid ered pro jec tile-tar get in ter ac tions, it
was shown that when elec tron ve loc ity is taken into ac -
count, the cal cu lated stop ping power data (eq. 12) are
close to data ob tained by SRIM [11] and must be con -
sid ered in fur ther in ves ti ga tion.

CON CLU SIONS

In this work an a lyt i cal ex pres sion for stop ping 
power was ob tained, where it was taken into ac count 
that tar get’s elec trons have non-neg li gi ble ve loc i -
ties be fore in ter ac tion with pro jec tiles takes place.
On the ba sis of (quan tum) virial the o rem, the ve loc -
ity of each elec tron in a given atomic or bital is de ter -
mined. In flu ence of the elec tron’s ve loc i ties in the
at oms of the tar get has been ex am ined whereby the
fol low ing re sults stands: (1) stop ping power mag ni -
tude is lesser be cause of non-zero ve loc i ties of tar -
get elec trons and (2) ve loc i ties of tar get elec trons

have the ul ti mate im pact on stop ping power at lower
pro jec tile’s en er gies.
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Fig ure 3. The stop ping power of ox y gen for he lium
pro jec tile
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UTICAJ  KRETAWA  ELEKTRONA  U  ATOMU   METE  NA
ZAUSTAVNU  MO]  ZA  NISKO  ENERGETSKE  JONE

U ovom radu je ra~unata zaustavna mo}, predstavqaju}i elektrone u atomima mete ansamblom
kvantnih oscilatora. Pri tome je razmatrano da se elektroni u atomima mete kre}u odre|enom
brzinom pre interakcije sa projektilom, {to je glavni doprinos ovoga rada. Ispitivan je uticaj brzina 
tih elektrona na vrednost zaustavne mo}i za razli~ite projektile i mete. Ustanovqeno je da brzine
elektrona na zaustavnu mo} imaju najve}i uticaj pri ni`im energijama projektila. 

Kqu~ne re~i: zaustavna mo}, gubitak energije, kvantni harmonijski oscilator 


