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Abstract

The partition number π(K) of a simplicial complex K ⊆ 2[n] is the minimum integer
k such that for each partition A1 ] . . . ] Ak = [n] of [n] at least one of the sets Ai is
in K. A complex K is r-unavoidable if π(K) ≤ r. Motivated by the Van Kampen-
Flores and Tverberg type results, and inspired by the ‘constraint method’ [BFZ], we
study the combinatorics of r-unavoidable complexes. Emphasizing the interplay of
ideas from combinatorial topology, linear programming and fractional graph theory,
we explore and compare extremal properties of examples arising in topology (minimal
triangulations) and combinatorics (hypergraph theory and Ramsey theory).

1 Introduction
The partition number π(K) of a simplicial complex K ⊆ 2[n] is the minimum integer k
such that for each partition A1 ] . . .]Ak = [n] of [n] at least one of the sets Ai is in K. A
simplicial complex K is called r-unavoidable if π(K) ≤ r.

A small partition number is important for applications, as illustrated by the inequality
(Corollary 3.15 in [JMVZ]),

IndG(K∗r∆ ) ≥ n− π(K) (1.1)

where r = π(K) = pk is a prime power, G = (Zp)k, K ⊆ 2[n] is a simplicial complex,
K∗r∆ its r-fold deleted join, and IndG is an equivariant index function, see [JMVZ]. A
variety of problems in topological combinatorics can be reduced to an appropriate index
inequality (similar to 1.1), which explains why good upper bounds for π(K) are relevant
and interesting.

∗This research was supported by the Grants 174020 and 174034 of the Ministry of Education, Science
and Technological Development of the Republic of Serbia.
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The threshold characteristic ρ(K) is the maximum real number α ≥ 0 such that for
some probability measure µ on [n], the associated ‘threshold complex’ Tµ<α := {A ⊂ [n] |
µ(A) < α} is contained in K. The fundamental relation between invariants π(K) and
ρ(K) is the inequality

π(K) ≤ b1/ρ(K)c+ 1 (1.2)

(Proposition 3.8) which, in essence, records the simple fact that for each partition [n] =
A1 ] . . . ]Ak, and each probability measure µ on [n], there exists i such that µ(Ai) ≤ 1/k
(the ‘pigeonhole principle’ for measures).

Our main objective is to construct intrinsically non-linear simplical complexes where
the inequality (1.2) is strict and where the non-linearity gap,

ε(K) := b1/ρ(K)c+ 1− π(K), (1.3)

is as large as possible, relative to the size of K. In other words we search for examples of
unavoidable complexes which are unavoidable for deeper reasons and cannot be detected
by a simple application of the pigeonhole principle (cf. [BFZ, Lemma 4.2]).

Our examples are constructed as joins of self-dual (super-dual) complexes with a large
group of automorphisms, as exemplified by the join (RP 2

6 )∗n of n copies of the 6-vertex
triangulation the real projective plane (Figure 1). Three main classes of self-dual (super-
dual) complexes with a large automorphism group, analyzed in the paper, are the following:

(1) The triangulations of ‘projective planes’ {[3],RP 2
6 ,CP 2

9 ,HP 2
15} with the minimum

number of vertices, see [BD94, BK92, KB83, L];

(2) Complexes P̂q associated to hypergraphs Pq of lines in a q-uniform finite projective
plane, such as the Fano complex P̂3 (Section 6);

(3) Super-dual ‘Ramsey complexes’ Rn. For example R3 ⊂ 2E(K6) ∼= 2[15] is defined as
the complex of all subgraphs Γ ⊂ K6 of the complete graph K6 on a set of 6 vertices,
such that the complement Γc contains a triangle.

Figure 1: Join of n-copies of RP 2
6 .

The following table is a partial summary of our knowledge about the partition number
π, the threshold characteristic ρ, and the non-linearity gap ε for joins of these complexes,
as well as the quotient ε/w where w is the number of vertices.
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K P̂3 [3] RP 2
6 CP 2

9 HP 2
15 R3

π(K∗n) n+ 1 n+ 1 n+ 1 n+ 1 n+ 1 n+ 1
ρ(K∗n) 3/7n 2/3n 1/2n 4/9n 6/15n ≤ 6/15n
ε(K∗n) b4n/3c bn/2c n b5n/4c b3n/2c ?
w(K∗n) 7n 3n 6n 9n 15n 15n
ε/w ≈ 4/21 ≈ 1/6 1/6 ≈ 5/36 ≈ 1/10 ?

(1.4)

On the basis of this information (and some other numerical and theoretical evidence), we
conjecture that the inequality

ε(K)/w(K) ≤ 4/21 = ε(P̂∗33 )/w(P̂∗33 ) (1.5)

holds for all finite simplicial complexesK. The following theorem shows that the conjecture
is true for flag simplicial complexes.
Theorem 1.6. Suppose that K ⊆ 2[n] is a ‘flag simplicial complex’, i.e. the clique complex
of a graph. Then,

ε(K)/w(K) ≤ 1/6 = ε([3]∗2k)/w([3]∗2k) . (1.7)
A salient feature of the proof of Theorem 1.6, which reduces the inequality (1.7) to a

recent result of Choi, Kim, and O [CKO], is the observation (conjectured by the anonymous
referee!) that 1/ρ(K) + 1 (the right hand side of (1.2)) can be interpreted as a fractional
(linear programming) relaxation of the partition invariant π(K).

More explicitly, there is a link between the partition number π(K) (respectively the
threshold characteristic ρ(K)) and the matching number ν(F ) (respectively the fractional
matching number νf (F )) of the associated simple hypergraph F ⊆ 2[n] of minimal non-
faces of K. In turn the inequality (1.2) is reduced to ν(F ) ≤ bνf (F )c and the study of
the non-linearity gap (1.3) is reduced to evaluating of the (integer part of) the fractional
matching gap νf (F )− ν(F ).

This connection allows us to obtain other results supporting the conjecture (1.5) as
illustrated by the following theorem.
Theorem 1.8. Let q ≥ 3 and assume that F ⊂ 2[n] is a regular q-uniform hypergraph. Let
K ⊆ 2[n] is the simplicial complex associated to F , in the sense that F is the collection of
all minimal non-faces of K. Then

ε(K)/w(K) ≤ (q − 1)2

q(q2 − q + 1)
≤ 4/21 . (1.9)

2 Unavoidable complexes and the constraint method
‘Unavoidable complexes’, originally introduced as ‘Tverberg unavoidable subcomplexes’,
by Blagojević, Frick, and Ziegler [BFZ, Definition 4.1]2, play the fundamental role in their
‘constraint method’ (Gromov-Blagojević-Frick-Ziegler reduction).

2Some details in the original definition, such as the presence of a continuous map f : ∆N → Rd, are
clearly superfluous. Indeed, the authors of [BFZ] added later that their main interest were the complexes
large enough to be unavoidable for any continuous map.
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As an illustration how unavoidable complexes typically arise in applications, here we
outline the basic idea of the ‘constraint method’, as summarized in [Ž17].

Suppose our goal is to prove a Tverberg-Van Kampen-Flores type result for a simplicial
complex K ⊆ ∆N . More explicitly we want to show that for each continuous map f : K →
Rd there exists vertex disjoint simplices σ1, . . . , σr ∈ K such that f(σ1) ∩ . . . ∩ f(σr) 6= ∅.

p

K
f−−−→ Rd

e

y i

y
∆N F−−−→ Rd+1

(2.1)

Let K ⊆ ∆N be r-unavoidable. Assume that the continuous Tverberg theorem holds for
the triple (∆N , r,Rd+1), meaning that for each continuous map F : ∆N → Rd+1 there exists
a collection of r vertex disjoint faces ∆1, . . . ,∆r of ∆N such that f(∆1)∩ . . .∩ f(∆r) 6= ∅.
This is the case, for example, if r = pk is a prime power and N = (r − 1)(d+ 2).

Let f̄ be an extension (f̄ ◦ e = f) of the map f to ∆N . Suppose that ρ : ∆N → R is the
function ρ(x) := dist(x,K), measuring the distance of the point x ∈ ∆N from K. Define
F = (f̄ , ρ) : ∆N → Rd+1 and assume that ∆1, . . . ,∆r is the associated family of vertex
disjoint faces of ∆N , such that F (∆1) ∩ . . . ∩ F (∆r) 6= ∅. More explicitly suppose that
xi ∈ ∆i such that F (xi) = F (xj) for each i, j = 1, . . . , r. Since K is r-unavoidable, ∆i ∈ K
for some i. As a consequence ρ(xi) = 0, and in turn ρ(xj) = 0 for each j = 1, . . . , r.
If ∆′i is the minimal face of ∆N containing xi then ∆′i ∈ K for each i = 1, . . . , r and
f(∆′1) ∩ . . . ∩ f(∆′r) 6= ∅.

For a more complete exposition and examples of applications of the ‘constraint method’
the reader is referred to [BFZ], see also [Gr10, Section 2.9(c)] and [Lon02]. An alternative
approach, which relies on index inequalities similar to (1.1), is developed in [JVZ].

Remark 2.2. All ‘key examples’ of r-unavoidable complexes, constructed and used in
the seminal paper [BFZ] (Lemma 4.2), are intrinsically linear in the sense that they con-
tain an r-unavoidable threshold complex, in which case the inequality (1.2) reduces to an
equality. Unavoidable threshold complexes provide at present the only general method for
constructing simplicial complexes with a small partition number.

3 Threshold complexes and threshold characteristics
Let µ : 2[m] → R+ be a monotone function (A ⊆ B ⇒ µ(A) 6 µ(B)) such that µ(∅) = 0.
For a given ‘threshold’ α ∈ R+, the associated threshold complex is

Tµ≤α := {A ∈ 2[m] | µ(A) ≤ α}. (3.1)

From here on we focus on linear threshold complexes where µ = µx is the measure
(weight distribution) µ(A) :=

∑
i∈A xi, associated to a non-negative weight vector x ∈ Rm

+ .

Proposition 3.2. If µ = µx is a probability measure on [m] (µ([n]) =
∑

i∈[m] xi = 1) then
the associated threshold complex Tµ≤1/r is r-unavoidable.
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Proof: Suppose that [m] = A1 ] . . . ] Ar is a partition. Then at least one of the sets Ai
is in Tµ≤1/r, otherwise 1 = µ(A1) + . . .+ µ(Ar) > 1.

Definition 3.3. An r-unavoidable simplicial complex K ⊂ 2[m] is called linear or linearly
realizable if K = Tµ≤1/r for some probability measure µ on [m].

Linearly realizable complexes are the simplest r-unavoidable complexes and, in agree-
ment with [BFZ, Section 4], they are also called ‘pigeonhole complexes’. Note that a
complex K ⊆ 2[m] ∼= {0, 1}m ⊂ Rm is linear (threshold) if and only if it can be separated
by a hyperplane from its complement 2[m] \K ⊂ {0, 1}m.

It is interesting to study how large can be a threshold complex which is contained in a
simplicial complex K. We introduce the threshold characteristic of the complex K as the
unique number ρ(K) such that

α < ρ(K) ⇐⇒ (∃µ ∈ ∆[n]) Tµ≤α ⊂ K , (3.4)

where ∆[n] = {µx | x ∈ Rn
+ and

∑
xi = 1} is the simplex of probability measures on [n].

Note that Tµ≤α ⊂ K implies that Tµ≤α+ε ⊂ K for some ε > 0, hence the set {α ∈ R+ |
Tµ≤α ⊂ K} is an open interval.

Definition 3.5. Let K ⊆ 2[n] be a simplicial complex and let ∆[n] be the simplex of proba-
bility measures on [n]. The threshold characteristic ρ(K) of K is defined by

ρ(K) = sup{α ∈ [0,+∞] | (∃µ ∈ ∆[n]) Tµ≤α ⊆ K} (3.6)
= max{α ∈ [0,+∞] | (∃µ ∈ ∆[n]) Tµ<α ⊆ K} . (3.7)

By definition ρ(K) = +∞ if and only if K = 2[n].

Proposition 3.8. If K ⊆ 2[n] is a simplicial complex on [n] then,

π(K) ≤ b1/ρ(K)c+ 1. (3.9)

Proof: By definition if 1/r < ρ(K) then Tµ≤1/r ⊂ K for some probability measure µ ∈ ∆[n].
As a consequence of Proposition 3.2 (the pigeonhole principle for measures) we obtain the
implication 1/r < ρ(K) =⇒ π(K) ≤ r, which implies the inequality (3.9) if we choose
r = b1/ρ(K)c+ 1. �

The invariant ρ(K) has a geometric interpretation in terms of blocking polyhedra B(P )
which were (for polyhedral sets P ) introduced by Fulkerson, see [Sch03, Section 5.8].

Definition 3.10. The convex set

B(K) =
⋂
C/∈K

{x ∈ Rn
+ | 〈x, χC〉 ≥ 1} , (3.11)

is referred to as the blocking polyhedron of the simplicial complex K ⊆ 2[n].
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Proposition 3.12. Let φ : Rn → R be the functional φ(x) = 〈x,1〉 = x1 + · · · + xn and
let m be the minimum value of φ on the blocking polyhedron B(K) of K. Then,

ρ(K) = 1/m .

Proof: By Definition 3.5, the threshold characteristic ρ(K) is the largest α such that

∆[n] ∩ αB(K) 6= ∅ ,

or equivalently it is equal to the reciprocal of the smallest m such that m∆[n] ∩B(K) 6= ∅.
It immediately follows that m = min{φ(x) | x ∈ B(K)}. �

The following proposition, useful in calculations, is easily deduced from the observation
that the functional φ is Sn-invariant.

Proposition 3.13. Let G be the group of all permutations of [n] which keep K invariant
and let V = (Rn)G be the associated invariant subspace of Rn. Then,

m := min{φ(x) | x ∈ B(K)} = min{φ(x) | x ∈ B(K) ∩ V }. (3.14)

The following direct consequence of (3.7) is also very useful for explicit calculations
of the threshold characteristic ρ(K). (In agreement with Definition 3.5, the minima and
maxima are evaluated in the interval [0,+∞].)

Proposition 3.15. If K ⊂ 2[n] is a simplicial complex then,

ρ(K) = max
µ∈∆[n]

min
C/∈K

µ(C) . (3.16)

Proposition 3.15 can be considerably improved if K admits a large group of symmetries.

Proposition 3.17. Let G be a group of all permutations of [n] that keep the complex K
invariant. Let ∆G

[n] ⊂ ∆[n] be the closed, convex set of all G-invariant probability measures.
Then,

ρ(K) = max
µ∈∆G

[n]

min
C/∈K

µ(C) . (3.18)

Proof: The proof follows from the observation that for each µ ∈ ∆[n], the associated
G-average ν ∈ ∆G

[n], defined by ν(C) := (1/|G|)
∑

g∈G µ(g(C)), satisfies the inequality

min
C/∈K

µ(C) ≤ min
C/∈K

ν(C) .

The following important corollary records for the future reference the simplest instance
of Proposition 3.17.

Corollary 3.19. Let G be the group of all permutations of [n] which keep the complex
K ⊂ 2[n] invariant. If the action of this group is transitive then,

ρ(K) = min {|C|/n | C /∈ K} . (3.20)
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In the following examples we collect some calculations of the threshold characteristic
which illustrate the use of results from this section.

Example 3.21. If K =
(

[n]
≤k

)
⊂ 2[n] then ρ(K) = k+1

n
. Indeed, the automorphism group

of K is the full symmetric group Sn and we are allowed to apply Corollary 3.19. In
the special case k = 0 we obtain that the threshold characteristic of the empty complex
∅ ⊂ 2[n] is 1/n. If K =

(
[n]
≤k

)
and n = r(k + 1) − 1 (for r, k ≥ 2), then π(K) = r and

ρ(K) = k+1
r(k+1)−1

. This example shows that the inequality (3.9) cannot be improved in
general. Observe that ρ(K) > 1 ⇒ ρ(K) = +∞ so in particular ρ(K) > 1 if and only if
K = 2[n]. If K = 2[n−1] ⊂ 2[n] the group of automorphisms is Sn−1 and ρ(K) = 1, by a
simple application of Proposition 3.17.

Example 3.22. Let K = [2]∗n = [2] ∗ · · · ∗ [2] = ∂(♦n) be the boundary complex of
the n-dimensional cross-polytope ♦n = Conv{ei,−ei}ni=1 ⊂ Rn. In this case the group of
symmetries of K is transitive on its vertices so ρ(K) is attained if µ is the uniform measure
where µ(±ei) = 1/2n for each i ∈ [n]. The minimal non-simplices {ei,−ei} are all of the
same cardinality which implies that ρ(K) = µ({ei,−ei}) = 1/n.

This example shows that a complex K can have a small ρ-characteristic, and at the
same time non-trivial homology in the top dimension.

4 Fractional relaxation of the partition invariant π(K)

Theorem 4.1. Let K ⊆ 2S be a simplicial complex and F ⊆ 2S \K the collection (hyper-
graph) of its minimal non-faces. Then

π(K) = ν(F ) + 1 ρ(K) =
1

νf (F )
(4.2)

where ν(F ), respectively νf (F ), are the matching and the fractional matching number of
the hypergraph F .

Corollary 4.3. The inequality ν(F ) ≤ νf (F ) is equivalent to the inequality (3.9). In other
words the fundamental inequality (1.2) is a consequence of the LP relaxation inequality for
the matching number ν(F ).

Recall that the matching number ν(F ) of a hypergraph F ⊆ 2S is the cardinality ν of
a largest subfamily F ′ ⊆ F such that A ∩ B = ∅ for each pair A,B of distinct elements
in F ′. This number can be also described as the solution of a maximization problem over
non-negative integers (integer programming).

Assuming |S| = n and |F | = m, letM be the n×m incidence matrix of the hypergraph
F ⊆ 2S. We denote by 1 = (1, 1, . . . , 1)T the corresponding column vector in both Rn

and Rm. Then, by interpreting x = χF ′ ∈ Zm as the characteristic function of the family
F ′ ⊆ F , we observe that the matching number ν(F ) is the solution of the following integer
programming problem:

max 1
T · x , x ∈ Zm

Mx ≤ 1

x ≥ 0
(4.4)

7



The LP-relaxation of (4.4) is the linear program obtained by replacing the condition x ∈ Zm
by the condition x ∈ Rm

+ (equivalently x ∈ [0, 1]m). This linear program is exhibited in
(4.5) together with the corresponding dual program.

max 1
T · x min yT · 1

Mx ≤ 1 yTM ≥ 1

x ≥ 0 y ≥ 0
(4.5)

By definition νf (F ), the fractional matching number, is the solution to the maximization
problem (4.5) (on the left) which is, as a consequence of LP-duality, the same as the
solution to the minimization problem (4.5) (on the right). The inequality ν(F ) ≤ νf (F )
is an immediate consequence and the vanishing (and non-vanishing!) of the associated
“fractional duality gap” νf (F )− ν(F ) is an interesting and well studied question.

Proof of Theorem 4.1: The equality π(K) = ν(F ) + 1 is straightforward. Indeed,
k < π(K) is equivalent to the existence of a partition A1 t · · · tAk = S where Ai /∈ K for
each i = 1, . . . , k.

For the second equality we interpret the solution y0 of the dual linear program in (4.5)
as the weight vector of a measure µy0 on S ∼= [n]. Then m := µy0([n]) = 〈y0,1〉 and
µy0(C) ≥ 1 for each C ∈ F = Kc. Moreover m is the smallest value that can arise from
a feasible vector in the minimization problem (4.5). It follows that Proposition 3.12 is
precisely the statement needed to complete the proof. �

5 Intrinsically non-linear unavoidable complexes
Definition 5.1. A simplicial complex K ⊆ 2S is intrinsically linear if the inequality (3.9)
reduces to an equality. The non-linearity gap of a complex K is

ε(K) := b1/ρ(K)c+ 1− π(K), (5.2)

and K is intrinsically non-linear if ε(K) > 0. The relative non-linearity gap of K is
ε̄(K) = ε(K)/w(K) where w(K) is the cardinality of S.

The following remark clarifies why the complexes with ε(K) = 0 are called intrinsically
linear.

Remark 5.3. Let K ⊆ 2[n] be a simplicial complex such that π(K) = r. Then π(K) =
b1/ρ(K)c + 1 if and only if Tµ≤1/r ⊆ K for some probability measure µ ∈ ∆[n]. In other
words if π(K) = r then K is an intrinsically linear complex if and only if it contains a
linear r-unavoidable complex Tµ≤1/r.

By the hypergraph description of π(K) and ρ(K) (Section 4) there is an equality ε(K) =
bνf (F )c − ν(F ). This observation focuses our attention to the fractional matching gap
εf (K) = νf (F )− ν(F ) and its relative version ε̄f (K) = (νf (F )− ν(F ))/w(K).
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Proposition 5.4. Let K1 ⊆ 2S1 and K2 ⊆ 2S2 be a pair of simplicial complexes and let
F1 ⊆ 2S1 and F2 ⊆ 2S2 be the associated hypergraphs of minimal non-faces (Section 4).
Then the hypergraph associated to the join K = K1 ∗K2 ⊆ 2S (where S = S1 ] S2) is the
disjoint union F = F1 ] F2 ⊆ 2S. Moreover,

ε̄f (K1 ∗K2) =
n1

n1 + n2

ε̄f (K1) +
n2

n1 + n2

ε̄f (K2)

where n1 = w(K1) = |S1| and n2 = w(K2) = |S2|.

Proof: Both ν and νf are additive with respect to the disjoint sum of hypergraphs. For
example a fractional matching φ : F1]F2 → R+ is simply a sum of two fractional matchings
on F1 and F2, etc. �

Corollary 5.5. Let K∗n be the join of n copies of K ⊆ 2S and let F ⊆ 2S be the hypergraph
associated to K. Then

εf (K
∗n) = nεf (K) and ε̄f (K) = ε̄f (K

∗n) = ε̄(K∗n) (5.6)

where the rightmost equality holds under condition that nνf (F ) is an integer.

6 Complexes with large non-linearity gap
By Corollary 5.5 the non-linearity gap ε(K∗n) behaves essentially as a linear function in n,
with the rate of increase ε̄f (K). Moreover, as a consequence of Proposition 5.4,

ε̄f (K1 ∗K2) ≤ max{ε̄f (K1), ε̄f (K2)} . (6.1)

For this reason we focus our attention to examples of 2-unavoidable complexes (π(K) = 2)
where ε̄f (K) is as large as possible. Note that a simplicial complex K is 2-unavoidable if
and only if the associated hypergraph is intersecting (A ∩B 6= ∅ for each A,B ∈ F ).

1. Let F be a finite field of order pk and P (F3) the corresponding finite projective plane.
Let Pq be the q-uniform hypergraph of all lines in P (F3) (q = pk + 1) and let P̂q the
associated simplicial complex (A ∈ P̂q if and only if A does not contain a line). For
more information on Pq the reader is refereed to [B89, F81].

2. From the list of 11 exceptional, vertex-minimal triangulations of manifolds exhibited
in [L, Table 2] we select the ‘projective planes’ {[3],RP 2

6 ,CP 2
9 ,HP 2

15}, since they are
all Alexander self-dual complexes (π(K) = 2) and have a vertex-transitive group of
symmetry (which makes the ρ-invariant easily computable). More information about
these important complexes can be found in [KB83, BD94, BK92, Go].

3. Let r = r(n) be the Ramsey number (the minimum number m such that each sub-
graph of Km contains either a clique of size n or an independent subset of size n).
Let V =

(
[r]
2

)
be the set of edges of the complete graph Kr on r vertices. Let Rn ⊂ 2V

be the collection of all subsets (graphs) Γ ⊂ Kr such that the complement Γc = V \Γ
contains a copy of the complete graph Kn with n vertices. By Ramsey’s theorem Rn

is a 2-unavoidable simplicial complex.
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Following the procedures described in Section 3 (especially Proposition 3.17 and Corol-
lary 3.19), we calculate the threshold characteristic and other invariants of these complexes.

P̂q
Obviously π(P̂q) = 2. Either by the results of Section 3 or by Section 4 and [F81, Section
1.3], we have ρ(P̂q) = q/(q2 − q + 1). It follows that in this case εf (P̂q) = (q − 1)2/q and
ε̄f (P̂q) = (q−1)2/q(q2−q+1). In the special case of the ‘Fano complex’ P̂3 (corresponding
to the seven element Fano plane P3), one obtains ε̄f (P̂3) = 4/21.

RP 2
6

The minimum triangulation of the real projective plane has six vertices (Figure 1). The
group of simplicial automorphisms of RP 2

6 is vertex-transitive. The size of the smallest
non-face is 3. It follows that ρ(RP 2

6 ) = 1/2.

CP 2
9

The minimum triangulation of the complex projective plane has 9 elements. The size of
the smallest non-face is 4. The group of simplicial automorphisms of CP 2

9 is also vertex-
transitive. This can be easily deduced from the description of this group given in [KB83]
(see also [BD94, Section 2]). It follows that ρ(CP 2

6 ) = 4/9.

HP 2 = M8
15 = HP 2

15

Brehm and Kühnel constructed in [BK92] PL-isomorphic simplicial complexesM8
15, M̃

8
15,
˜̃
M8

15

on 15 vertices and conjectured that they triangulate the quaternionic projective plane HP 2

(this conjecture was recently confirmed by Gorodkov in [Go]). The most symmetric among
them is M8

15, which is invariant under vertex-transitive action of the group A5 (see the
Theorem on page 169 in [BK92]). Moreover the cardinality of the minimum size non-face
in M8

16 is 6. From here we deduce that ρ(M8
15) = 6/15.

R3

Let R3 be the complex of all graphs Γ ⊂ K6 such that the complement Γc = V \Γ contains
a triangle K3. Then π(R3) = 2, ρ(R3) = 6/15 and w(R3) = 15 (Figure 2).

1 1

2 2

3 3

4 4

5 5

6 6

Figure 2: A maximal graph without triangles and its complement.

More generally, define K ⊂ 2E as a simplicial complex on the set E =
(

[m]
2

)
of all edges

in the complete graph Km, where m ≥ r(n+ 1) and m = tn is divisible by n. By definition
Γ ∈ K if and only if Γ, interpreted as graph on [m], contains an independent set of size
n+ 1. Then, π(K) = 2, ρ(K) ≤ 1/n and ν(K) =

(
nt
2

)
.
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The following theorem summarizes the results of calculations collected in Table (1.4).

Theorem 6.2. Let K be one of the following complexes, {P̂q, [3],RP 2
6 ,CP 2

9 ,HP 2
15,R3}. Let

K∗n be the join of n copies of K. For a given complex L ⊆ 2S, let π(L), ρ(L), ε(L), w(L) be
respectively, the partition invariant, the threshold characteristic, the non-linearity gap, and
the number of vertices of L. Then the values of these invariants for the complex L = K∗n

are collected in Table (1.4).

Proof: All complexes K listed in the theorem are 2-unavoidable. The first five of them
are actually Alexander self-dual [KB83, BD94, BK92] (which means that they are minimal
2-unavoidable). In both cases π(K) = 2.

The second row in Table (1.4) (evaluating the invariant ρ) is computed by the methods
developed in Section 3 which uses Proposition 3.17 as the key tool. For K∗n one uses
the additivity of invariants ν and νf and their link with π and ρ (Section 4). The rest of
Table 1.4 is completed by simple calculation. �

6.1 Theorems 1.6 and 1.8, and the origin of Conjecture (1.5)

Proof of Theorem 1.6: By a recent result of Choi, Kim, and O (see [CKO, Corollary 7]),
for any n-vertex graph G there is an inequality νf (G)−ν(G) ≤ n/6, with the equality only
when G is a disjoint union of triangles K3. This, together with the results from Section 4,
immediately leads to the inequality (1.7). �

Proof of Theorem 1.8: By [B89] (Corollary 2 on p. 104) if F ⊆ 2[n] is a regular q-uniform
hypergraph (q ≥ 3), then ν ≥ n

q2−q+1
. Together with the equality νf (F ) = n

r
, which holds

for all q-uniform hypergraphs ([B89], Theorem 7 on p. 94)), this leads to the inequality

νf (F )− ν(F )

n
≤ (q − 1)2

q(q2 − q + 1)
(6.3)

which is in light of Theorem 4.1 equivalent to (1.9). �

The largest value of the right hand side of (6.3) is attained for q = 3. This corresponds
to the case of the 3-uniform Fano plane P3 when the inequality (6.3) reduces to the equality
1
7
(νf (P3) − ν(P3)) = 4

21
. It follows that in the conjectured inequality (1.5) the equality is

attained for all complexes K = P̂∗3k3 , where k ≥ 1.
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