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In this paper, we derive the Bishop frames of the pseudo null curve and show that 
its normal Bishop vectors N1 and N2 can be obtained by applying the hyperbolic 
rotation and the composition of three rotations about two lightlike and one spacelike 
axis to the Frenet vectors N and B respectively. We also derive Bishop frame of 
the null Cartan curve and show that among all null Cartan curves in E3

1, only the 
null Cartan cubic has two Bishop frames, one of which coincides with its Cartan 
frame. As an application, we obtain some solutions of the Da Rios vortex filament 
equation in terms of the Bishop frames of the pseudo null curves and null Cartan 
cubic.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The Bishop frame or relatively parallel adapted frame {T, N1, N2} of a regular curve in Euclidean 3-space 
is introduced by R.L. Bishop in [3]. It contains the tangential vector field T and two normal vector fields 
N1 and N2, which can be obtained by rotating the Frenet vectors N and B in the normal plane T⊥ of the 
curve, in such a way that they become relatively parallel. This means that their derivatives N ′

1 and N ′
2 with 

respect to the arc-length parameter s of the curve are collinear with the tangential vector field T . Hence N ′
1

and N ′
2 make minimal rotation in the planes N⊥

1 and N⊥
2 , respectively. For this reason, the Bishop frame 

is also known as the frame with minimal rotation property. Such frame is well defined even in the points 
where the Frenet curvature κ of the curve vanishes, which is not the case with the Frenet frame. The Frenet 
equations according to the Bishop frame in E3 have the form ([3])
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⎡
⎢⎣
T ′

N ′
1

N ′
2

⎤
⎥⎦ =

⎡
⎢⎣

0 κ1 κ2
−κ1 0 0
−κ2 0 0

⎤
⎥⎦
⎡
⎢⎣

T

N1
N2

⎤
⎥⎦ ,

where κ1(s) = κ(s) cos θ(s) and κ2(s) = κ(s) sin θ(s) are the Bishop curvatures. A new version of the Bishop 
frame (type-2 Bishop frame) in E3 is introduced in [24]. For the parallel transport frame in the Euclidean 
4-space, see [12].

In Minkowski spaces E3
1 and E4

1, the Bishop frames of the timelike and the spacelike curves are obtained 
in [20] and [9]. Some applications of the Bishop frames in Minkowski spaces can be found in [5], [6], [23].

In Minkowski 3-space, the pseudo null and null Cartan curve are known as the curves whose the Frenet 
and Cartan frame respectively contains two null (lightlike) vector fields. The Bishop frames of such curves 
are not derived jet. In this paper, we obtain the Bishop frames of the pseudo null curve and show that its 
normal Bishop vectors N1 and N2 can be obtained by applying the hyperbolic rotation and the composition 
of three rotations about two lightlike and one spacelike axis to its Frenet vectors N and B, respectively. We 
also derive Bishop frame of the null Cartan curve and show that among all null Cartan curves in E3

1, only 
the null Cartan cubic has two Bishop frames, one of which coincides with its Cartan frame.

The Bishop frames of the pseudo null curves and null Cartan curves can be used in many applications in 
differential geometry of curves and surfaces in Minkowski spaces, such as in characterizations of Bertrand 
([1]), Mannheim ([13]) and Smarandache curves ([16]), for deriving Bäcklund transformations ([14,15]), in 
classifications of k-type Darboux helices ([18]), etc.

In [7] the Da Rios has shown that the velocity v(s, t) of a vortex filament x(s, t) regarded as a space 
curve in E3 parameterized by the arc-length parameter s for all time t is given by the vortex filament 
equation v = xt = xs × xss. It is known that an evolving curve x(s, t) in E3, evolving according to the 
vortex filament equation, generates Hasimoto surface ([21]). The planar (non-planar) curves in E3 which 
generate Hasimoto surfaces are the circle and elastica (helix and non-planar elastica) ([17]). In Minkowski 
3-space, a spacelike curve x(s, t) with a timelike (spacelike) principal normal vector field, evolving according 
to the vortex filament equation, generates the spacelike (timelike) Hasimoto surface ([10]). In the Lorentzian 
n-space, null general helices x(s, t) evolving in the axis direction are the solutions of null Betchov–Da Rios 
equation (null localized induction equation) xt = xss×xsss ([11]). Explicit solutions of the Betchov–Da Rios 
soliton equation in terms of non-null and null curves in 3-dimensional Lorentzian space forms are given in 
[2]. The vortex filament equation for pseudo null curves in Minkowski 3-space is obtained in [15] and reads 
v = xt = xs×xss. In this paper, we obtain some solutions of the Da Rios vortex filament equation in terms 
of the Bishop frames of the pseudo null curves and null Cartan cubic.

2. Preliminaries

The Minkowski 3-space E3
1 is the real vector space E3 equipped with the standard indefinite flat metric 

〈·, ·〉 defined by

〈x, y〉 = −x1y1 + x2y2 + x3y3, (1)

for any two vectors x = (x1, x2, x3) and y = (y1, y2, y3) in E3
1. Since 〈·, ·〉 is an indefinite metric, an 

arbitrary vector x ∈ E
3
1\ {0} can have one of three causal characters: it can be spacelike, timelike or null

(lightlike), if 〈x, x〉 is positive, negative or zero, respectively. In particular, the vector x = 0 is a spacelike. 
The norm (length) of a vector x ∈ E

3
1 is given by ‖x‖ =

√
|〈x, x〉|. An arbitrary curve α : I → E

3
1 can 

locally be spacelike, timelike or null (lightlike), if all of its velocity vectors α′(s) satisfy 〈α′(s), α′(s)〉 > 0, 
〈α′(s), α′(s)〉 < 0 or 〈α′(s), α′(s)〉 = 0 and α′(s) �= 0, respectively ([19]).
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A spacelike curve α : I → E
3
1 is called a pseudo null curve, if its principal normal vector field N and 

binormal vector filed B are null vector fields satisfying the condition 〈N, B〉 = 1. The Frenet formulae of a 
non-geodesic pseudo null curve α have the form ([22])

⎡
⎢⎣
T ′

N ′

B′

⎤
⎥⎦ =

⎡
⎢⎣

0 κ 0
0 τ 0
−κ 0 −τ

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ , (2)

where the curvature κ(s) = 1 and the torsion τ(s) is an arbitrary function in arclength parameter s of α. 
The Frenet’s frame vectors of α satisfy the equations

〈T, T 〉 = 1, 〈N,N〉 = 〈B,B〉 = 0,

〈T,N〉 = 〈T,B〉 = 0, 〈N,B〉 = 1,
(3)

and

T ×N = N, N ×B = T, B × T = B. (4)

The frame {T, N, B} is positively oriented, if det(T, N, B) = [T, N, B] = 1.
A curve β : I → E

3
1 is called a null curve, if its tangent vector β′ = T is a null vector. A null curve 

β = β(s) is called a null Cartan curve, if it is parameterized by the pseudo-arc function s defined by ([4])

s(t) =
t∫

0

√
||β′′(u)|| du. (5)

There exists a unique Cartan frame {T,N,B} along a non-geodesic null Cartan curve β satisfying the 
Cartan equations ([8])

⎡
⎢⎣
T ′

N ′

B′

⎤
⎥⎦ =

⎡
⎢⎣

0 κ 0
−τ 0 κ

0 −τ 0

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ , (6)

where the curvature κ(s) = 1 and the torsion τ(s) is an arbitrary function in pseudo-arc parameter s. If 
τ(s) = 0, the null Cartan curve is called a null Cartan cubic. The Cartan’s frame vectors of β satisfy the 
relations

〈T, T 〉 = 〈B,B〉 = 0, 〈N,N〉 = 1,

〈T,N〉 = 〈N,B〉 = 0, 〈T,B〉 = −1,
(7)

and

T ×N = −T, N ×B = −B, B × T = N. (8)

Cartan frame {T, N, B} is positively oriented, if det(T, N, B) = [T, N, B] = 1.
If β is null Cartan curve, then its normal plane π = T⊥ = span{T, N} is a lightlike at each point of the 

curve. According to [8], the radical space on π is given by Rad(Tπ) = span{β′}. All spacelike vectors in π
are orthogonal to β′ and generate the screen distribution on π given by S(Tπ) = {Y ∈ π | g(Y, β′) = 0}. 
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Note that the choice of the screen distribution S(Tπ) on π is not a unique. For a given screen distribution 
S(Tπ) on π, there exists a unique lightlike transversal vector Z ∈ E

3
1, which satisfies the conditions ([8])

g(Z,Z) = 0, g(Z, β′) = −1, g(Z, Y ) = 0.

3. The Bishop frame of a pseudo null curve

In this section we prove that there are two possible Bishop frames of a non-geodesic pseudo null curve 
in Minkowski 3-space, which are not unique and contain one fixed vector. We also show that the normal 
Bishop vector N1 (of the first Bishop frame) can be obtained by applying the hyperbolic rotation to the 
principal normal vector N , while the normal Bishop vector N2 (of the first Bishop frame) can be obtained 
by applying the composition of three rotations about two lightlike and one spacelike axis to the binormal 
vector B. We first define the Bishop frame of a pseudo null curve as follows.

Definition 1. The Bishop frame {T1, N1, N2} of a pseudo null curve α in E3
1 is positively oriented pseudo-

orthonormal frame consisting of the tangential vector field T1 and two relatively parallel lightlike normal 
vector fields N1 and N2.

Since 〈N1, N ′
1〉 = 0, the vector N ′

1 lies in the lightlike plane N⊥
1 = span{T1, N1} and makes minimal 

rotation in that plane if it is collinear with T1, or with N1. If N ′
1 is collinear with N1, then N1 coincides with 

the principal normal vector N , so the Bishop frame would coincide with the Frenet frame, which has no 
minimal rotation property. Hence N ′

1 is collinear with T1. Similarly, we conclude that the vector N ′
2 makes 

minimal rotation in the lightlike plane N⊥
2 = span{T1, N2} if it is collinear with T1.

Therefore, we define the lightlike normal vector fields N1 and N2 to be relatively parallel, if their deriva-
tives with respect to the arc-length parameter s are tangential.

Remark 1. We can also define N1 and N2 to be relatively parallel, if the normal component T⊥
1 =

span{N1, N2} of their derivatives N ′
1 and N ′

2 is zero, which implies that the mentioned derivatives are 
collinear with T1.

Theorem 1. Let α be a pseudo null curve in E3
1 parameterized by arc-length parameter s with the curvature 

κ(s) = 1 and the torsion τ(s). Then the Bishop frame {T1, N1, N2} and the Frenet frame {T, N, B} of α
are related by:

(i)

⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0
0 1

κ2
0

0 0 κ2

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ , (9)

and the Frenet equations of α according to the Bishop frame read

⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣

0 κ2 κ1
−κ1 0 0
−κ2 0 0

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ , (10)

where κ1(s) = 0 and κ2(s) = c0e
∫
τ(s)ds, c0 ∈ R

+
0 ;



M. Grbović, E. Nešović / J. Math. Anal. Appl. 461 (2018) 219–233 223
(ii)

⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ =

⎡
⎢⎣
−1 0 0
0 0 −κ1
0 − 1

κ1
0

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ , (11)

and the Frenet equations of α according to the Bishop frame read

⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣

0 κ2 κ1
−κ1 0 0
−κ2 0 0

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ , (12)

where κ1(s) = c0e
∫
τ(s)ds, c0 ∈ R

−
0 and κ2(s) = 0.

Proof. Let {T1, N1, N2} be the Bishop frame of a pseudo null curve α(s), satisfying the conditions

〈T1, T1〉 = 1, 〈N1, N1〉 = 〈N2, N2〉 = 0,

〈T1, N1〉 = 〈T1, N2〉 = 0, 〈N1, N2〉 = 1.
(13)

Since T1 is the unit tangent vector field, assume that T1 = T . We will determine the normal vector fields 
N1 and N2 such that their derivatives are tangential. In relation to that, decompose the vector N ′

1 with 
respect to the pseudo-orthonormal basis {T1, N1, N2} by

N ′
1 = aT1 + bN1 + cN2, (14)

where a(s), b(s), c(s) are some differentiable functions in arc-length parameter s. By using the relations (13)
and (14), we find

〈N ′
1, T1〉 = a = −κ1, 〈N ′

1, N1〉 = c = 0, 〈N ′
1, N2〉 = b = 0, (15)

where κ1(s) is some differentiable function. Substituting (15) in (14), we obtain

N ′
1 = −κ1T1. (16)

In a similar way, we get

N ′
2 = −κ2T1, T ′

1 = κ2N1 + κ1N2, (17)

where κ2(s) is some differentiable function. By using the relations (16) and (17), we get

⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣

0 κ2 κ1
−κ1 0 0
−κ2 0 0

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ . (18)

Since T1 = T , from the Frenet equations (2) it follows that T ′
1 is a null vector. By using the condition 

〈T ′
1, T

′
1〉 = 0 and the relations (13) and (17), we obtain κ1κ2 = 0. Hence we distinguish two cases: (A) κ1 = 0; 

(B) κ2 = 0.
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(A) If κ1 = 0, the Frenet equations of α according to the Bishop frame read
⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣

0 κ2 0
0 0 0

−κ2 0 0

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ . (19)

Next we find the relationship between the function κ2 and the torsion τ , as well as between the Frenet’s 
frame vectors and the Bishop’s frame vectors. Since N1 and N2 are two linearly independent null vectors 
lying in the timelike plane T⊥

1 = span{N, B}, they are collinear with N and B.
If

N1 = λN, N2 = μB, (20)

for some differentiable functions λ(s) �= 0 and μ(s) �= 0, differentiating (20) with respect to s, using the 
condition 〈N1, N2〉 = 1 and relations (2), (3) and (19), we get

λ(s) = 1
κ2(s)

, μ(s) = κ2(s) = c0e
∫
τ(s)ds, (21)

where c0 ∈ R
+
0 . It can be easily verified that {T1, N1, N2} is a positively oriented pseudo-orthonormal frame. 

Substituting (21) in (20), we find that the Frenet and the Bishop frame of α are related by (9).
If N1 = λB and N2 = μN , differentiating the equation N1 = λB with respect to s and using the relations 

(2), (3) and (19) we get λ = 0, which is a contradiction. This proves statement (i).
(B) If κ2 = 0, the Frenet equations of α according to the Bishop frame read

⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣

0 0 κ1
−κ1 0 0
0 0 0

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ . (22)

Similarly as in the case (A), assume that N1 = λN and N2 = μB. Differentiating the equation N2 = μB

with respect to s and using (2), (3) and (22), we get μ = 0, which is a contradiction. It follows that

N1 = λB, N2 = μN. (23)

Then det(T1, N1, N2) = [T1, N1, N2] = −1, which means that the frame {T1, N1, N2} is a negatively oriented. 
To avoid this situation, define the tangential vector field T1 as T1 = −T . Differentiating (23) with respect 
to s, using the condition 〈N1, N2〉 = 1 and the relations (2), (3) and (22), we find

λ(s) = −κ1(s) = c0e
∫
τ(s)ds, μ(s) = c0e

−
∫
τ(s)ds, (24)

where c0 ∈ R
+
0 . Substituting (24) in (23) we get that the Frenet and the Bishop frame of α are related by 

(11). This proves statement (ii) and the theorem. �
We call the functions κ1 and κ2 the first and the second Bishop curvature of a pseudo null curve α, 

respectively.
If α is a regular curve in E3 with the Bishop curvatures κ1(s) and κ2(s), then a planar curve γ param-

eterized by γ(s) = (κ1(s), κ2(s)) is called the normal development of α ([3]). It is known that two regular 
curves in E3 are congruent if and only if they have the same normal development. For example, the nor-
mal development of a planar curve in E3 is the straight line passing through the origin, and the normal 
development of a helix in E3 is a circle centered at the origin ([3]).
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If α is a pseudo null curve in E3
1 with the Bishop curvatures κ1(s) = 0, κ2(s) > 0, then its normal 

development is the curve γ(s) = (0, κ2(s)), which represents reparametrization of (a positive part of) y-axis. 
Note that pseudo null straight line and pseudo null circle have the same normal development γ(s) = (0, c1), 
c1 ∈ R

+, although they are not congruent.
In the next theorem, we give geometric interpretation of the relation (9).

Theorem 2. Let α(s) be a pseudo null curve in E3
1 parameterized by arc-length parameter s with the Frenet 

frame {T, N, B} and the torsion τ(s). If the Bishop frame {T1, N1, N2} of α is given by relation (9), then:
(i) Rω(N) = N1, where Rω is the hyperbolic rotation for the hyperbolic angle ω(s) = − ln(κ2(s)) about 

spacelike axis spanned by e3 = (0, 0, 1);
(ii) (R−θ ◦R−ϕ ◦Rθ)(B) = N2, where Rθ is rotation for an angle θ(s) = − 

∫
κ2(s)ds about lightlike axis 

spanned by e0 = (1, 1, 0) and R−ϕ is the hyperbolic rotation for the hyperbolic angle −ϕ = − 
∫
τ(s)ds − ln c0

about spacelike axis spanned by e3 = (0, 0, 1), c0 ∈ R
+
0 .

Proof. From the Frenet equations (2), we have

N ′(s) = τ(s)N(s).

Let us put N(s) = (x(s), y(s), z(s)), where x(s), y(s) and z(s) are some differentiable functions. Substituting 
this in the last equation, we obtain

x′(s) = τ(s)x(s), y′(s) = τ(s)y(s), z′(s) = τ(s)z(s),

and thus

x(s) = e
∫
τ(s)ds+c1 , y(s) = e

∫
τ(s)ds+c2 , z(s) = e

∫
τ(s)ds+c3 ,

where c1, c2, c3 ∈ R are constants of integration. By using relation (21), the last relation becomes

x(s) = 1
c0

k2(s)ec1 , y(s) = 1
c0

k2(s)ec2 , z(s) = 1
c0

k2(s)ec3 ,

c0 ∈ R
+
0 . Therefore,

N(s) = k2(s)A0, (25)

where A0 = 1
c0

(ec1 , ec2 , ec3) is a constant vector. According to (3) and (25), we have 〈N(s), N(s)〉 =
〈k2(s)A0, k2(s)A0〉 = 0. Since k2(s) �= 0 we get 〈A0, A0〉 = 0, which means that A0 is a constant null 
vector. Next we show that up to isometries of E3

1 we may take A0 = (1, 1, 0). In relation to that, let us put 
A0 = (a, b, c), where

a = 1
c0

ec1 , b = 1
c0

ec2 , c = 1
c0

ec3 .

By applying the rotation Rα for an angle α = c

b− a
, b �= a about lightlike axis spanned by V = (1, 1, 0)

and using −a2 + b2 + c2 = 0, we find

Rα(A0) =

⎡
⎢⎣

1 + α2

2 −α2

2 α
α2

2 1 − α2

2 α

α −α 1

⎤
⎥⎦
⎡
⎢⎣
a

b

c

⎤
⎥⎦ =

⎡
⎢⎣

a−b
2

b−a
2
0

⎤
⎥⎦ .
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Next, by applying the symmetry Sx with respect to x-axis, we obtain

(Sx ◦Rα)(A0) =

⎡
⎢⎣

1 0 0
0 −1 0
0 0 1

⎤
⎥⎦
⎡
⎢⎣

a−b
2

b−a
2
0

⎤
⎥⎦ =

⎡
⎢⎣

a−b
2

a−b
2
0

⎤
⎥⎦ .

If a − b > 0, by applying the hyperbolic rotation Rβ for the hyperbolic angle β = ln( 2
a−b ) about spacelike 

axis spanned by e3 = (0, 0, 1), we get

(Rβ ◦ Sx ◦Rα)(A0) =

⎡
⎢⎣

cosh β sinh β 0
sinh β cosh β 0

0 0 1

⎤
⎥⎦
⎡
⎢⎣

a−b
2

a−b
2
0

⎤
⎥⎦ =

⎡
⎢⎣

1
1
0

⎤
⎥⎦ .

If a − b < 0, by using the hyperbolic rotation Rγ for the hyperbolic angle γ = ln( 2
b−a ) about spacelike axis 

spanned by e3 = (0, 0, 1), we obtain (Rγ ◦ Sx ◦Rα)(A0) = (−1, −1, 0). By applying the symmetry SO with 
respect to the origin O, we get (SO ◦Rγ ◦ Sx ◦Rα)(A0) = (1, 1, 0).

Consequently, up to isometries of E3
1 we may take A0 = (1, 1, 0). Substituting A0 = (1, 1, 0) in (25), it 

follows that the principal normal vector has the form

N(s) = (κ2(s), κ2(s), 0). (26)

By applying the hyperbolic rotation Rω for the hyperbolic angle ω(s) = − ln(κ2(s)) about spacelike axis 
spanned by e3 = (0, 0, 1) and using relation (9), we find

Rω(N) =

⎡
⎢⎣

coshω sinhω 0
sinhω coshω 0

0 0 1

⎤
⎥⎦
⎡
⎢⎣
κ2
κ2
0

⎤
⎥⎦ = 1

κ2
N = N1, (27)

which proves statement (i).
By using the relations T ′ = N and (26), we find

T (s) = (
∫

κ2(s)ds,
∫

κ2(s)ds, 1).

On the other hand, from (26) and (27) we get N1(s) = (1, 1, 0). By using the conditions (13), it follows that 
the Bishop vector N2 has the form

N2(s) = (− (
∫
κ2(s)ds)2

2 − 1
2 ,

1
2 − (

∫
κ2(s)ds)2

2 ,−
∫

κ2(s)ds). (28)

According to relations (9) and (28), the binormal vector is given by

B(s) = (− (
∫
κ2(s)ds)2

2κ2(s)
− 1

2κ2(s)
,

1
2κ2(s)

− (
∫
κ2(s)ds)2

2κ2(s)
,−

∫
κ2(s)ds
κ2(s)

).

By applying the rotation Rθ for an angle θ(s) = − 
∫
κ2(s)ds about lightlike axis spanned by N1 = (1, 1, 0)

to the binormal vector B, we find

Rθ(B) =

⎡
⎢⎣

1 + θ2

2 − θ2

2 θ
θ2

2 1 − θ2

2 θ

θ −θ 1

⎤
⎥⎦
⎡
⎢⎢⎣
− (

∫
κ2(s)ds)2
2κ2(s) − 1

2κ2(s)
1

2κ2(s) −
(
∫
κ2(s)ds)2
2κ2(s)

−
∫
κ2(s)ds

⎤
⎥⎥⎦ =

⎡
⎢⎣
− 1

2κ2(s)
1

2κ2(s)
0

⎤
⎥⎦ .
κ2(s)
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Next, by applying the hyperbolic rotation R−ϕ for the hyperbolic angle −ϕ(s) = − 
∫
τ(s)ds − ln c0, c0 ∈ R

+
0

about spacelike axis spanned by e3 = (0, 0, 1) to the vector Rθ(B) and using (2), we obtain

(R−ϕ ◦Rθ)(B) =

⎡
⎢⎣

cosh(−ϕ) sinh(−ϕ) 0
sinh(−ϕ) cosh(−ϕ) 0

0 0 1

⎤
⎥⎦
⎡
⎢⎣
− 1

2κ2(s)
1

2κ2(s)
0

⎤
⎥⎦ =

⎡
⎢⎣
−1

2
1
2
0

⎤
⎥⎦ .

Finally, by applying the rotation R−θ for an angle −θ(s) =
∫
κ2(s)ds about lightlike axis spanned by 

N1 = (1, 1, 0) to the vector (R−ϕ ◦Rθ)(B), we get

(R−θ ◦R−ϕ ◦Rθ)(B) =

⎡
⎢⎣

1 + θ2

2 − θ2

2 −θ
θ2

2 1 − θ2

2 −θ

−θ θ 1

⎤
⎥⎦
⎡
⎢⎣
−1

2
1
2
0

⎤
⎥⎦ = N2,

which proves statement (ii). �
The next theorem can be proved analogously, so we omit its proof.

Theorem 3. Let α(s) be a pseudo null curve in E3
1 parameterized by arc-length parameter s with the Frenet 

frame {T, N, B} and the torsion τ(s). If the Bishop frame {T1, N1, N2} of α is given by relation (11), then:
(i) Rω(N) = N2, where Rω is the hyperbolic rotation for the hyperbolic angle ω(s) = − ln(−κ1(s)) about 

spacelike axis spanned by e3 = (0, 0, 1);
(ii) (R−θ ◦R−ϕ ◦Rθ)(B) = N1, where Rθ is rotation for an angle θ(s) = − 

∫
κ1(s)ds about lightlike axis 

spanned by e0 = (1, 1, 0) and R−ϕ is the hyperbolic rotation for the hyperbolic angle −ϕ(s) = − 
∫
τ(s)ds −

ln(−c0) about spacelike axis spanned by e3 = (0, 0, 1), c0 ∈ R
−
0 .

4. The Bishop frame of a null Cartan curve

In this section we obtain the Bishop frame of a non-geodesic null Cartan curve. We also prove that among 
all non-geodesic null Cartan curves in E3

1, only the null Cartan cubic has two Bishop frames, one of which 
coincides with its Cartan frame. In relation to that, we first modify the definition of the Bishop frame with 
respect to the Euclidean case as follows.

Definition 2. The Bishop frame {T1, N1, N2} of a non-geodesic null Cartan curve in E3
1 is positively oriented 

pseudo-orthonormal frame consisting of the tangential vector field T1, relatively parallel spacelike normal 
vector field N1 and relatively parallel lightlike transversal vector field N2.

We define the spacelike normal vector field N1 and the lightlike transversal vector field N2 along a null 
Cartan curve to be relatively parallel, if the normal component T⊥

1 = span{T1, N1} of their derivatives N ′
1

and N ′
2 is zero. This means that the vector fields N ′

1 and N ′
2 are collinear with N2. Note that relatively 

parallel vector fields N1 and N2 are defined in the same way as in the case of pseudo null curve, or a curve 
in E3, but with respect to an indefinite metric. In the next theorem we obtain the Bishop frame of a null 
Cartan curve.

Theorem 4. Let α be a null Cartan curve in E3
1 parameterized by pseudo-arc s with the curvature κ(s) = 1

and the torsion τ(s). Then the Bishop frame {T1, N1, N2} and the Cartan frame {T, N, B} of α are related 
by:
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⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0
−κ2 1 0
κ2
2
2 −κ2 1

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ , (29)

and the Cartan equations of α according to the Bishop frame read
⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣
κ2 κ1 0
0 0 κ1
0 0 −κ2

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ , (30)

where the first Bishop curvature κ1(s) = 1 and the second Bishop curvature satisfies Riccati differential 
equation κ′

2(s) = −1
2κ

2
2(s) − τ(s).

Proof. Assume that α has the Bishop frame {T1, N1, N2} which satisfies the conditions

〈T1, T1〉 = 〈N2, N2〉 = 0, 〈N1, N1〉 = 1,

〈T1, N2〉 = −1, 〈T1, N1〉 = 〈N1, N2〉 = 0,
(31)

and

T1 ×N1 = −T1, N1 ×N2 = −N2, N2 × T1 = N1. (32)

We will determine the normal vector field N1 by using the condition that it is relatively parallel. In relation 
to that, decompose the vector N ′

1 with respect to the pseudo-orthonormal basis {T1, N1, N2} by

N ′
1 = aT1 + bN1 + cN2, (33)

where a(s), b(s), c(s) are some differentiable functions in pseudo-arc parameter s. By using (31), (33) and 
the condition that N1 is relatively parallel, we find

〈N ′
1, T1〉 = −c = −κ1, 〈N ′

1, N1〉 = b = 0, 〈N ′
1, N2〉 = −a = 0, (34)

where κ1(s) is some differentiable function. Substituting (34) in (33), we obtain

N ′
1 = κ1N2. (35)

In a similar way, we get

N ′
2 = −κ2N2, T ′

1 = κ2T1 + κ1N1, (36)

where κ2(s) is some differentiable function. Relations (35) and (36) imply relation (30). Since T1 is a null 
tangent vector field, we may assume that

T1 = T. (37)

By using (31) and (37), we get 〈T1, N1〉 = 〈T, N1〉 = 0. Therefore, N1 ∈ T⊥ so relation (7) implies that the 
normal vector field N1 can be written as

N1 = λT + μN,
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where λ(s) and μ(s) are some differentiable functions. Since 〈N1, N1〉 = 1, by using (7) we get μ(s) = ±1. 
Let us take μ(s) = 1. Thus

N1 = λT + N. (38)

By using the relations (7), (31), (37) and (38), we get

N2 = λ2

2 T + λN + B. (39)

In particular, differentiating (37) with respect to s and using (6), (37) and (38), we obtain

T ′
1 = T ′ = N = N1 − λT1.

On the other hand, according to the second equation of (36), we have

T ′
1 = κ2T1 + κ1N1.

From the last two relations, we find that Bishop curvatures of α are given by

κ1 = 1, κ2 = −λ. (40)

Then relations (37), (38), (39) and (40) imply (29). In a similar way, by taking μ(s) = −1 we get negatively 
oriented Bishop frame {T ∗

1 = −T1, N∗
1 = −N1, N∗

2 = −N2} with the Bishop curvatures κ∗
1(s) = κ1(s) = 1, 

κ∗
2(s) = κ2(s) and satisfying the conditions (31). According to Definition 2, this case is not possible.
Finally, differentiating the relation (38) with respect to s and using (6), (7), (31), (35) and (40), we obtain 

that κ2 satisfies Riccati differential equation

κ′
2(s) = −1

2κ
2
2(s) − τ(s),

which completes the proof of the theorem. �
By using Theorem 4, we easily get the next corollary, which states that among all null Cartan curves in 

E
3
1 only the null Cartan cubic has two Bishop frames, one of which coincides with its Cartan frame.

Corollary 1. Let α be a null Cartan cubic in E3
1 parameterized by pseudo-arc s. Then the Bishop frame 

{T1, N1, N2} and the Cartan frame {T, N, B} of α are related by:
(i)

⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0
−κ2 1 0
κ2
2
2 −κ2 1

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ ,

and the Cartan equations of α according to the Bishop frame read
⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣
κ2 κ1 0
0 0 κ1
0 0 −κ2

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ , (41)

where the Bishop curvatures have the form κ1(s) = 1 and κ2(s) =
2 ;

s
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(ii)
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0
0 1 0
0 0 1

⎤
⎥⎦
⎡
⎢⎣
T

N

B

⎤
⎥⎦ ,

and the Cartan equations of α according to the Bishop frame read
⎡
⎢⎣
T ′

1
N ′

1
N ′

2

⎤
⎥⎦ =

⎡
⎢⎣
κ2 κ1 0
0 0 κ1
0 0 −κ2

⎤
⎥⎦
⎡
⎢⎣
T1
N1
N2

⎤
⎥⎦ ,

where the Bishop curvatures have the form κ1(s) = 1 and κ2(s) = 0.

5. Some applications

In this section, by using the Bishop frame of the pseudo null curve and null Cartan cubic, we give some 
solutions of the Da Rios vortex filament equation which generate lightlike Hasimoto surfaces.

Example 1. Let α be a pseudo null curve in E3
1 parameterized by arc-length parameter s with parameter 

equation

α(s) = (s
3

3 + s2

2 ,
s3

3 + s2

2 , s).

According to the statement (i) of Theorem 1, the Bishop frame {T1, N1, N2} and the Bishop curvatures of 
α have the form

T1(s) = (s2 + s, s2 + s, 1),

N1(s) = ( 1
c0

,
1
c0

, 0),

N2(s) = c0(−
(s2 + s)2 + 1

2 ,
1 − (s2 + s)2

2 ,−s2 − s),

κ1(s) = 0, κ2(s) = c0(2s + 1), where c0 ∈ R
+
0 .

Denote by x(s, t) an evolving curve in E3
1 parameterized by arc-length parameter s for all time t with 

evolution equation

x(s, t) = α(s) + t(a(s)T1(s) + b(s)N1(s) + c(s)N2(s)), (42)

where a(s), b(s) and c(s) are some differentiable functions. By taking the partial derivatives of the relation 
(42) with respect to s and t and using (10), we obtain

xs = T1 + t(aT1 + bN1 + cN2)′, (43)

xss = κ2N1 + t(aT1 + bN1 + cN2)′′, (44)

xt = aT1 + bN1 + cN2. (45)

Assume that the curve x(s, t) evolves according to the vortex filament equation xt = xs × xss. Substituting 
(43), (44) and (45) in the last equation and using relations (8) and (9), we get
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Fig. 1. Lightlike Hasimoto surface and evolving curve x(s, t) for t = −1, t = 0 and t = 1.

aT1 + bN1 + cN2 = t2(aT1 + bN1 + cN2)′ × (aT1 + bN1 + cN2)′′

+ t[T1 × (aT1 + bN1 + cN2)′′ + κ2(aT1 + bN1 + cN2)′ ×N1] + κ2N1.

The previous equation is satisfied for each t, if and only if the next relations hold

a = 0, b = κ2, c = 0, (46)

(aT1 + bN1 + cN2)′ × (aT1 + bN1 + cN2)′′ = 0,

T1 × (aT1 + bN1 + cN2)′′ + κ2(aT1 + bN1 + cN2)′ ×N1 = 0.

Substituting (46) in (42), we find that evolving curve x(s, t) has evolution equation of the form

x(s, t) = α(s) + tκ2(s)N1(s). (47)

It can be easily checked that 〈xs, xs〉 = 1 and 〈xss, xss〉 = 0, which means that x(s, t) is a pseudo null curve. 
In particular, since xs×xt = κ2N1 is a null vector, evolving curve x(s, t) generates lightlike cylindrical ruled 
surface with parameter equation (47), which represents lightlike Hasimoto surface (Fig. 1).

Example 2. Let us consider the null Cartan cubic in E3
1 parameterized by pseudo-arc parameter s with 

parameter equation

α(s) = (s
3

4 + s

3 ,
s2

2 ,
s3

4 − s

3).

According to the statement (i) of Corollary 1, the Bishop frame {T1, N1, N2} of α is given by

T1(s) = (3s2

4 + 1
3 , s,

3s2

4 − 1
3),

N1(s) = (− 2
3s ,−1, 2

3s),

N2(s) = ( 2
3s2 , 0,−

2
3s2 ),

and the Bishop curvatures of α read κ1(s) = 1, κ2(s) = 2
s
.

Denote by x(s, t) an evolving curve in E3
1 parameterized by arc-length parameter s for all time t with 

evolution equation

x(s, t) = T1(s) − t(a(s)T1(s) + b(s)N1(s) + c(s)N2(s)), (48)
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Fig. 2. Lightlike Hasimoto surface and evolving curve x(s, t) for t = −1, t = 0 and t = 1.

where a(s), b(s) and c(s) are some differentiable functions. Analogously as in Example 1, by taking the 
partial derivatives of the relation (48) with respect to s and t and assuming that x(s, t) evolves according 
to the vortex filament equation xt = xs × xss, we get

a(s) = 2
s2 , b(s) = 2

s
, c(s) = 1. (49)

Substituting (49) in (48), we find that evolution equation of x(s, t) reads

x(s, t) = T1(s) − t( 2
s2T1(s) + 2

s
N1(s) + N2(s)). (50)

By taking the partial derivatives of the relation (50) with respect to s and t and using relation (41), we find

xs = 2
s
T1(s) + N1(s), xss = 2

s2T1(s) + 2
s
N1(s) + N2(s), (51)

xt = −( 2
s2T1(s) + 2

s
N1(s) + N2(s)). (52)

By using (31) and the first equation of (51), we find 〈xs, xs〉 = 1. Relation (31) and the second equation 
of (51) yield 〈xss, xss〉 = 0, which means that x(s, t) is a pseudo null evolving curve. In particular, since 
xs×xt = (3

2 , 0, 
3
2 ) is a null constant vector and xts = 0, the curve x(s, t) generates lightlike cylindrical ruled 

surface with parameter equation (50), which represents lightlike Hasimoto surface (Fig. 2).
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