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1. Introduction

The Bishop frame or relatively parallel adapted frame {T, N1, N} of a regular curve in Euclidean 3-space
is introduced by R.L. Bishop in [3]. It contains the tangential vector field T' and two normal vector fields
N, and Ny, which can be obtained by rotating the Frenet vectors N and B in the normal plane T of the
curve, in such a way that they become relatively parallel. This means that their derivatives N and N} with
respect to the arc-length parameter s of the curve are collinear with the tangential vector field T. Hence N
and N make minimal rotation in the planes Ni- and Nj-, respectively. For this reason, the Bishop frame
is also known as the frame with minimal rotation property. Such frame is well defined even in the points
where the Frenet curvature x of the curve vanishes, which is not the case with the Frenet frame. The Frenet
equations according to the Bishop frame in E? have the form ([3])
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T/ 0 K1 R2 T
N{ = —K1 0 0 N1 5
NQI —K9 O 0 NQ

where k1(s) = k(s) cos0(s) and ka(s) = k(s)sinf(s) are the Bishop curvatures. A new version of the Bishop
frame (type-2 Bishop frame) in E3 is introduced in [24]. For the parallel transport frame in the Euclidean
4-space, see [12].

In Minkowski spaces E} and Ef, the Bishop frames of the timelike and the spacelike curves are obtained
in [20] and [9]. Some applications of the Bishop frames in Minkowski spaces can be found in [5], [6], [23].

In Minkowski 3-space, the pseudo null and null Cartan curve are known as the curves whose the Frenet
and Cartan frame respectively contains two null (lightlike) vector fields. The Bishop frames of such curves
are not derived jet. In this paper, we obtain the Bishop frames of the pseudo null curve and show that its
normal Bishop vectors Ny and N, can be obtained by applying the hyperbolic rotation and the composition
of three rotations about two lightlike and one spacelike axis to its Frenet vectors IV and B, respectively. We
also derive Bishop frame of the null Cartan curve and show that among all null Cartan curves in E$, only
the null Cartan cubic has two Bishop frames, one of which coincides with its Cartan frame.

The Bishop frames of the pseudo null curves and null Cartan curves can be used in many applications in
differential geometry of curves and surfaces in Minkowski spaces, such as in characterizations of Bertrand
([1]), Mannheim ([13]) and Smarandache curves ([16]), for deriving Bécklund transformations ([14,15]), in
classifications of k-type Darboux helices ([18]), etc.

In [7] the Da Rios has shown that the velocity v(s,t) of a vortex filament z(s,t) regarded as a space
curve in E? parameterized by the arc-length parameter s for all time ¢ is given by the vortex filament
equation v = x; = Ty X Tgs. It is known that an evolving curve x(s,t) in E?, evolving according to the
vortex filament equation, generates Hasimoto surface (|21]). The planar (non-planar) curves in E? which
generate Hasimoto surfaces are the circle and elastica (helix and non-planar elastica) ([17]). In Minkowski
3-space, a spacelike curve z(s,t) with a timelike (spacelike) principal normal vector field, evolving according
to the vortex filament equation, generates the spacelike (timelike) Hasimoto surface ([10]). In the Lorentzian
n-space, null general helices x(s,t) evolving in the axis direction are the solutions of null Betchov-Da Rios
equation (null localized induction equation) x; = 55 X 555 ([11]). Explicit solutions of the Betchov—Da Rios
soliton equation in terms of non-null and null curves in 3-dimensional Lorentzian space forms are given in
[2]. The vortex filament equation for pseudo null curves in Minkowski 3-space is obtained in [15] and reads
v = Xy = Ts X Tgs. In this paper, we obtain some solutions of the Da Rios vortex filament equation in terms
of the Bishop frames of the pseudo null curves and null Cartan cubic.

2. Preliminaries

The Minkowski 3-space E3 is the real vector space E? equipped with the standard indefinite flat metric
(+,-) defined by

(z,y) = —2191 + T2y + T3Ys3, (1)

for any two vectors x = (x1,22,23) and y = (y1,%2,y3) in E}. Since (-,-) is an indefinite metric, an
arbitrary vector x € E3\ {0} can have one of three causal characters: it can be spacelike, timelike or null
(lightlike), if (x,x) is positive, negative or zero, respectively. In particular, the vector x = 0 is a spacelike.
The norm (length) of a vector x € E? is given by |z|| = /|(z,z)|. An arbitrary curve a : I — E$ can
locally be spacelike, timelike or null (lightlike), if all of its velocity vectors o/(s) satisfy (a/(s),a’(s)) > 0,
(&/(s),d/(s)y <0 or (d/(s),a(s)) =0 and &'(s) # 0, respectively ([19]).
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A spacelike curve o : I — E$ is called a pseudo null curve, if its principal normal vector field N and
binormal vector filed B are null vector fields satisfying the condition (N, B) = 1. The Frenet formulae of a
non-geodesic pseudo null curve « have the form ([22])

T 0 O T
Nl=|lo0o 7 ol|N], (2)
B’ -k 0 -7 B

where the curvature £(s) = 1 and the torsion 7(s) is an arbitrary function in arclength parameter s of a.
The Frenet’s frame vectors of « satisfy the equations

(T,T)=1, (N,N)=(B,B) =0,
(T,N)=(T,B)=0, (N,B) =1,
and
TxN=N, NxB=T, BxT=B. (4)
The frame {T, N, B} is positively oriented, if det(T, N, B) = [T, N, B] = 1.

A curve 8 : I — E? is called a null curve, if its tangent vector ' = T is a null vector. A null curve
B = f(s) is called a null Cartan curve, if it is parameterized by the pseudo-arc function s defined by ([4])

s(t) = / VI @) du. (5)
0

There exists a unique Cartan frame {7, N, B} along a non-geodesic null Cartan curve [ satisfying the
Cartan equations ([8])

T 0 k 0 T
N =|-r 0 «w||N], 6)
B’ 0 -7 0 B

where the curvature x(s) = 1 and the torsion 7(s) is an arbitrary function in pseudo-arc parameter s. If
7(s) = 0, the null Cartan curve is called a null Cartan cubic. The Cartan’s frame vectors of 3 satisfy the
relations

(T,T)=(B,B) =0, (N,N) =1,

(T,N) = (N,B) =0, (T,B) = —1, (7)

and
TxN=-T, NxB=-B, BxT=N. (8)

Cartan frame {T, N, B} is positively oriented, if det(T, N, B) = [T, N, B] = 1.

If 8 is null Cartan curve, then its normal plane 7 = T+ = span{T, N} is a lightlike at each point of the
curve. According to [8], the radical space on 7 is given by Rad(Tw) = span{’}. All spacelike vectors in 7
are orthogonal to 5’ and generate the screen distribution on 7 given by S(Tn) = {Y € n|g(Y,8’) = 0}.
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Note that the choice of the screen distribution S(7'7) on 7 is not a unique. For a given screen distribution
S(Tr) on 7, there exists a unique lightlike transversal vector Z € E3, which satisfies the conditions ([8])

g(Z7Z):07 g<Z’/8/):_17 g(Z7Y):O'
3. The Bishop frame of a pseudo null curve

In this section we prove that there are two possible Bishop frames of a non-geodesic pseudo null curve
in Minkowski 3-space, which are not unique and contain one fixed vector. We also show that the normal
Bishop vector Ny (of the first Bishop frame) can be obtained by applying the hyperbolic rotation to the
principal normal vector N, while the normal Bishop vector Ny (of the first Bishop frame) can be obtained
by applying the composition of three rotations about two lightlike and one spacelike axis to the binormal
vector B. We first define the Bishop frame of a pseudo null curve as follows.

Definition 1. The Bishop frame {77, N1, No} of a pseudo null curve o in E$ is positively oriented pseudo-
orthonormal frame consisting of the tangential vector field 77 and two relatively parallel lightlike normal
vector fields Ny and Ns.

Since (N1, N{) = 0, the vector Nj lies in the lightlike plane Ni- = span{Ty, N1} and makes minimal
rotation in that plane if it is collinear with 77, or with Ny. If N7 is collinear with Ny, then N; coincides with
the principal normal vector N, so the Bishop frame would coincide with the Frenet frame, which has no
minimal rotation property. Hence Nj is collinear with T3. Similarly, we conclude that the vector N makes
minimal rotation in the lightlike plane Ns- = span{Ty, N} if it is collinear with 77.

Therefore, we define the lightlike normal vector fields N7 and Ny to be relatively parallel, if their deriva-
tives with respect to the arc-length parameter s are tangential.

Remark 1. We can also define N; and Ny to be relatively parallel, if the normal component T =
span{N1, No} of their derivatives N and N} is zero, which implies that the mentioned derivatives are
collinear with T7j.

Theorem 1. Let v be a pseudo null curve in ES parameterized by arc-length parameter s with the curvature
k(s) = 1 and the torsion 7(s). Then the Bishop frame {T\, N1, No} and the Frenet frame {T,N, B} of «
are related by:

()

Ty 1 0 0 T
N[ =0 L 0 N |, (9)
Na 0 0 ko B

and the Frenet equations of o according to the Bishop frame read

Ty 0 ke m| |Th
N{ = —K1 0 0 N1 5 (10)
NQ/ —K2 0 0 N2

where r1(s) = 0 and ky(s) = coel TV ¢y € RY;
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(ii)

T, -1 0 0 T
Ni| =10 0 - N |, (11)
Ny 0o -1 o0 B

K1

and the Frenet equations of a according to the Bishop frame read

T 0 ke rm| |Th
N{ = —K1 0 0 N1 5 (12)
NQ/ —K2 0 0 N2

where k1 (s) = coel TV ¢y € Ry and ko(s) = 0.
Proof. Let {T1, N1, No} be the Bishop frame of a pseudo null curve «(s), satisfying the conditions

(Ty,T1) = 1, (N1, N1) = (Na, N3) =0, ,
(Ty, Ny) = (T1, Na) =0, (N, Na) = 1. (19

Since T} is the unit tangent vector field, assume that Ty = T. We will determine the normal vector fields
N; and Ns such that their derivatives are tangential. In relation to that, decompose the vector Ni with
respect to the pseudo-orthonormal basis {7}, N1, No} by

N{ = aT1 + le + CNQ, (14)

where a(s), b(s), c(s) are some differentiable functions in arc-length parameter s. By using the relations (13)
and (14), we find

(N{,T\) =a=—k1, (N{,Ni)=c=0, (Nj,No)=b=0, (15)
where £1(s) is some differentiable function. Substituting (15) in (14), we obtain
Nl = —Th. (16)
In a similar way, we get
N} = —koTy, T, = kaNy + K1 No, (17)

where k2(s) is some differentiable function. By using the relations (16) and (17), we get

Ty 0 Ko K1 Ty
N |=|-s 0 0]|N]. (18)
Né — K9 0 0 N2

Since Ty = T, from the Frenet equations (2) it follows that 77 is a null vector. By using the condition
(T7,T]) = 0 and the relations (13) and (17), we obtain k1k2 = 0. Hence we distinguish two cases: (A) k1 = 0;
(B) Rog = 0.
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(A) If k1 = 0, the Frenet equations of « according to the Bishop frame read

Tll 0 K9 0 T1
Ni|=]0 o0 0] [N]. (19)
NQ/ —K2 0 0 NQ

Next we find the relationship between the function ks and the torsion 7, as well as between the Frenet’s
frame vectors and the Bishop’s frame vectors. Since N7 and Ns are two linearly independent null vectors
lying in the timelike plane Tj- = span{N, B}, they are collinear with N and B.

It

N1 :)\N, ]\/vQZILLB7 (20)

for some differentiable functions A(s) # 0 and p(s) # 0, differentiating (20) with respect to s, using the
condition (N7, No) = 1 and relations (2), (3) and (19), we get

A(s) = () pu(s) = ka(s) = coel T, (21)

where ¢y € Rar. It can be easily verified that {77, N1, N2} is a positively oriented pseudo-orthonormal frame.
Substituting (21) in (20), we find that the Frenet and the Bishop frame of « are related by (9).

If Ny = AB and Ny = uN, differentiating the equation N3 = AB with respect to s and using the relations
(2), (3) and (19) we get A = 0, which is a contradiction. This proves statement (i).

(B) If k3 = 0, the Frenet equations of « according to the Bishop frame read

Ty 0 0 K Ty
Nl=|=r 0 0] |N]. (22)
N, 0 0 0[N,

Similarly as in the case (A), assume that Ny = AN and Ny = uB. Differentiating the equation No = pB
with respect to s and using (2), (3) and (22), we get p = 0, which is a contradiction. It follows that

Then det(Ty, N1, N2) = [Ty, N1, No] = —1, which means that the frame {77, N1, Nao} is a negatively oriented.
To avoid this situation, define the tangential vector field Ty as Ty = —7T. Differentiating (23) with respect
to s, using the condition (N7, No) =1 and the relations (2), (3) and (22), we find

A(s) = —ki(s) = coed T p(s) = cpem [ T (24)

where cg € Rf. Substituting (24) in (23) we get that the Frenet and the Bishop frame of a are related by
(11). This proves statement (ii) and the theorem. 0O

We call the functions k; and kg the first and the second Bishop curvature of a pseudo null curve «,
respectively.

If o is a regular curve in E? with the Bishop curvatures 1 (s) and k2(s), then a planar curve y param-
eterized by v(s) = (k1(s), k2(s)) is called the normal development of « ([3]). It is known that two regular
curves in E3 are congruent if and only if they have the same normal development. For example, the nor-
mal development of a planar curve in E? is the straight line passing through the origin, and the normal
development of a helix in E? is a circle centered at the origin ([3]).
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If o is a pseudo null curve in E$ with the Bishop curvatures k1(s) = 0, ka(s) > 0, then its normal
development is the curve v(s) = (0, k2(s)), which represents reparametrization of (a positive part of) y-axis.
Note that pseudo null straight line and pseudo null circle have the same normal development (s) = (0, ¢1),
c1 € RT, although they are not congruent.

In the next theorem, we give geometric interpretation of the relation (9).

Theorem 2. Let a(s) be a pseudo null curve in B3 parameterized by arc-length parameter s with the Frenet
frame {T, N, B} and the torsion 7(s). If the Bishop frame {T1, N1, Nao} of « is given by relation (9), then:
(i) Rw(N) = Ny, where R, is the hyperbolic rotation for the hyperbolic angle w(s) = —In(ka(s)) about
spacelike axis spanned by e3 = (0,0,1);
(ii) (R—g o R_, 0 Rg)(B) = Na, where Ry is rotation for an angle 0(s) = — [ ka(s)ds about lightlike awis
spanned by eg = (1,1,0) and R_,, is the hyperbolic rotation for the hyperbolic angle —p = — [ 7(s)ds —1In ¢y
about spacelike axis spanned by ez = (0,0,1), cg € RY.

Proof. From the Frenet equations (2), we have

Let us put N(s) = (z(s),y(s), z(s)), where z(s), y(s) and z(s) are some differentiable functions. Substituting
this in the last equation, we obtain

and thus

I ‘1'(s)ds+cl7 f‘r(s)ds+627 f‘r(s)ds+637

z(s)=¢e

z(s)=e y(s) =e

where ¢1, c2, ¢35 € R are constants of integration. By using relation (21), the last relation becomes

1 1 1
zls) = ka(s)e™,  yls) = Thals)e®,  z(s) = ha(s)e®,

co € Ry . Therefore,
N(s) = ka2(s)Ao, (25)

where Ay = %(ecl,e@,e%) is a constant vector. According to (3) and (25), we have (N(s),N(s)) =
(k2(s)Ao, k2(s)Ag) = 0. Since ka(s) # 0 we get (Ag, Ag) = 0, which means that Ay is a constant null
vector. Next we show that up to isometries of E3 we may take Ag = (1,1,0). In relation to that, let us put
Ao = (a, b, c), where

By applying the rotation R, for an angle o = “ % # a about lightlike axis spanned by V = (1,1,0)

b—a’
and using —a? + b% + ¢ = 0, we find
2 2 _p
ey -5 alfa] [
2 2 —a
Ruldo)= | 5 1-% af [0|=]|5
«a -« 1 c 0
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Next, by applying the symmetry S, with respect to z-axis, we obtain

1 0 0 a=>o a—>o
(SzoRa)(Ag)= [0 -1 0 |52 | =22
0 0 1 0
If a — b > 0, by applying the hyperbolic rotation Rg for the hyperbolic angle § = ln(ﬁ) about spacelike
axis spanned by ez = (0,0, 1), we get

<o

coshf3 sinhf 0 L=
(RgoS;0Rs)(Ag) = | sinhB coshp 0] | 42| =
0 0 1 0

\ [

If a — b < 0, by using the hyperbolic rotation R, for the hyperbolic angle v = ln( ) about spacelike axis
spanned by eg = (0,0, 1), we obtain (R o S; o Ry)(Ao) = (—1,—1,0). By applying the symmetry So with
respect to the origin O, we get (Sp o R, 0 .S, 0 Ry)(Ag) = (1,1,0).

Consequently, up to isometries of E} we may take Ay = (1,1,0). Substituting 49 = (1,1,0) in (25), it
follows that the principal normal vector has the form

N(s) = (ka(s), ka2(s),0). (26)

By applying the hyperbolic rotation R, for the hyperbolic angle w(s) = —In(k2(s)) about spacelike axis
spanned by ez = (0,0,1) and using relation (9), we find

coshw sinhw 0 Ko 1
R, (N) = | sinhw coshw 0 Ko | = H—N = Ny, (27)
0 0o 1|10 2

which proves statement (i).
By using the relations 7" = N and (26), we find

7(5) = ([ nals)ds. [ wals)ds. ).

On the other hand, from (26) and (27) we get N1(s) = (1,1,0). By using the conditions (13), it follows that
the Bishop vector Ny has the form

52 5 KRo(S)ds 2
Ny(s) = (L r2(8)do)? ( s)ds) ;éw,/@(s)ds). (28)

According to relations (9) and (28), the binormal vector is given by

B(s) (7(f ro(s)ds)® 1 1 ([ Ka(s)ds)® [ ka(s)ds
2K2(8) 2k9(s) 2k2(s)  2ka(s) 7 ka(s)
By applying the rotation Ry for an angle 6(s) = — [ ka(s)ds about lightlike axis spanned by Ny = (1,1,0)
to the binormal vector B, we find
2 _Ura(s)ds)® 1 1
' T A i RO
_ K2(s)ds _
RQ(B) - 2 L- 2 0 2k2(s) 2k2(s) o 2k2(s)
0 -6 1 _ [ ra(s)ds 0

r2(s)
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Next, by applying the hyperbolic rotation R_, for the hyperbolic angle — =—[7(s)ds—Incy, cp € ]Rg
about spacelike axis spanned by es = (0,0, 1) to the vector Ry(B) and usmg (2), we obtam

cosh(—y) sinh(—¢) 0 —ﬁ(s) ~1
(R_, 0 Ry)(B) = | sinh(—¢) cosh(—¢) 0 ﬁ(s) =3
0 1 0 0
Finally, by applying the rotation R_y for an angle — = [ ka(s)ds about lightlike axis spanned by

N1 =(1,1,0) to the vector (R_, o Ry)(B), we get

(RogoR_yoR)B)=| £ 1-2 _g

which proves statement (ii). O
The next theorem can be proved analogously, so we omit its proof.

Theorem 3. Let a(s) be a pseudo null curve in B3 parameterized by arc-length parameter s with the Frenet
frame {T, N, B} and the torsion 7(s). If the Bishop frame {11, N1, N2} of « is given by relation (11), then:
(i) R,(N) = No, where R, is the hyperbolic rotation for the hyperbolic angle w(s) = —In(—k1(s)) about
spacelike axis spanned by e3 = (0,0,1);
(ii) (R—g o R_, 0 Rg)(B) = Ny, where Ry is rotation for an angle 6(s) = — [ k1(s)ds about lzghtlzke axis
spanned by eg = (1,1,0) and R_, is the hyperbolic rotation for the hyperbolzc angle — =—[7(s)ds —
In(—co) about spacelike azxis spanned by es = (0,0,1), ¢o € Ry .

4. The Bishop frame of a null Cartan curve

In this section we obtain the Bishop frame of a non-geodesic null Cartan curve. We also prove that among
all non-geodesic null Cartan curves in E$, only the null Cartan cubic has two Bishop frames, one of which
coincides with its Cartan frame. In relation to that, we first modify the definition of the Bishop frame with
respect to the Euclidean case as follows.

Definition 2. The Bishop frame {77, N1, No} of a non-geodesic null Cartan curve in [E$ is positively oriented
pseudo-orthonormal frame consisting of the tangential vector field 77, relatively parallel spacelike normal
vector field N7 and relatively parallel lightlike transversal vector field Ns.

We define the spacelike normal vector field N7 and the lightlike transversal vector field Ny along a null
Cartan curve to be relatively parallel, if the normal component Tj- = span{T}, N1} of their derivatives N/
and NJ is zero. This means that the vector fields Ni and N are collinear with Na. Note that relatively
parallel vector fields N7 and Ny are defined in the same way as in the case of pseudo null curve, or a curve
in E3, but with respect to an indefinite metric. In the next theorem we obtain the Bishop frame of a null
Cartan curve.

Theorem 4. Let o be a null Cartan curve in E3 parameterized by pseudo-arc s with the curvature k(s) = 1
and the torsion 7(s). Then the Bishop frame {T1, N1, Na} and the Cartan frame {T, N, B} of « are related

by:
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T, 1 0 o][r

N1 = —Kk9 1 0 N s (29)
2

N2 % —KR2 1 B

and the Cartan equations of a according to the Bishop frame read

Tll K2 K1 0 T1
¥ I O B R (30)
NQ/ 0 0 —R2 N2
where the first Bishop curvature k1(s) = 1 and the second Bishop curvature satisfies Riccati differential
equation k5(s) = **H%(S) —7(s).

2

Proof. Assume that a has the Bishop frame {73, N1, No} which satisfies the conditions

(I, T1) = (N2, Na) =0, (N1,Nq) =1,
(T1, N2) = —1, (T1,N1) = (N1, No) =0,

and
Tl XNlile, N1 XNging, NQXTliNl. (32)

We will determine the normal vector field N7 by using the condition that it is relatively parallel. In relation
to that, decompose the vector Ni with respect to the pseudo-orthonormal basis {7, N1, N2} by

N{ :aT1+bN1 +CN2, (33)

where a(s), b(s), c(s) are some differentiable functions in pseudo-arc parameter s. By using (31), (33) and
the condition that N7 is relatively parallel, we find

(N,Th) = —c=—k1, (N{,N1)=b=0, (Nj,Na)=-a=0, (34)
where £1(s) is some differentiable function. Substituting (34) in (33), we obtain
N! = k1 Ns. (35)
In a similar way, we get
N} = —kaNo, T| = rkoTh + K1 Ny, (36)

where k3(s) is some differentiable function. Relations (35) and (36) imply relation (30). Since T3 is a null
tangent vector field, we may assume that

T, =T. (37)

By using (31) and (37), we get (T1, N1) = (T, N1) = 0. Therefore, N; € T so relation (7) implies that the
normal vector field N7 can be written as

Ny = AT + uN,
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where A\(s) and p(s) are some differentiable functions. Since (N1, N1) = 1, by using (7) we get p(s) = £1.
Let us take p(s) = 1. Thus

Ny = AT+ N. (38)

By using the relations (7), (31), (37) and (38), we get

)\2
Ny =Z-T+AN +B. (39)

In particular, differentiating (37) with respect to s and using (6), (37) and (38), we obtain
T =T =N = Ny — \T.

On the other hand, according to the second equation of (36), we have

T1’ = ko1l + K1 NVy.
From the last two relations, we find that Bishop curvatures of a are given by

kK1=1, ka=-\ (40)
Then relations (37), (38), (39) and (40) imply (29). In a similar way, by taking u(s) = —1 we get negatively
oriented Bishop frame {T} = —T}, Nf = —N;, Ny = —N,} with the Bishop curvatures x}(s) = k1(s) = 1,
k5(s) = ka(s) and satisfying the conditions (31). According to Definition 2, this case is not possible.

Finally, differentiating the relation (38) with respect to s and using (6), (7), (31), (35) and (40), we obtain
that ko satisfies Riccati differential equation

which completes the proof of the theorem. 0O

By using Theorem 4, we easily get the next corollary, which states that among all null Cartan curves in
[E$ only the null Cartan cubic has two Bishop frames, one of which coincides with its Cartan frame.

Corollary 1. Let a be a null Cartan cubic in E$ parameterized by pseudo-arc s. Then the Bishop frame
{T1, N1, N2} and the Cartan frame {T, N, B} of « are related by:

()

T 10 o]f7

Ny —k2 1 0 N
2

] g e ]|

and the Cartan equations of a according to the Bishop frame read

[ Tll 1 Ro K1 0 T1
N{ = 0 0 K1 N1 y (41)
Né 0 0 —k2 N2

2
where the Bishop curvatures have the form k1(s) =1 and ka(s) = —;
s
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(i)

T 1 0 0 T
Ni|=]0 10 N |,
Ny 0 01 B

and the Cartan equations of a according to the Bishop frame read

Tll K2 K1 0 T1
N{ = 0 0 K1 N1 5
NQ/ 0 0 —K2 N2

where the Bishop curvatures have the form k1(s) =1 and k2(s) = 0.
5. Some applications

In this section, by using the Bishop frame of the pseudo null curve and null Cartan cubic, we give some
solutions of the Da Rios vortex filament equation which generate lightlike Hasimoto surfaces.

Example 1. Let o be a pseudo null curve in E} parameterized by arc-length parameter s with parameter
equation

According to the statement (i) of Theorem 1, the Bishop frame {71, N1, N2} and the Bishop curvatures of
o have the form

Ti(s) = (s +5,5% + 5,1),

1 1
Ni(s) = (=, —
1(6) = (0,
24 )2 (&2 1 g2
NQ(S):CO(*(S toy+11-(s +) ,—s%—s),

2 ’ 2

k1(s) = 0, Kka(s) = co(2s + 1), where ¢y € Ry .
Denote by z(s,t) an evolving curve in E} parameterized by arc-length parameter s for all time ¢ with
evolution equation

x(s,t) = a(s) + t(a(s)T1(s) + b(s)N1(s) + c(s)Na(s)), (42)

where a(s), b(s) and ¢(s) are some differentiable functions. By taking the partial derivatives of the relation
(42) with respect to s and ¢ and using (10), we obtain

zs =Ty + t(aTy + bNy 4 cNy)', (43)
xss = KalN1 + t(aTy + DNy + C]\/vz)//7 (44)
Tt :CLT1+bN1 +CN2. (45)

Assume that the curve x(s,t) evolves according to the vortex filament equation xy = xs X xss. Substituting
(43), (44) and (45) in the last equation and using relations (8) and (9), we get
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Fig. 1. Lightlike Hasimoto surface and evolving curve z(s,t) for t = —1, t =0 and ¢t = 1.

aTly +bNy + ¢cNy = tQ(aT1 + bN; + CNQ)/ X (aT1 + bNy + CN2>H
+ t[Tl X (aTl + le + CNQ)” + KQ(aTl + le + CNQ)/ X Nﬂ + KZQNl.

The previous equation is satisfied for each ¢, if and only if the next relations hold

a=0, b==ry, c=0, (46)
(aTy 4+ bNy + ¢N2)' x (aTy + bNy + ¢N3)" = 0,
T, X (aT1 + bN; + CNQ)N + HQ(CLT1 + bN; + CNQ)I x Ny =0.

Substituting (46) in (42), we find that evolving curve x(s,t) has evolution equation of the form
x(s,t) = a(s) + tha(s)N1(s). (47)

It can be easily checked that (zs,2s) = 1 and (x5, 2ss) = 0, which means that z(s,t) is a pseudo null curve.
In particular, since x5 X ; = k2 N7 is a null vector, evolving curve x(s, t) generates lightlike cylindrical ruled
surface with parameter equation (47), which represents lightlike Hasimoto surface (Fig. 1).

Example 2. Let us consider the null Cartan cubic in E3 parameterized by pseudo-arc parameter s with
parameter equation

53 2 83 s

CE(S) = (Z—,_ga_vz - g)

According to the statement (i) of Corollary 1, the Bishop frame {7}, N1, N} of « is given by

T<S):( 73’___)’
! 1, 37,4 3
1(s)=(—§>—1,§),
No(s) = (53,0~ )

2
and the Bishop curvatures of a read k1(s) = 1, ka(s) = —.
s

Denote by z(s,t) an evolving curve in E} parameterized by arc-length parameter s for all time ¢ with
evolution equation

x(s,t) = T1(s) — t(a(s)T1(s) + b(s)N1(s) + ¢(s)Na(s)), (48)
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4

Fig. 2. Lightlike Hasimoto surface and evolving curve z(s,t) for t = —1, ¢t = 0 and t = 1.
where a(s), b(s) and c(s) are some differentiable functions. Analogously as in Example 1, by taking the

partial derivatives of the relation (48) with respect to s and ¢ and assuming that z(s,t) evolves according
to the vortex filament equation x; = x5 X x4, we get

, c(s)=1. (49)
Substituting (49) in (48), we find that evolution equation of z(s,t) reads
2 2
z(s,t) =Ti(s) — t(s—ng(S) + EN1(S) + Na(s)). (50)

By taking the partial derivatives of the relation (50) with respect to s and ¢ and using relation (41), we find

Ts = %Tl(s) + Nl(s)v Tss = 8_22T1(8> + %Nl(s) + N2(s)’ (51)
2, = —(S%Tl(s) + %Nl(s) + Ny(s)). (52)

By using (31) and the first equation of (51), we find (zs,zs) = 1. Relation (31) and the second equation
of (51) yield (xss,%ss) = 0, which means that x(s,t) is a pseudo null evolving curve. In particular, since
zsx 2y = (3,0,2) is a null constant vector and x4, = 0, the curve (s, t) generates lightlike cylindrical ruled

surface with parameter equation (50), which represents lightlike Hasimoto surface (Fig. 2).
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