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Abstract We theoretically improved the relativistic ADK formula for a linearly polarized
laser field. We have taken into account the influence of the magnetic component of laser
field on the transition rate, in near relativistic field intensity. It was shown that the magnetic
component results in a decrease of the transition rate in comparison to the results obtained
by the original relativistic expression. We gave considered noble and alkali atoms. The
obtained results show that this influence is larger (more significant) for alkali atoms.
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1 Introduction

Much interest has been directed towards understanding collision processes of atoms and
molecules in a strong laser field [1–3]. There are many reasons for that: collisions are
an important probe of the structure and properties of matter, they challenge current
experimental and theoretical capabilities and demand the development of new techniques
[4].

In this paper, we investigated the influence of the magnetic component of laser field on
the tunneling transition rate of atoms in near relativistic intensity region.

It is known that an atom can be ionized through different mechanisms, which are distin-
guished by the Keldysh parameter [5], γ , defined as the ratio of the “tunneling time” and
laser period, or, expressed in frequency as the ration of the tunneling frequency, ωt and the
field frequency, ω, γ = ω

ωt
. The tunneling frequency is estimated by ωt = F/

√
2Ip where

F is the laser field strength created by a laser and Ip is the field free ionization potential.
In atomic units [6], e = m = � = 4πε0 = 1, which are used throughout this paper, the
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Keldysh parameter becomes γ = ω
ωt

=
√

Ip

2Up
= ω

√
2Ip

F
where Up is the ponderomotive

potential defined as Up = F 2

4ω2
1−ε2

1+ε2
where ε is ellipticity [7]. For a linearly polarized laser

field ellipticity is ε = 0, and Up became Up = F 2

4ω2 . With increasing laser field intensity, the
influence of ponderomotive potential on the field free ionization potential becomes larger
and more significant and must be taken into account [8]. The ponderomotive energy is the
mean energy stored in the quiver motion of a free electron in an external alternating electric
field. The tunneling ionization dominates if γ << 1, while multiphoton ionization prevails
when γ >> 1 [5].

Relativistic and nonrelativistic phenomena are present in strong field laser interactions
with atoms [9]. Increase of the laser field intensity leads to a relativistic domain and appear-
ance of relativistic effects [8, 10]. When the intensity increases indefinitely, Ip → ∞ the
limit leads to a relativistic domain, so electric and magnetic fields become equally important
[11].

2 Influence of the Magnetic Field Component on the Transition Rate

As already mentioned, we investigated the contribution of the magnetic field component on
the tunneling transition rate, in near relativistic domain. By increasing the laser‘s intensity
height of the tunneling barrier decreases and the shape of barrier changes qualitatively [17].
Additionally, according to [12], such strong lasers can no longer be treated as pure electric
fields and the laser‘s magnetic field component has to be taken into account, too. The mag-
netic component of the linearly polarized laser field induces a drift of the electron in laser
propagation direction. It was shown that relativistic effects result in decrease of the transi-
tion rate in comparison to nonrelativistic expressions [13]. For a laser with a wavelength of
λ = 800nm, the onset of magnetic field effects can occur at about 1015W/cm2, whereas
true relativistic effects do not set in before about 1017W/cm2 [14–16].

The appearance of magnetic effects sets a lower limit on γ where tunneling theories can
be applied [18]. It is widely believed that a zero frequency limit of laser-induced ionization
is a tunneling limit, but it is shown that the γ → 0 limit is an extreme relativistic limit. In
that case, the relativistic Keldysh parameter must be introduced [19]:

γrel = ωc

F

√

1 −
((

c2 − Z2

2

)
/c2

)2

, (1)

where ω is the field frequency, Z is the ion charge and c is the speed of light.
For intensities that require relativistic treatment, the ponderomotive potential has rela-

tivistic form [20]:

Urel
p =

√
c4 + 2c2Up − c2, (2)

where Up is, nonrelativistic ponderomotive potential which is already defined. Based on
this the relativistic ionization potential, I rel

p can be written as:

I rel
p,eff = I rel

p + Urel
p . (3)

where I rel
p = c2−√

c4 − Z2c2 is the potential that will affect the total ionization probability
[21].
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For the purpose of incorporating the magnetic field component in the transition rate we
started with nonrelativistic transition rate, Wnonrel in the frame of widely used ADK theory
including the correction for non zero initial momentum of the photoelectron [21]:

Wnonrel =
(
4z3e

Fn∗4

)n∗

Exp

[

− 2Z3

3Fn∗3 − p2γ 3

3ω

]

. (4)

Here, p denotes the longitudinal component of the initial momentum, and n∗ is the effective
principal quantum number, n∗ = Z√

2Ip
[22].

The relativistic transition rate is given by Krainov’s expression [23] obtained based on
the Landau-Dykhne approach (with exponential accuracy):

Wrel = WnonrelExp

[

−2Eeγ
3

3ω
− E2

e γ

c2ω

]

(5)

where Ee is kinetic energy of ejected photoelectrons, Ee = √
p2c2 + c4 − c2 [13].

In this paper our goal (idea) was to see how the magnetic component of laser field influ-
ences the relativistic transition rate, i.e. how it contributes to the transition rate. This process
is called the Lorentz ionization, and corresponding transition rate has the form [12]:

WL =
(
1 − ν2

)1/2
SW (F) (6)

where, W (F) is the transition rate of the atom under the influence of an electric field only
[21] v is the electron velocity and S is the stabilization factor [12]. In order to express v, we
focused on the momentum of ejected photoelectrons in the form [24]:

p = −2I rel
p,eff

3c
= − 2

3c

(
I rel
p + Urel

p

)
= − 2

3c

⎛

⎝I rel
p +

√

c4 + 2c2
F 2

4ω2
− c2

⎞

⎠ . (7)

The relativistically corrected definition of the momentum also can be expressed through the
following expression:

p = mνγL = (m = 1) = ν
(
1 − ν2

c2

)1/2 (8)

where γL is the Lorentz factor. Combining the expression for momentum of the ejected

photoelectron, (7), and electron momentum definition, (8), we obtained ν/

√
1 − (

ν2/c2
) =

−2I rel
p /3c, resulting in:

ν2 =
⎡

⎢
⎣4

⎛

⎝Ip +
√

c4 + 2c2
F 2

4ω2
− c2

⎞

⎠

2
⎤

⎥
⎦

/
⎡

⎢⎢
⎣9c2 + 4

(
Ip +

√
c4 + 2c2 F 2

4ω2 − c2
)

c2

⎤

⎥⎥
⎦ .

(9)
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Finally, substituting (9) and (5) into (6) the following expression is obtained:

WL =

⎛

⎜⎜⎜
⎝
1 −

4

(
Ip +

√
c4 + 2c2 F 2

4ω2 − c2
)2

9c2 + 4

(
Ip +

√
c4 + 2c2 F 2

4ω2 − c2
)

/c2

⎞

⎟⎟⎟
⎠

1/2

×S ×
(
4z3e

Fn∗4

)n∗

×Exp

⎡

⎢
⎣− 2Z3

3Fn∗3 −
(
p2 + 2

√
p2c2 + c4 − c2

)
γ 3

3ω
−

(√
p2c2 + c4 − c2

)2
γ

c2ω

⎤

⎥
⎦

(10)

From the form of expression (10) we concluded that the tunneling rate, WL depends expo-
nentially on the field intensity, F the initial momentum, p and also the field free ionization
potential, Ip . Hence any applications where these parameters can change will result in large
changes in the tunneling signal.

3 Discussion

A number of theoretical investigations of the atomic transition rate have been performed
without inclusion of the effect of the magnetic component of laser field. But, as we already
mentioned, increase of laser field intensity leads to relativistic domain, in which electric
and magnetic fields become equally important. Magnetic component contributes to the tran-
sition rate through Lorentz ionization, and in this work, we have included the magnetic
component in performed analysis of the relativistic transition rate. The obtained expression
(10), for rate, WL, depends exponentially on the field intensity, F the initial momentum,
p and the field free ionization potential, Ip, where momentum and ionization potential are
relativistically corrected.

For this purpose, the laser field intensity varied within the range I = 1015−1017Wcm−2.
According to Reiss, onset of the influence of the magnetic field effects becomes noticeable
already at significantly smaller intensities and higher frequencies [25, 26].

We considered the cases of argon, Ar , and potassium, K atoms. In the regime of
a very low Keldysh parameter γ << 1 and wavelength of the incident light λ =
800nm (ω = 0.05696 a.u) ionization in a strong field can be successfully described as a
tunneling process. Short pulses were assumed.

In Fig. 1, based on (5) and (10), we presented relativistic transition rates, without, Wrel

and included the effects of the magnetic component of laser field, WL for single, Z = 1,
and triple ionized, Z = 3 Argon atom, Ag.

Figure 1a and b, show that for lower laser field intensities both curves, Wrel and WL,
have almost the same shape, but for values larger than, approximately I ∼ 2× 1016Wcm−2

for single, and I ∼ 1, 5 × 1016Wcm−2 for triple ionized Argon atom, the curve behavior
is significantly different. One can observe that in both cases the curves first rise together
until the mentioned values, but with increasing of the laser field intensity of curve that
represents (1) decreases significantly faster than the other curve representing rates without
considering the magnetic component It is obvious that the transition rate is affected by
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Fig. 1 Relativistic Wrel (dotted line) and Lorentz WL (solid line) transition rates as a function of the laser
filed intensity, I , for argon atom Ar . Intensity varies within the range: I = 1015 −8×1016Wcm−2 a Z = 1,
b Z = 3

the magnetic component of laser field. Graph shows simply that the dependence of the
magnetic component is not significant for lower field intensities and, on the other hand is
significant for higher regions [27, 28]. Similar results were obtained for other noble gas
atoms (He,Ne,Kr,Xe). Also, from Fig. 1b it is obvious that for a double ionized argon
atom, Z = 2, the influence of the magnetic component is more significant. Under the same
conditions it is clear that increasing of the ion charge increases the transition rate value for
the corresponding curves. Also the curve that corresponds to WL approaches the axis faster
then Wrel . This rate’s behavior is in accordance with [29–31]. Thus, the transition rate in
near relativistic domain is very sensitive to the considered magnetic component of laser
field. The absolute rate’s magnitude in cases with and without inclusion of the magnetic
fields component differs very strongly.

The 3D graphical presentation of ionization occurring through the tunneling mechanism
involving a magnetic component of laser field is presented in Fig. 2:

Figure 2 shows dependence of the relativistic Lorentz transition rate, WL, on field inten-
sity, for different values of the stabilization factor S (0, 1) for the single ion charge Z = 1

Fig. 2 3D graph for WL as a function of the field intensity I and the stabilization factor S for noble single
ionized, Z = 1 argon, neon and helium atoms. Intensity varies within the range I = 1014 − 8× 1016Wcm−2

and the stabilization factor 0 ≤ S ≤ 1
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Fig. 3 The relativistic Lorentz transition rate, WL, as a function of field intensity, I , for the ion charge
Z = 1, 2, 3, 4, 5, for the argon atom Ar . Intensity varies within the range I = 1015 − 1017Wcm−2, and the
stabilization factor 0 ≤ S ≤ 1

and for He, Ne, Ar atoms respectively. As can be seen, all graphs show similar behavior,
but some asymmetry exists. In fact, the graph’s slope is larger for higher field intensi-
ties. The graphs reached the maximal values on lower field intensities for He, Ne,Ar ,
respectively. Also, intensity of the transition rate increases going from He to Ar

Next, in Fig. 3, we presented the Lorentz transition rate, WL for values of the ion charges
Z = 1, 2, 3, 4, 5, with a fixed stabilization factor S = 1. We wanted to see how the ion
charge influences the Lorentz transition rate. Accordingly [8, 32] with Z increasing, it
should be expected that the rate increases.

All curves generally express, more or less, similar behavior. They do not have promi-
nent peaks, but have maxima and all are asymmetric. Increasing of the ion charge shifts
the curve’s maxima toward (to) higher field intensities. This peak intensity position is com-
pletely expected, because with higher value of Z, it needs larger amounts of energy for atom
ionization. After reaching maximal intensities, curves decrease and approach the intensity
axis.

Fig. 4 Relativistic Wrel (dotted line) and Lorentz WL (solid line) transition rates as a function of the laser
filed intensity, I , for potassium atom, K . Intensity varies within the range I = 1015 − 8 × 1016Wcm−2 a
Z = 2 b Z = 3
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Fig. 5 3D graph for WL as a function of the field intensity, I and the stabilization factor S, for alkali, double
ionized, Z = 2K,Li,Na. Intensity varies within the range I = 1015 −8×1016Wcm−2 and the stabilization
factor 0.8 ≤ S ≤ 1

Additionally, we considered the influence of the magnetic component of laser field on
transition rate for alkali atoms. For this purpose we observed the potassium atom,K , forZ =
2 and Z = 3. As a result the following graphs were obtained:

In Fig. 4, we presented the relativistic transition rates, without, Wrel (see 5, dashed lines)
and with inclusion of the effect of the magnetic component of laser field, WL (see 10, solid
lines) for double, Z = 2 (a) and triple ionized, Z = 3 (b) atom Potassium, K . Obviously
the curves behave differently. For the double ionized K atom, on lower field intensities,
both curves Wrel and WL, increase exponentially, but after intensity of approximately I ∼
2×1016Wcm−2 the curve which representsWrel decreases significantly slower than theWL

curve. For Z = 3, for same intensity range, compared to Z = 1, Fig. 4 shows the presence
of a significant reduction of the rate’s level. From all aforementioned, we concluded that
inclusion of the magnetic component of laser field strongly diminishes the value of the
transition rate with increasing field intensity. Also, it occurs on the shorter range of the field
intensity.

Finally, the 3D graph for double ionized K,Li, Na atoms is given in Fig. 5:
Taking into account the presented graph a similar behavior for all atoms is found. The

potassium atom, K has the highest level rate, WL, while, Li has the lowest one. This
ordering implies a significantly larger amount of energy for lithium, which is completely
expected, as well as the shift of field intensity, on which the rate achieves the maximal
values, to higher field intensity.

4 Conclusion

In conclusion it should be noted that the relativistic transition rate has been discussed in
frame of the ADK theory with inclusion of the influence of the magnetic component of
laser field. For the same parameters inclusion of this component changes the shape of the
aforementioned rate and leads to significant decreasing of the maximal rate’s value. In spite
of the fact that it is commonly neglected it is obvious that the effect of included corrections
is significant and must be taken into account at higher field intensities. We applied it to
ionization of noble and alkali atoms.
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