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Abstract

Let K, ns,...,n, denote the complete p-partite graph, p > 1,onn = ni+nz+---+mny,
vertices and let ny > ng > --- > n, > 0. We show that for a fixed value of n, both the
spectral radius and the energy of complete p-partite graphs are minimal for complete split
graph C'S(n,p — 1) and are maximal for Turdn graph T'(n, p).
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1 Introduction

Let G be a simple graph on n vertices, and \; > Ay > --- > ), be its eigenvalues (i.e.,
the eigenvalues of the (0,1)-adjacency matrix of G) [2, 4]. Then A; = A\ (G) is said to be
the spectral radius of the graph G whereas

E=E(G)=)_ |\ (1.1)
=1
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is its energy. The spectral radius is one of the most thoroughly investigated graph-spectral
parameters [2, 4, 3]. Also the graph energy has recently attracted much attention [6, 7]. In
spite of this, not much is known on A; and £ of complete multipartite graphs [5].

Let p > 1. Denote by Kn17n27.,,7% the complete p-partite graphonn = ny +ng+-- -+
n,, vertices. For convenience, we assume that n; > ng > --- > n, > 0. Two particular
types of complete multipartite graphs are:

o Complete split graph C'S(n,p — 1) = Kp—_pt1,1,...,1 consisting of an independent
set of n — p + 1 vertices and a clique of p — 1 vertices, such that each vertex of the
independent set is adjacent to each vertex of the clique, and

e Turdn graph T'(n,p) = Kpn/pl.....[n/pl.\n/p).....|n/p)» the (p + 1)-clique-free graph
with maximum number of edges [

A fundamental result on the spectrum of complete multipartite graphs is:

Theorem 1.1 ([9, 8]). A connected graph has exactly one positive eigenvalue of its adja-
cency matrix if and only if it is a complete multipartite graph.

An immediate consequence of Theorem 1.1 is

Lemma 1.2. If \; is the spectral radius of the complete multipartite graph K, n,. ... n,
then E(Knl,ng,...,np) =2\,

Proof. Since all graph eigenvalues are real numbers and their sum is zero, from Eq. (1.1)
follows that £(G) is equal to twice the sum of positive eigenvalues. O

It is known that the characteristic polynomial of Ky, n,.....n, is given by [2, 5]

p p
.
= AP 1 : ) - :
O Ky V) = X ( §i_1jﬂm>||<x+n]> (12

j=1

The spectrum of Ky, p,,... n, consists of the spectral radius A; determined from the equa-

.....

tion.Zf:1 pu - = 1, eigenvalue 0 with multiplicity n — p and p — 1 eigenvalues situated in
the intervals [—n,, —n,_1], ..., [—n2, —n1]. In the special case ny =ng = --- =n, =1,

the spectrum of K, . consists of the spectral radius ¢(p — 1) with unit multiplicity,
eigenvalue 0 with multiplicity p(t — 1), and eigenvalue —¢ with multiplicity p — 1, so that

E(Kyy,..t) =2(p—1)t.

Remark 1.3. The 1-partite complete graph (when p = 1 and ¢ = n) is the edgeless graph
K, for which, consistently, \; = & = 0. The n-partite complete graph (when p = n
and ¢ = 1) is the ordinary complete graph K, for which, consistently, A\; = n — 1 and
E=2(n-1).

If p = 2, then the special case of Eq. (1.2) is
DKz N) = X720 = s )
from which the (well known) expressions for spectral radius and energy follow:

)‘I(Knl,ng) =4/ N1 N2, g(Knl,n2) = 2\/7’},1 ny .

Because n1 + no = n, for a fixed number of vertices n, we arrive at:
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Claim 1.4. 1° )\ (K, n,) and E(Ky, n,) are minimal ifny =n — 1l and ny = 1.
2° M\ (K, ny) and E(K,, n,) are maximal if ny — ng < 1.

If p = 3, then the special case of Eq. (1.2) is
DKy 1,150 A) = N2 ()\3 — (tita +tats +t3t1) A — 211t ts) : (1.3)

Using (1.3), it is relatively easy to show the following:

Claim 1.5. 1° Let ny + ny + n3 be equal to a fixed integer n. Then the spectral radius and
the energy of Ky, nyn, are minimal ifny =n —2andny = nz = L.

2° Let n1 + ny + ng be equal to a fixed integer n. Then the spectral radius and the energy
of Ky, no.ng are maximal if ng —n3 < 1.

The above claims were the motivation for establishing our main results:

Theorem 1.6. Let p > 2 and ny + ny + - -+ + 0y, be equal to a fixed integer n. Then the
spectral radius and the energy of Ky, n,....n, are minimal if Ky, n,....n, = CS(n,p—1).

Theorem 1.7. Letp > 2 and ny + ny + - - - + 0y, be equal to a fixed integer n. Then the
spectral radius and the energy of Ky, n,,...n, are maximal if Ky pn,... n, = T(n,p).

..........

.....

2 Proofs of Theorems 1.6 and 1.7

Let A1 and x be, respectively, the spectral radius and the corresponding unit eigenvector of
the adjacency matrix of Ky, ., . Since A1 is a simple eigenvalue of Ky, . n,similar
vertices have equal z-components. Hence, we may denote by x; the common z-component
of vertices in the part of K, .. », having n; vertices fori = 1, ..., p. From the eigenvalue
equation, we have:

P
AN x; = anxk =X —n;x;
k=1
k#i
where X = Y7 _ ng x) . Then
X
i = 2.1
v A +n @1

Lemma 2.1. Ifn; —n; > 2, then

)‘1(Km7.~~,m*1,~~7nj+1w~7np) > )‘1(Kn1,-~~7ni,~-7nj7~~~>7lp)-

Proof. Let \1, x and F denote, respectively, the spectral radius, the corresponding eigen-
vector, and the edge set of Ky, n;,..n;,...n,andlet Aj, A* and E* denote, respectively,
the spectral radius, the adjacency matrix, and the edge set of Ky, . n,—1,.n;41,...np -
From the Variational theorem we have

AT > T A%z = E 22, Ty
uveE*
= g 20,Ty + g 20,Ty — E 2T,Ty
weE uwweE*\E uwweE\E*

= M+ in(ni — 1)$z — 2Iﬂlj$j

n; — 1 n;
= A +22; X ! — J 2.2
! ()\1 +n; A +nj> 22)
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by Eq. (2.1). Next, note that Ky, .. n;.....n;,...n, has Kyp, », as an induced subgraph, so
that, by the Interlacing theorem [2],

AL > /Mg >n;
Therefore,
ni—l Uz :(ni—nj—l)/\l—nj> /\1—nj =0

>\1+7Li B )\1+TL]' ()\1 —|—n2)()\1 +TL]) - ()\1 +n1)()\1+n])
so that A} > A; follows from Eq. (2.2). O

Proof of Theorem 1.6 Let K, ... m, be the complete multipartite graph with the small-
est spectral radius. If there are two parameters m; > m; > 2, then (m;+1)—(m;—1) > 2
and from Lemma 2.1

contradicting the choice of Km1,.4.,mi,u.,mj,..<,mp . Hence, all parameters my, ..., m, are
equal to one, except for one parameter equal to n—p+1, so that Ky, = CS(n,p—1).
O

Proof of Theorem 1.7 Let Ky, ... 1, be the complete multipartite graph with the largest
spectral radius. It is apparent from Lemma 2.1, that |m; — mj| < 1 holds for all 7 # 7, as
otherwise, assuming m; — m; > 2,

contradicting the choice of Ky, ... m,.....m;.....m, - The condition [m; —m;| < 1fori # j

implies that each parameter m; is equal to either [n/p| or [n/p], so that Ky, . m, =
T(n,p). O

Remark 2.2. Delorme [5] proved (a bit too concisely) that changing the arbitrary e param-
eters of a complete multipartite graph by their average value increases the spectral radius by
relying on the characteristic polynomial. While this result can be substituted for Lemma 2.1
in the proofs of Theorems 1.6 and 1.7, Lemma 2.1 is an independent result based on the
principal eigenvector and inspired by the rotation lemma from [!].

Remark 2.3. Delorme also asked in [5] whether the spectral radius of complete multi-
partite graph K, . ,, is a concave function on the (p — 1)-dimensional simplex Y :
P ni=nnAie{l,...,p})(n; >0),ie., whether

)‘I(Kt(nl ..... np)+(1—t)(my,..., mp)) 2 t)\l (Knl,‘.,np) + (1 - t) )\I(Kml,‘..,mp)
for any two points (n1,...,np), (Mm1,...,m,) € Y and each t € [0, 1] such that
t(ny,...,np) + (L —=t)(my,...,mp) €Y?

Delorme proved this affirmatively for p < 3 in [5]. We tested it computationally for ¢ =
0.5,p € {4,...,10} and n < 33 and found no counterexamples to the above question on
these simplices.
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