
  
J. Serb. Chem. Soc. 79 (5) 557–563 (2014) UDC 544.112+532.74:544.131:515.12 
JSCS–4607 Original scientific paper 

557 

Relating the ABC and harmonic indices 
IVAN GUTMAN1,2*#, LINGPING ZHONG3 and KEXIANG XU3 

1Faculty of Science, University of Kragujevac, P. O. Box 60, 34000 Kragujevac, Serbia, 
2Department of Chemistry, Faculty of Science, King Abdulaziz University, Jeddah 21589, 
Saudi Arabia and 3Department of Mathematics, Nanjing University of Aeronautics and 

Astronautics, Nanjing 210016, P. R. China 

(Received 30 September, accepted 30 December 2013) 

Abstract: The atom–bond connectivity (ABC) index is a much-studied mole-
cular structure descriptor, based on the degrees of the vertices of the molecular 
graph. Recently, another vertex–degree-based topological index, the harmonic 
index (H), has attracted attention and gained popularity. It is shown how ABC 
and H are related. 

Keywords: topological index; degree-based topological index; atom–bond con-
nectivity index; ABC index; harmonic index. 

INTRODUCTION 

In contemporary theoretical chemistry, a great variety of graph-based mole-
cular structure descriptors, so-called “topological indices”, are studied and 
used.1–4 Of these, about two dozens are defined in terms of vertex degrees.5–8 
Comparative testing of the vertex–degree-based topological indices6,7 revealed 
that from a practical point of view, one of the best is the “atom–bond connect-
ivity (ABC) index”. Its applicability, especially for modeling thermochemical 
properties of saturated organic compounds, is nowadays well documented.6,9,10 

The ABC index is defined as: 

 
,

( ) ( ) 2
( )

( ) ( )u v

d u d v
ABC ABC G

d u d v

+ −= =  (1) 

where ( )d u denotes the degree of the vertex u, and the summation goes over all 
pairs of adjacent vertices of the molecular graph G. Recall11 that the degree of a 
vertex is the number of its first neighbors (in the underlying graph); in graphs 
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representing organic molecules, the vertex degrees may assume only values 1, 2, 
3 or 4. 

Another way of expressing the ABC index is:5 

 
2

≤

+ −= ij
i j

i j
ABC m

ij
 (2) 

where ijm  denotes the number of edges connecting a vertex of degree i with a 
vertex of degree j. 

Details of the theoretical investigation of the ABC index can be found in a 
survey,12 recent papers,13–18 and the references cited therein. 

Using the same notation as in Eq. (1), the harmonic index is defined as: 

 
,

2
( )

( ) ( )u v

H H G
d u d v

= =
+  (3) 

and, in analogy, Eq. (2) can be written as:5 

 
2

ij
i j

H m
i j≤

=
+  (4) 

Although this quantity was first mentioning in a mathematical paper19 from 
1987, it did not attract the attention of scholars until quite recently. On the other 
hand, in the last few years, a remarkably large number of studies of the properties 
of the harmonic index have appeared,20–28 amongst them some by two of the 
present authors.20,21,24 The chemical applicability of the harmonic index was 
also recently investigated.6,7  

In view of the great current research activity on the ABC and harmonic 
indices, and in view of the mathematical similarity of Eqs. (2) and (4), it could be 
of some interest to search for relations between them. This task is accomplished 
in the two subsequent sections. 

RELATIONS BETWEEN THE ABC AND HARMONIC INDICES – GENERAL GRAPHS 

In order to establish relations between the two considered topological indi-
ces, bearing in mind Eqs. (2) and (4), an auxiliary function ( , )Q Q x y= is intro-
duced: 

 

2

2
( , )

2 2

x y

xy x y x y
Q x y

xy
x y

+ −
+ + −= =

+

 (5) 

As the variables x and y pertain to vertex degrees, for any connected graph G 
with n vertices, they must satisfy the condition 1 1x y n≤ ≤ ≤ − . In addition, it 
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cannot be 1x y= =  (except in the trivial case 2n = , which is ignored), i.e., y 
must be 2≥ .  

By direct calculation, one obtains: 

 
2 2( , ) ( 2) ( ) ( 2)

4 ( 2)

Q x y x y y x y y

y y xy x y

∂ + + − + −=
∂ + −

 

that evidently is positive-valued for all 2y ≥ . Thus, ( , )Q x y is a monotonically 
increasing function in the variable y. Consequently, its minimal value is either 

(1,2)Q or (2,2)Q , and its maximal value is ( , 1)Q x n − for some x, which still 
needs to be determined.  

Since: 

 
3

(1,2) 1.061
2 2

Q = ≈  

and:  

 (2,2) 2 1.414Q = ≈  

it is concluded that Q is minimal for 1, 2x y= = . 
The first derivative of ( , 1)Q x n − is found to be: 

 
2( , 1) 2 ( 3) ( 1)( 3)

4 ( 1) ( 3)

Q x n x n x n n

x x n x x n

∂ − + − − − −=
∂ − + −

 

A detailed analysis shows that for 3n =  and 4n = , the function ( , 1)Q x n −  
monotonically increases and, therefore, its greatest value is ( 1, 1)Q n n− − . For 

5n ≥ , this function has a minimum in the interval (1, 1)n −  and, therefore, the 
greatest value of ( , 1)Q x n − is either (1, 1)Q n − or ( 1, 1)Q n n− − . As: 

 
2

(1, 1)
2 1

n n
Q n

n

−− =
−

 

and 

 ( 1, 1) 2 4Q n n n− − = −  

by direct checking one finds that for 6n ≤  the greatest value of the function Q is 
( 1, 1)Q n n− − , whereas for 7n ≥  its greatest value is (1, 1)Q n − . 

Return now to the topological indices ABC and H, Eqs. (1) and (3). Let G be 
a graph with n vertices. An edge of G is said to be of the ( , )-i j type if its end- 
-vertices have degrees i and j. 

Bearing in mind Eqs. (2) and (4) and the Form (5) chosen for the function Q, 
it is seen that the ratio ( ) / ( )ABC G H G will be minimal if all edges of G are of 
the (1,2)-type. In connected graphs, this is only possible if 3n = and then G is 
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just the molecular graph 3P  of propane. Thus, the first relation, valid for all 
graphs, is obtained: 

 
( ) 3

(1,2)
( ) 2 2

ABC G
Q

H G
≥ =  (6) 

with equality (for connected graphs) if and only if 3G P= . 
In the same manner, it could be concluded that for 6n ≤ , the ratio 
( ) / ( )ABC G H G will be maximal if all edges of G are of the ( 1, 1)-type,n n− −  

whereas for 7n ≥ , all edges should be of the (1, 1)-type.n −   
Therefore, if 6n ≤ , then:  

 
( )

( 1, 1) 2 4
( )

ABC G
Q n n n

H G
≤ − − = −  (7) 

with equality if and only if G is a complete graph.11  
If 7n ≥ , then:  

 
( ) 2

(1, 1)
( ) 2 1

ABC G n n
Q n

H G n

−≤ − =
−

 (8) 

with equality if and only if G is a star graph.11 
Summarizing the relations (6)–(8), the first main result can be stated: 
Proposition 1. Let G be any graph with n vertices, 2n > . Then: 

 1 2( ) ( ) ( )H G ABC G H Gγ γ≤ ≤  and 1 2( ) ( ) ( )ABC G H G ABC Gδ δ≤ ≤  

where: 

 1

3

2 2
γ = , 2 2 , 2 , 6 , 2 2γ =  and 

2

2 1

n n

n

−
−

 

for 3,4,5,6,n = and 7n ≥ , respectively, and: 

 1
2

1δ
γ

=  and 2
1

1δ
γ

= . 

Equality cases are specified at Eqs. (6)–(8). 

RELATIONS BETWEEN ABC AND HARMONIC INDICES – MOLECULAR GRAPHS 

In the case of molecular graphs, the analysis of the relation between the 
ABC and harmonic indices is much simpler, thanks to the fact that these graphs 
may have only 9 different types of edges. The respective Q-values are given in 
Table I. 

Using the values from Table I and an analogous, yet simpler, reasoning as in 
the preceding section, second main result is straightforwardly deduced: 

Proposition 2. Let G be any molecular graph with n vertices, 2n > . Then: 
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(1,2) ( ) ( ) (4,4) ( )Q H G ABC G Q H G≤ ≤  and 

1 1
( ) ( ) ( )

(4,4) (1,2)
ABC G H G ABC G

Q Q
≤ ≤  

where the values of ( , )Q i j  are given in Table I. The equality 
( ) (1,2) ( )ABC G Q H G=  occurs if and only if G is the molecular graph of 

propane. In the case of ordinary molecular graphs, the equality 
( ) (4,4) ( )ABC G Q H G=  is not possible, but could be satisfied if G is the graph 

representation of a diamond-like nanostructure.29,30 
For benzenoid systems, in which only (2,2)-, (2,3)- and (3,3)-type edges 

occur (i.e., in Eqs. (2) and (4) the only non-zero multipliers are 
22 23 33, ,m m m ),5,31–33 the following special case of Proposition 2 holds: 

Proposition 3. Let G be the molecular graph of a benzenoid system. Then: 

(2,2) ( ) ( ) (3,3) ( )Q H G ABC G Q H G≤ ≤  and 

1 1
( ) ( ) ( )

(3,3) (2,2)
ABC G H G ABC G

Q Q
≤ ≤  

where the values of ( , )Q i j are given in Table I. The equality 
( ) (2,2) ( )ABC G Q H G= occurs if and only if G is the molecular graph of ben-

zene. The equality ( ) (3,3) ( )ABC G Q H G= occurs in the cases of nanotubes and 
nanotoruses, as well as fullerenes.29,30 

TABLE I. The value of the auxiliary function Q, Eq. (5), for all possible edge-types that may 
occur in molecular graphs; ,i j are the degrees of the end-vertices of the respective edge 

,i j  ( , )Q i j  ,i j  ( , )Q i j  
1,2 1.061 2,4 2.121 
1,3 1.633 3,3 2.000 
1,4 2.165 3,4 2.259 
2,2 1.414 4,4 2.449 
2,3 1.768   
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И З В О Д  

ВЕЗЕ ИЗМЕÐУ ABC И ХАРМОНИЈСКОГ ИНДЕКСА 

ИВАН ГУТМАН
1
, LINGPING ZHONG

2
 и KEXIANG XU

3 

1Природно–математички факултет Универзитета у Крагујевцу, 2Department of Chemistry, Faculty of 
Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia и 3Department of Mathematics, Nanjing 

University of Aeronautics and Astronautics, Nanjing 210016, P. R. China 

Индекс повезаности атом–веза (atom–bond connectivity index, ABC) је један од нај-
више проучаваних молекулских структурних дескриптора заснованих на степенима чво-
рова молекулског графа. Недавно је један други такав тополошки индекс – хармонијски 
индекс H – привукао пажњу и добио на значају. У раду налазимо везе између ABC и H. 

(Примљено 30. септембра, прихваћено 30. децембра 2013) 
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