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Abstract: The atom—bond connectivity (ABC) index is a much-studied mole-
cular structure descriptor, based on the degrees of the vertices of the molecular
graph. Recently, another vertex—degree-based topological index, the harmonic
index (H), has attracted attention and gained popularity. It is shown how ABC
and H arerelated.
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INTRODUCTION

In contemporary theoretical chemistry, a great variety of graph-based mole-
cular structure descriptors, so-called “topological indices’, are studied and
used.1~4 Of these, about two dozens are defined in terms of vertex degrees.>-8
Comparative testing of the vertex—degree-based topological indices®’ revealed
that from a practical point of view, one of the best is the “atom-bond connect-
ivity (ABC) index”. Its applicability, especialy for modeling thermochemical
properties of saturated organic compounds, is nowadays well documented.6.9,10

The ABC index is defined as:

d(u)+d(v)—-2
ABC=ABC(G)=Y |~/ = (1)
UZ:N\/ d(u)d(v)

where d(u) denotes the degree of the vertex u, and the summation goes over al
pairs of adjacent vertices of the molecular graph G. Recall1l that the degree of a
vertex is the number of its first neighbors (in the underlying graph); in graphs
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558 GUTMAN, ZHONG and XU

representing organic molecules, the vertex degrees may assume only values 1, 2,
3or4
Another way of expressing the ABC index is:®
i+j—2
agc=Y [ =, 2

i<V 1

where m; denotes the number of edges connecting a vertex of degree i with a
vertex of degreej.

Details of the theoretical investigation of the ABC index can be found in a
survey,12 recent papers,13-18 and the references cited therein.

Using the same notation asin Eq. (1), the harmonic index is defined as:

2
H=HO= 2 30 dw ©
and, in analogy, Eq. (2) can be written as:®
H=Y Zom, @

i< + ]

Although this quantity was first mentioning in a mathematical paperl® from
1987, it did not attract the attention of scholars until quite recently. On the other
hand, in the last few years, aremarkably large number of studies of the properties
of the harmonic index have appeared,20-28 amongst them some by two of the
present authors.2021.24 The chemical applicability of the harmonic index was
also recently investigated.67

In view of the great current research activity on the ABC and harmonic
indices, and in view of the mathematical similarity of Egs. (2) and (4), it could be
of some interest to search for relations between them. This task is accomplished
in the two subsequent sections.

RELATIONS BETWEEN THE ABC AND HARMONIC INDICES - GENERAL GRAPHS

In order to establish relations between the two considered topological indi-
ces, bearing in mind Egs. (2) and (4), an auxiliary function Q=Q(X,y)is intro-
duced:

2

X+y-2
Qx.y)=t— % =X;y,/”y‘2 5)
Xy
X+Yy

Asthe variables x and y pertain to vertex degrees, for any connected graph G
with n vertices, they must satisfy the condition 1< x<y<n-1. In addition, it
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cannot be Xx=Yy=1 (except in the trivial case n=2, which isignored), i.e., y
must be > 2.
By direct calculation, one obtains:

QX Y) _ X(y+2)+(y2-x2)+y(y-2)
oy 4y xy(x+y-2)

that evidently is positive-valued for all y>2. Thus, Q(X,y)is a monotonically
increasing function in the variable y. Consequently, its minimal value is either
QL2 or Q(2,2), and its maximal value is Q(x,n—1) for some x, which till
needs to be determined.

Since:

Q(L2) :Zi ~1.061

\2

and:
Q(2,2)=2~1414

itisconcluded that Q isminimal for x=1,y=2.

Thefirst derivative of Q(x,n-1)isfound to be:

aQ(x,n-1) 2x2+(n-3)x—(n-D(n-3)
ox 4x/(n-Dx(x+n-23)

A detailed analysis shows that for n=3 and n=4, the function Q(x,n—1)

monotonically increases and, therefore, its greatest value is Q(n—Ln-1). For

n=>5, this function has a minimum in the interval (L,n—1) and, therefore, the
greatest value of Q(x,n—1)iseither Q(,n—1) or Q(n-Ln-1).As
n-2

n
Q(l.n—l)—z —

and
Q(n-1Ln-1)=+2n-4

by direct checking one finds that for n< 6 the greatest value of the function Q is
Q(n-14,n-1), whereasfor n>7 itsgreatest valueis Q(,n-1).

Return now to the topological indices ABC and H, Egs. (1) and (3). Let G be
a graph with n vertices. An edge of G is said to be of the (i, j)- type if its end-
-vertices have degreesi and j.

Bearing in mind Egs. (2) and (4) and the Form (5) chosen for the function Q,
it is seen that the ratio ABC(G)/ H(G) will be minimal if all edges of G are of
the (1,2)-type. In connected graphs, this is only possible if n=3and then G is
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560 GUTMAN, ZHONG and XU

just the molecular graph B3 of propane. Thus, the first relation, valid for all
graphs, is obtained:
ABC(G)
H(G)
with equality (for connected graphs) if and only if G=h;.

In the same manner, it could be concluded that for n<6, the ratio
ABC(G)/ H(G)will be maximal if all edges of G are of the (n—1,n-1)-type,
whereasfor n> 7, al edges should be of the (1,n—1)-type.

Therefore, if Nn<6, then:

>Q(, )—2\/— (6)

ABC(G) _
H(G) Q(n-Ln-1)=+2n- @)
with equality if and only if G is a complete graph.11
If Nn>7, then:
ABC(G) nin-2
HG) <Q@n-1= 2’/_n—1 )

with equality if and only if G is a star graph.11
Summarizing the relations (6)—(8), the first main result can be stated:
Proposition 1. Let G be any graph with n vertices, n> 2. Then:

% H(G)< ABC(G)< 7, H(G) and &, ABC(G) < H(G) < 8, ABC(G)

where:
V= , Y, =N2,2,46,2V2 and n‘/n
4/ n-1

for n=3,4,5,6,and n>7, respectively, and:

Si=L and 5=+
72 n

Equality cases are specified at Egs. (6)—(8).
RELATIONS BETWEEN ABC AND HARMONIC INDICES—MOLECULAR GRAPHS
In the case of molecular graphs, the analysis of the relation between the
ABC and harmonic indices is much simpler, thanks to the fact that these graphs
may have only 9 different types of edges. The respective Q-values are given in
Tablel.
Using the values from Table | and an analogous, yet simpler, reasoning asin

the preceding section, second main result is straightforwardly deduced:
Proposition 2. Let G be any molecular graph with n vertices, n> 2. Then:

Available online at: www.shd.org.rs/jscs/

(C) 2014 SCsS. All rights reserved.




RELATING THE ABC AND HARMONIC INDICES 561

Q(L2)H (G) < ABC(G) <Q(4,4)H (G) and

1 ABC(G)<H(G)<—

Q(4,4) Q1.2

where the values of Q(i,j) are given in Table |. The equality
ABC(G)=Q(L,2)H(G) occurs if and only if G is the molecular graph of
propane. In the case of ordinary molecular graphs, the equality
ABC(G)=Q(4,4)H(G) is not possible, but could be satisfied if G is the graph
representation of a diamond-like nanostructure.29.30

For benzenoid systems, in which only (2,2)-, (2,3)- and (3,3)-type edges
occur (i.e., in Egs. (2) and (4) the only non-zero multipliers are
Mo, Mp3, Ma3),2:31-33 the following special case of Proposition 2 holds:

Proposition 3. Let G be the molecular graph of a benzenoid system. Then:

Q(2,2)H(G) < ABC(G) <Q(3,3)H(G) and

1 ABCG)<H(@G)<—t
QB3 Q(2,2)
where the values of Q(i,j)are given in Table |. The equality
ABC(G)=0Q(2,2)H(G) occurs if and only if G is the molecular graph of ben-
zene. The equality ABC(G) =Q(3,3) H(G) occurs in the cases of nanotubes and
nanotoruses, as well as fullerenes.29.30

ABC(G)

ABC(G)

TABLE I. The value of the auxiliary function Q, Eq. (5), for al possible edge-types that may
occur in molecular graphs; i, j are the degrees of the end-vertices of the respective edge

i Q. j) i J Q. j)
12 1.061 24 2121
13 1.633 33 2.000
14 2.165 34 2.259
22 1.414 4,4 2.449
23 1.768
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U3BOJ
BE3E U3BMEDY ABC U XAPMOHHUJCKOI MTHIEKCA

HBAH I'YTMAH', LINGPING ZHONG” u KEXIANG XU’
pupogno—matmemamuuxy paxynimein Ynusepsumema y Kpaiyjesuy, ZDepartment of Chemistry, Faculty of
Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia u 3Department of Mathematics, Nanjing
University of Aeronautics and Astronautics, Nanjing 210016, P. R. China

HHpekc moBe3aHocTu atoM—Be3a (atom—bond connectivity index, ABC) je jemaH o Haj-
BHLIE NIPOYYaBaHHX MOJIEKYJICKMX CTPYKTYPHHX JECKPHIITOPA 3aCHOBAHMX Ha CTENIEHUMA YBO-
poBa Monekysckor rpada. HepaBHo je jeman Opyry TakaB TONOJIOIIKH HHIOEKC — XaPMOHHjCKH
uHIEKC H — NpuByKao Naxmwy U 7o0M0 Ha 3Havajy. Y pamy Hana3sumo Bese usmehy ABC u H.

(ITpumsbeHo 30. centemdpa, npuxsaheHo 30. nenemdpa 2013)
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