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Abstract—In the frame of the ADK theory, the tunneling ionization of an argon atom exposed to the light
from Ti:Sapphire laser is investigated. We assume that the laser field is the radially polarized beam with donut.
(0, 1)* Laguerre-Gaussian field distribution. Considering that LG (0, 1)* modes can appear with random or
uniform polarization (linear, circular or elliptical), we analyzed behavior of transition rate in all three types.
We computed transition rate in basic case and in the case when the initial momentum of the ejected electron
is included in the equation. Also, we analyzed influence of the modified initial ionization potential of ionized
electron on transition rate. In the basic case, we got what we expected but with included effect we find appear-
ance of two transition rate peaks at a certain point of the electron’s exit from the barrier.
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1. INTRODUCTION
Laser-matter interaction has been the subject of

research in many papers for more than fifty years [1–
4]. One of the most significant quantum processes that
occurs during this interaction is ionization, and that is
why it is important to be understood well. Depending
on the intensity of laser field, electron can escape via
tunnel, multiphoton, above-threshold ionization
(ATI) and barrier suppression ionization (BSI).

When the laser field is strong enough and it’s elec-
tric field strength is comparable to the atomic field
strength (F ≤ Fa, Fa = 5 × 109 V/cm), it deforms the
Coulomb potential and forms a potential barrier
through which electron can tunnel. Tunneling ioniza-
tion takes place very quickly, close to the maximum of
the field intensity and to the place where the potential
barrier is maximal suppressed by the laser field.

Tunneling of an electron through a potential bar-
rier can be described using different theoretical
approaches. Landau–Lifshitz approach for tunneling
is semi-classical [5]. The Keldysh theory shows that
the multiphoton and tunneling ionization are basically
the same, but they are realized under different laser
frequency values [6]. Keldysh parameter γ is intro-
duced as a ratio of laser period ω and tunneling fre-
quency ωt, γ = ω/ωt. This parameter is used to distin-
guish between tunneling (γ ≪ 1), and multiphoton
domain (γ ≫ 1). Perelomov, Popov and Terent’ev
(PPT) obtained exact form of the pre-exponential fac-
tor of the transition rate given in [7]. Also relying on

the Keldysh theory, Ammosov, Delone and Krainov
in their paper gave most commonly used formula for
ionization rate for arbitrary complex atoms and atomic
ions (ADK theory) [8].

As we can see, tunneling ionization process is very
complex and it dependents on a number of parame-
ters, such as the radiation frequency ω, the electric
field strength of radiation F and the binding energy of
the electron Ip. Some of the basic variables that
include these parameters and provide important pro-
cess information are the transition rate, electron
energy and angular distribution. In order to analyze
this process, it is also necessary to consider influence
of different polarizations and spatial-temporal distri-
butions of laser field on these variables. Linear, circu-
lar and the elliptical polarizations have been already
applied [9–13], and each of them caused different val-
ues certain variables. Spatial and temporal properties
of a laser beam, like Gaussian and Lorentzian, affect-
ing the transition rate, electron energy and angular
distribution [14–17]. Progression in optical technol-
ogy enabled investigation of these processes with radi-
ally and azimuthally polarized optical beams. Special
properties of these beams led to increased interest in
their use in many areas, such as, particle trapping [18],
electron acceleration [19], microscopy [20], material
processing [21].

Tightly focused radially polarized beam can have a
strong longitudinal electric field [22], but quality of
this beam could be degraded and some of the causes
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are a non-concentrically aligned beam or pumped
rods axes [23]. In order to amplify the beam and cor-
rect it’s degenerations can be used thermally guiding
fiber [24] or step-index optical fiber [25]. Quality of
the radially polarized light beam can be also improved
by transforming the (0, 1)* LG mode with spiral phase
and random or uniform polarization and radially
(0, 1)* LG mode to nearly-Gaussian beam [26], where
the Laguerre-Gaussian (LG) is a ring intensity distri-
bution of radially polarized light. (0, 1)* LG mode
with spiral phase and radially (0, 1)* LG mode have
different field and phase distributions after this trans-
formation [27]. These two donut modes can be distin-
guished using the differences in their polarizations and
phases. Clear difference between these modes is
observed when they pass through a linear polarizer or
through the spiral phase element (SPE) [27].

Tunneling ionization that occurs in radially polar-
ized laser field, in the frame of the ADK theory, hasn’t
been discussed yet, and that’s why our research is
pointed in that direction. We concentrated our study
on analyzing influence of transformed spiral phase
and radially (0, 1)* LG mode distributions on tunnel-
ing transition rate.

Also, we discussed transition rate when the ioniza-
tion potential of the ejected electron is not perturbed
and when his initial momentum is zero. Additionally,
we examine transition rate for nonzero initial momen-
tum and case when perturbation of ponderomotive
potential and Stark shift on ionization potential is
included. This led us to investigate dependence of the
transition rate on the applied field, azimuthal angle φ
and angle θ, which defines the spiral beam geometry.
This study allows us to investigate influence of (0, 1)*
Laguerre-Gaussian field distributions on Keldysh
parameter and ponderomotive potential of the ejected
electron.

This paper is organized as follows, in second chap-
ter we described theoretical background, in chapter
three we presented the results and discussed them, and
in the final chapter we drew our conclusions. Atomic
units are used through this paper (  = me = |e| = 1).

2. THEORETICAL BECKGKROUND
We begin our study with a brief review of tunnel

ionization. In the case of low frequency strong laser
field (I > 1014 W/cm2) Coulomb potential becomes
perturbed allowing an electron to tunnel. The ioniza-
tion rate w describes how many ionization processes
per unit time occur in constant fields over a period of
the external field. The most important atomic and
laser properties required to calculate ionization rates
are introduced below. The ionization only occurs
when an electron receives a certain amount of energy.
Since, the energy of all photons is equal and deter-
mined by the angular frequency of the laser light, the
number of required photons n is:

�
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(1)

where Ip is ionization potential, ω photon energy, n is
always an integer value.

Ammosov, Delone, and Krainov (ADK) relied on
the semiclassical approach and obtained a tunneling
ionization rate [8] that increases exponentially with
the field strength, without and with initial momentum
of ionized electron included [28], respectively:

(2)

where p is initial momentum of ionized electron, γ
Keldysh parameter, and it has a special form for differ-
ent laser polarizations: linear, circular and elliptical
polarization which will be presented latter.

As it can be seen, ADK tunneling ionization rate
depends on the ionization potential Ip, that is equal to
the energy at the top of the effective potential barrier,
charge of ionized atom Z, but also on laser properties,
such as: intensity I and field strength F, the photon
energy ω and polarization of laser light. Relation
between intensity and field strength is given with equa-
tion I = F2.

In the case of the increasing laser intensity or
decreasing the photon energy, it comes to Up > |Ip| > ω,
where Up is ponderomotive potential, and ionization
potential of the electron can be changed, enlarged
|Ip| + Up. Ponderomotive energy describes the strength
of the oscillatory motion of the free electron in an
external alternating electric field, it’s defined by the
expression for linear, circular and elliptical polariza-
tion respectively: Up,lin = F2/4ω2, and Up,cir = F2/2ω2,

Up,elip = (F2(1 – ))/(2ω2(1 + )), value  is ellipticity
parameter in the range of (0, 1), for linearly polarized
light  = 0, and  = ±1, for circularly polarized [29].
This means that ionization can happen only with more
photons than usually needed [30]. Also, an energy
shift that only exist during the laser pulse duration, the
Stark shift, modifies the ground state energy levels and
makes the atoms harder to ionize [31]. The ground
state is only affected by quadratic Stark shift δE =
αF2/4 [32], where α is the static polarizability of the
atom [33]. Taking all this into account we can repre-
sent the effective ionization potential by expression
[32]:

(3)

From the Eq. (2) it can be seen that the transition
rate is maximum when p, the initial momentum of
ejected electron, is zero, so it’s expected to decrease
with growing p. For our study it is important to analyze
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the influence of the initial momentum of ionized elec-
tron on the transition rate at the moment immediately
after leaving the Coulomb potential barrier. At that
moment the electron tunnels out of the atom and
moves along a classical trajectory in the laser field, and
he feels the influence of both the parent ions and the
laser field. It is appropriate to use parabolic coordi-
nates (ξ, η, ϕ) to describe the motion of this electron
[5]. Expression for initial momentum of the electron
can be presented by using formula [34]:

(4)
where η is parabolic coordinate. The electron leaves
the atom at the point ηexit ≅ 1/F, thus the value for η
inside the barrier is 1 ≪ η ≪ ηexit, while out of the bar-
rier η > ηexit [34]. It is important to emphasize that if
the system total energy is independent of the coordi-
nate η, the momentum is conserved along the classical
path, i.e. pη = p [5].

Polarization of the laser field has influence on elec-
tron ionization process also and we wanted to see if
radial polarization offers any advantages over linear or
circular polarization when it’s used to describe this
quantum process and variables that explain it. Theo-
retical analysis shows that radially polarized beams
can be dynamically transform to linearly polarized
Gaussian beams, and vice versa [35, 36]. Essential fea-
ture that distinguishes these two beams is shape. The
radially polarized beams can have donut shape (a zero
intensity in the center), otherwise the maximum of
intensity of the linearly polarized Gaussian beam
occurs in the center. This modification can happen
using two modes of radially polarized beam, the LG
(0, 1)* spiral-phase mode and the LG (0, 1)* radial-
polarization mode. These modes have the same donut
shaped intensity distribution, but completely different
field distributions. These spatial distributions can be
expressed in terms of a coherent superpositions of two
orthogonal degenerate LG modes [37, 38] but with a
spatially modulated polarization distribution.

The field distribution of the LG (0, 1)* spiral-
phase mode is given in form [27]:

(5)

where r and φ are the cylindrical coordinates, ρ =
2r2/R2, R is the spot size of the Gaussian beam, r(φ) =
aekφ polar equation by which we can describe spiral; a,
k are parameters, and the ± sign depends on the cho-
sen helicity. LG (0, 1)* modes can appear with ran-
dom or uniform polarization (linear, circular or ellip-
tical) [27, 35].

Specially, electric field distribution of a spiral-
phase LG (0, 1)*, for linear and circular polarization is
given by Eqs. (6) and (7):

(6)

(7)

η = η − + η η −( ) ( 1 (1/ 1))/2,p F F

−ρ ± φφ = ρ /2
sp 0( , ) ,iF r F e e

−ρ − φφ = ρ +lin /2
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−ρ − φ πφ = ρ +cir /2 /2
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where ex and ey are the unite vectors along the x and y
axis. The electric field for linear polarization becomes:

(8)

For circular right and left hand polarizations elec-
tric fields are given with opposite helical index [37]

(9)

(10)

From the previous equations we can see that distri-
butions, which can display linear and circular forms
(in general elliptical), depend only on azimuthal angle
φ [39].

While the LG (0, 1)* radial-polarization mode
field distribution is expressed:

(11)

where  and  are unit vectors in the x and y direc-
tions, and this mode can be presented with orthogonal
linear polarizations and as a superposition of a right
hand and left hand circularly polarized mode. Specif-
ically, superposition of right-hand circularly-polar-
ized spiral-phase LG (0, 1)* mode and a left-hand cir-
cularly-polarized spiral-phase LG (0, –1)* mode is
expressed in form [35, 40, 41]:

(12)

and hence equation has a form:

(13)

This superposition produces a linearly polarized
beam [37]. The corresponding transmitted intensity
distribution is calculated as follows [38]:

(14)

At the end of this part and in effort to analyze the
tunneling ionization process, we consider influence of
effective ionization potential, initial momentum of the
ejected electron, and these two field distributions of
the LG (0, 1)* modes on transition rate. Thus modi-
fied transition rates for the spiral-phase LG (0, 1)*
mode and different polarizations are given by expres-
sions [30, 42, 43]:
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(17)

where n* = Z/  is effective principal quantum
number of the ionized state, F lin is field strength for
linear and Fcir for circular polarization of laser light, I

is laser intensity and D = . Variables n* and D

are also adapted.
For radial-polarization LG (0, 1)* mode will be

used modified transition rates for linear polarization
with variables proper to this case.

3. RESULTS AND DISCUSSION
Ionization of one electron would break the stable

electronic configuration and we want to see by which
intensity of the laser field will it have the ability to tun-
nel. Ionization potential for the first electron in
valence shell of Ar atom is Ip = 0.5791 in atomic units,
so the charge of the ionized system is Z = 1. Tunneling
transition rate is sensitive to laser frequency, that’s why
our choice was Ti:Sapphire laser with wavelength
λ = 800 nm and in this case the photon energy is
ω = 0.5696, while the field strengths for linear and cir-
cular polarization are given by expressions: Flin = 5.4 ×
10–9 , Fcir = 3.7 × 10–9  in atomic units.

Next step is to investigate field distributions of two
radially polarized (LG) (0, 1)* modes, LG (0, 1)* spi-
ral-phase and LG (0, 1)* radial-polarization field dis-
tributions, on the tunneling transition rate. A radial
polarized beam can be used to produce a much smaller
focused spot than a conventional linear or circular
polarized beam can produce [44, 45]. Laser beam spot
size can be of the order of millimeters (15–30 mm),
but also of micrometers (3–60 μm). We accepted that
beam diameter is fixed to the value 3 μm (5.7 × 104 in
atomic unit). Also, it was necessary to define the
parameters that determine the logarithmic function
r(φ) = aekφ, where a = 0.57 (1.08 × 104 in a.u.) when r
is in μm. The constant k = tanθ. Angle θ defines spiral
geometry and can take value in range of [–90°, 90°].
For θ = 22.5° and θ = 45° are k = 0.414 and k = 1.0,
and for every other value of the angle θ in given range
is calculated in this way [38].

Through our work we want to show that behavior of
essential physical quantities can be analyzed using dif-
ferent modes in a wide range of laser field intensities.

At the beginning of discussion in the Figs. 1–4 it’s
shown behavior of the transition rate with the LG
(0, 1)* spiral-phase field distribution without addi-
tional effects included.
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In Fig. 1 we presented the influence of azimuthal
angle on the transition rate. As we can see azimuthal
angle has very small influence until the angles of 40°.
This theoretical approach limits us to compute transi-
tion rate for azimuthal angles of <50°. In case of φ =
20° transition rate has approximately maximum value
around laser intensity of I = 8 × 1017 W/cm2. Thereaf-
ter with increasing angle the transition rate slowly
decreases. Considering that azimuthal angle φ lie in an
interval span of 360°, or [–180°, +180°], we test the
transition rate dependence when the azimuthal angle
is negative. In contrast to the positive angle, for the
azimuthal negative angle, the transition rate decreases
rapidly as we move away in the negative direction. Fig-
ure 2 shows that transition rate has similar dependence
as in previous case, with slightly lower magnitude. The
LG (0, 1)* spiral-phase field distribution determine
limiting angle we can use in this commutation (in this
case –35°).

The graphs in Fig. 3 show calculation performed
for linearly polarized laser field with the LG (0, 1)*
spiral-phase field distribution for fixed laser intensity
and an azimuthal angle that changes in an interval [0,
45°]. All panes of Fig. 3 demonstrate that curve has
maximum on the angle of φ = 30°, except for the
intensity of the laser field at 1018 W/cm2, where the
transition rate is equal to zero for this angle. On this
intensity we can observe that two maxima of the tran-
sition rate occur at angles of φ = 4.4° and φ = 43°. We
can see that with decreasing laser field intensity, the
maximum of transition rate declines. The range of the
angles, at which tunnel ionization occurs, narrows.
This is caused by low perturbation atomic levels due to
low laser field intensity.

To complete our analysis, we examine dependence
of the pure transition rate (without included effects)
with the LG (0, 1)* spiral-phase field distribution on
the θ angle, which defines the spiral beam geometry.
For angles of θ = 0° and 90° radial and azimuthal
polarized plane waves can be generated, respectively.
Also, at intermediate angles a series of highly interest-
ing spirals can be created [38]. Hence, we limited our
analysis to angles from 0° to close to 90° (Fig. 4). It can
be seen that as the value of θ increases, the transition
rate increases too. Angle of θ = 90° gives pure azi-
muthal polarized wave, therefore is not included in
our computation.

The next discussion expands the previous analysis
by including additional effects in the transition rate.
The three transition rates were obtained with the LG
(0, 1)* spiral-phase field distribution beams that were
polarized linearly, circularly and elliptically. These
transition rates are given in Figs. 5, 8, 9 with intensity
in the range of 1 × 1014–5 × 1017 W/cm2. Besides the
ionization transition rate depends on laser intensity, it
also has dependences on initial momentum of ejected
electron, ponderomotive potential and Stark shift.
D THEORETICAL PHYSICS  Vol. 132  No. 5  2021
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Fig. 1. Transition rate (in arbitrary units [a.u.]) for linear polarized laser field with the LG (0, 1)* spiral-phase field distribution
in function of laser intensity for azimuthal angle.
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According to perturbation theory, the shift of a
level is determined by the vibrational energy of the free
electron in the field. At large field strengths F and
small frequency ω, the shift can be very large, also
Stark shift of a highly excited level may exceed unper-
turbed binding energy of electron. Ionization rates
decrease due to these effects, first with the inclusion of
ponderomotor potential and then slightly with the
inclusion of the Stark effect, so the following obtained
graphs are partially expected.

Using the LG (0, 1)* spiral-phase mode of radially
polarized beam gives a result such that two maximums
(two peaks) are noticed, while the transition rate that
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
was analyzed in earlier studies, would show only one
peak.

On the first peak (left peak, the one at lower laser
intensities) the order of the transition rates curves’
maximums’ intensities is opposite than the order of a
second expected peak (right peak, the one at higher
laser intensities) curves. Peaks occur at intensities
2.17 × 1016 and 7.81 × 1016 W/cm2. We suppose that this
behavior is affected by atomic core since point of elec-
tron exit is closer than in case of high values of η.

Analyzing the obtained results, in frame of the LG
(0, 1)* spiral phase mode in case of linear polarization,
the inclusion of the initial momentum of ejected elec-
YSICS  Vol. 132  No. 5  2021
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Fig. 2. Transition rate (in arbitrary units (a.u.)) for linear polarized laser field with the LG (0, 1)* spiral-phase field distribution
in function of laser intensity for fixed negative azimuthal angle.
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tron gives a more complex dependence of the transi-
tion rate curve on the laser field intensity. With a cer-
tain set of parameters, and for smaller values of the
coordinate η < 10, which represents the point of the
electron’s exit from the barrier, the second term of the
momentum (Eq. (4)) leads to the appearance of two
transition rate peaks, probably due to the influence of
the core and the electronic envelope (non-uniform
field distribution) on ejected electron leads to a viola-
tion of continuity transition rate.

Observed the left peak gives a non-zero transition
rate, and shows that with the inclusion of the effects,
JOURNAL OF EXPERIMENTAL AN
the transition rate will be higher, which is a conclusion
that needs to be confirmed experimentally.

It can also be seen that with an increase of the coor-
dinate η, the second term in the momentum equation
decreases, which leads to decreasing of the left peak.
Position of the peak is also determined by the recipro-
cal dependence of the momentum on the field
strength also in this term.

A more detailed study showed that at the lower val-
ues of the η coordinate two peaks appear, while at
higher values of this coordinate the two peaks overlap
(only one appears) (Fig. 6).
D THEORETICAL PHYSICS  Vol. 132  No. 5  2021
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Fig. 3. Transition rate (in arbitrary units [a.u.]) for linear polarized laser field with the LG (0, 1)* spiral-phase field distribution
in function of azimuthal angle for fixed laser intensity.
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Fig. 4. Transition ionization rate for linear polarized laser
field with the LG (0, 1)* spiral-phase field distribution in
function of laser intensity and for three different values of
angle θ.
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We want to emphasize how the transition rate
moves towards lower intensities of the laser field with
increasing η (Figs. 6, 7). It can be noticed that for η =
100, the maximum transition rates are at intensities of
I ~ 1014, which is in full accordance with our previous
works [28].

In Figs. 8 and 9 are presented transition rates for
elliptically polarized laser field and circularly polar-
ized laser field as a special case of elliptically polariza-
tion, respectively. Using these types of polarizations,
two peaks on the graph were obtained too, and the
maximums occur at same intensities of laser fields
2.31 × 1016 and 7.11 × 1017 W/cm2.

Observing these two figures, it is noticeable that in
addition to the above similarities, one can clearly see
the difference in the values of the transition rates. The
transition rates at field intensity I = 2.31 × 1016 W/cm2

(left peak) have a higher value when the atom is in a
circularly polarized field.

To get a clearer picture of the transition rate behav-
ior, we gave it’s dependence on the laser field intensity
and azimuthal angle on 3D graph (Fig. 10).

As can be seen, the dependence is complex. The
transition rate does not increase constantly with
increasing azimuthal angle value and with increasing
field. It is noticed that for certain values of laser inten-
sity with increasing azimuthal angle φ up to 15 deg the
transition rate increases, in the interval from 15 to
35 deg the value of the transition rate approaches zero
and then with further increase of the azimuthal angle
the transition rate increases again.
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH
Finally, in order to discuss the influence of the LG
(0, 1)* spiral-phase mode on the parameters that
directly affect the transition rate in detail, it is import-
ant to analyze Keldysh parameter and ponderomotive
potential (Figs. 11, 12).

To observe the behavior of the Keldysh parameter
we presented it by the equation γ = ω( /F), which
clearly shows the influence of the effective ionization
potential  and the laser field distribution F on this

2 pI

eff
pI
YSICS  Vol. 132  No. 5  2021
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Fig. 5. Transition ionization rate in linearly polarized laser field with the LG (0, 1)* spiral-phase field distribution and with effects
included (left pane). Right pane shows highlighted left peak.
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Fig. 6. Transition ionization rate in linearly polarized laser field with the LG (0, 1)* spiral-phase field distribution for different η

coordinate values, where  is shown by black solid line,  with dashed line and  with dotted line.

η = 5

1×1017 2×1017 3×1017

I, W/cm2

2.5
3.0
3.5
wsp,lin, a.u.

2.0
1.5
1.0
0.5

η = 1.8

η = 10

η = 2.3

1×1017 2×1017 3×1017

I, W/cm2

2.5
3.0
3.5
wsp,lin, a.u.

2.0
1.5
1.0
0.5

1×1017 2×1017 3×1017

I, W/cm2

2.5
3.0
3.5
wsp,lin, a.u.

2.0
1.5
1.0
0.5

1×1017 2×1017 3×1017

I, W/cm2

2.5
3.0
3.5
wsp,lin, a.u.

2.0
1.5
1.0
0.5

sp,lin
pw ,

sp,lin
pp Uw , ,

sp,lin
pp U Sw
parameter. As we can see, the curves describing the
behavior of the Keldysh parameter in the ordinary lin-
ear and circular field distributions, as well as the
Keldysh parameter in these polarization with field dis-
tribution in the LG (0, 1)* spiral-phase mode, have an
exponential decrease with increasing laser field inten-
sity. Also, it is obtained that the more dominant influ-
JOURNAL OF EXPERIMENTAL AN
ence of the LG (0, 1)* spiral-phase mode on this
parameter is in the linearly polarized field (Fig. 11).

Affect of the LG (0, 1)* spiral-phase mode on pon-
deromotive potential is also taken into account
(Fig. 12). We analyzed the ponderomotive potential in
a linear, circular, and elliptical polarized laser field,
with and without LG (0, 1)* spiral-phase field distri-
D THEORETICAL PHYSICS  Vol. 132  No. 5  2021
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Fig. 7. Transition ionization rate in linearly polarized laser
field with the LG (0, 1)* spiral-phase field distribution at

η = 100, where  is shown by black solid line, 

with dashed line and  with dotted line.
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bution included. Depending on the LG (0, 1)* spiral-
phase mode presence, with the same parameter sets,
the curves’ orders are different. Ponderomotive poten-
tial has a lower value in the application of the LG
(0, 1)* field distribution and the greatest influence is
observed for Up, lin.

In intention to analyze the behavior of the transi-
tion ionization rate in detail, we complemented this
discussion by giving brief insight into it’s behavior and
parameters that determine it, for a given atom in the
LG (0, 1)* radial-polarization mode.

Based on Eq. (16), we obtained the transition rate
for a circularly polarized laser field for the LG (0, 1)*
radial-polarization mode field distribution as a special
JOURNAL OF EXPERIMENTAL AND THEORETICAL PH

Fig. 8. Transition ionization rates in elliptically polarized laser f
effects included (left pane). Right pane shows highlighted left pe
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case of an elliptically polarized laser field. The way of
acting of this transition rate for different values of the
ellipticity parameter  was observed, too. It was shown
that the ellipticity , taking it in the interval from 0 to
1, has no effect on the transition rate.

To broaden the previous discussion, in the follow-
ing figures will be presented the Keldysh parameter
and ponderomotive potential within the LG (0, 1)*
radial-polarization mode field distribution depending
on laser intensity.

When the value of azimuthal angle at φ = π/6 is
fixed and the laser intensity increases, from Fig. 14 it
can be seen that Keldysh parameter for the ordinary
circular laser field distribution and the LG (0, 1)*
radial-polarization field distribution have different
values. With an increase in the intensity of the laser
field, the value of the Keldysh parameter decreases
and the distance between γcir and γrad,cir curves for the
fixed value of the laser field intensity is different.

Ponderomotive potential changes when the LG
(0, 1)* radial-polarization field distribution is added
to it. Obtained curves are illustrated in Fig. 15. As in
the case of the LG (0, 1)* spiral-phase mode, the
inclusion of the LG (0, 1)* radial-polarization field
distribution leads to an increase in the ponderomotive
potential.

4. CONCLUSIONS
Tunnel ionization for atomic target of an argon in

strong field regime is discussed. We developed the idea
to analyze dependence of tunneling transition rate on
initial momentum and transformed ionization poten-
tial (inclusion of Stark shift and ponderomotive
potential) when field distribution is given by radially
polarized donut (0, 1)* Laguerre–Gaussian beam.

We present behavior of the transition rate without
additional effects included in linearly polarized laser

e

e
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Fig. 9. Transition ionization rates in circularly polarized laser field with the LG (0, 1)* spiral-phase field distribution and with
effects included (left pane). Right pane shows highlighted left peak.

1×1017 2×1017 3×1017 4×1017 5×1017

I, W/cm2
0

2.5
wsp,cir, a.u.

wsp,cir
p

wsp,cir
p, Up

wsp,cir
p, Up, S

2.0

1.5

1.0

0.5

0
2×1016 3×1016 4×10161×1016

I, W/cm2

wsp,cir, a.u.

1.5

1.0

0.5
field with the LG (0, 1)* spiral-phase field distribu-
tion, for fixed values of the azimuthal angle in a func-
tion of laser intensity and vice verse, as well as its
dependence on the spiral geometry of the beam
(θ angle). In further discussion we observed how the
inclusion of additional effects influence the behavior
of the transition rate when the laser field is linearly,
circularly and elliptically polarized with the LG (0, 1)*
spiral-phase field distribution. We have also compared
the way the Keldysh parameter and ponderomotive
potential behave in linearly and circularly polarized
laser field without concretizing the field distribution
and with LG (0, 1)* spiral-phase field distribution.

From this research we derive major conclusions:
— The transition rate is affected by a change in the

azimuthal angle. For angle values in the range from
ϕ = 0°, to ϕ = 40°, the transition rate increases and
then decreases slightly. A visible change or decrease is
JOURNAL OF EXPERIMENTAL AN

Fig. 10. 3D graph of transition ionization rate with the LG
(0, 1)* spiral-phase field distribution in the function of
laser intensity I and azimuthal angle φ.
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observed at an angle of ϕ = 50°. Changes in transition
rate are more noticeable for negative azimuthal angles.
Transition rate decrease constantly for angles ϕ = –5°,
–10°, –20°, –30° in such a way that for the ϕ = –35°
it has about six times less value than for the ϕ = 0°.

— In the case when we fixed the laser intensity and
changed the angle ϕ we noticed the appearance of two
peaks on intensity at 1018 W/cm2, and then as intensity
decrease one peak disappears and transition rate curve
narrows.

— We have also shown that the spiral beam geom-
etry affects the transition rate. Is clearly evident, as the
angle increases, so does the rate of transition.

— In case of linear polarized field, we obtained that
the transition rate splits into two peaks that are quite
close localized. Occurrence and the position of the
two peaks has relationship with the inclusion of the
initial momentum of the ejected electron in the equa-
tion for the transition rate and the manner in which
the initial momentum of the ejected electron depends
on the η coordinate and the field strength. We have
shown that with increasing η second peak disappears
and transition rate shifts to lower intensities of the laser
field.

— For an elliptically polarized laser field as well as
a circular one we can notice occurrence of two peaks.
In linear and elliptical polarization, the first peaks
have maxima at low value, but in the case of circular
polarization first peak has higher value.

—Additionally, we presented the influence of the
LG (0, 1)* spiral-phase field distribution on the
Keldysh parameter and ponderomotive potential is
opposite, while the Keldysh parameter increases, the
inclusion of the LG (0, 1)* spiral-phase field distribu-
tion leads to a decrease in ponderomotive potential
which is most pronounced in the case of linear polar-
ization.
D THEORETICAL PHYSICS  Vol. 132  No. 5  2021
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Fig. 11. Keldysh parameter in linearly polarized laser field (left pane) and in circularly (right pane) with the LG (0, 1)* spiral-
phase field distribution, in the function of laser intensity in range I = (1014–5 × 1017) W/cm2 and fixed value of azimuthal angle
at φ = π/6. The curves in the figure are represented as follows: γlin-black solid line, γsp, lin-dashed line, γcir-dash-dotted line,
γsp, cir-dotted line.

0.02

0.04

0.06

0.08

0.10

1×1017 3×1017

I, W/cm2

5×1017 1×1017 3×1017

I, W/cm2

5×1017

γlin, a.u.

0.02

0.04

0.06

0.08

0.10

γcir, a.u.

Fig. 12. Ponderomotive potential (left pane) and ponderomotive potential with the LG (0, 1)* spiral-phase mode field distribu-
tion included (right pane), in the function of laser intensity in range I = (1014–5 × 1017) W/cm2 and fixed values of azimuthal
angle at φ = π/6 and ellipticity  = 0.3.The curves in the figure are represented as follows: Up, lin-black solid line, Up, cir-dashed
line, Up, elip-dotted line.
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Fig. 13. Transition ionization rate in circularly polarized laser field with the LG (0,1)* radial-polarization mode field distribution
and with effects included (left pane). Right pane shows highlighted left peak.
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Fig. 14. Keldysh parameter in circularly polarized laser
field with the LG (0, 1)* radial-polarization field distribu-
tion, in the function of laser intensity in range I = (1014–
5 × 1017) W/cm2 and fixed value of azimuthal angle at φ =
π/6. The curves in the figure are represented as follows:
γcir-black solid line, γrad, cir-dotted line.
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Fig. 15. Ponderomotive potential in circularly polarized
laser field with the LG (0, 1)* radial-polarization field dis-
tribution, in the function of laser intensity in range I =
(1014– Up, cir5 × 1017) W/cm2 and fixed value of azimuthal
angle at φ = π/6. The curves in the figure are represented
as follows: Up, cir-black solid line, Up, rad, cir-dotted line.
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— At the very end, we have briefly shown that the
inclusion of the LG (0, 1)* radial-polarization field
distribution has an influence on the behavior of the
transition rate, the Keldysh parameter and the pon-
deromotive potential in the same way as the inclusion
of the spiral mode.

We can conclude that there is a wide range of laser
intensities, field distributions and polarizations of
laser light under which the ionization process of an
JOURNAL OF EXPERIMENTAL AN
atom can be analyzed. The appearance of the two
peaks contains important information about the ion-
ization process so that the transition rate is affected by
all the additional effects involved and it should be of
interest to continuations of this work to improve this
theory and verify the obtained results in experiment.
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