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ON STRONGLY REGULAR GRAPHS WITH
mo = qgmg AND mg = gms WHERE q € Q

Mirko Lepovié

ABSTRACT. We say that a regular graph G of order n and degree r > 1 (which
is not the complete graph) is strongly regular if there exist non-negative in-
tegers 7 and 6 such that [S; N S;| = 7 for any two adjacent vertices ¢ and j,
and |S; N Sj| = 0 for any two distinct non-adjacent vertices ¢ and j, where
S) denotes the neighborhood of the vertex k. Let A1 = r, A2 and A3 be the
distinct eigenvalues of a connected strongly regular graph. Let m; = 1, mo
and m3 denote the multiplicity of r, Ao and A3, respectively. We here describe
the parameters n, r, 7 and 6 for strongly regular graphs with mg = gms and
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1. Introduction

Let G be a simple graph of order n with vertex set V(G) = {1,2,...,n}. The
spectrum of G consists of the eigenvalues A\; > Ay > ... > A, of its (0,1) adjacency
matrix A and is denoted by o(G). We say that a regular graph G of order n and
degree 7 > 1 (which is not the complete graph K,,) is strongly regular if there
exist non-negative integers 7 and 6 such that |S; N .S;| = 7 for any two adjacent
vertices ¢ and j, and |S; N.S;j| = 6 for any two distinct non-adjacent vertices ¢ and
j, where S C V(G) denotes the neighborhood of the vertex k. We know that a
regular connected graph G is strongly regular if and only if it has exactly three
distinct eigenvalues [I] (see also [3]). Let Ay = r, A2 and A3 denote the distinct
eigenvalues of a connected strongly regular graph G. Let m; = 1, mo and mg
denote the multiplicity of r, Ay and A3. Further, let 7= (n—1) —7r, g = —\3 — 1
and A3 = —\o — 1 denote the distinct eigenvalues of the strongly regular graph G,
where G denotes the complement of G. Then 7 =n—2r—2+0and =n—2r+7
where 7 = 7(G) and 0 = 0(G).

REMARK 1.1. (i) if G is a disconnected strongly regular graph of degree r then
G = mK,41, where mH denotes the m-fold union of the graph H; (ii) G is a
disconnected strongly regular graph if and only if 8 = 0.
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REMARK 1.2. (i) a strongly regular graph G of order n = 4k + 1 and degree
r =2k with 7 = k—1 and 6 = k is called a conference graph; (ii) a strongly regular
graph is a conference graph if and only if my = mg and (iii) if mg # m3 then G is
an integral] graph.

We have recently started to investigate strongly regular graphs with me = gmg
and mg = ¢ma, where ¢ is a positive integer [4]. In the same work we have
described the parameters n, r, 7 and 6 for strongly regular graphs with msy = gms
and mg = gma for ¢ = 2,3,4. Besides, (i) we have described in [5] the parameters
n, r, 7 and 6 for strongly regular graphs with ms = ¢ms3 and m3s = gms for
q=75,6,7,8; (ii) we have described in [6] the parameters n, r, 7 and 6 for strongly
regular graphs with mgo = gms and msg = gmg for ¢ = 9,10 and (iii) we have
described in [7] the parameters n, r, 7 and 6 for strongly regular graphs with
ms = qgms and mg = gms for ¢ = 11,12. We now proceed to investigate strongly
regular graphs with mo = ¢ms and ms = ¢gms, where ¢ is a positive rational
number. In particular, we here describe the parameters of strongly regular graphs

with mo = gms and mz = gmy for ¢ = %, %, g, %, %, g, as follows. First,

PRrOPOSITION 1.1 (Elzinga [2]). Let G be a connected or disconnected strongly
reqular graph of order n and degree r. Then

(1.1) 2= (r—0+1)r—(n—1)0=0.

ProposITION 1.2 (Elzinga [2]). Let G be a connected strongly regular graph of
order n and degree r. Then

(1.2) 2r + (7 — 0)(m2 + m3) + §(ma —mg) =0,
where § = \g — A3.

Second, in what follows (z,y) denotes the greatest common divisor of integers
z,y € N, while z | y means that = divides y.

REMARK 1.3. We note that (ms = gmg and ms = ¢ms) is equivalent to the
assertion that (me = ¢ 'ms and m3 = q_lmg). In view of thid] we may assume
that ¢ = ¢ so that (a,b) = 1 and a > b.

Using a similar procedure applied in [4], we can establish the parameters n, r,
7 and 0 for strongly regular graphs with ms = ¢gmgs and ms = gms for any fixed
value ¢ € Q, where ¢ = ¢ so that (a,b) = 1 and a > b, as follows. First, let m3 =p
and mg = () p, where p is a positive integer. Since (a,b) = 1 it follows that b | p.
Replacing p with bp we obtain ms3 = bp and mo = ap. Since mo +m3 =n — 1 we
obtain n = (a + b)p + 1. Next, since 7 — 0 = Ay + A3 and 6 = A2 — A3 using (2
we obtain r = p(b|As| — a)z). Let bJAs| —aXy =t wherdd ¢t =1,2,...,a+b—1. Let

Iwe say that a connected or disconnected graph G is integral if its spectrum o(G) consists
only of integral values.

1 1

214 exactly means that (m2 = gms and m3 = gms) and (m2 = ¢~ 'm3 and m3 = ¢~ 'm2)
are related to the same classes of strongly regular graphs.
3We note first that ¢ is a positive integer because r = pt. Second, we note that ¢t > (a + b) is

not possible because in that case we have r = pt > (a + b)p > n — 1, a contradiction.
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A2 = k where k is a positive integer. Then (i) A3 = —2EEL; (i) 7 — 0 = —%;

(iii) 6 = % and (iv) r = pt. Since §% = (7 — 0)2 +4(r — 0) (see [2]) we obtain
(v) 0 =pt— @. Using (ii), (iv) and (v), we can easily see that (ILI]) reduces to
(1.3) (bp+ 1)t* —b((a+b)p + 1)t + a(a + b)k* + 2akt = 0.

Second, let my = bp, ms = ap and n = (a+b)p+1 where (a,b) = 1 and a > b. Using
(C2) we obtain r = p(a|Az| — bA2). Let a|As| —bAy =¢ wheret =1,2,...,a+b—1.
Let A3 = —k where k is a positive integer. Then (i) Ao = 2£=L; (i) 7—0 = (‘lLb)kft;
(iii) 6 = EEZL. (1) p = pt and (v) 6 = pt — “ka*kt. Using (ii), (iv) and (v) we

b
can easily see that (1)) reduces to

(1.4) (bp+ 1)t* —b((a + b)p + 1)t + a(a + b)k* — 2akt = 0.
Using (L3) and (L4), we can obtain for ¢ = 1,2,...,a + b — 1 the corresponding

classes of strongly regular graphs with mo = ($)ms and m3 = (¢)ma, respectively.

Finally, we arrive at the following two results.

2. Main results

THEOREM 2.1. Let G be a connected strongly regular graph of order n and
degree T with ma = ap and ms = bp, where a,b,p € N so that (a,b) =1 and a > b.
Then:

ak2+kt) (a—b)k+t
b b ’
o < (a+b)k+t

(19 n=(a+bp+1, 2°) r=pt, (3° 7= (pt—

k2 4kt k4t
@) 6= pt— TR0y ngk (60) 2= -

(8%) (bp+ 1)t* — b((a + b)p + 1)t + a(a + b)k* + 2akt = 0,
for kEeNandt=1,2,...,a+b—1, where § = Ay — A3.

THEOREM 2.2. Let G be a connected strongly regular graph of order n and
degree r with ma = bp and mg = ap, where a,b,p € N so that (a,b) =1 and a > b.
Then:

(19 n=(a+bp+1, (2° r=pt, (3°) 7= (pt, aka*kt)Jr (afbb)k—t’

k*—kt k—t b)k—t
(1) 0= pr =50y 2= B () oy =k, (1) 5= CEOL

(8%) (bp + 1)t% — b((a + b)p + 1)t + a(a + b)k* — 2akt = 0,
for keNandt=1,2,...,a+b—1, where § = Ay — A3.

REMARK 2.1. Since my(G) = m3(G) and m3(G) = ma(G), we note that if

ma(G) = gms(G), then ms(G) = gma(G).

REMARK 2.2. In Theorems 2.3} 2.4] 2.5 2.6, 2.7 and 2.8 the complements of

strongly regular graphs appear in pairs in (k%) and (EO) classes, where k denotes
the corresponding number of a class.
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REMARK 2.3. aKjp is a strongly regular graph of order n = af and degree
r=(a—1)8 with r = (o« —2)8 and § = (o — 1)5. Its eigenvalues are A2 = 0 and
A3 = =B with ma = (8 — 1) and m3 = o — 1.

PROPOSITION 2.1. Let G be a connected strongly reqular graph of order n and
degree v with my = (2)ms. Then G belongs to the class (50) or (3%) or (4°) or
(50) represented in Theorem [Z3]

PRrROOF. Let mg = 3p, ma = 2p and n = 5p+ 1 where p € N. Let Ay = k where

k is a positive integer. Then according to Theorem 2T we have (i) A3 = —%;
(ii) 7 — 0 = —E; (i) § = & (iv) r = pt and (v) 0 = pt — 3’“2;"“, where
t=1,2,...,4. In this case we can easily see that Theorem 2] (80) reduces to
(2.1) (2p + 1)t? — 2(5p + 1)t + 15k* 4 6kt = 0.

Case 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%, 779:7%, 0= %,r:pandQ:pf?’sz*'k. Using (21]) we find

that 8p+ 1 = 3k(5k +2). Replacing k with 4k — 1 we arrive at p = 30k? — 12k + 1.
So we obtain that G is a strongly regular graph of order n = 6(5k — 1)? and degree
r=30k? — 12k + 1 with 7 = 2k(3k — 2) and 8 = 2k(3k — 1).

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—%T“, T—0=— kf 0= 5’“2"’2 r=2pand 0 =2p— 3k2;'2k. Using (1)) we find
that 4p = k(5k +4). Replacing k with 2k we arrive at p = k(5k + 2). So we obtain
that G is a strongly regular graph of order n = (5k +1)? and degree r = 2k(5k + 2)
with 7 = 4k? + k — 1 and 0 = 2k(2k + 1).

CasE 3 (¢t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7L2+3, T—0= MQ‘S 0= 5k+3 ,r=3pand § =3p— 3’“224"%. Using (20]) we find
that 4p — 1 = k(5k + 6). Replacmg k with 2k — 1 we arrive at p = k(5k — 2). So
we obtain that G is a strongly regular graph of order n = (5k — 1)? and degree
r = 3k(5k — 2) with 7 = 9k% — 4k — 1 and 6 = 3k(3k — 1).

CASE 4 (¢t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—kd =B 5 =38 p—4pand 6 =4p— 3k2;4k. Using 1)) we find
that 8p — 8 = 3k(5k —|— 8). Replacmg k with 4k we arrive at p = 30k% + 12k + 1.

So we obtain that G is a strongly regular graph of order n = 6(5k + 1)? and degree
r = 4(30k* + 12k + 1) with 7 = 2(3k + 1)(16k + 1) and 0 = 4(4k + 1)(6k +1). O

PROPOSITION 2.2. Let G be a connected strongly reqular graph of order n and
degree r with ms = (3)ma. Then G belongs to the class (2°) or (30) or (ZO) or
(5°) represented in Theorem 2.3

PRrROOF. Let my = 2p, mg = 3p and n = 5p+1 where p € N. Let A3 = —k where
k is a positive integer. Then according to Theorem 22 we have (i) A = 3L (i)
T—0= *;(111)52%;(iv)r:ptand()9 pt— , 7...,4.
In this case we can easily see that Theorem 2] (89) reduces to

(2.2) (2p + 1)t? — 2(5p + 1)t + 15k* — 6kt = 0.
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Case 1 (t = 1). Using (i), (i), (iii), (iv) and (v) we find that Ay = 3L and
)\3:—1@’,7—92%,(5:%7*1,r:pand9=p—3kz—*k. Using (22) we find
that 8p+ 1 = 3k(5k — 2). Replacing k with 4k + 1 we arrive at p = 30k? + 12k + 1.
So we obtain that G is a strongly regular graph of order n = 6(5k + 1)? and degree
r = 30k% + 12k + 1 with 7 = 2k(3k + 2) and 6 = 2k(3k + 1).

Case 2 (t = 2). Using (i), (i), (iii), (iv) and (v) we find that Ay = 22 and
A3=—k,7—0= %, 52519772, r=2pand 6 =2p — 3k2;2k. Using (Z2)) we find
that 4p = k(5k —4). Replacing k with 2k we arrive at p = k(5k — 2). So we obtain
that G is a strongly regular graph of order n = (5k —1)? and degree r = 2k(5k —2)
with 7 = 4k? —k — 1 and 0 = 2k(2k — 1).

Case 3 (t = 3). Using (i), (i), (iii), (iv) and (v) we find that Ay = 23 and
A3 =—k,7—0= %, 0= —5k2_3, r=3pand 0 = 3p — 3k22_3k. Using (22) we
find that 4p — 1 = k(5k — 6). Replacing k with 2k + 1 we arrive at p = k(5k + 2).
So we obtain that G is a strongly regular graph of order n = (5k + 1)? and degree
r = 3k(5k + 2) with 7 = 9k% + 4k — 1 and 6 = 3k(3k + 1).

Case 4 (t = 4). Using (i), (i), (i), (iv) and (v) we find that Ay = 2. and

)\32—]@’,7'—9:162;4,52%,7“:4]7311(19:4]?—3162%%. Using ([2Z2)) we find
that 8p — 8 = 3k(5k — 8). Replacing k with 4k we arrive at p = 30k? — 12k + 1.
So we obtain that G is a strongly regular graph of order n = 6(5k — 1)? and degree

r = 4(30k2 — 12k + 1) with 7 = 2(3k — 1)(16k — 1) and 0 = 4(4k — 1)(6k —1). O

REMARK 2.4. We note that 3K is a strongly regular graph with ms = (2 )ms.
It is obtained from the class Theorem [Z3] (50) for k = 0.

THEOREM 2.3. Let G be a connected strongly regular graph of order n and
degree v with my = (2)ms or mg = (3)ma. Then G is one of the following
strongly reqular graphs:

(19) G is the strongly regular graph 3Kz of order n = 6 and degree v = 4 with

T =2 and 0 = 4. Its eigenvalues are Ao = 0 and A3 = —2 with mo = 3
and mz = 2,

(29) G is a strongly regular graph of order n = (5k — 1)? and degree r =
2k(5k — 2) with 7 = 4k*> —k — 1 and 0 = 2k(2k — 1), where k € N. Its
eigenvalues are Ay = 3k — 1 and \s = —2k with my = 2k(5k — 2) and
ms = 3k(5k — 2);

(50) G is a strongly reqular graph of order n = (5k — 1)? and degree r =
3k(5k — 2) with T = 9k? — 4k — 1 and 6 = 3k(3k — 1), where k € N. Its
eigenvalues are Ay = 2k — 1 and A3 = —3k with mg = 3k(5k — 2) and
ms = 2k(5k — 2);

(3%) G is a strongly regular graph of order n = (5k + 1)? and degree r =
2k(5k + 2) with 7 = 4k* + k — 1 and § = 2k(2k + 1), where k € N. Its
eigenvalues are Ay = 2k and A3 = —(3k + 1) with mg = 3k(5k + 2) and
ms = 2k(5k + 2);

(30) G is a strongly reqular graph of order n = (5k + 1)? and degree r =
3k(5k + 2) with T = 9k? + 4k — 1 and 6 = 3k(3k + 1), where k € N. Its
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eigenvalues are Ay = 3k and A3 = —(2k + 1) with mg = 2k(5k + 2) and
m3 = 3k‘(5k’ + 2),‘

(4%) G is a strongly regular graph of order n = 6(5k — 1)? and degree r =
30k? — 12k + 1 with 7 = 2k(3k — 2) and 0 = 2k(3k — 1), where k € N. Its
eigenvalues are Ay = 4k—1 and A\ = —(6k—1) with mg = 3(30k?—12k+1)
and mg = 2(30k? — 12k + 1);

(4") G is a strongly regular graph of order n = 6(5k — 1)? and degree r =
A(30k2 — 12k + 1) with 7 = 2(3k — 1)(16k — 1) and 6 = 4(4k — 1)(6k — 1),
where k € N. Its eigenvalues are Ay = 6k — 2 and A3 = —4k with mo =
2(30k2 — 12k + 1) and ms = 3(30k% — 12k + 1);

(5%) G is a strongly reqular graph of order n = 6(5k + 1)? and degree r =
30k? + 12k + 1 with T = 2k(3k +2) and 0 = 2k(3k + 1), where k € N. Its
eigenvalues are Ay = 6k+1 and A3 = —(4k+1) with mg = 2(30k?+12k+1)
and mz = 3(30k? + 12k + 1);

(50) G is a strongly regular graph of order n = 6(5k + 1)? and degree r =
A(30k2 + 12k + 1) with T = 2(3k + 1)(16k + 1) and 0 = 4(4k + 1)(6k + 1),
where k € N. Its eigenvalues are Ay = 4k and N3 = —(6k + 2) with
mo = 3(30k? + 12k + 1) and mz = 2(30k% + 12k + 1).

PRrROOF. First, according to Remark [Z3] we have 2a(5 — 1) = 3(av — 1), from
which we find that a = 3, § = 2. In view of this we obtain the strongly regular
graph represented in Theorem 23 (1°). Next, according to Proposition Z1lit turns
out that G belongs to the class (50) or (3%) or (4%) or (50) if mo = (2 )ms. According
to Proposition 22 it turns out that G belongs to the class (2°) or (go) or (ZO) or
(5%) if ms = (Z)meo. O

PROPOSITION 2.3. Let G be a connected strongly reqular graph of order n and
degree r with my = (5 )ms. Then G belongs to the class (50) or (3%) or (4°) or
(50) or (60) or (7°) represented in Theorem 24l

PROOF. Let my = 4p, m3 = 3p and n = Tp+ 1 where p € N. Let Ay = k where
k is a positive integer. Then according to Theorem 2] we have (i) A3 = 7%;
(i) T — 0 = —%; (iii) § = @; (iv) r = pt and (v) 0 = pt — @, where
t=1,2,...,6. In this case we can easily see that Theorem [Z1] (8°) reduces to

(2.3) (3p+ 1)t* — 3(7p + 1)t + 28k* + 8kt = 0.

CaseE 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%, 779:7%, 0= %,r:pandQ:pfﬁjk. Using (23) we find
that 9p + 1 = 2k(7k + 2). Replacing k with 3k — 1 we arrive at p = 14k? — 8k + 1.
So we obtain that G is a strongly regular graph of order n = 2(7k — 2)? and degree
r = 14k* — 8k + 1 with 7 = 2k(k — 1) and 0 = k(2k — 1).

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—%, 7—92—%, 0= %,r:2pand9=2p—4kr{+2k. Using (Z3)) we find
that 15p+1 = 2k(7k+4). Replacing k with 15k-+4 we arrive at p = 210k2+120k+17.
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So we obtain that G is a strongly regular graph of order n = 30(7k+2)? and degree
r = 2(210k? + 120k + 17) with 7 = 120k? + 65k + 8 and 6 = 10(3k + 1)(4k + 1).
CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
243 r =k 5= TEE3 ' = 3pand § =3p— 4’“2;31“. Using (Z3)) we find
that 9p = k(7k +6). Replacing k with 3k we arrive at p = k(7k +2). So we obtain
that G is a strongly regular graph of order n = (7k+1)? and degree r = 3k(7k +2)
with 7 = 9k + 2k — 1 and 6 = 3k(3k + 1).

CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—%, 7—92—%, 0= %,r:4pand9=4p—4k2,+4k. Using (Z3)) we find
that 9p — 1 = k(7k + 8). Replacing k with 3k — 1 we arrive at p = k(7k — 2). So
we obtain that G is a strongly regular graph of order n = (7k — 1)? and degree
r = 4k(7k — 2) with 7 = 16k% — 5k — 1 and 0 = 4k(4k — 1).

CASE 5 (¢t = 5). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%, T—0 = 71%5, 6 = %, r = 5p and 6 = 5p74k2,+5k. Using (23)) we
find that 15p — 5 = 2k(7k 4+ 10). Replacing k with 15k — 5 we arrive at p =
210k? — 120k + 17. So we obtain that G is a strongly regular graph of order
n = 30(7k — 2)% and degree r = 5(210k? — 120k + 17) with 7 = 10(75k? — 43k + 6)
and 0 = 5(10k — 3)(15k — 4).

CASE 6 (¢t = 6). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%, T—0= k+6 , 0 = 7k+6 ,r=06pand f =6p— 4’“2;'%. Using ([Z3]) we find
that 9p — 9 = 2k(7k + 12). Replacmg k with 3k we arrive at p = 14k? + 8k + 1.
So we obtain that G is a strongly regular graph of order n = 2(7k + 2)? and degree
r = 6(14k + 8k + 1) with 7 = (8k + 1)(9k +4) and 0 = 6(3k + 1)(dk +1). O

PROPOSITION 2.4. Let G be a connected strongly reqular graph of order n and
degree r with ms = (5)ma. Then G belongs to the class (2°) or (30) or (ZO) or
(5°) or (6°) or (70) represented in Theorem 241

PROOF. Let mo = 3p, mz = 4pand n = 7p+1 where p € N. Let A3 = —k where
kis a positive integer. Then according to Theorem we have (i) A2 = M, (ii)
T—0 = £t (iii) § = ZE=E; (iv) r = pt and (v) 6 = pt —2& ., 6.
In this case we can easily see that Theorem (8%) reduces to

(2.4) (3p+ 1)t* — 3(Tp + 1)t + 28k* — 8kt = 0.

CaAsE 1 (t = 1). Using (i), (i), (iii), (iv) and (v) we ﬁnd that Ay = 261 and
N3 = —k,7—0="5r1 57M,r7pand9*p L . Using ([24) we find
that 9p+1 = 2k(7k 2) Replacing k with 3k + 1 we arrlve at p = 14k? 4+ 8k + 1.
So we obtain that G is a strongly regular graph of order n = 2(7k + 2)? and degree
r = 14k? + 8k + 1 with 7 = 2k(k + 1) and 0 = k(2k + 1).

CASE 2 (t = 2). Using (i), () (iii), (iv) and (v) we ﬁnd that Ay = 2622 and
A3 = —k, T—H—ué— 2 r=2pand 6 =2p— Qk . Using ([24) we find
that 15p+1 = 2k(7k 4). Replacmg k with 15k—4 we arrive atp = 210k%—120k+17.
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So we obtain that G is a strongly regular graph of order n = 30(7k —2)? and degree
r = 2(210k2 — 120k + 17) with 7 = 120k? — 65k + 8 and 6 = 10(3k — 1)(4k: —1).
CASE 3 (t = 3). Using (i), () (iii), (iv) and (v) we ﬁnd that Ay = 2622 and
A3 = —k, T*@—ks(s— o 3 r=3pand §=3p— Sk . Using (24) we find
that 9p = k(7k — 6). Replacing k: with 3k we arrive at p = k(?k 2). So we obtain
that G is a strongly regular graph of order n = (7k —1)? and degree r = 3k(7k — 2)
with 7 = 9k? — 2k — 1 and 0 = 3k(3k — 1).

CASE 4 (t = 4). Using (i), (i), (ili), (iv) and (v) we find that Ay = 224 and
)\3=—k3,7—9=— d = Tf4,r:4pand9:4p—4k2,+4k. Using ([24) we
find that 9p — 1 = k(?k 8). Replacing k with 3k + 1 we arrive at p = k(7Tk + 2).
So we obtain that G is a strongly regular graph of order n = (7k + 1)? and degree
r = 4k(7k + 2) with 7 = 16k% + 5k — 1 and 0 = 4k(4k + 1).

CASE 5 (t = 5) Using (), (ii), (iii), (iv) and (v) we find that Ay = 225 and A3 =
—kr—0=E5 §=TE5 r—5pand h=>5p— k75k Usmg(lﬂ)weﬁndthat
15p—5 = 2k:(7k: 10). Replacmg k with 15k +5 we arrlve at p = 210k% + 120k + 17.

So we obtain that G is a strongly regular graph of order n = 30(7k+2)? and degree
r = 5(210k% 4 120k + 17) with 7 = 10(75k? + 43k + 6) and 6 = 5(10k + 3)(15k +4).

CASE 6 (t = 6). Using (), () (iii), (iv) and (v) we ﬁnd that Ay = 228 and
Ns=—k,7—0=528 §=TkF6 4 _6pand g =6p— Gk.Usmg(Iﬂl)weﬁnd
that 9p — 9 = 2k(7k —12). Replacmg k with 3k we arrlve at p = 14k — 8k + 1.

So we obtain that G is a strongly regular graph of order n = 2(7k — 2)? and degree
r = 6(14k? — 8k + 1) with 7 = (8k — 1)(9k — 4) and 6 = 6(3k — 1)(4k — 1). O

REMARK 2.5. We note that 4K is a strongly regular graph with ms = (4 )ms.
It is obtained from the class Theorem [Z7] (50) for k = 0.

THEOREM 2.4. Let G be a connected strongly regular graph of order n and
degree v with ma = (4)m3 or mg = (4)ma. Then G is one of the following

strongly reqular graphs:

(1°) G is the strongly regular graph 4Ko of order n = 8 and degree r = 6 with
T =4 and 0 = 6. Its eigenvalues are Ao = 0 and A3 = —2 with mo = 4
and m3 = 3;

(2%) G is a strongly regular graph of order n = (7Tk — 1)? and degree r =
3k(Tk — 2) with T = 9k? — 2k — 1 and 6 = 3k(3k — 1), where k € N. Its
eigenvalues are Ay = 4k — 1 and A3 = —3k with mg = 3k(7k — 2) and
ms = 4k(7k — 2);

(50) G is a strongly reqular graph of order n = (7k — 1)? and degree r =
4k(7k — 2) with T = 16k® — 5k — 1 and 6 = 4k(4k — 1), where k € N. Its
eigenvalues are Ay = 3k — 1 and A3 = —4k with mg = 4k(7k — 2) and
ms = 3k(7k — 2);

(3%) G is a strongly regular graph of order n = (7Tk + 1)? and degree r =
3k(Tk + 2) with T = 9k? + 2k — 1 and 6 = 3k(3k + 1), where k € N. Its
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eigenvalues are Ay = 3k and A3 = —(4k + 1) with mg = 4k(7k + 2) and
m3 = 3k‘(7k’ + 2),‘

(30) G is a strongly regular graph of order n = (7k + 1)? and degree r =
4k(Tk + 2) with 7 = 16k? + 5k — 1 and 0 = 4k(4k + 1), where k € N. Its
eigenvalues are Ay = 4k and A3 = —(3k + 1) with mo = 3k(7k + 2) and
m3 = 4k‘(7k’ + 2),‘

(4%) G is a strongly regular graph of order n = 2(7k — 2)? and degree r =
14k? — 8k + 1 with T = 2k(k — 1) and 6 = k(2k — 1), where k € N. Its
eigenvalues are Ay = 3k—1 and A3 = —(4k—1) with mg = 4(14k?—8k+1)
and mg = 3(14k* — 8k + 1);

(4") G is a strongly regular graph of order n = 2(Tk — 2)? and degree r =

6(14k2 — 8k + 1) with T = (8k — 1)(9% — 4) and 6 = 6(3k — 1)(4k — 1),

where k € N. Its eigenvalues are Ay = 4k — 2 and A3 = —3k with mo =

3(14k% — 8k + 1) and m3 = 4(14k* — 8k + 1);

(5%) G is a strongly regular graph of order n = 2(7k + 2)? and degree r =
14k2 + 8k + 1 with 7 = 2k(k + 1) and 6 = k(2k + 1), where k € N. Its
eigenvalues are Ay = 4k+1 and A3 = —(3k+1) with mg = 3(14k*+8k+1)
and mg = 4(14k* + 8k + 1);

(5°) G is a strongly regular graph of order n = 2(7k + 2)? and degree r =
6(14k2 + 8k + 1) with 7 = (8k + 1)(9% + 4) and 0 = 6(3k + 1)(4k + 1),
where k € N. Its eigenvalues are Ay = 3k and A3 = —(4k + 2) with
my = 4(14k? + 8k + 1) and mz = 3(14k? + 8k + 1);

(6%) G is a strongly regular graph of order n = 30(7k — 2)? and degree r =
2(210k2 — 120k +17) with T = 120k? — 65k +8 and 0 = 10(3k — 1)(4k — 1),
where k € N. Its eigenvalues are Ay = 20k — 6 and Ag = —(15k — 4) with
my = 3(210k% — 120k + 17) and ms = 4(210k% — 120k + 17);

(GO) G is a strongly regular graph of order n = 30(7k — 2)? and degree r =
5(210k2 — 120k +17) with T = 10(75k% — 43k +6) and 6 = 5(10k—3)(15k —
4), where k € N. Its eigenvalues are Ay = 15k —5 and A3 = —(20k — 5)
with ma = 4(210k2 — 120k + 17) and ms = 3(210k2 — 120k + 17);

(7% G is a strongly regular graph of order n = 30(7k + 2)* and degree r =
2(210k* 4120k 4+ 17) with 7 = 120k?+ 65k +8 and 0 = 10(3k+1)(4k+1),
where k > 0. Its eigenvalues are Ay = 15k + 4 and A3 = —(20k + 6) with
ma = 4(210k% + 120k + 17) and mg = 3(210k? + 120k + 17);

(70) G is a strongly regular graph of order n = 30(7k + 2)? and degree r =
5(210k2+120k+17) with T = 10(75k? +43k+6) and 0 = 5(10k+3)(15k+
4), where k > 0. Its eigenvalues are Ay = 20k + 5 and A3 = —(15k + 5)
with ma = 3(210k? 4+ 120k + 17) and m3 = 4(210k% + 120k + 17).

PRrROOF. First, according to Remark [Z3] we have 3a(5 — 1) = 4(av — 1), from
which we find that o = 4, § = 2. In view of this, we obtain the strongly regular
graph represented in Theorem [Z4] (1°). Next, according to Proposition 23]it turns

out that G belongs to the class (50) or (39 or (4°) or (50) or (60) or (79) if
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mo = (%)ms According to Proposition 24 it turns out that G belongs to the class
(2°) or (3°) or (@) or (5°) or (6°) or (7°) if my = (&)me. O

PROPOSITION 2.5. Let G be a connected strongly reqular graph of order n and
degree v with ma = (2 )ms. Then G belongs to the class (50) or (3%) or (4°) or
(5°) or (8°) or (7°) represented in Theorem ZX

PROOF. Let mg = bp, ma = 2p and n = 7p+1 where p € N. Let Ay = k where

k is a positive integer. Then according to Theorem 2] we have (i) A\ = 7%;
(ii) 7 — 0 = =3 (ii) 6 = & (iv) r = pt and (v) 0 = pt — 5’“22““, where
t=1,2,...,6. In this case we can easily see that Theorem [Z1] (8°) reduces to

(2.5) (2p 4 1)t> — 2(7p + 1)t + 35k? + 10kt = 0.

Case 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—Sktl g = —%TH, = %, r=pand 6 :p—E”“QTH“. Using (2.8) we find that
12p+1 = 5k(7k +2). Replacing k with 6k — 1 we arrive at p = 105k% — 30k + 2. So

we obtain that G is a strongly regular graph of order n = 15(7k — 1)? and degree
r = 105k? — 30k + 2 with 7 = 15k? — 12k + 1 and 0 = 3k(5k — 1).

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—Skt2 r = —3kE2 5= ThE2 p —2pand 0 =2p— 5k22+2k. Using (25) we find
that 4p = k(7k +4). Replacing k with 2k we arrive at p = k(7k + 2). So we obtain
that G is a strongly regular graph of order n = (7k+1)? and degree r = 2k(7k +2)
with 7 = 4k? —k — 1 and 0 = 2k(2k + 1).
CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—%, T—0= —M , 0= 7k+3 ,7=3pand 6 = 3p— 51“2;31“. Using (25) we find
that 24p—3 = 5k(7k+6) Replacmg k with 12k+3 we arrive at p = 210k?+120k+17.
So we obtain that G is a strongly regular graph of order n = 30(7k+2)? and degree
r = 3(210k% + 120k + 17) with 7 = 18(3k + 1)(5k + 1) and 0 = 6(3k + 1)(15k + 4).
CASE 4 (¢t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%, T—0= 3k+4 , 0= 7k+4 ,7=4p and 0 = 4p — 5k22+4k. Using (23) we find
that 24p—8 = 5k(7k+8) Replacmg k with 12k—4 we arrive at p = 210k%>—120k+17.
So we obtain that G is a strongly regular graph of order n = 30(7k —2)? and degree
r = 4(210k% — 120k+17) with 7 = 2(240k%— 141k+20) and 6 = 12(4k—1)(10k —3).
CASE 5 (¢t = 5). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
2 .
Sk1S —3kES 5 = TEES p = 5p and 6 = 5p — 5K Using ([ZF) we

- T -0 =
find that 4p — 3 = k(7k 4 10). Replacing k with 2k — 1 we arrive at p = k(7k — 2).
So we obtain that G is a strongly regular graph of order n = (7k — 1)? and degree
r = 5k(7k — 2) with 7 = 25k? — 8k — 1 and 0 = 5k(5k — 1).

CASE 6 (¢t = 6). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—tl g = —3hE6 5= TEEG = Gp and 0 = 6p — 5k22+6k. Using ([2Z5) we find
that 12p—24 = 5k:(7k: —|— 12). Replacmg k with 6k we arrive at p = 1052 + 30k + 2.
So we obtain that G is a strongly regular graph of order n = 15(7k+1)? and degree
r = 6(105k% + 30k + 2) with 7 = 9(5k +1)(12k+ 1) and 6 = 6(6k +1)(15k+2). O




ON STRONGLY REGULAR GRAPHS WITH mg = gm3 AND ms3 = gma» 45

PROPOSITION 2.6. Let G be a connected strongly reqular graph of order n and
degree r with ms = (3)ma. Then G belongs to the class (2°) or (30) or (ZO) or
(5°) or (6°) or (70) represented in Theorem 2.0

PROOF. Let moy = 2p, m3z = bpand n = 7p+1 where p € N. Let A3 = —k where
k is a positive integer. Then according to Theorem we have (i) Ao = 2£=L; (i)

T—0 = %; (iii) 6 = @; (iv) r = ptand (v) 0 zpt—@,wheret = 1,2,...,6.

In this case we can easily see that Theorem (8%) reduces to

(2.6) (2p 4+ 1)t — 2(7p + 1)t + 35k? — 10kt = 0.
Case 1 (t = 1). Using (i), () (ili), (iv) and (v) we find that Ay = 221 and
A3 =—k,7—0= 3k2 §=1 —, r=pand § =p— %=k Using Z8) we find

that 12p+1 = 5k(7k — 2). Replacing k with 6%+ 1 we arrive at p = 105k2 + 30k + 2.
So we obtain that G is a strongly regular graph of order n = 15(7k+1)? and degree
r = 105k? 4+ 30k + 2 with 7 = 15k? + 12k + 1 and 0 = 3k(5k + 1).

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ao = (=2 and
A3 = —k, 7—9—‘”“ 5—Mr—2pand9—2p 5k 22k Using (Z.8) we find
that 4p = k(7k —4). Replacmg k with 2k we arrive at p = k(?k 2). So we obtain
that G is a strongly regular graph of order n = (7k —1)? and degree r = 2k(7k —2)
with 7 =4k? + k — 1 and 0 = 2k(2k — 1).

CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 223 and
)\3:7k,779:3k2 57%3 ,7=3pand § =3p— 3k . Using (Z0) we find
that 24p—3 = 5k(Tk— 6) Replacmg k with 12k—3 we arrive at p = 210k%—120k+17.
So we obtain that G is a strongly regular graph of order n = 30(7k —2)? and degree
r = 3(210k% — 120k + 17) with 7 = 18(3k — 1)(5k — 1) and 6 = 6(3k — 1)(15k 4).
CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that A\ = 224 and
A3 = —k, T*G—sk 5771“4 ,7=4p and 6 = 4p — 4k Usmg(lEI)weﬁnd
that 24p—8 = 5k:(7k: 8) Replacmg k with 12k+4 we arrive at p = 210k?+120k+17.
So we obtain that G is a strongly regular graph of order n = 30(7k+2)? and degree
r = 4(210k% 4 120k+17) with 7 = 2(240k%+ 141k+20) and 6 = 12(4k+1)(10k+3).
CASE 5. (t = 5). Using (i), (i), (iii), (iv) and (v) we find that Ay = 25 and
A3 =—k,7—0= 3’“2—4’, 0= %, r:5pand9=5p—5k2;5k. Using ([26]) we
find that 4p — 3 = k(7k — 10). Replacing k with 2k + 1 we arrive at p = k(7k + 2).
So we obtain that G is a strongly regular graph of order n = (7k + 1)? and degree
r =5k(7k + 2) with 7 = 25k? + 8k — 1 and 0 = 5k(5k + 1).

CASE 6 (t = 6). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 2256 and
A3 = —k, 779*3’“6 577k6r*6pand9*6p Gk Usmg(lEI)weﬁnd
that 12p—24 = 5k:(7k: —12). Replacing k with 6k we arrive at p = 105k2 — 30k + 2.

So we obtain that G is a strongly regular graph of order n = 15(7k —1)? and degree
r = 6(105k% — 30k + 2) with 7 = 9(5k — 1)(12k — 1) and 6 = 6(6k — 1)(15k—2). O

REMARK 2.6. We note that 5K3 is a strongly regular graph with ms = (5)ms.
It is obtained from the class Theorem 25 (50) for k = 0.
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THEOREM 2.5. Let G be a connected strongly regular graph of order n and

degree r

with my = (3)ms or mg = (3)ma. Then G is one of the following

strongly reqular graphs:

(1%)

(2%)

G is the strongly regqular graph 5Ks of order n = 15 and degree r = 12
with 7 = 9 and 0 = 12. Its eigenvalues are Ay = 0 and A3 = —3 with
mo = 10 and m3 = 4;

G is a strongly regular graph of order n = (Tk — 1)? and degree r =
2k(7k — 2) with 7 = 4k*> + k — 1 and 0 = 2k(2k — 1), where k € N. Its
eigenvalues are Ag = 5k — 1 and A3 = —2k with mq = 2k(7k — 2) and
ms = 5k(7k — 2);

G is a strongly regular graph of order n = (Tk — 1)? and degree r =
5k(7k — 2) with 7 = 25k* — 8k — 1 and 0 = 5k(5k — 1), where k € N. Its
eigenvalues are Ao = 2k — 1 and A3 = —5k with mg = 5k(7k — 2) and
ms = 2k(7k — 2);

G is a strongly regular graph of order n = (7k + 1)? and degree r =
2k(7k + 2) with 7 = 4k*> —k — 1 and 0 = 2k(2k + 1), where k € N. Its
eigenvalues are Ay = 2k and A3 = —(5k + 1) with mgo = 5k(7k + 2) and
m3 = 2k‘(7k’ + 2),‘

G is a strongly regular graph of order n = (Tk + 1)? and degree r =
5k(7k + 2) with T = 25k + 8k — 1 and 0 = 5k(5k + 1), where k € N. Its
eigenvalues are Ay = 5k and A3 = —(2k + 1) with mo = 2k(7k + 2) and
m3 = 5k(7k + 2),’

G is a strongly reqular graph of order n = 15(7k — 1)? and degree r =
105k? — 30k + 2 with 7 = 15k? — 12k + 1 and 6 = 3k(5k — 1), where
k € N. Its eigenvalues are Ao = 6k — 1 and A3 = —(15k — 2) with
mgo = 5(105k% — 30k + 2) and m3z = 2(105k? — 30k + 2);

G is a strongly reqular graph of order n = 15(7k — 1)? and degree r =
6(105k% — 30k +2) with 7 = 9(5k —1)(12k — 1) and 6 = 6(6k —1)(15k — 2),
where k € N. [Its eigenvalues are Ao = 15k — 3 and A3 = —6k with
mg = 2(105k% — 30k + 2) and m3z = 5(105k? — 30k + 2);

G is a strongly reqular graph of order n = 15(7k 4+ 1)? and degree r =
105k2 + 30k + 2 with 7 = 15k? + 12k + 1 and 6 = 3k(5k + 1), where
k € N. Its eigenvalues are Ao = 15k + 2 and A3 = —(6k + 1) with
ma = 2(105k% + 30k + 2) and m3 = 5(105k% + 30k + 2);

G is a strongly reqular graph of order n = 15(7k + 1)? and degree r =
6(105k2 + 30k +2) with 7 = 9(5k+1)(12k+1) and 0 = 6(6k+1)(15k+2),
where k € N. Its eigenvalues are Ao = 6k and A3 = —(15k + 3) with
ma = 5(105k% + 30k + 2) and m3 = 2(105k% + 30k + 2);

G is a strongly regular graph of order n = 30(7k — 2)? and degree r =
3(210k? —120k+17) with T = 18(3k—1)(5k—1) and 6 = 6(3k—1)(15k—4),
where k € N. Its eigenvalues are Ay = 30k — 9 and A\g = —(12k — 3) with
mg = 2(210k% — 120k + 17) and m3 = 5(210k% — 120k + 17) ;

G is a strongly reqular graph of order n = 30(7k — 2)? and degree r =
4(210k%?—120k+17) with 7 = 2(240k%?—141k+20) and § = 12(4k—1)(10k—
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3), where k € N. Its eigenvalues are Ay = 12k — 4 and A3 = —(30k — 8)
with my = 5(210k% — 120k + 17) and ms = 2(210k? — 120k + 17);

(7% G is a strongly regular graph of order n = 30(7k + 2)* and degree r =
3(210k2+120k+17) with T = 18(3k+1)(5k+1) and 6 = 6(3k+1)(15k+4),
where k > 0. Its eigenvalues are Ag = 12k + 3 and A3 = —(30k +9) with
ma = 5(210k% + 120k + 17) and mg = 2(210k? + 120k + 17);

(70) G is a strongly regular graph of order n = 30(7k + 2)? and degree r =
A(210k2+120k+17) with 7 = 2(240k2+141k+20) and 6 = 12(4k+1)(10k—+
3), where k > 0. Its eigenvalues are Ag = 30k + 8 and A3 = —(12k + 4)
with ma = 2(210k? 4+ 120k + 17) and m3 = 5(210k* + 120k + 17).

PROOF. First, according to Remark we have 2a(8 — 1) = 5(a — 1), from
which we find that a = 5, § = 3. In view of this we obtain the strongly regular
graph represented in Theorem [ZF (1°). Next, according to Proposition 25l it turns

out that G belongs to the class (2°) or (3°) or (4°) or (5°) or (6°) or (7°) if
ma = (5 )ms. According to PropositionZ0lit turns out that G belongs to the class
(2°) or (3°) or (3°) or (5°) or (6°) or (7°) if mg = (Z)ms. O

PROPOSITION 2.7. Let G be a connected strongly reqular graph of order n and
degree r with my = (3)ms. Then G belongs to the class (TO) or (2%) or (3%) or
(ZO) represented in Theorem [ZGl

PROOF. Let my = 5p, m3 = 3p and n = 8p+ 1 where p € N. Let Ay = k where

k is a positive integer. Then according to Theorem 2] we have (i) A\ = 7%;

(ii) 7 — 0 = —2EH: (iii) 6 = & (iv) r = pt and (v) 0 = pt — @, where

t=1,2,...,7. In this case we can easily see that Theorem 1] (8°) reduces to

(2.7) (3p 4 1)t — 3(8p + 1)t + 40k? + 10kt = 0.

CaseE 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
5’““ , T—0 = 2k+1 , 0= 8’““ ,r=pand§ = WTH“ Using (2.7) we find that

21p+2 = 10k(4k+1) Replacmg k: with 21k —8 we arrive at p = 840k*— 630k +118.
So we obtain that G is a strongly regular graph of order n = 105(8k—3)? and degree
r = 840k% — 630k + 118 with 7 = 105k2 — 91k + 19 and 0 = 7(3k — 1)(5k — 2).
CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that A\ = k and A3 =
—BhE2 r =282 5= ShE2 Yy —Dpand 0 =2p— 51“2;21“. Using (271) we find
that 18p+ 1 = 10k(2k + 1), a contradlctlon because 2 { 18p + 1.

CaskE 3 (¢t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7—5’“;3, T—0= 7—2’“;3, 0 = —Sk;'?’, r=23pand 0 = 3p — —5’“2;%. Using (27) we
find that 9p = 2k(4k + 3). Replacing k with 3k we arrive at p = 2k(4k + 1). So
we obtain that G is a strongly regular graph of order n = (8k + 1)? and degree
r = 6k(4k + 1) with 7 = 9k% + k — 1 and 6 = 3k(3k + 1).

CASE 4 (¢t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—Bh gy =2 =8 —dpand § =4p— 51“2;4’“. Using (7)) we find
that 12p — 1 = 10k(k + 1), a contradlctlon because 21 12p — 1.
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CASE 5 (t = 5). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—BhES r = —2hE5 5= ShED 'y — Bpand 0 = 5p — 51“2;51“. Using ([2.7) we find
that 9p — 2 = 2k(4k + 5). Replacing k with 3k — 1 we arrive at p = 2k(4k — 1).
So we obtain that G is a strongly regular graph of order n = (8k — 1)? and degree
r = 10k(4k — 1) with 7 = 25k% — 7k — 1 and 0 = 5k(5k — 1).

CASE 6 (¢t = 6). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
fL;(s, T—0= fL;'G, 0= 8k+6 , 7 =06pand 0 =6p— 5k2;'6k. Using (27) we find
that 18p — 9 = 10k(2k + 3), a contradlctlon because 2 1 18p — 9.

CASE 7 (t = 7). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—BET r ) = —2EET 5 = BEET = 7p and 0 = Tp — 5k2;'7k. Using (271
we find that 21p — 28 = 10k(4k + 7). Replacing k with 21k 4+ 7 we arrive at
p = 840k? + 630k + 118. So we obtain that G is a strongly regular graph of order
n = 105(8k+3)? and degree r = 7(840k?+630k+118) with 7 = 7(735k%+551k+103)
and 6 = 7(21k + 8)(35k + 13). O

PROPOSITION 2.8. Let G be a connected strongly reqular graph of order n and
degree r with ms = (3)ma. Then G belongs to the class (1°) or (50) or (go) or
(4%) represented in Theorem 2.6

PRrROOF. Let my = 3p, mg = 5p and n = 8p+1 where p € N. Let A3 = —k where

k is a positive integer. Then according to Theorem we have (i) Ao = %; (ii)

779:%,(111)5:775,(1V)7":ptand()H:ptf 7.
In this case we can easily see that Theorem (8%) reduces to

(2.8) (3p 4+ 1)t — 3(8p + 1)t + 40k? — 10kt = 0.

CASE 1 (t = 1). Using (i), (ii), (iii), (iv) and (v) we find that A\ = 221 and
A3 =—k, T— Hf% 5f—r7pand97 W Usmg(l?EI)weﬁndthat

21p+2 = 10k(4k— 1) Replacing k with 21k+8 we arrive at p = 840k*+ 630k +118.
So we obtain that G is a strongly regular graph of order n = 105(8k+3)? and degree
r = 840k? + 630k + 118 with 7 = 105k% + 91k + 19 and 6 = 7(3k + 1)(5k + 2)

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 2222 and
A3 = —k, 779*% 5781“32 r=2pand @ =2p— =2k Usmg(lﬂ)weﬁnd
that 18p+ 1 = 10k(2k — 1), a contradiction because 2 J( 18p + 1.

CaSE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = 352 and
A3 = —k, T—G—L —T*3,r:3pand9=3p—5k3—*3k.Usmg(@)we

find that 9p = 2k(4k - 3) Replacing k& with 3k we arrive at p = 2k(4k — 1). So
we obtain that G is a strongly regular graph of order n = (8k — 1)? and degree
r = 6k(4k — 1) with 7 = 9k% — k — 1 and 6§ = 3k(3k — 1).

CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 264 and
)\3:7k,779:2k3 578k4 ,7=4p and 6 = 4p — 4k . Using (Z8)) we find
that 12p — 1 = 10k(k — 1), a contradlctlon because 2 { 12p —1.

CASE 5 (t = 5). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 2522 and

)\3:7k,779:2k3 57825 r=>5pand § =5p— 5k . Using (2.8) we find
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that 9p — 2 = 2k(4k — 5). Replacing k with 3k + 1 we arrive at p = 2k(4k + 1).
So we obtain that G is a strongly regular graph of order n = (8k + 1)? and degree
r = 10k(4k + 1) with 7 = 25k% + 7k — 1 and 0 = 5k(5k + 1).

CASE 6 (t = 6). Using (i), (ii), (iii), (iv) and (v) we find that Ay = %7_6 and
A3=—k,7—0= %, = %,rszand@zm)—WTfﬁk. Using (Z.8)) we find

that 18p — 9 = 10k(2k — 3), a contradiction because 2 1 18p — 9.

CASE 7 (t = 7). Using (i), (ii), (iii), (iv) and (v) we find that Ay = 22T and
A3 = -k, 7—0 = &;7,5: %,rz?p&md@z?pf‘r’k%m. Using (Z8)
we find that 21p — 28 = 10k(4k — 7). Replacing k with 21k — 7 we arrive at
p = 840k? — 630k + 118. So we obtain that G is a strongly regular graph of order
n = 105(8k—3)% and degree r = 7(840k?—630k+118) with 7 = 7(735k?—551k+103)
and 0 = 7(21k — 8)(35k — 13). O

THEOREM 2.6. Let G be a connected strongly regular graph of order n and
degree v with my = (S)ms or mg = (3)ma. Then G is one of the following

strongly reqular graphs:

(19) G is a strongly regular graph of order n = (8k — 1)? and degree r =
6k(4k — 1) with 7 = 9k* —k — 1 and 6 = 3k(3k — 1), where k € N. Its
eigenvalues are Ay = 5k — 1 and A3 = —3k with mg = 6k(4k — 1) and
ms = 10k(4k — 1);

(TO) G is a strongly reqular graph of order n = (8k — 1)? and degree r =
10k(4k — 1) with T = 25k* — 7k — 1 and 6 = 5k(5k — 1), where k € N. Its
eigenvalues are Ao = 3k — 1 and A3 = —bk with mo = 10k(4k — 1) and
ms3 = 6k‘(4k‘ — 1),‘

(2°) G is a strongly regular graph of order n = (8k + 1)? and degree r =
6k(4k + 1) with 7 = 9k* + k — 1 and § = 3k(3k + 1), where k € N. Its
eigenvalues are Ay = 3k and g = —(bk + 1) with mg = 10k(4k + 1) and
ms = 6k(4k + 1);

(50) G is a strongly reqular graph of order n = (8k + 1)? and degree r =
10k(4k + 1) with 7 = 25k* + Tk — 1 and § = 5k(5k + 1), where k € N. Its
eigenvalues are Ay = 5k and A3 = —(3k + 1) with me = 6k(4k + 1) and
ms = 10k(4k + 1);

(3%) G is a strongly regular graph of order n = 105(8k — 3)? and degree r =
840k2 — 630k + 118 with 7 = 105k2 — 91k + 19 and 0 = 7(3k — 1)(5k — 2),
where k € N. Its eigenvalues are Ay = 21k —8 and A3 = —(35k — 13) with
my = 5(840k? — 630k + 118) and ms = 3(840k? — 630k + 118);

(30) G is a strongly regular graph of order n = 105(8k — 3)% and degree r =
7(840k? — 630k + 118) with 7 = 7(735k% — 551k + 103) and 6 = 7(21k —
8)(35k — 13), where k € N. Its eigenvalues are Ao = 35k — 14 and A3 =
—(21k — 7) with my = 3(840k? — 630k + 118) and m3 = 5(840k? — 630k +
118);

(4%) G is a strongly regular graph of order n = 105(8k + 3)? and degree r =
840k2 + 630k + 118 with 7 = 105k2 + 91k + 19 and 0 = 7(3k + 1)(5k + 2),
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where k > 0. Its eigenvalues are Ay = 35k + 13 and A3 = —(21k + 8) with
my = 3(840k2 + 630k + 118) and m3 = 5(840k% + 630k + 118);

(4") G is a strongly regular graph of order n = 105(8k + 3)? and degree r =
7(840k? + 630k + 118) with T = 7(735k% + 551k + 103) and 6 = 7(21k +
8)(35k + 13), where k > 0. Its eigenvalues are Ay = 21k + 7 and A3 =
—(35k +14) with ma = 5(840k? + 630k + 118) and ms = 3(840k2 + 630k +
118).

PROOF. First, according to Remark we have 3a(8 — 1) = 5(a — 1), from
which we find no integral solution for o and . Next, according to Proposition [Z.7]
it turns out that G belongs to the class (T ) or (2%) or (3°) or (4 ) if my = (5)ms.
According to Proposition L8 it turns out that G belongs to the class (19) or (QO)
or (3°) or (49) if mg = (2)me. a

PROPOSITION 2.9. Let G be a connected strongly reqular graph of order n and
degree v with my = (£ )ms. Then G belongs to the class (50) or (3%) or (4°) or
(5°) or (6°) or (7°) or (8°) or (9°) represented in Theorem ET.

PROOF. Let mg = bp, ma = 4p and n = 9p+ 1 where p € N. Let Ay = k where

k is a positive integer. Then according to Theorem 2] we have (i) A\ = 7%;
(i) 7 — 6 = —EH; (i) 6 = & (iv) r = pt and (v) 6 = pt — %, where
t=1,2,...,8. In this case we can easily see that Theorem [Z1] (8°) reduces to
(2.9) (4p + 1)t% — 4(9p + 1)t + 45k2 + 10kt = 0.

Case 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
ijl,Tf@:fk'H 579’“"’1 ,r=pand  =p 5’“%’“. Using (29) we find that

32p+ 3 = 5k(9k +2). Replacmg k with 8k — 1 we arrive at p = 90k? — 20k + 1. So
we obtain that G is a strongly regular graph of order n = 10(9% — 1)? and degree
r = 90k? — 20k + 1 with 7 = 2k(5k — 2) and 6 = 2k(5k — 1).

CASE 2 (¢t = 2). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
ijQ, T—0= f%, 0= 9k+2 ,r=2pand 0 =2p— 5’“22'%. Using ([Z.9) we find
that 56p+4 = 5k(9k+4). Replacmg k with 28k+6 we arrive at p = 630k?+280k+31.
So we obtain that G is a strongly regular graph of order n = 70(9k +2)? and degree
r = 2(630k? + 280k + 31) with 7 = 280k? + 119k + 12 and 6 = 14(4k + 1)(5k + 1).

CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
_%TH’ T—0= k+3 ,0 = 9k+3 ,r=3pand § =3p— 5’“22'%. Using (Z9) we find
that 24p+1 = 5k(3k+2) Replacmg k with 12k + 1 we arrive at p = 90k2 + 20k + 1.
So we obtain that G is a strongly regular graph of order n = 10(9%+1)? and degree
r = 3(90k2 + 20k + 1) with 7 = 18k(5k + 1) and 6 = (6k + 1)(15k + 1).

CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—#j‘l,r—ﬁ——M 5—%,r:4pand9=4p—5ki+4k. Using (Z9) we find
that 16p = k(9% +8). Replacing k with 4k we arrive at p = k(9k +2). So we obtain
that G is a strongly regular graph of order n = (9% +1)? and degree r = 4k(9k +2)
with 7 = 16k% + 3k — 1 and 6 = 4k(4k + 1).
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CASE 5 (t = 5). Using (i), (ii), (iii), (iv) and (v) we find that A\ = k and A3 =
—5’%5, T—0= kf’ 0= 9’“15 r=>5pand 6 = 5p— 5’“2:51“. Using (Z9) we find
that 16p — 1 = k(9% + 10). Replacing k with 4k — 1 we arrive at p = k(9% — 2).
So we obtain that G is a strongly regular graph of order n = (9% — 1)? and degree
r = 5k(9k — 2) with 7 = 25k? — 6k — 1 and 6 = 5k(5k — 1).

CASE 6 (¢t = 6). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—BREG g = —EEE 5= 96— 6p and 6 = 6p — 5’@2:61“. Using 23) we find
that 24p—4 = 5k:(3k:+4) Replacmg k with 12k — 2 we arrive at p = 90k? — 20k + 1.
So we obtain that G is a strongly regular graph of order n = 10(9k —1)? and degree
r = 6(90k? — 20k + 1) with 7 = 3(120k? — 27k + 1) and 0 = 2(12k — 1)(15k — 2).
CASE 7 (t = 7). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
ST~ = KB 5 = By = Tpand 0 = Tp — —5’“217’“. Using (29)
we find that 56p — 21 = 5k(9k + 14). Replacing k with 28k — 7 we arrive at
p = 630k? — 280k + 31. So we obtain that G is a strongly regular graph of order
n = 70(9% —2)? and degree r = 7(630k* — 280k + 31) with 7 = 14(5k — 1)(49k — 12)
and 6 = 7(14k — 3)(35k — 8).

CASE 8. (t = 8). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and
g =258 7= B8 5= 98 » —gpand § =8p— 5’“22'%. Using ([29) we
find that 32p—32 = 5k(9k+16) Replacmg k with 8k we arrive at p = 90k24-20k+1.
So we obtain that G is a strongly regular graph of order n = 10(9k+1)? and degree
r = 8(90k? + 20k + 1) with 7 = 2(320k? + 71k +3) and § = 8(8k +1)(10k+1). O

PRrROPOSITION 2.10. Let G be a connected strongly reqular graph of order n and
degree v with ms = (2)may. Then G belongs to the class (2°) or (go) or (ZO) or
(5%) or (6°) or (7°) or (8°) or (9°) represented in Theorem ET.

PRrROOF. Let my = 4p, ms = 5p and n = 9p+1 where p € N. Let A3 = —k where
kis a positive integer. Then according to Theorem we have (i) Ao = 2E=L; (i)

T—0 =22t (ifi) 6 = 2L (iv) r = pt and (v) 9=pt—5k2;kt, , 7...,8.
In this case we can easily see that Theorem (8%) reduces to
(2.10) (4p 4+ 1)t — 4(9p + 1)t + 45k? — 10kt = 0.
Case 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 221 and
)\3:—1@’,7—9:%,5:%7_,r—pand9—p Sk —k Usmg(m)weﬁnd

that 32p+ 3 = 5k(9%k — 2). Replacing k with 8k + 1 we arrlve at p = 90k? 4+ 20k + 1.
So we obtain that G is a strongly regular graph of order n = 10(9k+1)? and degree
r = 90k? + 20k + 1 with 7 = 2k(5k + 2) and 0 = 2k(5k + 1).

CASE 2 (t = 2). Using (), () (iii), (iv) and (v) we ﬁnd that Ay = 222 and
M=k, 7—0=E2 §=9%=2 . _9pandf=2p— % . Using (ZI0) we find
that 56p+4 = 5k:(9k: 4) Replacmg k with 28k—6 we arrive at p = 630k%2—280k+31.

So we obtain that G is a strongly regular graph of order n = 70(9k —2)? and degree
r = 2(630k% — 280k + 31) with 7 = 280k% — 119k + 12 and 6 = 14(4k — 1)(5k — 1).
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Case 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 223 and
Agz—k,r—ez—5——r—3pand9—3p 3k Usmg(m)weﬁnd
that 24p+1 = 5k(3k —2). Replacing k with 12k — 1 we arrive at p = 90k? — 20k + 1.
So we obtain that G is a strongly regular graph of order n = 10(9%k —1)? and degree
r = 3(90k? — 20k + 1) with 7 = 18k(5k — 1) and 6 = (6k — 1)(15k — 1).

CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = 2% and
Agz—k,r—e—kT 5——r—4pand9—4p 4k . Using (2I0) we find
that 16p = k(9% — 8). Replacing k with 4k we arrive at p = k(9k 2). So we obtain
that G is a strongly regular graph of order n = (9% —1)? and degree r = 4k(9k — 2)
with 7 = 16k% — 3k — 1 and 6 = 4k(4k — 1).

CASE 5 (t = 5). Using (1), (ii), (iii), (iv) and (v) we ﬁnd that Ao = 2£=2 and
Ag=—k,7—0="225="2%5"p=5pand 6 = 5p— 2% Using ([ZI0) we find
that 16p — 1 = k(gk —10). Replacing k with 4k + 1 we arrive at p = k(9% + 2).
So we obtain that G is a strongly regular graph of order n = (9% + 1)? and degree
r = 5k(9k + 2) with 7 = 25k? 4+ 6k — 1 and 0 = 5k(5k + 1).

CASE 6 (t = 6). Using (), () (iii), (iv) and (v) we ﬁnd that A\ = 226 and
Ag=—k,7—0="206="225 "1 —=6pand O = 6p— O~ Usmg(m)weﬁnd
that 24p—4 = 5k:(3k: 4). Replacmg k with 12k +2 we arrive at p = 90k? +20k+ 1.
So we obtain that G is a strongly regular graph of order n = 10(9%+1)? and degree
r = 6(90k? + 20k + 1) with 7 = 3(120k? + 27k + 1) and 0 = 2(12k + 1)(15k + 2).
CASE 7 (t = 7). Using (i), (ii), (iii), (iv) and (v) we find that Ay = 32=T and
A3 =—k, 7—60= %, 0 = %, r="Tpand § = 7p — 5’“4_7’“. Usmg 210
we find that 56p — 21 = 5k(9k — 14). Replacing k with 28k + 7 we arrive at
p = 630k? + 280k + 31. So we obtain that G is a strongly regular graph of order
n = 70(9k+2)? and degree r = 7(630k* 4 280k + 31) with 7 = 14(5k +1)(49k + 12)
and 6 = 7(14k + 3)(35k + 8).

CASE 8 (t = 8). Using (), () (iii), (iv) and (v) we ﬁnd that A\ = 228 and
Ag=—k,7—0="278 5= p—8pand = 8p— -8~ Usmg(m)weﬁnd
that 32p — 32 = 5k(9k —16). Replacmg k with 8k we arrive at p = 90k? — 20k + 1.
So we obtain that G is a strongly regular graph of order n = 10(9%k —1)? and degree
r = 8(90k2 — 20k + 1) with 7 = 2(320k% — 71k +3) and 6 = 8(8k — 1)(10k—1). O

REMARK 2.7. We note that 5K is a strongly regular graph with my = (%)ms
It is obtained from class Theorem 7] (ﬁo) for k= 0.

THEOREM 2.7. Let G be a connected strongly regular graph of order n and
degree r with my = (2)ms or mg = (£)ma. Then G is one of the following
strongly reqular graphs:

(1°) G is the strongly reqular graph 5Ko of order n = 10 and degree r = 8 with

7 =06 and § = 8. Its eigenvalues are Ao = 0 and A3 = —2 with mo =5
and mg = 4;

(2°) G is a strongly regular graph of order n = (9k — 1)? and degree r =

4k(9k — 2) with 7 = 16k? — 3k — 1 and = 4k(4k — 1), where k € N. Its
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eigenvalues are Ay = 5k — 1 and A3 = —4k with my = 4k(9k — 2) and
ms = 5k(9k — 2);

G is a strongly regular graph of order n = (9k — 1)? and degree r =
5k(9k — 2) with T = 25k? — 6k — 1 and 0 = 5k(5k — 1), where k € N. Its
eigenvalues are Ao = 4k — 1 and A3 = —5k with mg = 5k(9k — 2) and
ms = 4k(9k — 2);

G is a strongly regular graph of order n = (9% + 1)? and degree r =
4k(9k + 2) with 7 = 16k? + 3k — 1 and 0 = 4k(4k + 1), where k € N. Its
eigenvalues are Ay = 4k and A3 = —(5k + 1) with mg = 5k(9% + 2) and
ms = 4k(9k + 2),’

G is a strongly regular graph of order n = (9k + 1)? and degree r =
5k(9k + 2) with T = 25k? + 6k — 1 and 0 = 5k(5k + 1), where k € N. Its
eigenvalues are Ay = 5k and A3 = —(4k + 1) with mg = 4k(9% + 2) and
m3 = 5k‘(9k’ + 2),‘

G is a strongly regular graph of order n = 10(9k — 1)? and degree r =
90k? — 20k + 1 with 7 = 2k(5k — 2) and 6 = 2k(5k — 1), where k € N.
Its eigenvalues are Ay = 8k — 1 and A3 = —(10k — 1) with mg = 5(90k? —
20k + 1) and m3 = 4(90k* — 20k + 1);

G is a strongly regular graph of order n = 10(9k — 1)? and degree r =
8(90k? — 20k + 1) with T = 2(320k? — 71k +3) and 0 = 8(8k —1)(10k — 1),
where k € N. Its eigenvalues are Ay = 10k — 2 and A3 = —8k with
ma = 4(90k? — 20k + 1) and mz = 5(90k* — 20k + 1);

G is a strongly regular graph of order n = 10(9k — 1)? and degree r =
3(90k? — 20k + 1) with T = 18k(5k — 1) and 0 = (6k — 1)(15k — 1), where
k € N. Its eigenvalues are Ay = 15k — 2 and A3 = —(12k — 1) with
may = 4(90k? — 20k + 1) and mz = 5(90k% — 20k + 1);

G is a strongly regular graph of order n = 10(9k — 1)? and degree r =
6(90k% — 20k +1) with 7 = 3(120k* —27k+1) and § = 2(12k—1)(15k —2),
where k € N. Its eigenvalues are Ay = 12k — 2 and Ag = —(15k — 1) with
mao = 5(90k? — 20k + 1) and mz = 4(90k? — 20k + 1);

G is a strongly regular graph of order n = 10(9k + 1)? and degree r =
90k? + 20k + 1 with T = 2k(5k + 2) and 0 = 2k(5k + 1), where k € N.
Its eigenvalues are Ay = 10k +1 and A3 = —(8k + 1) with mq = 4(90k? +
20k + 1) and mg = 5(90k? + 20k + 1);

G is a strongly regular graph of order n = 10(9k + 1)? and degree r =
8(90k? 4 20k + 1) with T = 2(320k*+ 71k +3) and 6 = 8(8k+1)(10k+1),
where k € N. Its eigenvalues are Ay = 8k and Ag = —(10k + 2) with
mao = 5(90k? + 20k + 1) and mz = 4(90k? + 20k + 1);

G is a strongly reqular graph of order n = 10(9k + 1)? and degree r =
3(90k? + 20k + 1) with T = 18k(5k + 1) and 0 = (6k + 1)(15k + 1), where
k > 0. Its eigenvalues are Ao = 12k + 1 and A3 = —(15k + 2) with
my = 5(90k? + 20k + 1) and m3 = 4(90k? 4 20k + 1);

G is a strongly regular graph of order n = 10(9k + 1)? and degree r =
6(90k? 420k +1) with T = 3(120k?+27k+1) and 0 = 2(12k+1)(15k+2),



54 MIRKO LEPOVIC

where k > 0. Its eigenvalues are Ag = 15k + 1 and A3 = —(12k + 2) with
mao = 4(90k? + 20k + 1) and ms = 5(90k> + 20k + 1);

(8%) G is a strongly regular graph of order n = T0(9k — 2)? and degree r =
2(630k2 — 280k +31) with T = 280k —119k+12 and 6 = 14(4k—1)(5k—1),
where k € N. Its eigenvalues are Ay = 35k — 8 and A\g = —(28k — 6) with
ma = 4(630k% — 280k + 31) and mg = 5(630k? — 280k + 31);

(8") G is a strongly regular graph of order n = T0(9k — 2)? and degree r =
7(630k2—280k+31) with = 14(5k—1)(49k—12) and 8 = 7(14k—3)(35k—
8), where k € N. Its eigenvalues are Ay = 28k — 7 and A3 = —(35k — 7)
with ma = 5(630k% — 280k + 31) and m3 = 4(630k* — 280k + 31);

(9%) G is a strongly regular graph of order n = T0(9k + 2)? and degree r =
2(630k%+280k+31) with 7 = 280k*+119k+12 and 6 = 14(4k+1)(5k+1),
where k > 0. Its eigenvalues are Ag = 28k + 6 and A3 = —(35k + 8) with
mg = 5(630k2 + 280k + 31) and m3 = 4(630k2 + 280k + 31);

(QO) G is a strongly regular graph of order n = 70(9k + 2)? and degree r =
7(630k2+280k+31) with T = 14(5k+1)(49k+12) and 0 = 7(14k+3)(35k—+
8), where k > 0. Its eigenvalues are Ao = 35k + 7 and A3 = —(28k + 7)
with mo = 4(630k% + 280k + 31) and ms3 = 5(630k2 + 280k + 31).

PROOF. First, according to Remark we have 4a(8 — 1) = 5(a — 1), from
which we find that & = 5, § = 2. In view of this we obtain the strongly regular
graph represented in Theorem 7 (1°). Next, according to Proposition Z3it turns
out that G belongs to the class (2°) or (3°) or (4°) or (5°) or (6°) or (7°) or
(go) or (9%) if my = (2)ms3. According to Proposition ZI0 it turns out that G
belongs to the class (20) or (3°) or (@°) or (5°) or (6°) or (7°) or (8°) or (9°) if

ms = (%)mg. O

PROPOSITION 2.11. Let G be a connected strongly reqular graph of order n and
degree v with my = (£)ms. Then G belongs to the class (QO) or (3%) or (4%) or
(") or (6°) or (7°) or (8°) or (3°) or (10°) or (11°) represented in Theorem 8.

PROOF. Let mg = 6p, mg = 5pand n = 11p+1 where p € N. Let Ay = k where

k is a positive integer. Then according to Theorem 2] we have (i) A3 = —%;
(i) 7 — 0 = f%; (iii) 6 = %; (iv) r = pt and (v) 0 = pt — 6’“2;'“, where
t=1,2,...,10. In this case we can easily see that Theorem 211 (8°) reduces to
(2.11) (5p + 1)t? — 5(11p + 1)t + 66k* + 12kt = 0.

CaseE 1 (¢t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7%,779:7%,5:%,r:pand9:p76k2T+k. Using (ZI1]) we find
that 25p+2 = 3k(11k+2). Replacing k with 5k — 1 we arrive at p = 33k? — 12k + 1.
So we obtain that G is a strongly regular graph of order n = 3(11k —2)? and degree
r =33k%* — 12k + 1 with 7 = k(3k — 2) and 0 = k(3k — 1).

CASE 2 (t = 2). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—Okt2 g = kB2 5= LEE2 o — 9 and 0 = 2p— —6k2;2k. Using (2I1) we find
that 15p+1 = k(11k+4). Replacing k with 15k—7 we arrive at p = 165k2—150k+34.
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So we obtain that G is a strongly regular graph of order n = 15(11k—5)? and degree
r = 2(165k% — 150k + 34) with 7 = 60k? — 57k + 13 and 6 = 6(2k — 1)(5k — 2).
CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
6k+3 , T—0 = k+3 , 0= 11k+3 ,7=3pand § =3p— 6k25+3k. Using (ZI1) we find
that 20p+ 1= kz(llkz—l—ﬁ) Replacmg k with 10k — 3 we arrive at p = 55k2 — 30k + 4.
So we obtain that G is a strongly regular graph of order n = 5(11k —3)? and degree
r = 3(55k? — 30k + 4) with 7 = 45k — 26k + 3 and 0 = 3(3k — 1)(5k — 1).
CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we find that A\ = k and A3 =
—%, T—0=— k+4 § = Lk+d r=4pand9:4p—WT+‘”“. Using (211)
we find that 70p + 2 = Sk(llk + 8). Replacing k with 70k + 6 we arrive at p =
2310k2 4 420k + 19. So we obtain that G is a strongly regular graph of order n =
210(11k+1)? and degree r = 4(2310k? + 420k +19) with 7 = 2(1680k?+ 301k +13)
and 0 = 28(10k 4+ 1)(12k + 1).
CASE 5 (¢t = 5). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
7&9’5, T—0= f%, 0= %5*'5, r:5pand9:5pf6k2T+5k. Using (ZI0) we
find that 25p = k(11k + 10). Replacing k with 5k we arrive at p = k(11k + 2). So
we obtain that G is a strongly regular graph of order n = (11k + 1)? and degree
r = 5k(11k + 2) with 7 = 25k% + 4k — 1 and 0 = 5k(5k + 1).
CASE 6 (t = 6). Using (i), (ii), (iii), (iv) and (v) we find that A\ = k and A3 =
6’?6 T—0= k+6 , 0= 11k+6 ,7==6pand = 6p— 6k2;6k. Using (2I1) we find
that 25p — 1 = k(llk +12). Replacmg k with 5k — 1 we arrive at p = k(11k — 2).
So we obtain that G is a strongly regular graph of order n = (11k —1)? and degree
r = 6k(11k — 2) with 7 = 36k% — 7k — 1 and 6 = 6k(6k — 1).
CASE 7 (t = 7). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—%, T—0 = —M 0 = 1’?7, r = "Tpand 6 = 7p—6’“2T+7k. Using (Z.110)
we find that 70p — 7 = 3k(11k + 14). Replacing k& with 70k — 7 we arrive at
p = 2310k? — 420k + 19. So we obtain that G is a strongly regular graph of order
n = 210(11k—1)2 and degree r = 7(2310k%—420k+19) with 7 = 14(735k%—134k+6)
and 6 = 14(21k — 2)(35k — 3).
CaskE 8 (¢t = 8). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
—OhtS = K8 5= LEE8 o — 8pand 0 = ShWT*Sk. Using ([ZI1) we find
that 20p—4 = k(11k+16). Replacing k with 10k+2 we arrive at p = 55k%+ 30k +4.
So we obtain that G is a strongly regular graph of order n = 5(11k+3)? and degree
r = 8(55k? + 30k + 4) with 7 = 2(5k + 1)(32k + 11) and 0 = 8(4k + 1)(10k + 3).
CASE 9 (t = 9). Using (i), (ii), (iii), (iv) and (v) we find that Ay = k and A3 =
%, T—0 = k;rg 0 = 11’?9, r = 9p and 6 = 9p—6’“2T+9k. Using (211)
we find that 15p — 6 = k(11k + 18). Replacing k with 15k + 6 we arrive at p =
165k% + 150k + 34. So we obtain that G is a strongly regular graph of order
n = 15(11k+5)? and degree r = 9(165k+ 150k +34) with 7 = 3(405k? + 368k + 83)
and 6 = 9(9k +4)(15k + 7).
Case 10 (¢ = 10). Using (i), (ii), (iii), (iv) and (v) we find that A = k and
Az = fw, T—0= fk+510, 0= Hk;'lo, r = 10p and 0 = 10p — 76k2—é-10k' Using
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(ZII) we find that 25p — 25 = 3k(11k + 20). Replacing k with 5k we arrive at
p = 33k%2 + 12k 4+ 1. So we obtain that G is a strongly regular graph of order
n = 3(11k +2)? and degree r = 10(33k% + 12k + 1) with 7 = 300k2 + 109k + 8 and
6 = 10(5k + 1)(6k + 1). O

PROPOSITION 2.12. Let G be a connected strongly reqular graph of order n and
degree v with ms = (<)ma. Then G belongs to the class (2°) or (30) or (ZO) or
(59) or (8°) or (7°) or (8°) or (9°) or (10°) or (I1°) represented in Theorem 8.

PROOF. Let mgy = 5p, mg = 6p and n = 11p + 1 where p € N. Let A\3 = —k

where k is a positive integer. Then according to Theorem 22l we have ( ) Ay = Gkt

()7'797 kot (ii) 6 = LE=L; (iv) v = pt and (v) 6 = pt — =K where
t=1,2,...,10. In this case we can easily see that Theorem 2] (8°) reduces to
(2.12) (5p+ 1)t* — 5(11p + 1)t + 66k? — 12kt = 0.

CasE 1 (t = 1). Using (i), (ii), (iii), (iv) and (v) we find that Ay = %=1 and
Ag=—k,7—0="5L =11 "»—pandd =p— %=k Using @ZIZ) we find

that 25p+2 = 3k:(11k: 2). Replacing k with 5k +1 we arrive at p = 33k + 12k + 1.
So we obtain that G is a strongly regular graph of order n = 3(11k+2)? and degree
r=33k? + 12k + 1 with 7 = k(3k + 2) and 6§ = k(3k + 1).

CASE 2 (t = 2). Using (i), (i), (iii), (iv) and (v) we ﬁnd that Ay = %=2 and
Ag=—k,7—0="52 =12 » —2pandf =2p— Qk.Usmg([QZEZI)vveﬁnd
that 15p+1 = k(1 1k: 4) Replacmg k with 15k+7 we arrlve at p = 165k2+150k+34.
So we obtain that G is a strongly regular graph of order n = 15(11k+5)? and degree
r = 2(165k% + 150k + 34) with 7 = 60k? + 57k + 13 and 0 = 6(2k + 1)(5k: + 2)
CASE 3 (t = 3). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = %3 and
A3 =—k, 7— 9*k3 571%3 ,r=3pand § = 3p— Sk.Usmg(m)weﬁnd
that 20p+1 = k(llk 6). Replacmg k with 10k +3 we arrlve at p = 55k% + 30k + 4.
So we obtain that G is a strongly regular graph of order n = 5(11k+3)? and degree
r = 3(55k? + 30k + 4) with 7 = 45k> + 26k + 3 and 6 = 3(3k + 1)(5k + 1)

CASE 4 (t = 4). Using (i), (ii), (iii), (iv) and (v) we find that Ay = =2 and
A3 =k, 7—0= ’“5;4, 0 = 1”“5*4, r = 4p and 6 = 4p—m“—g‘““. Usmg 212
we find that 70p + 2 = 3k(11k — 8). Replacing k with 70k — 6 we arrive at p =
2310k2 — 420k + 19. So we obtain that G is a strongly regular graph of order n =
210(11k —1)? and degree r = 4(2310k2 — 420k + 19) with 7 = 2(1680k? — 301k + 13)
and 6 = 28(10k — 1)(12k — 1).

CASE 5 (t = 5). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = =5 and
3=k r—0=2% = 5711’;—5,7"f5pand9*5p Usmg(m)we
find that 25p = k(11k — 10). Replacing k with 5k we arrive at p=k(11k —2). So
we obtain that G is a strongly regular graph of order n = (11k — 1)? and degree
r =5k(11k — 2) with 7 = 25k — 4k — 1 and 6 = 5k(5k — 1).

CASE 6 (t = 6). Using (i), (ii), (iii), (iv) and (v) we ﬁnd that Ay = %6 and
N3=—k,7—0=E = 6 §=1E=6 1 —6pand b =6p— Gk . Using [2Z12)) we find
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that 25p — 1 = k(11k — 12). Replacing k with 5k + 1 we arrive at p = k(11k + 2).
So we obtain that G is a strongly regular graph of order n = (11k + 1)? and degree
r = 6k(11k + 2) with 7 = 36k* + 7k — 1 and 0 = 6k(6k + 1).

CASE 7 (t = 7). Using (i), (i), (iii), (iv) and (v) we find that Ay = %7 and

A3 = —k, 71—0 = %, 0 = —11%_7, r=7Tpand 0 = Tp — 6’“25_7k. Using ([212))
we find that 70p — 7 = 3k(11k — 14). Replacing k& with 70k + 7 we arrive at
p = 2310k2 + 420k + 19. So we obtain that G is a strongly regular graph of order
n = 210(11k+1)? and degree r = 7(2310k?+420k+19) with 7 = 14(735k>+134k+6)

and 6 = 14(21k + 2)(35k + 3).
CASE 8 (t = 8). Using (i), (
A3=—k, 7—60= %, § = 11’;‘ ,7=8pand § = 8p— 6k25_8k. Using ([212) we find
that 20p—4 = k(11k—16). Replacing k with 10k —2 we arrive at p = 55k — 30k +4.
So we obtain that G is a strongly regular graph of order n = 5(11k — 3)? and degree
r = 8(55k2 — 30k + 4) with 7 = 2(5k — 1)(32k — 11) and 6 = 8(4k — 1)(10k — 3).

CasE 9 (t =9). Using (i), (ii), (iii), (iv) and (v) we find that Ao = %2 and A3 =
-k, 7—0= %, 0= 11%_9, r=9pand § = 9p— 6’“25_9’“. Using (212) we find that
15p—6 = k(11k —18). Replacing k with 15k —6 we arrive at p = 165k? — 150k + 34.
So we obtain that G is a strongly regular graph of order n = 15(11k—5)? and degree
r = 9(165k% — 150k + 34) with 7 = 3(405k% — 368k +83) and 0 = 9(9k — 4)(15k — 7).
Case 10 (¢t = 10). Using (i), (ii), (iii), (iv) and (v) we find that Ay = %212 and
A3 = —k, 7—0 = k})m, 6 = 11k57107 r = 10p and § = 10p — 6’92%01“. Using
ZI2) we find that 25p — 25 = 3k(11k — 20). Replacing k with 5k we arrive at
p = 33k% — 12k + 1. So we obtain that G is a strongly regular graph of order
n = 3(11k — 2)? and degree r = 10(33k% — 12k + 1) with 7 = 300k? — 109k + 8 and
6 = 10(5k — 1)(6k — 1). O

i), (iii), (iv) and (v) we find that Ay = %8 and
8

REMARK 2.8. We note that 6 K5 is a strongly regular graph with my = (%)ms
It is obtained from the class Theorem [Z§ (50) for k = 0.

THEOREM 2.8. Let G be a connected strongly regular graph of order n and
degree v with my = (L)ms or mg = (L)ma. Then G is one of the following

strongly reqular graphs: ’

(1) G is the strongly regular graph 6Kz of order n = 12 and degree r = 10
with 7 = 8 and 6 = 10. [ts eigenvalues are Ay = 0 and A3 = —2 with
me =6 and mg = 5;

(2°) G is a strongly regular graph of order n = (11k — 1)? and degree r =
5k(11k — 2) with T = 25k? — 4k — 1 and 0 = 5k(5k — 1), where k € N. Its
eigenvalues are Ay = 6k — 1 and A3 = —bk with me = 5k(11k — 2) and
ms = 6k(11k — 2);

(50) G is a strongly regular graph of order n = (11k — 1)? and degree r =
6k(11k — 2) with T = 36k? — 7k — 1 and 0 = 6k(6k — 1), where k € N. Its
eigenvalues are Ao = bk — 1 and A3 = —6k with mo = 6k(11k — 2) and
ms = 5k(11k — 2);
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G is a strongly regular graph of order n = (11k + 1)? and degree r =
5k(11k + 2) with T = 25k? + 4k — 1 and 0 = 5k(5k + 1), where k € N. Its
eigenvalues are Ao = bk and A3 = —(6k + 1) with my = 6k(11k 4+ 2) and
ms = 5k(11k + 2);

G is a strongly regular graph of order n = (11k + 1)? and degree r =
6k(11k + 2) with T = 36k? + 7k — 1 and 0 = 6k(6k + 1), where k € N. Its
eigenvalues are Ao = 6k and A3 = —(5k + 1) with my = 5k(11k + 2) and
ms = 6k(11k + 2);

G is a strongly reqular graph of order n = 3(11k — 2)? and degree r =
33k? — 12k + 1 with 7 = k(3k — 2) and § = k(3k — 1), where k € N. Its
eigenvalues are Ay = 5k—1 and \3 = —(6k—1) with ma = 6(33k*>—12k+1)
and mz = 5(33k%* — 12k + 1);

G is a strongly reqular graph of order n = 3(11k — 2)? and degree r =
10(33k2 — 12k + 1) with T = 300k? — 109k + 8 and 6 = 10(5k — 1)(6k — 1),
where k € N. Its eigenvalues are Ao = 6k — 2 and A3 = —bk with my =
5(33k* — 12k + 1) and m3 = 6(33k* — 12k + 1);

G is a strongly reqular graph of order n = 3(11k + 2)? and degree r =
33k% + 12k + 1 with 7 = k(3k + 2) and 0 = k(3k + 1), where k € N. Its
eigenvalues are Ay = 6k+1 and \3 = —(5k—+1) with mg = 5(33k?+12k+1)
and m3 = 6(33k% + 12k + 1);

G is a strongly reqular graph of order n = 3(11k + 2)? and degree r =
10(33k? 4+ 12k + 1) with T = 300k® 4+ 109k +8 and 6 = 10(5k+1)(6k + 1),
where k € N. [Its eigenvalues are Ay = 5k and A3 = —(6k + 2) with
ma = 6(33k? + 12k + 1) and ms = 5(33k% + 12k + 1);

G is a strongly reqular graph of order n = 5(11k — 3)? and degree r =
3(55k% — 30k + 4) with 7 = 45k* — 26k + 3 and 0 = 3(3k — 1)(5k — 1),
where k € N. Its eigenvalues are Ay = 10k — 3 and A\g = —(12k — 3) with
may = 6(55k? — 30k +4) and ms = 5(55k% — 30k + 4);

G is a strongly reqular graph of order n = 5(11k — 3)? and degree r =
8(55k? — 30k +4) with T = 2(5k—1)(32k —11) and 0 = 8(4k —1)(10k—3),
where k € N. Its eigenvalues are Ay = 12k — 4 and A3 = —(10k — 2) with
mao = 5(55k? — 30k +4) and ms = 6(55k% — 30k + 4);

G is a strongly regular graph of order n = 5(11k + 3)? and degree r =
3(55k? + 30k + 4) with T = 45k? + 26k + 3 and 0 = 3(3k + 1)(5k + 1),
where k > 0. Its eigenvalues are Ag = 12k + 3 and A3 = —(10k + 3) with
mgo = 5(55k2 + 30k + 4) and mz = 6(55k% + 30k + 4);

G is a strongly reqular graph of order n = 5(11k + 3)? and degree r =
8(55k? + 30k +4) with T = 2(5k+1)(32k+11) and 0 = 8(4k+1)(10k+3),
where k > 0. Its eigenvalues are Ag = 10k + 2 and A3 = —(12k + 4) with
ma = 6(55k? + 30k +4) and ms = 5(55k% + 30k + 4);

G is a strongly regular graph of order n = 15(11k — 5)% and degree r =
2(165k% — 150k + 34) with T = 60k? — 57k + 13 and 6 = 6(2k —1)(5k — 2),
where k € N. Its eigenvalues are Ay = 15k — 7 and Ag = —(18k — 8) with
ma = 6(165k% — 150k + 34) and mg = 5(165k? — 150k + 34);
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(go) G is a strongly reqular graph of order n = 15(11k — 5)% and degree r =
9(165k2 — 150k +34) with T = 3(405k%—368k+83) and = 9(9k—4)(15k—
7), where k € N. Its eigenvalues are Ay = 18k — 9 and A3 = —(15k — 6)
with my = 5(165k% — 150k + 34) and ms = 6(165k% — 150k + 34);

(9%) G is a strongly regular graph of order n = 15(11k + 5)? and degree r =
2(165k* + 150k + 34) with T = 60k* + 57k + 13 and 6 = 6(2k + 1)(5k +2),
where k > 0. Its eigenvalues are Ag = 18k + 8 and A3 = —(15k + 7) with
mg = 5(165k2 + 150k + 34) and m3 = 6(165k2 + 150k + 34);

(go) G is a strongly reqular graph of order n = 15(11k + 5)% and degree r =
9(165k%+ 150k +34) with T = 3(405k>+368k+83) and 6 = 9(9k+4)(15k+
7), where k > 0. Its eigenvalues are Ag = 15k + 6 and A3 = —(18k + 9)
with my = 6(165k2 + 150k + 34) and my = 5(165k2 + 150k + 34);

(10%) G is a strongly regular graph of order n = 210(11k — 1) and degree r =
A(2310K2 — 420k + 19) with T = 2(1680k2 — 301k + 13) and 0 = 28(10k —
1)(12k — 1), where k € N. Its eigenvalues are Ay = 84k — 8 and A3 =
~(70k — 6) with my = 5(2310k2 — 420k +19) and ms = 6(2310k2 — 420k +
19);

(EO) G is a strongly regular graph of order n = 210(11k — 1)? and degree r =
7(2310k2 — 420k + 19) with T = 14(735k2 — 134k + 6) and 0 = 14(21k —
2)(35k — 3), where k € N. Its eigenvalues are Ay = 70k — 7 and A3 =
—(84k — 7) with my = 6(2310k2 — 420k +19) and ms = 5(2310k% — 420k +
19);

(11°) G is a strongly regular graph of order n = 210(11k + 1)? and degree r =
4(2310k2 + 420k + 19) with T = 2(1680k2 + 301k + 13) and 0 = 28(10k +
1)(12k + 1), where k > 0. Its eigenvalues are Ag = 70k + 6 and A3 =
—(84k +8) with my = 6(2310k? 4420k +19) and mg = 5(2310k% + 420k +
19);

(ﬁo) G is a strongly regular graph of order n = 210(11k + 1)? and degree r =
7(2310k2 + 420k + 19) with T = 14(735k% + 134k + 6) and 0 = 14(21k +
2)(35k + 3), where k > 0. Its eigenvalues are Ay = 84k + 7 and A3 =
(70K +7) with ma = 5(2310k2 + 420k +19) and ms = 6(2310k + 420k +
19).

PRrROOF. First, according to Remark [Z3] we have 5a(5 — 1) = 6(av — 1), from
which we find that & = 6, § = 2. In view of this we obtain the strongly regular
graph represented in Theorem 2| (1°). Next, according to PropositionZIT]it turns
out that G belongs to the class (QO) or (3%) or (4°) or (50) or (6%) or (70) or (8%)
or (9°) or (T0°) or (119) if my = (£)ms. According to Proposition it turns
out that G belongs to the class (20) or (3°) or (1°) or (5°) or (6°) or (7°) or (8°)

or (9°) or (10°) or (11°) if ms = (L)me. O
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3. Concluding remarks

Using Theorems 2] and it is possible to describe the parameters n, r, 7
and @ for any connected strongly regular graph by using only one parameter k. In
the forthcoming paper we shall describe the parameters n, r, 7 and 6 for stronglyﬁ
regular graphg] with my = gmg and mg = gms for ¢ = %, %, %, %, %.
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4All the results in this paper are verified by using the computer program srgpar.exe, written
by the author in the programming language Borland C++Builder 5.5.

50ne can use the web page https://www.win.tue.nl/~{ }aeb/graphs/srg/srgtab.html that
contains the parameters of strongly regular graphs from 5 up to 1300 vertices.
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