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1. Introduction and results

A measurable function f: [a, +00) + (0, 400) (a > 0) is called slowly varying in the sense of Karamata (see e.g. [10])
if it satisfies the following condition:

lim T _
im =1
X—+00 f(x)

(1)

for every A > 0. The class of all these functions (denoted by SV') is the main object in Karamata’s theory (see e.g. [1]).
A measurable function f: [a, +00) — (0, +00) (a > 0) is called rapidly varying in the sense of de Haan with the index
of variability +oo (see e.g. [3]) if it satisfies the following condition:

o)
Jm ) = +oo

(2)

for every A > 1.
This functional class is denoted by R..,. The theory of rapid variability (with its generalizations) is an important part of
asymptotical analysis and game theory (see e.g.[1,4,7,5,9,11]).

Remark 1.1. In this paper we will consider an elements from classes SV and R., defined in (0, +00), without loss of
generality.

Let F©® be the set of all functions f: (0, +00) — (0, +00) which are bounded in (0, ) for every & € (0, +00), and for
which lim sup, . , . f(x) = +o00 (see [2]).
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For any f € F(®, the positive, nondecreasing and unbounded function
[T =inffx > 0] f(x) > y} (3)

defined in (b, +00) foreveryy > b = inf{f(t) | t € (O, +oo)} > 0 is its generalized inverse (see e.g. [1]). It is a very
important object in asymptotic analysis (see e.g.[7,8,6,5]) and it can be used to characterize relationships between functional
classes SV and R, (see e.g.[1,7]).

Let F* = {f € F | liminf,_, 100 f(t) = —l—oo}. Now, for any f € F*, we will consider the following two positive and
nondecreasing functions:
1° f<'y) =inf{x > 0| f(x) > y}, and
2° f<U(y) =sup{x > 0| f(x) <y},
foreveryy > b. These functions are important generalizations of the generalized inverse for elements from F* (see e.g. [2]).
Actually, f<l(y) < f<(y) < f<U(y) is satisfied for any f € F*®, and every y € (b, +00). Furthermore, if f is a continuous
and strictly increasing function, the previous inequalities become equalities and the observed value is equal to f ~!(y), where
f~1is the inverse of a function f. It can be proved that f ~!(f(x)) < x < f<"(f(x)) is satisfied for any f € F* and every
x > 0. Also, it can be proved that the following two assertions:
1. x < f<!(y) ifand only if f (x) < y and
2. f=H(y) < xifand only if f (x) >y
are satisfied forx > 0 andy > b, where

3° f(x) = sup{f(t) | t < x} and
4° f(x) =inf{f(t) | t = x},
for every x > 0. More about functions f and f, for f € F*, can be found in [1]. Here we note that these functions
are positive and nondecreasing and it holds that f(x) < f(x) < f(x) for every x > 0. Thus, it can be concluded that
f') =sup{x>0|f(x) <y}andf—"@) =inf{x > 0|y < f(x)}, forany f € F* and everyy > b.

In the following theorem we give multiple characterizations of functions from the class R, which belong to the class F*°.

Theorem 1.1. Let f € F* be a measurable function. The following assertions are mutually equivalent:

(a) afunction f belongs to Ryo;

(b) limy_, oo infy; ff((?) = +ooforeveryL > 1;
A
() limy— 400 %{(AX);) = 400 forevery A > 1;
(d) limy_ 400 fj:‘,(gy{) = 1forevery » > 1;
(e) let g: (b, +00) > (0, +-00) be a measurable function such that f <'(y) < g(y) < f<“(y) foreveryy > b; then the function

gesv;
(f) a function f <! belongs to SV and f <!(y) ~ f<U(y) for y — 400 (where ~ is the strong asymptotic equivalence relation
(seeeg. [1])).

In the following theorem we give some properties for elements from the class SV NF* (which are analogous to properties
given in the previous theorem (assertions (d) and (e)) for elements from the class Ry, N F*).

Theorem 1.2. Let g € SV N F°. Then the following assertions hold:

(a) lim £0p _ ~+o0 forevery A > 1;
y——+00 2<u(®y) ’

(b) every measurable function f: [b, +00) > (0, +-00) such that g<'(y) < f(y) < g<“(y) foreveryy > b belongs to the class
Roo.

Now, we consider an interesting equivalence relation for the class R... Let f and g be positive functions in (0, +00). For
these functions we say that they are mutually rapidly equivalent (denoted by f (x) ~ g(x) for x - +00) if the condition

i fOx) . gx)
im = lim =
x>too g(x)  xotoo f(x)

00, (4)
is satisfied for every A > 1. More about relation (4) can be found in [1,8,6].

Theorem 1.3. Let f and g be a positive functions in (0, +00). Then the following assertions hold:

(a) if f and g are measurable functions such that f (x) ~ g(x) for x —> +o0, then f, g belong to Ry;
(b) the relation ~isan equivalence relation in the class Roo;
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(c) let f € Ry and let f(x) < g(x) for x — +o0 (where < is the weak asymptotic equivalence relation (see e.g. [1])); then
F () ~g(x) for x > +00;

(d) let f be a measurable function; a function f belongs to Ry, if and only if f(x) 'Lf(x) for x —> +o0;

(e) let f belong to Ry, and let f (x) < g(x) < f(x) forx > x> 0;if gisa ﬁeasurablefunction then g belongs to R.
Now, we will consider two integral transformations in the class R..

For a measurable function f: (0, +00) +— (0, +00) such that f(x) is a bounded function in (0, x) for every x > 0, we
define the transformation

1 X 1
foo =1 / Foyde = / F () du (5)

for x > 0. On the other hand, for a measurable function f: (0, +00) +— (0, +00) such that 1s a bounded function in
(0, x) for every x > 0, we define the transformation

~ 1 1
fo=—x7=5= (6)
X fx+ tZ?t(t) fo] fgg)

for x > 0. More about transformations (5) and (6) can be found in [1].

Theorem 1.4. Let f € R, be a bounded function in (0, x) for every x > 0. Also, let f( ) be a bounded function for every x > 0.
Then the following assertions hold:

(a) £ () ~f () ~F () for x > +oo;

(b) functionsf f € Roo;

f(X) fl . f(xu)du for x — 400 and every ¢ € (0, 1], and =

7@ f] e (X )forx — +oo and every ¢ € (0, 1] (where

~ is the strong asymptotic equivalence relation (see e.g. [1]));
(d) f(x) = o(f(x)) for x — +o0, and f (x) = o(f(x))for X — 400 (where o is the Landau symbol (see e.g. [1])).

Corollary 1.1. (a) Let f € Ry be a function with the same properties as in Theorem 1.4. Then it holds that the function
Jof()dt € R for x > 0, and the function —=5 € R for x > 0. Also, it holds that [ f(t)dt ~ fgf(t)dt for

P ()
x — +ooand every A > 1, and f+°° f?;) ~ XAX f‘g) for x = +ooand every A > 1.

(b) Let f € Ry be a nondecreasing function. Thenf(x) = o(f(x))for X — 400, and f (x) = o((x) for X — +o00.

Theorem 1.5. Let f : (0, +00) — (0, +00) be a nondecreasing function.
(@) If f(x) = o(f(x)) for x — +o00, then f € R,
(b) If f(x) = o(f(x))forx — 400, then f € Ro.

The set of all measurable functions f : (0, +00) — (0, +00) whose lower Matuszewska index is equal to +oc is denoted
by MR (see e.g.[1]). It is well-known that MR, & R. Hence, if we observe a function from the set MR, in Theorem 1.4(d),
we will get stronger conclusions than we got for a function from the set R.,. We discuss this in the following theorem.

Theorem 1.6. Let f € MR, be a function with the same properties as in the assumptions of Theorem 1.4. Then f (x) = o(f (x))

for x — 400, and f (x) = o(f(x))forx — +o00.

Example 1.1. (1) Let

. , forx e (0,400)\N;
fx) = {xe", forx € N.

Then f € R \ MR, and f (x) # o(f (x)) for x — +-o0.
(2) Let
, forx e (0,+00)\N;
f) =

, forxeN.

x| | %

Thenf € Re \ MRy and f(x) # o(f (x)) for x — +o0.
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2. Proofs

Proof of Theorem 1.1. ((a) = (b)) Let M > 1. On the basis of the theorem of uniform convergence for the rapidly varying

functions (see e.g. [1]), for every L > 1 there exists X, > 0 such that for every x > x and every A > Lit holds that ff%(’;) > M.

Now, there is an x; > 0 such that f(x) > M - sup{f(t) | t € (0, xo]} is satisfied for every x > x;. Then the following
assertions hold:

Lif § <xo,then J5y > — O > m;
63 sup{f(t)lfe(oqxol}

2. if £ > xo, then L& :f(kx%) > M;
n=10 (5 5 —

[

for every A > L and x > x;.In any case, it holds that inf{ff((?) |[A>L x> xl} > M, and we obtain limy_, ; o infy>| ff((—;))
X A
= +00.

((b) = (0)) Let & > 1. Then for x > 0 it holds that

fox) inf{f (t) | t > Ax}

F  sup{f(s) |'s e (0,x]}

=inf{}{8|se(0,x],t2kx}
> inf &luzk,tzkx

£(x)
H T fOx) . . f© _
ence, we obtain liminf,_, o > limy_, 1o infy >y = +00.
m
((c) = (a)) Let A > 1and x > 0. Then from ff(é(’;) > %(?X);) we obtain limy_, ;o ff(é(’;) = +00,i.e.f € Re.
((@ = (d)) Let A > 1. Then it holds that

F7Ux)  sup{s|f(s) < Ax}

f<leo  inf{t | f(t) > x}

sup > 1£(5) = e f(©) = x|

IA

sup{u>0l%§)»,f(f)zx}~

From results obtained in [9] it follows that

f0x) { £t } .

limsup———— <limsup supju >0|— <A
x—>~400 f<_l(X) t—+00 f(t)

On the other hand, it is obvious that

<~u <«~u
) Zf () -
[l —
is satisfied for the same x and A. Hence, lim,_, ;o ffiu,(a’)‘) =1forA > 1.
((d) = (a)) Let assertion (d) hold. We will assume that f ¢ R... Then from results obtained in [9] there is a sequence
of real numbers (x,) such that lim,_, .~ X, = +00, and there is a sequence of positive real numbers (A,) such that

liminf,—, 1o As > A > 1, and for those two sequences it holds that lim sup,,_, , , fjf(;:;) < @ < 4oo for some A > 1

and p > 1. Furthermore, inequalities f ' (f (x,)) < Xy and f ¥ (1uf (x,)) = sup{x > 0 | f(X) < p-f(Xn)} = Ap X > XXy
are satisfied for sufficiently large n (because for sufficiently large n it holds that f (A,x,) < u - f (x;,)) which implies that

7wy F ) A-x

lim sup———— > limsup ——— > lim sup
y—+00 f“’(y) n—+o00 f‘—’(f(xn)) n—+00 Xn

The last inequality is a contradiction to assertion (d). Hence, f € Ry.

L
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((d) = (e)) From f~!(y) < g(y) <f"(y) forevery y € (b, +o0), we have that
70y sy [y - f~'w _ 1
fFlo) ~ g T fHe) T UGy FOLy)

is satisfied for the same y and every A > 1. Hence, limy_, ; » g%j;) = 1 for the same A, and we obtain that g € SV, because g
is a measurable function.

((e) = (D) Trivially, on the basis of assertion (e) it holds that f <! € SV (similarly, f <% € SV). Now, we will assume that

F(A,y) =

_ o, foy=byeaq,
g0) = {f*”(y), fory>b,y e R\ Q.

Then g € SV, and it holds that

1< lim 7oy _ < lim g(uy) _
y—>—+00 fel(y) y~>+001<p-<)\ g(y)

for A > 1. Hence, we obtain f < !(y) ~ f<!(y) fory — +o00.
((H = (d)) Let & > 1.On the basis of assertion (f) it follows that
f~'ay o TR0y fH(M’)
im im ——— . lim
yotoo fUy) T yotoo fIQy) ytoo fl(y)
Finally, assertion (d) holds. O

Proof of Theorem 1.2. (a) Let A > 1. Then it holds that
g0y infls | g(s) > rx}
g™ sup{t|g() <x}

(S
mf{; |80 = x.8() = 2]

zinf{ OI‘M A,g(t)SX}
g(t)
for x > b. Since g € SV, we obtain that
<~ t
limifg x)>11m1nfmf M>0|‘M_k = +o00.
x—>+o0 g U(x) —+00 g(g)

This completes the proof of assertion (a).
(b) Let A > 1. Since f is a measurable function we have that

fO0 <"()\X)
m

xJ+oo fx) — xe+oo g“”(x)

is satisfied. Hence, f € Ro.. O

Proof of Theorem 1.3. (a) Let f, g be a measurable functions such that f (x) ~ g(x) forx — +o00.Then
fox o fow) g(VAx)
lim lim lim =
x—>+o0o f(X) " x—>+oo g(ﬁ X) x%+oo f®x)
is satisfied for A > 1. Therefore, f € Ry and similarly g € R.

bl

(b) We will prove only that relation ~ is the transitive relation (reflexivity and symmetry of this relation are obvious). Let
fx) frvg(x) forx — 400, and g(x) ~ h(x) for x — +o0c. Therefore, we have that the equalities
L fox L fOX) - g(Ax)
lim lim lim =
x—+00 h(X) x—+00 g(fX) x=>+oc  h(x)

and

im hOx) _ lim hGx) - lim §(/in)
x>t f(X)  xoto g(Vax) ot f()

are satisfied, for A > 1. Using assertion (a) we obtain that this assertion holds.

:+oo
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(c) We have that
fOx) f (Ax)

o ) fx)
liminf—— > lim liminf —— =
x—>+00 g(X) x~>+oo f(x) x—>+00 g(X)
for A > 1.Since f(x) < g(x) for x — +o00, it follows that
A A A
liminf &% > Jim inf £ | jim inrL 4
X—> 400 f(X) X—> 400 f()hx) X—> 400 f(x)

:+OO

for A > 1. Hence, f (x) ~ g(x) forx — +o0.

(d) (=) Letf € R. Then, from Theorem 1.1 it holds that limy_, ;o o

fx

= +o00 for A > 1. From previous computations, it

follows that limy_, | o fon _ +00, i.e. f(x) 'rvf(x) forx — +o0.

fx)
(<) Let f(x) ~f(x) for x — 4-o00. Then, it follows that lim,_, ;o ff(('\x);) = +oo for A > 1, and applying Theorem 1.1

we obtain f € Ry
(e) Letf € Ry.Then, it holds that
AX) fOx)

liminf > liminf = =400
x>foo g(X) T x—otoo f(x)

for A > 1. Applying Theorem 1.1 and previous computations, we obtaing € Ry,. O

Proof of Theorem 1.4. (a) Let A > 1. It is sufficient to prove that

) f f®0 o Fo
im im lim =
x—-+00 f(AX) = xotoo FOx) = oo [(Ax)

We have that

X
[( ) lf(ux)
= du — 0
F(x) o FOx)
is satisfied for x — 00, because it holds that lim,_, ;. ;E;’g =0ford > Tandu € (0, 1], and sup,_,; ;Xﬁ; 1

for sufficiently large x is satisfied (based on Theorem 1.1(b)). Now, we can apply Lebesgue’s theorem of dominant
convergence. According to this theorem, it holds that

f0 [ @
fox)Jo (%)

for x — +o00. Actually, condition (7) is satisfied because it holds that limy_, ;o @O —0fora> landu e (0, 1], and

(%)

< 1 for sufficiently large x is satisfied (on the basis of Theorem 1.1(b)).

du— 0 (7)

fx)
(%)

Now, let A > 1and M € (0, +00). We have that AT“ > /) is satisfied for u € ()F%, 1). Hence, it holds that

fow) o ___M___for sufficiently large x. Applying the Cauchy-Schwarz inequality we obtain that it holds that

G (1-4)
f(kx) 1 2
/ fGaydu - / ok ( [ f(k(ﬁ”;) du)
0 i
([ lf(kux )

for sufficiently large x. Hence, limy_, | T _ g,

SUPo<u<1

fox ™
(b) Let A > 1. Then from assertion (a), it holds that
S T Fad rade
lim = lim = 400

X— 400 {(X) X— 400 f()»3X) f()»3X) {(x)
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Furthermore, f is a measurable and positive function in (0, +00) which implies that f € Ry. Analogously, it can be
shown that’jF € Ry. This assertion can be proved by combining the results obtained in Theorems 1.4(a) and 1.3(a).

F(5)
(c) Lete > 0and A = T > 1. Smcef € Ry, it follows that limy_, 1 o = T = = 0. Furthermore, it holds that

&

1—¢ 1
fux)du = 17! / f <£x> dt =0 (f f(tx)dt)
0 0 A 0

for x — 4-00. Hence, fll_sf(ux)du ~ {(X) for x — 4-00. Analogously, it can be shown that F(‘X—) ~ f:_g

du
)
X — +o0.

(d) We have that limy_, ;o ff((“’;) = Qs satisfied for u € (0, 1) (because f (x) ~f(x) for x — +00). Also, supg_, <

fux)
fe

f®

is satisfied for x > 0. Then, it follows that limy_, ; }( 5 = limy_, 40 fol f)f(‘;’;) du = 0 according to Lebesgue’s theorem of
1 f)

dominant convergence. According to this theorem, we have that lim,_, ; ﬁ 3 = limy_ 0 f )du = 0 is satisfied,
fx)

because limy_, ;o ff(—z) = Oissatisfied foru € (0, 1) (f (x) N[(x) forx — +o00),and also sup,_, <, | = 1is satisfied

forx >0. O

Proof of Theorem 1.5. (a) Let us assume that f(x) = o(f(x)) forx — +oo and f &€ R.. Then, there is a sequence (x;)

(of positive numbers) such that x, — 400 forn — 400, and there is a A > 1 such that f(?’;“)) < M < +o0 for some
M € (0, +00) and every n € N. Also, it holds that

AXn AXn
foyde < | f©)dt =0k - Xy - f(Axn))
Xn 0
for n — +o0. From the foregoing, it follows that
AXn

f&)dt = o(xy - f (xn))

Xn

forn — 400, and from fx:x”f(t)dt > (A —1)-x, - f(xy) for n € N we obtain that assumption f & R, is wrong.

(b) Let us assume that f(x) = o(f(x)) for x - 400 and f ¢ R. Then there are a sequence (x,) and a number A with the
same properties as in the proof of assertion (a). Also, the following two inequalities hold:

/Axn dt /+00 dt < 1 )
_ < =0
W Cf©) T Sy 2f) Xn - f(Xn)

forn — +o0, and
/Mn dt O—Dx _A—1 1
w O T Qx) (M) =AM Xof (%)
for n € N. Finally, we obtain that assumption f & R, is wrong. [

Proof of Theorem 1.6. We will prove this theorem using Lebesgue’s theorem of dominant convergence. According to this
theorem, we have that

fx) 1
im = = 1im [ L% —o.
ST et Jy ()

fux) fux)
fx) Fx)
M € (0, +00) and sufficiently large x (the last inequality holds because 8(f) = 400, where B(f) is the lower Matuszewska
index (see e.g. [1]), and therefore «(f) = +00, where «/(f) is upper Matuszewska index).

Similarly, we have that

fO _ )
m

is satisfied, because it holds that lim,_, | du = Oforu € (0, 1), and supgy_,<; < M is satisfied for some

lim ~— = 1i du=0
e oo e o £ (%)
is satisfied, because it holds that lim,_, ; f((")) du = Oforu € (0,1), and inf;-4 f;é(’;) > ﬁ is satisfied for some

fx)

M € (0, +o00) and sufficiently large x (this inequality holds because B(f) = +00). Hence, supg_, -1 i

<M. O
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