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The concept of measure of noncompactness in a Banach space is used in this paper to extend some tripled fixed point theorems.
We prove the existence of fractional integral equation solutions using a generalized Darbo fixed point theorem. To demonstrate

the validity of the main result, an example is provided.

1. Introduction

Noncompactness measure has ushered in a new branch of
nonlinear analysis. It covers a wide range of applications in
operator theory. Noncompactness measures have a wide range
of applications in FP theory and are particularly useful in
differential and integral equations, as well as fractional calculus.
Kuratowski [1] investigated the first definition of a non-
compactness measure. In 1955, Darbo [2] ensured the existence
of fixed points for some mappings using the notion of non-
compactness measures, which were obtained by generalizing
the Schauder FP theorem [3] and the Banach contraction
principle. Many authors use the term “noncompactness
measure” to make Darbo FP theorem more general.

The goal of this paper is to extend Darbo’s FP theorem
and to apply our findings to determine the existence of
solutions of fractional integral equations.

We begin with preliminaries, notations, concepts, and
definitions that will be used throughout the paper.

Let us have a real Banach space (B,]|.]), and
B(g,r) ={veB: |lv-gl<r}. Let S(#¢)<B. Also, let

(@) R = (-00, 00).

(b) R, = [0, 00).

(c) S = the closure of S.

(d) Conv S = the convex closure of S.

(e) Gy = the set of all nonempty and bounded subsets of B.
(f) Hg = the set of all relatively compact sets.

We provide the below definition of MNC, which is
referenced in [4].

Definition 1. A mapping A: G — R, is said to be a MNC
in B if it fulfills the following axioms:

(i) The family ker A = {S € Gg: A(S) = 0} # ¢ and ker
A C Hg.

(if) SCP=A(S) < A(P).

(iii) A(S) = A(S).

(iv) A(ConvS) = A(S).

v) A(LS+ (1 -L)P)<LA(S)+ (1 -L)A(P) for any
L e [0,1].

(vi) If S, €6, S, = gq, Sgn €S, forg=1,2,... and
lim, ,,A(S,) =0, then S, = NS, #¢.
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Since A(Sg,) SA(Sq) for all g, A(Sy) =0, and so
Seo = NS, € kerA.

In the theory of fixed points, the Schauder FP principle
and Darbo theorem are crucial.

Theorem 1 (see [3]) (Schauder). For a nonempty, bounded,
closed, and convex subset (NBCCS) D of a Banach space B, if
Y: D — D is a continuous and compact mapping, it must
have at least one FP.

Theorem 2 (see [2]) (Darbo). For a NBCCS W of a Banach
space B, if T: W — W is a continuous self-mapping with

A(TQ)<pA(Q), QcW, (1)

where p € [0,1) and A is an arbitrary MNC on B, then T has
a FP.

In fractional calculus, fixed point theorems have nu-
merous applications. Let us have a look at some of the work
that has been done in this area.

In [5], Sahoo et al. developed numerous new inequalities
for twice differentiable convex functions that are coupled
with the Hermite—-Hadamard integral inequality by using an
integral equality related to the k-Riemann-Liouville frac-
tional operator. In addition, for various types of convex
functions, certain fresh examples of the established con-
clusions are derived. This fractional integral adds the
symmetric properties of Riemann-Liouville and Hermi-
te-Hadamard inequalities. The authors in [6] explored the
existence and uniqueness of solutions to two-dimensional
Volterra integral equations, Riemann-Liouville integrals,
and Atangana-Baleanu integral operators.

Deng et al. [7] examined the existence of mild solutions
for a class of impulsive neutral stochastic functional dif-
ferential equations in Hilbert spaces with noncompact
semigroup. The Hausdorff measure of noncompactness and
the Mo6nch fixed point theorem are used to find sufficient
conditions for the existence of mild solutions. The presence
of an almost periodic solution to a fractional differential
equation with impulse and fractional Brownian motion
under nonlocal conditions was the subject of the essay [8].

2. Main Result

We now recall some important definitions that are helpful to
our work.
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Definition 2. Let V be the set of all maps v R — R
satisfying

2 v(s,) =00, 2
for all {s,}<R.

Definition 3 (see [9]). Let Q be the set of all functions
Q: R, xR, — R, that fulfills the axioms:

(1) max{¢,,6,} <Q(¢,,¢,) for €,,¢,>0.
(2) Q is continuous.
(3) Q€ + 5, ny +n,) <Q (€, 1y) + Q(€,,1n,).

Example 1. Q(£,,¢,) = £, + ¢, is an example of the class Q.

Using the above two classes of control functions, we
prove the following results.

Theorem 3. Let W be a NBCCS of a Banach space B. Also, let
I'' W — W be a continuous mapping with

Q[A(TG), ® (A(TG)] < Q{A(G), ® (A(G))}
- v[Q{A(G), @ (A (G))}],

for all GEW, where A is an arbitrary MNC, v € V, and Q € Q.
Also, let @: R, — R, be a nondecreasing continuous
mapping. So, I has at least one FP in W.

(3)

Proof. We define the sequence (W,), as follows:

W, =W,
(4)
W, = Conv(TW,), n=12,3,....
We can easily see through induction that
W, cW,, n=0,1,2,.... (5)

If NeN so that Q{A(Wy),®(A(Wy))} =0, then
A(Wy) =0, that is, Wy is a relatively compact set. So, by
Theorem 1, I' admits a FP in W.

Now, we may assume that Q{A(Wy),®(A(Wy))} >0
for each N € N.

On the contrary, we have

Q{A (Wn+1)’ ® (A (Wn+l))} = Q{A (FWH)’ o (A (FWH))}

/A

QfA
Q{A
—v[Q{A(W,), ®(A(W,))}]<-

(
(

N

<Q{A (W), @ (A (W,))} -

W,), @ (A (W,))} = v[Q{A(W,), @ (A (W,))}]
W,1), @ (A (W,.1))} = v [Q{A (W), @ (A (W)},

v[Q{A(W;), @ (A (W))}].

™=

Il
(=]
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Since YL v[Q{A(W,),®(A(W))}] — oo,  then
Q{A(W,,,), @(A(W,,,))} — 0, as n — + 0o.
This implies that
A(W,) — 0, asn — + 0o0. (7)

Since W, 2W,,,,, by Definition 1, we obtain that W_: =
N, W, is a nonempty, closed, and convex subset of W and
W, is I invariant.

So, Theorem 1 concludes that I' has a FP in W.

Hence, we have the completed proof. O

The following is a crucial consequence of Theorem 3.

Corollary 1. Let W be a NBCCS of a Banach space B. Also,
let I' W — W be a continuous mapping with

A(TG) + @ (A(TG) < A(G) + @ (A(G))

(8)
- v[A(G) + @ (A(G))],

for all GEW, where A is an arbitrary MNC and v € V. Also, let
®: R, — R, be a nondecreasing continuous mapping. So, I
has at least one FP in W.

Proof. Putting Q(¢,,¢,) = ¢, + ¢, in Theorem 3, we get the
above corollary. O

Corollary 2. Let W be a NBCCS of a Banach space B. Also,
let I' W — W be a continuous mapping with

A(TG)<A(G) - v[A(G)], 9

for all GEW, where A is an arbitrary MNC and v € V. So, I’
has at least one FP in W.

Proof. Setting @ (¢) = 0 in Corollary 1, we obtain the above
corollary. O

Corollary 3. Let W be a NBCCS of a Banach space B. Also,
let I' W — W be a continuous mapping with

A(TG) < oA (G), (10)

for all GSW, where A is an arbitrary MNC and
o= (k/k+1) € (0,1]. So, T has at least one FP in W.

Proof. Settingv(s) = (1/k + 1)s in Corollary 2, we obtain the
above corollary. O

Definition 4. (see [10]). A mapping #: Wx W x W — W
is called to have a tripled fixed point (a,x,%) € W* if
F(a,x,h) =a, 7(a,x,h) =x and J(a,x,h) = h.

Theorem 4 (see [4]). Let A, A,, ..., A, be an MNC in
B,,B,,...,B,, respectively. Additionally, suppose that the
mapping P: R — R, is convex with By -y =
0y,=0 for 0 =1,2,3,...,p. Then, A(Q) =P(A,(Q,),
A (Qy), .., A,(Q,)) will be an MNC in B, x B, x--- x B,,.

Example 2 (see [11]). Let *B(a,x,h)=a+x+h, for
(a,x,h) € Ri. Now, PB(a,x,h)=a+x+h= 0oa=
x=h=0. As P is convex which fulfills all conditions of
Theorem 4, A(Q) =P (A, (Q)), A, (Q,),A;(Q;)) is an
MNC on B, x B,, xB5, where Q, is the natural projection of
Q into B, for 0 =1,2,3.

Example 3 (see [12]). Let *B(a,x,h) = max{a, x,h}, for
(a,x,h) € Ri. Now,
B (a,x,n) = max{a,x,h} = 0=a=x=h=0. As *PB is con-
vex which fulfills all conditions of Theorem 4,
A(Q) = PB(A, (Q),A,(Q,),A3(Q;)) is an MNC on
B, x B,, xB;, where Q, is the natural projection of Q) into B
foro=1,2,3.

Theorem 5. Let W be a NBCCS of a Banach space B. Also, let
T WxWxW — W be a continuous mapping with
Q{A(F (@) x @, x @3)), d(A(F (@, x @, x @3)))}

H
3

(11)
{A (@ x @, x@3) + D (A (D) x @, x @3))}

forall @, x @, x ®;<W, where A is an arbitrary MNC and @
and Q are as in Theorem 1. Also, let y(a+x+h)<p(a) +
ux)+ph);a,x,h>0 and ®(a+x+h)<d(a)+ ®(x)+
@ (h); a,x,7>0. So, F has at least a tripled fixed point in W.

Proof. We consider a function ,7: W, — W, by

:7(631,632,@3) = (f(‘bp(Dz"Ds)nf(@z»‘D3>‘Dl)>j(@3:®1>mz))’
(12)

for all (@,,®,,®;) € W. It is trivial that  is continuous.
Since . is continuous, assume that ® ¢ W is nonempty.
We have

A@) = A(@,) + A(@,) + A@;), (13)

where @;, ®,, ®; represent W’s natural projections.
Now, we get



QA (F (@), a(A(F (@)
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l: A(F (D X @Dy X @3) X F (D, X D3 x @) X £ (@3 X D) X D,)), :|
(A (F (@, x Dy x D3) X F (@ X Dy X D) X 7 (@3 X Dy X @,)))

A(F (@) x @, x @3)) + A(F (@) x @3 x @) + A(F (@3 X @y X @),
D(A(F (@ x @y x @3))) + A(F (@ x @3 x @) + A(F (@3 X @) X @)
A(F (@ XD, x@3)) + A(F (@, x D3 x@;)) + A(F (@3 X @, X D,)),
(A (I (@) x @y x @3))) + A(F (@, X @3 X @) + A(F (@3 X Dy X @)

(14)

<Q[A(F (@) X @, x @3)), d (A (S (@) x @, X @3)))]
+ QA(F (@, x @3 x @))], @ (A(F (@, x @3 x @y)))
+QA(F (@3 x @ X @,)), ®(A(F (@3 x @, X @,)))]
<u{A (@) + A(@,) + A(@;) + D (A (D)) + A(@,) + A(@3))}
= u{A (@) + @ (A (@)} = p{Q(A (@), @ (A (@)))}.

We can conclude from Theorem 1 that 7 has a mini-
mum of one FP in WA,

Now, from Theorem 1, # admits a tripled fixed
point. O

3. Measure of Noncompactness on C ([0,T])

Let B = C(¥) be the space of real continuous functions on
J, where . = [0, T], which is equipped with

lull = sup{lu(®)l: t € I}, ueB. (15)

Let J (# ¢)<B be bounded. For y € J and § >0, denote by
A (p, 8) the modulus of the continuity of g, ie.,

Ap, 8) = sup{|u(hy) = u(hy)|: hy,hy € 7|y = by| <8}
(16)

Moreover, we set
A(J,8) = sup{A(u,0): pe J} Ag(J) = (sliLnOA(],S)- (17)

It is generally known that the mapping A, isa MNCin B,
and I'(J) = (1/2)A, (J) will be the Hausdorft MNC (see [4]).

4. Solvability of Fractional Integral Equations

In this part, we show how our conclusions concerning the
existence of a solution to a fractional integral equation in a
Banach space can be applied.

Consider the following fractional integral equation [13]:

h
W) = v+ f(hy () + —— j (h— 0o 6,y ()de,

I'(y) Jo
(18)
where 0<y <1,y (0)=y,20,he s =[0,T].
Let
Q,, ={y e B: lyl<ry}. (19)

Assume that

(A) f: F xR — R is a continuous function and there
exists a constant 3, >0 satisfying

lf ()= f(hy)|<Bly-wi]. heTipy eR
(20)
Also,
F = sup{|f (h,0)|: h e .7}. (21)

(B) 0: F xR, — R, is a continuous function and
there exists a nondecreasing function ®: R, — R,

satistying
lo(h,yl<a(lyl; (h,y) € 7 xXR. (22)
(C) There exists a positive solution r for the following
inequality:
~ o
Vo + Biro + F + %,TX <7y (23)

Theorem 6. If constraints (A)-(C) hold, equation (18) has at
least one solution in B.

Proof. Consider the following operator P: B — B such
that

(Py)(h) =y, + f (h,y(h))

— J (h -0 o (e, (0)de.

L(x) Jo O

Step 1. We show that P maps Q, into Q, . Lety € Q,, and
we now have
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I(Py) (W] < [yl +1f (hy ()] +

x—1
- )j (h- ey o e, w(e))de’

<y +1f (hy(h) = f (hO)l +|f (h,O) +|—— Iy J (h- 0o (&, y(e))de (25)
<yo +Bily (] + F ol J (h- e 'a(e, w(f))de’
Also,
x-1 x—1
‘r o [F oot yienad < W L[ oo oy
(26)
allvl) (", jeiq,. @),
T Jo R TS
Hence, || v || <r, gives Due to assumption (C), P maps Q, into Q, .
-~ (r
IPyll<yo +Byro + F + F(X(J:))l)'TX =To- (27) Step 2. We show that P is continuous on Q, . Let 6> 0 and

¥, ¥, € Q, such that [ly — y,]| <. For all h € .7, we have

|(Py) (h) = (Pyy) (W] <o = wo| +|f (hyw (1) = f (h,w, (W)

1

+TX)

h
| (h—eﬂ*a(e,ww))de—Lj (h-0F "o (e y, (0))de
0 T'(y)

< Byl (h) - vy ()] + j (h =0 10 (6,(0)) - o (&, v, (€))de

()
(28)

<Biflv -]+ J(h o o6,y (0) - o (e v, ()|de

T ()

<Billv-vi|+ T )Aro ) J (h— o) 'de
1
Billy =il + iy OTY

where As § — 0, we get |(Py) (h) — (Py,) ()| — 0.
This clearly proves that P is continuous on Q, .
¢, a(6, §;¢el; 7o
Aru(8)=sup{ o€y (@) -a(tyi(O): [v-w|<dee }
¥y € [-romo]
(29)

Step 3. An estimation of P with respect to A,: now, assume
that A(# ¢)§Qr0. Let § > 0 be arbitrary. Also, choose y € A

|(PW) (h) (pwl (h)| <ﬁ16 + ( 1)Ar0 (6)TX (30) Wltl‘;\]]’(l)lv,vhz € & such that |h2 - h]l <d and h2 > hl'

Hence, ||y — y, || < & gives
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|(Py) (h,) = (Py) (hy)| =g + f (hys (R 2))+1"( ) J (hy — &) a6,y (0)de
= f(h,y(h J)—mj (h, - €} 'a(e, w(f))de‘

h, hy
<|f Oy (1) = f (o () +%U (=€) o ey ende | (- e)’“o(f,w(e»de]
X))o 0

<|f (hpw(hy)) = f (hy, y (hy)))|

RN

J (hy - &) o (e, w(g))ngrJ' {(h —e ! —(h -0 1}0(6 l/l(f))d(fl

= |f(hz>‘//(h2)) - f(hzaW(hl))l +|f(h2’1//(h1)) - f (s ‘/’(hl))|

@r((l)léf)l)<j (h, - €)% 1d€+IZ‘{(h2_€)x—1 ~(h, _g))(l}cw)

Sﬁl'W(hz)_‘//(l’hN +|f(h2"/’(h1))_f(h1) (h ))l F( ; 1) (W, -]
SﬁlA(w,6)+Af(r0,8)+r @ (ry )1) (W - Y],
(31)
where
A (10, ) = sup{ |f(h2’W(h1)) - f(hl’W(hl))|: |h2 - h1| <8;hy,hy € 5 },
[yl <rg (32)
A(y, ) = sup{ |y (hy) = y(h,)| <8 |hy—hy|<8;hy,hy € T},
Ay (PA) < B Ay (A). (36)

As § — 0, h, — h;, so we get
Hence, by Corollary 3, P has a FP in ACQ, .
That is, equation (18) has a solution in B.

@ (ro)

o0 T(y+1)

(W -r] —o0. (33)

Hence, Example 4. Consider the following fractional integral

|(Py) (hy) = (Py) ()| < By A (9, 8) + Af (g, 0), (34)  €quation:
i.e., I//(h):M.'_ Yy . 1 J’h (h-é)llz . _1<V/ (€)>
A(Py, 8) < B Ay, €) + Mg (rp, 6). (35) 2 10+k T1/2) )o e)
37
By the uniform continuity of f on .# x [-r, 7], we now (37)
obtain hmé—»oAf (rg»6) — 0,as § — 0. for h € [0,2] = 7, which is a particular case of equation (18).
Taking sup,., and § — 0, we get Here,
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Fh¢h) = ﬁ
| (38)
X= >
o6,y (0) = sin_1<w2(e)>
, g

Also, it is trivial that f is continuous and satisfies

o - sl )

Therefore, 3, = 1/10.
If |yl <7, then

)
Yo = ok
F=10 (40)
10
lo (&)l < |v?).
So,
®(ry) = ré. (41)

Putting these values in the inequality of assumption (C),
we get

2
ro 1 To To 1/2
—+—r,+—+ 2)7°<
2 00 0 Te @ =
(42)
2
3 3I'(3/2
—_0 (2)”2S—r0:>rogilz.
I (3/2) 10 10(2)"
However, assumption (C) is also fulfilled for

ro = 3T(3/2)/10(2)"2.

We can see that all of Theorem 5’s assumptions are
achieved, from (A) to (C). Equation (37), according to
Theorem 5, has a solution in B = C(.%).
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