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TRADE OFF BETWEEN SIMPLICITY AND PRECISION
OF INDEX MODELS

Abstract

In the basis of contemporary portfolio theory is Markowitz model of portfolio
analysis which accurately defines a set of efficient portfolios for a relatively
small number of securities in its composition. With the increase in the number
of securities in the portfolio, the application of the Markowitz’s model becomes
complex, so financial theory found the solution of the problem in the single-index
Sharpe’s model. The later emergence of multi-index models, which better reflect
reality, increased precision in determining a set of efficient portfolios, but at the
cost of greater complexity of the model. The aim of the research is to analyze a kind
of substitution between the simplicity and precision of the model, and to search
answer to the question of what is the optimal number of explanatory factors of
the model. Using qualitative economic analysis method, it was concluded that the
number of factors (indexes) in the model should be increased until marginal benefits
in the form of increased precision are equalized with marginal costs in the form
of increased complexity, reduced applicability and associated costs of obtaining
informations. In striving for greater precision of models, financial analysts must not
overlook that the index models emerged from the practical necessity of simplifying
the original Markowitz's model.
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TRADE OFF UBMEBY JEJHOCTABHOCTHU U MPEIMU3HOCTHU
UHIAEKCHUX MOJ/EJIA
Ancrpakr

YV ocnosu caepemene nopmgponuo meopuje nanrazu ce Markowitz-e¢ moden
nopmdehonuo ananuze Koju npeyusHo oopehyje cem egpuxacuux nopmgonuja 3a pe-
AAmMueHo manu opoj xapmuja 00 epednocmu y rwezosom cacmasy. Ca noseharoem
bpoja xapmuja 00 épednocmu y cacmagy nopmeonuja npumena Markowitz-esoe
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Modena nocmaje clodxcena, na je peuierbe npooiema QuHancujcka meopuja npo-
Hawiia y jeonounoexchom Sharpe-ogom mooeny. Kacuujom nojasom suuieuroexc-
HUX Modena, Koju 60.be 00paxicasajy peaiHocm, nogehana je npeyusHocm npuil-
Kom oopehusarba cema egpuxacuux nopmeonuja, anu no yenu eefie ciodxceHocmu
mooena. Luw ucmpasicusarsa je ananusuparse ceojespcre cyncmumyyuje usmehy
jeonocmagnocmu u npeyusHoCmu Mooend, U mpajicerbe 002068apa Ha NUMarse Koju
je mo onmumanan opoj objawreasajyhux gaxmopa mooena. Ilpumernom memooa
K8anumamusHe eKOHOMCKe aHau3e 3aKwydeHo je 0a bpoj ¢pakmopa (umoexkca) y
Mmodeny mpeba nosehasamu ceée 00K ce MapeuHalHe Kopucmu y 6udy nogeliane
npeyuszHocmuy He usjeonade ca MapuHaIHuM mpowKkosuma y eudy nosehamne kom-
NIIEKCHOCMU, CMalbene anauKamueHoCmu u npamehux mpouwikosa npubassbarea
ungopmayuja. 'V meocrou 3a eehiom npeyusnowhy mooena, puHaHcujcku aHaiu-
muyapu He cmejy u32youmu u3 8uo0a 0a cy ce UHOEKCHU MOoOelu NOjasuii U3 npaK-
muune HYyXCHOCMU NOjeOHOCmassera opucunaninoz Markowitz-esoe mooena.

Kuwyune peuu: jeOonounoexcHu mooen, mpiCuiHu mMooei, 080UHOEKCHU MOOel,
080CEKMOPCKU UHOEKCHU MOO€, BULUEUHOEKCHU MOOelu

Introduction

Markowitz model of portfolio analysis, when determining a set of effective
portfolios, requires an estimate of the expected return and variance for each security,
as well as an estimate of the covariance between each pair of analyzed securities.
(Markowitz, 1952; 1959). The total number of inputs required to successfully operate

5
n-+3n

the Markowitz’s model is ~— = , which for the case of 10, 100 and 1000 available
securities is 65, 5150 and 501500 data. The latest case of estimating over half a million
data represented an impossible mission for analysts, and therefore it comes to finding
simpler methods that would require less input.

The solution to the problem described in the form of a single-index model was offered
by William F. Sharpe in his paper “4 Simplified Model for Portfolio Analysis” (Sharpe,
1963). Sharpe’s single-index model and all other index, that is, factor models are based on
a return generation process that describes how and from which components the securities
returns are created. According to index models, one or more factors systematically affect
the returns of all securities. Thus, the correlation of the returns of two securities is not
determined directly, but indirectly based on their relationship with one or more factors
contained in the model. In this way, the number of required covariancec is equated with

n-—-n
the number of securities analyzed. It decreases from earlier — — in Markowitz’s model to
ns+3n

n, while the total number of inputs decreases from —— to (k + 2)n + 2k, or equivalent,
2n + 2k + kn, where: n — number of securities, and k — the number of factors used in the
model. The epilogue of the above mentioned is a significant simplification of the process
of determining a set of effective portfolios, that is, of drawing an efficient limit, which is
truly obtained at the cost of less exactness in relation to the original Markowitz’s model.
The factors contained in the index models explain the systemic variability of
returns, i.e. system component of stochastic movements of securities’ returns. The
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remaining unexplained part of the stochastic return movements is attributed to the
unexpected effects specific to the security and its issuer.

Bearing in mind the above mentioned, the subject of research are single-index
model, which explains the systemic variability of returns using one factor, and multi-
index models, which use two or more factors to explain the systemic variability of
securities’ returns. The aim of the research is to present the positive and negative aspects
of these models and their variations such as the original single-index market model,
Jensen’s single-index market model, two-index model and two-sector index model to the
investment public in the Republic of Serbia.

Starting from a defined subject and formulated research objective, the basic
research question is: What number of explanatory factors of the model is optimal? The
method of qualitative economic analysis will be applied in the research in order to make
valid conclusions about the research problem by studying the relevant literature.

Single-index model — simplicity at the expense of precision

The single-index model represents the simplest form of the return generation
process. The total number of data required for its successful functioning is 3n +2. The
basic premise of the single-index model is that the returns of securities are sensitive to
the movement of one common factor that systematically changes prices, and therefore,
the returns of all securities.

The general single-index model takes the following form (Lekovi¢, 2017):

ry=a;+ b+ g, (D

where:

r;— the return rate, i.e., the return in the holding period of the security i,

a;— the expected return of the security 7 for the case of zero value of factor F,

b;— the sensitivity of return of the security 7 to the changes in factor F,

F;— the value of a factor that systematically affects the price of security 7 in the
period ¢,

€;; — the random error, i.e., the random variable with an expected zero value in the
period 7.

The previous equation divides the total return of the security i (7;;) Ha systemic

(a; + b;F?) and non-systemic component (g;). The systemic component of the total return
is explained by a common factor F, while the non-systemic component represents the
unique (specific) return of the observed security.

It is important to point out the autonomous component of the return of security i
(a;), independent of the impact of the common factor F, consisting of a; and ¢;;:

a; = a; + Eit- (2)
In the financial literature, market movement, i.e., market index is most often cited as the

common factor explaining the systemic variability of securities returns. Other factors of systemic
variability of return are also in use, such as the unexpected growth rate of gross domestic product
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(Petkovi¢ et al., 2020), the unexpected increase rate of inflation (Panti¢ & Milojevi¢, 2019), and
similar. According to Elton et al. (2011), the fact that securities’ prices generally rise with market
growth, that is, they fall when the market is in crisis, suggests that one of the reasons for the
correlation between the returns of securities lies in their common response to market changes.
Therefore, many authors propose interrelating the return of individual security and the market
rate of return as a useful measure of the correlation of the observed securities’ returns. Single-
index model that uses the market rate of return as explanatory factor is called the market model
and has the following form (Ferruz et al., 2010, p. 271):

Fi=a;+ Bime + &, 3

where:
f; — the sensitivity of return of securitiy i to changes in the market index,
rmt — the market rate of return (the rate of return on the market index) in the period ¢.

Using single-index market model requires estimation of beta coefficient (f;) for
each security. Beta coefficient can be obtained by subjective estimates of analysts, or by
estimating a historical beta based on historical data. Historical beta coefficients provide
useful information about future beta coefficients, if they are relatively stable over time.
A more stable historical beta means a more reliable estimate of the future beta and also
greater reliability of the entire model.

The value of the estimated beta coefficient is interpreted as follows: if f; equals,
for example, +0.5 the return of the observed security will increase (decrease) by 0.5% in
the case of a rise (fall) in the market index for 1%. Exceptionally, if the beta coefficient
takes a negative value, a change in the market index will result in a change in the return
of the observed security in the opposite direction.

Graphical representation of single-index market model is done by using Security
Characteristic Line (SCL). Security Characteristic Line describes the relationship
between the return of the observed security (7)) and market return (7)) (Figures 1 and 2).

Figure 1: Security Characteristic Line ~ Figure 2: Security Characteristic Line in
in the case of a positive beta the case of a negative beta

r r 3

SCL
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>

Source: Authors Source: Authors
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Each point in the diagram indicates one pair of returns for a particular security and a
market return, and a regression line constructed between these points such that the sum of all
square deviations from that line is minimal is called Security Characteristic Line. The degree
of deviation of the return points from the Security Characteristic Line indicates the level of
correlation between the return of a particular security and the market return. The greater vertical
deviation of the return points from the characteristic line (marked with ¢;,), implies the smaller
correlation. The perfect correlation of observed and market return exists only in the case of
zero residual (g;; = 0), when the return points lie on the characteristic line. This situation is an
idealized theoretical case, since the imperfect correlative relation corresponds more to reality.
Because of the above, the return points generally do not lie on the characteristic line.

The slope of the characteristic line is determined by the beta coefficient. In
other words, the beta coefficient is the slope coefficient of the characteristic line. The
characteristic line has a positive slope in the case of a positive beta (Figure 1), or anegative
slope in the case of a negative beta (Figure 2). In Figure 1, the return of the observed
security (i) rises (falls) with rising (falling) market return (7,.,), while the movement of
the security return and the market return in Figure 2 is inverse. The return points that
lie on the characteristic line of positive slope indicate the perfect positive correlation
between the return of a particular security and the market return, while the return points
from the regression line of negative slope indicate a perfect negative correlation.

It is also important to interpret the alpha coefficient (o) which shows the expected
return of the observed security in the case of zero market return. In Figures 1 and 2, the
alpha coefficient represents the distance from the coordinate origin to the intersection
point of the characteristic line and the y-axis. The alpha coefficient indicates the deviation
of the actual from the expected return:

« if alpha is positive, the actual return is higher than expected and the security is
undervalued;

« if alpha is negative, the actual return is lower than expected and the security is
overestimated;

« the zero alpha coefficient indicates the absence of an undervaluation, that is, an
overestimation of the observed security and the presence of a price equilibrium.

Due to the functioning of the market mechanism and market laws, the first two
situations in the final instance result in the third. In the first case, return higher than
expected and price below the equilibrium price to attract buyers who increase demand
(Milasinovi¢ et al., 2019). Demand growth affects price growth, which leads to a
gradual decrease in the real return down to the equilibrium level represented by the third
situation. In the second case, the return lower than expected and the price higher than
the equilibrium price reject customers who reduce demand. The fall in demand causes
the price to fall, resulting in a gradual increase in the real return to the equilibrium level.

Important assumptions single-index market model related to random error (g;,) are
(Francis & Kim, 2013, p. 167):

* the expected value of the random error (residual) is zero (E(g;,) = 0),

* the variance of random error is constant (¢°;, = const),

* the random error is uncorrelated with market return (Cov(e;, r,,,)=0),

* the random errors are serially uncorrelated (Cov(e;, €;5)=0, 3a t #),

* the random errors of different securities are mutually uncorrelated

(Cov(ej, €;)=0, 3a i #)).
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The last assumption about the mutual independence of the residuals of the analyzed
securities is the most important of the above mentioned, since it implies that the only
cause of the systemic variability of the return of the different securities is the chosen
factor — in this case, the market movement (market rate of return). Non-correlation of
residuals indicates that there are no additional factors that systematically affect securities’
returns and that the presented single-factor model is valid.

Using the single-index market model, the following terms are derived (Elton et
al., 2011, p. 134):

+ expected return of individual security: #; = &; + 57y,

« variance of return of individual security: a7 = B;" o4 + a5,

* covariance of returns between securities: g;; = §;5 J-ﬂri .

In analogy to the division of the overall return of the security to the systemic
and non-systemic component, the total variance of return (g;") is divided into systemic
and non-systemic variance, i.e., on systemic (factor) and non-systemic (non-factor) risk.
Systemic risk is represented by the product of the squared beta coefficient and the market
variance (8:" %), and non-systemic risk by the variance of the residual of the individual
security (LT;.-). Since the market variance (%) is the same for all securities, the beta
coefficient (j;) is considered the right measure of systemic risk:

» if #; = 1, the security has the same systemic risk as the total market;

» if f; = 1, securities have higher systemic risk than the total market;

e if B; = 1, securities have less systemic risk than the total market.

According to the Modern Portfolio Theory (MPT), decisions should be made in
the context of portfolios, not in the context of individual securities. This caused even
greater practical value that have the following terms based also on the single-index
market model:

* Retrun in the holding period of the securities’ portfolio: 7pr = @y + Bptine + &p¢

* The expected return of the securities’ portfolio: iy = @y + Bpfiy;

where:

Gp = EF:Lwl'”f’ 4
.Eg:l = EF:J.W[.E[, 5)
Epr = EF:LWI Eit- (6)

Alpha coefficient, beta coefficient and portfolio random error (residual) (o, B, 1 &,,)
are weighted averages of alpha coefficients, beta coefficients and residuals of component
securities. Thereby, parts of the total portfolio value invested in a particular security are used
as weights (w,).

+ The variance of the securities’ portfolio: o = 822 + a2,
where: ' ' '

ﬂs:i:' = E::"!=J.1"""|':’-:rs:f' (7)

If the residuals of the return rates of different securities are not mutually correlated,
the variance of the portfolio residual represents the weighted average of the variance
of the residuals of the individual securities in its composition. Assuming that the same
proportion of money is invested in each of the securities (w; = i), the formula for
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residual portfolio variance becomes:
o 1 1
Usp = Er=1.; HE-I'. ()
It is clear that by diversifying and increasing the number of component securities,
the non-systemic variance (variance of residual) of the portfolio decreases drastically
and disappears in the final instance, so that the overall risk of the portfolio becomes:

a5 = By o ©)
or equivalent,
6y = BpOm (10)

In addition to the original single-index market model that uses return in the holding
period, it is useful to present Jensen’s single-index market model that uses the excess
return (risk premium) instead of return in the holding period:

Rie = o; + BiBlme + &2, (11)
where:

R;;— the excess return (risk premium) of the security i in period ¢, that is, the return
rate of a particular security above the risk-free rate of return in the observed period;

R,,;,— the market excess return (market risk premium) in period ¢, that is, the return
rate of the market portfolio above the risk-free rate of return in the observed period.

Michael C. Jensen presented this model in his doctoral dissertation, published
in 1968, citing its high utility value and its numerous advantages in the evaluation of
investment performance as a reason for introducing (Jensen, 1968).

It is important to point out that, under the assumption of constant risk-free rate
of return (ry = const), the original single-index market model and Jensen’s single-
index market model are very similar. Beta coefficients (f;) and random errors (g;) do
not differ in the described versions of the single-index models, since the same constant
(ry) is subtracted from the dependent and independent variables. Only alpha coefficients
differ, and the relationship between the original alpha («;) and Jensen’s alpha («;") can be
represented as (Francis & Kim, 2013, p. 171):

o' = o - 1(1 = ). (12)

These alphas have different values, meanings and different uses. The introduction
of Jensen’s alpha coefficient significantly facilitates the process of measuring realized
investment performance.

On the other hand, under conditions of fluctuating risk-free rate of return (), the
original and Jensen’s single-index market models are moving away from each other, i.e.,
they lose similarities because they have different not only alpha, but also beta coefficients.

Multi-index models — precision at the expense of simplicity
If the residuals of the component securities’ return rates are mutually correlated,

the single-index model loses validity and usability, and it is necessary to introduce
additional indices (factors) that together with the existing factor would better explain the
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systemic component of the stochastic movements of the portfolio’s securities. According
to Lee et al. (2010), the simplest way to construct a multi-index model is to supplement
a market model based on a market index with other factors such as an index that shows
the movement of the industry to which the enterprise belongs. with increasing number of
factors, multi-index models are generated and the covariance among residuals approaches
zero. This increases the precision and complexity of the model.

The simplest variant of a multi-index model is a two-index model, with the
required number of inputs 4n + 4. For each security it is necessary to determine the alpha
coefficient («;), beta coefficient relative to the first index (f;;), beta coefficient relative to
the second index (f3,»), as well as residual variance (ﬂf.-). It is also necessary to determine
the expected rates of return and variances for both selected indices.

The basic premise of the two-index model is that securities’ returns are dependent
on the systemic impact of two common factors, which explain the systemic component of
stochastic movements in returns of component securities. Thereby, the unexplained non-
systemic component is attributed to the unanticipated effects specific to the particular
security and its issuer.

According to Sharpe et al. (1995), the economy is not a monolithic entity,
therefore, a number of factors can influence the return of securities: the growth rate of
gross domestic product, the level of interest rates, the inflation rate, the level of the oil
price.

The two-index model, which uses the Gross Domestic Product (GDP) and
unexpected inflation rate (INF) as explanatory factors, takes the following form (Lekovic,
2017):

ri=0;+ By GDP, + B INF, + &, (13)
where:

o;—the expected return of security 7 for the case of zero value of factors GDP and INF,

L1 — the sensitivity of the return of security i to changes in the growth rate of the

Gross Domestic Product (GDP),
P — the sensitivity of the return of security 7 to changes in the inflation rate (INF).

The systemic component of the total return of the observed security is represented
by the sum of the first three elements of the right part of the equation (o; + f;; GDP; +
P INF), while the last fourth element (¢;) indicates the non-systemic component of the
total return.

The graphical representation of the two-index model described is done using
a characteristic plane. Thereby, each point in a two-dimensional space indicates a
combination of the return of a particular security, the growth rate of gross domestic
product and the inflation rate.

Earlier assumptions of single-index model related to random error (¢;,) apply to both
two-index and multi-index models. An additional assumption, aimed at simplifying the
computational process, is the non-correlation of the indices used, that is, the selected factors
(Cov(GDP,, INF,) = 0). The possible impact of one factor on another can be eliminated by
an orthogonalization process that turns correlated factors into uncorrelated ones.

The present two-index model leads to the appropriate formulas for:

+ the expected return of individual security: i = a; + B;; GDF + B, INF |

+ the variance of return of individual security: o7 = B3 ome + Ba0is + 0o
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* the covariance of returns between securities: o;; = _E,-L_EJ-LGEDP + BiB;e .

In the formula for the total variance of the return of an individual security
(o7 = Bioius + BAoiys + o) systemic risk is represented by the sum of the first two
elements of the right part of the equation: 1) the squared beta coefficient of the security i
relative to the first index multiplied by variance growth rate of gross domestic product
(Bioéne ) and 2) the squared beta coefficient of the security i relative to the second index
multiplied by variance rate of inflation (83 73;z). On the other hand, non-systemic risk is
represented by the residual variance of individual security (a3).

In the case of portfolio, using the two-index model results in the following terms:

e The return in the holding period of the securities’ portfolio of:

Tyr = @p + Bpy GDF + ByoINE + £pe;
* The expected return of the securities’ portfolio: % = @y, + By GDP + By, INF;

where:

Bp1 = EF:LWI.B[L’ (14)
Byo = EF:LWLEIE. (15)

The beta coefficient of the portfolio relative to the first index and the beta coefficient
of the portfolio relative to the second index (f,, u j3,.) are the weighted averages of the
beta coefficients of individual securities relative to the first or second index, whereby
parts of the total portfolio value invested in a particular security are used as weights (w;).

* The variance of return of the securities’ portfolio: &7 = A7, 675 + Bioie + 02

By increasing the number of securities in the portfolio, the non-~=;"temic risk of
the portfolio, represented by the residual variance of the portfolioa (?£F), drastically
decreases and approaches zero, so the total portfolio risk is reduced to systemic risk:

o5 = Ba10cs + .Ep!:ﬂ:gv;'_ (16)

In addition to the classic two-index model, it is important to introduce two-
sector-factor model. Prices of the securities in the same sector often show a high degree
of correlation, indicating the systemic impact of a particular sector factor. The basic
premise of this model is that all securities are divided into two sectors, with their returns
being affected solely by the factor characteristic for the sector to which the securities
belong. Thus, factor characteristic for the first sector (F) systematically affects the
returns of securities of the first sector, while the factor related to the second sector (F,)
systematically affects the returns of securities of the second sector. The sensitivity of the
return of the first sector securities to changes of factor F, is equal to zero, and inversely,
the sensitivity of the return of the second sector securities to changes of factor F; is also
zero. The above mentioned indicates that in the general two-index model:

e =a; + by Fp + b P + 5, 17)

either by; or b;, will be equal to zero, depending on the sector to which the security
belongs. If the security belonging to the first sector is marked with i and the security
belonging to the second sector is marked with j, the corresponding two-sector index
models will take the following form:

e = + by Fip + o5, (18)
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or,
he = aj + bppFor + & (19)

So, unlike the classic two-index model whose trequired number of inputs is 4n + 4,
the total number of data necessary for the successful functioning two-sector index model
is smaller and amounts 37z + 4, which is also a key advantage of this model.

Extending the two-index model with additional factors leads to more complex
multi-index models that require larger number of inputs:

¢ three-index model (5n + 6 inputs),

 four-index model (6n + 8 inputs),

* five-index (7n + 10 inputs),

* k-index model ((k + 2)n + 2k, or equivalent, 2n + 2k + kn inputs, where: n —
number of securities, and &£ — number of factors in the model).

General multi-index model with & factors of systemic variability of the
securities’ return has the following form:

e = + by Fp + b P £+ b P + i (20)

The following analytical expressions are obtained using this model: _

+ the expected return of individual security: 7; = &; + by Fy + by + - + b Fye |

« variance of return of individual security: o = bf, o + bhod + - + bioi + a5,

* covariance of returns between securities: o;;= b;1b;10%1 + bpbpon+ ... + bybyc .,

» retrun in the holding period of the securities’ portfolio: 7,, = &, + b, Fy, + b, Fo, +

+bkakt+ 8pt’ _ _ _

* the expected return of the securities’ portfolio:r, = ap + by A + by Fy + 4 byiFy,

* variance of the securities’ portfolio: g_ﬂ: = ,[;;Lgr..fl + ,[;_'-r'lzgr..:: + e I’;kﬂr:-,: + gjp.

It is not difficult to conclude that the concept is exactly the same as in the case
of the two-index model. However, the key problem with the multi-index model is the
choice of index, i.e. factors that systemically influence the return generation process.
According to Grinblatt and Titman (2001), the three basic ways of assessing common
systemic risk factors are:

» the use of statistical techniques, such as factor analysis,

» the specification of macroeconomic factors, such as unexpected changes in

interest rates, unexpected changes in the level of economic activity,

» the specification of the characteristics of the securities or companies as

microeconomic factors.

Despite numerous researhes (Chen et al., 1986; Idris & Bala, 2015; Jamaludin et al.,
2017; Kim, 2006; Sharpe, 1982; Tudor, 2010; Zhu, 2012), the financial literature has not yet
reached a consensus on the most important systemic risk factors. Over time, some models
such as the Barr Rosenberg Associates (BARRA) model (Rosenberg, 1974), Fama-French
three-factor model (Fama & French, 1993), Burmeister-Ibbotson-Roll-Ross (BIRR) model
(Burmeister et al., 1994), Carhart’ for-factor model (Carhart, 1997) have found application
in practice. However, decades of research have not been sufficient for making the final
judgment about the factors that systemically influence the return generation process.

The latest researches, among which study carried out by Harvey et al. (2016)
stands out in particular, show that hundreds of factors are associated with returns at a
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statistically significant level. This study conducted by Harvey et al. (2016) indicates
that at least 316 factors are in statistically significant relation to returns. In intention
to indicate the appearance and abundance of new factors, Cochrane (2011) uses a
picturesque expression “zoo of new factors”.

It is clear that a greater number of factors implies greater model exactness, while
at the same time a greater number of required inputs for the result has greater model
complexity. The multi-index model, according to the precision and the number of inputs
required, occupies mid position between the original Markowitz’ model and the single-
index model.

Conclusion

By choosing between Markowitz’s, single-index and multi-index model, a kind
of trade off is made between the simplicity and precision of the model. Striving for
greater simplicity of the model, it must not overlook the simultaneous loss of precision
in determining a set of efficient portfolios. Inversely, striving for greater precision, the
simultaneous loss of simplicity must not be neglected.

As Markowitz model of portfolio analysis requires the calculation of a correlation
for each pair of securities within a portfolio, its application to portfolio expansion
becomes more complex. With this in mind, William F. Sharpe has offered a simpler
solution in the form of a single-index model that involves the systemic impact of one
common factor on the returns of all securities and determining the correlation between
the returns of securities based on their relationship with the common factor. Compared to
the Markowitz’s model, the application of Sharpe’s single-index model is characterized
by simplicity caused by fewer required inputs, but also by less precision in determining
a set of efficient portfolios.

In order to determine the efficient limits more accurately and to explain more fully
the systemic variability of securities’ returns, it is proposed to introduce additional factors
and to generate a multi-index model. Introducing additional factors that systemically
affect securities’ returns increases the precision and complexity of a multi-index model
that gradually approaches original Markowitz’s model in terms of its characteristics. Each
additional factor means greater precision while reducing the applicability of the model in
real conditions. Therefore, during a search for optimality, a number of factors should be
increased until the marginal benefits in terms of increased model precision are greater than
marginal costs in terms of increased complexity, reduced applicability and the associated
costs of obtaining information. The above mentioned conclusion is comparable to the
conclusion reached by Benjelloun and Siddiqi (2006) and Statman (2004) when examining
the optimal portfolio size: the portfolio size should be increased until the marginal benefits
of diversification in terms of reduced investment risk are greater than the marginal costs of
diversification in terms of increased portfolio management costs.

Based on the above mentioned, it is concluded that the single-index and multi-index
models represent a simplification of Markowitz model of portfolio analysis, and that the
multi-index model occupies a central position between the original Markowitz’s model
and Sharpe’s single-index model, because it is characterized by medium complexity and
medium level of precision in determining the set of efficient portfolios.
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The qualitative, but not quantitative, analysis of the optimal number of explanatory
factors of the model was performed in the paper, and, therefore, future research should be
directed to a comprehensive empirical analysis to support the conclusions drawn using
the qualitative methodology.
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