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Determination of the optimal production
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programming
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Abstract. In this paper, we consider the problem of determining the optimal production quantity under uncertainties. The
treated problem has a critical effect on the achievement of business goals, which further propagates to the competitive
advantage of manufacturing company. The considered problem is stated as the fuzzy linear programming task. The objective
function is defined as the maximization of all profit over the time period. The set of constraints consists of constraints deriving
from the enterprise (available capacities) and from the market (demand). The fuzzy rating coefficient values of objective
function of each pair of the considered products are described by linguistic expressions which are modelled by triangular
fuzzy numbers. Handling of uncertainties of the stated fuzzy pair-wise comparison matrix is performed by using the extent
analysis. The right-hand-side values of the capacity constraints are determined by decision makers and modelled by the
triangular fuzzy numbers. The market constraint values are given according to evidence data. Determination of the optimal
quantities of considered products for each time period is based on the concept of equal possibilities. The proposed model is

illustrated by an example with real-life data.
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1. Introduction

In today’s highly changing and competitive busi-
ness environment where manufacturing firms are
operating, production managers are focused on defin-
ing new management strategies and enhancement
of production processes. The most important pre-
requisite for defining an adequate improvement of
management strategy is a clear understanding of pro-
duction process quality [27]. The application of these
strategies should enable sustainability in the long-
time period, on one hand, and at the same time
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reduction of losses that may occur in the manu-
facturing process such as overproduction, inventory,
unnecessary waiting, etc. Based on production man-
agement practice, it is well known that determining
the optimal production plan is one of the most impor-
tant management strategies. That is the reason why
the considered problem has become an important
research field for both industry and academia in the
last decades.

The optimal production plan should be deter-
mined in such way that its accomplishment earns
the largest profit respecting the constraints which
include: fulfillment of customer demands and utiliza-
tion of manufacturing equipment capacity. The type
of objective function and the number of constraints
determine the choice of the optimal production plan
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to be made by the production managers. The problem
thus set can be solved by applying the exact opti-
mization methods. A widely used method is Linear
Programming (LP), analogous to [10].

The problem becomes significantly more complex
if we introduce the assumption, a realistic one, that
the considered parameters of LP task are not mea-
surable. It seems as a more realistic approach to use
linguistic assessments instead of numerical values.
The uncertain and imprecise parameter values could
be described by linguistic variables introduced by
[24]. Modelling of uncertain and imprecise param-
eters and constraints could be based on fuzzy sets
theory [12, 19].

Under conditions of rapid and permanent changes
taking place in the environment it is realistic to
introduce the assumption that some parameters are
described by uncertain numbers. In these cases, areal-
world problem should be formally stated as a fuzzy
LP (FLP) with uncertain parameters. In the literature
[3], the FLP models could be classified in the fol-
lowing six groups, with the FLP problems involving:
(1) fuzzy numbers for the decision variables and the
right-hand side of the constraints, (2) fuzzy numbers
for the coefficients of the decision variables in the
objective function, (3) fuzzy numbers for the coef-
ficients of the decision variables in the constraints
and the right-hand side of the constraints, (4) fuzzy
numbers for the decision variables, the coefficients
of the decision variables in the objective function and
the right-hand side of the constraints, (5) fuzzy num-
bers for the coefficients of the decision variables in
the objective function, the coefficients of the deci-
sion variables in the constraints and the right-hand
side of the constraints, and (6) the so-called Fully
FLP (FFLP) problems that involve fuzzy numbers for
the decision variables, the coefficients of the decision
variables in the objective function, the coefficients of
the decision variables in the constraints and the right-
hand side of the constraints. It is known that the crisp
number can be presented as a fuzzy number [12], so
it can be considered that the first five types of LP
problems are special cases of FFLP.

Solving the FLP problem includes two main prob-
lems, feasibility and optimality, and therefore it is
necessary to answer two questions: (1) How to define
the feasibility of a decision vector x, when the con-
straints involve fuzzy numbers? (2) How to define
the optimality for an objective function with fuzzy
coefficients? Many new methods are introduced into
the FLP model that allow the FLP to fit into the real
world as much as possible.

This method is widely used to solve different prob-
lems in many research areas, for instance, in food
industry [5], gas industry [9], recycling domain [14,
15], transportation domain [31], etc.

In this paper, an assessment of the parameters
of objective function is stated by the fuzzy pair-
wise comparison matrix (analogous to fuzzy Analytic
Hierarhical Process) (FAHP). The FAHP method has
been widely used in different research areas. The ele-
ments of this fuzzy matrix are described by type-1
triangular fuzzy numbers (TFNs), analogous to [37].
Handling of uncertainties of FAHP is performed by
using the extent analysis method developed in [16].

Motivation for this research was inspired by the
fact that there are no research papers that treat com-
bining the FLP and some other method. In practice,
the values of uncertain parameters should be obtained
by using appropriate methods, such as experts’ opin-
ion [21, 34], statistical methods [29], FAHP, etc. In
this paper, the considered problem can be divided
into two phases. In the first phase, the values of coef-
ficients of the objective function are determined using
the FAHP. In the second phase, the optimal solution
of FLP is found. It can be assumed that the obtained
solution given by applying mentioned methods is
burdened to some extent by subjective opinions of
decision makers.

The paper is organized in the following way. Sec-
tion 2 gives an overview of the proposed FLP models.
The methodology used is presented in Section 3. The
proposed algorithm is described in Section 4. An
illustrative example with real-life data is shown in
Section 5. Conclusions are presented in Section 6.

2. Literature review

Determining the flow material in different domains
should be stated as FLP which, according to the clas-
sification given in [3], can be arranged in the first five
groups. These problems are solved using different
methods. The papers are analyzed below.

Tadi€ et al. [15] considered the problem of deter-
mining the optimal flows of waste in the reverse
supply chain. The objective function is maximiza-
tion of the overall profit which is calculated as income
generated by selling the recycled products reduced by
costs driven by the waste storage, recycling itself and
purchasing costs. Capacity availability of recycling
equipment and availability of waste in the treated
time period present the constraints of the proposed
FLP. The coefficients of the objective function are
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assessed by decision makers and modelled by TFNs.
The optimal flow of waste is obtained by applying the
concept of equal possibilities and described by fuzzy
numbers. The problem of determining the optimal
production quantities in food industry [5] and poultry
industry [9] is stated as FLP with uncertain right-hand
sides. These authors suggest that all existing uncer-
tainties should be adequately described by TFNs. The
optimal solution is given using Zimmermann'’s pro-
cedure [8]. The determination of the optimal flows
in the reverse supply chain is formally described by
bi-linear fuzzy model in [14] (analogous to [10]).
The objective function is defined as maximization
of the net profit before tax paying. The constructed
constraints are related to market conditions and total
recycling cost. The total cost incorporating bi-linear
term is denoted as multiplication of the material flow
and price transfer. The right-hand-side values of con-
straints are described by the TFNs. The reformulation
of the proposed model is performed by approxima-
tion as suggested in Vidal and Goetschalckx [10].
The optimal flows are found applying the optimal-
ity principle [23]. In [1] the problem of assessment
and optimization of natural supply chain is stated
as a multi-objective multi-period FLP. The first and
second objective function, respectively, is related to
minimizing the economic costs in the entire supply
chain and the costs of greenhouse emissions across
the supply chain, respectively. The set of constraints
consists of the percent of the constraints of fulfill-
ing various customer demands, input/output balance
and assurance of the continuity of gas flow in the
supply chain. The coefficients of the objective func-
tion and righ-hand sides are described by type-1
TENs. The FLP proposed in this paper is converted
into LP in such way that all existing uncertainties
were replaced by their extended values (analogous
to probability approach). The optimal solution can
be obtained using the simplex method. Ebrahimnejd
and Tavana [3] analyzed FFLP with uncertain coeffi-
cients of the objective function and the values of the
right-hand side are represented by symmetric trape-
zoidal fuzzy numbers, whereas the elements of the
matrix are described by real numbers. Each fuzzy
number in the considered FLP was replaced by its
rank. In this way, the stated FLP is converted into
equivalent crisp LP. Solving the obtained LP prob-
lem is based on a standard method. As it is known,
the solution of LP problem is crisp. Authors used
the relation between the crisp and fuzzy problems
to obtain a fuzzy solution for the considered FLP.
Jimenez et al. [25] propose a new method for finding

the optimal solution of FLP with fuzzy parameters.
The proposed method is realized through two steps.
In the first step, all fuzzy coefficients of the objec-
tive function are replaced by their expected values
and they are crisp. The constraints of the considered
FLP with fuzzy coefficients matrix and fuzzy right-
hand sides are transformed into linear inequalities by
using the procedure for comparing two fuzzy num-
bers, as presented in [26]. In this way, the considered
FLP is converted into LP with parameter a.. By using
the simplex method, the o acceptable optimal solu-
tion is found. The values of decision variables are
crisps and the objective function value depends on
the values of « and are described by TFNs. In the
second step, the degree of satisfaction of the fuzzy
goal by each a acceptable optimal solution is com-
puted. A reasonable solution is the one that has the
biggest membership degree to this fuzzy subset. Bha-
tia and Kumar [30] considered the FFLP problem
with fuzzy parameters modelled by LR flat fuzzy
numbers and crisp decision variables. The stated FLP
is transformed into FLPA where decision variables
are also modelled by non-negative LR flat fuzzy num-
bers. The objective function and the set of constraints
of the FLPA are given according to the fuzzy alge-
bra rules [12]. By using the ranking index [35], the
FLPA is converted into LP. The optimal solution of
given LP can be calculated using the simplex method.
The fuzzy optimal solution of the FLP is found by
applying the procedure developed in this paper.
Some papers introduce the assumption that all
parametric and decision variables have imprecise
values and should be described by fuzzy numbers.
According to [3], such problems are referred to as
fully FLP and are denoted as FFLP. Furthermore,
some FFLPs will be described in brief. Loftietal. [18]
discuss FFLP of which all parameters and decision
variables are the asymmetric fuzzy triangular num-
bers converted into crisp values by applying special
defuzzicated procedure. When applying the lexicog-
raphy rule, the considered problem is converted into
two LP models. The objective function of the LP is
defined as the maximization for the Center of the
treated FFLP. The second LP problem has formal
presentations as Fuzziness problems. By applying
special ranking to fuzzy numbers, the stated FFLP
transforms to MOLP. In [33] the treated FFLP prob-
lems, all uncertain parameters, as well as decision
variables are described by type-1 TFNs. This model
is transformed into the multi-objective linear pro-
gramming model (MOLP) from the given FFLP. The
constructed MOLP can serve decision makers by
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providing an appropriate best solution to a variety of
LP models having fuzzy numbers and decision vari-
ables in a simple and effective manner. By using the
procedure [32] an efficient solution of the MOLP can
be produced. The author proved in this paper that the
obtained solution of MOLP yields an optimal fuzzy
solution to the FFLP. Najafi et al. [36] proposed a
new method for solving FFLP with non-negative and
unrestricted decision variables and uncertain param-
eters. All uncertainties are modelled by TFNs. The
proposed procedure can be realized through the fol-
lowing steps briefly presented as follows. Firstly,
FFLP is written according to recommendations given
in [4, 36]. After that, all TFNs are represented by crisp
values which are defined according to the ranking
method [4, 36], so that the non-linear programming
problem is obtained. The solution of the non-linear
programming model presents lower, modal and upper
bounds of decision variables. In other words, the opti-
mal fuzzy values of decision variables can be formed.
Integrating these values into the objective function,
its optimal value is given and TFNs are described.

Many authors suggest that solving real problems
should be based on making novel approaches that
combine two or several conventional or modified
methods [2, 13, 39]. It should be noted that the con-
ventional AHP method [38] is based on 4 axioms.
Check for consistency is performed using the eigen-
vector method. In fuzzy pair-wise comparison matrix,
the elements cannot be considered reciprocal relative
to the main diagonal, nor is there a developed proce-
dure for checking its consistency. Regardless of these
shortcomings, when decision makers do not have
enough information on the parameters considered, or
information changes rapidly, many authors consider
that known FAHP framework is very suitable to use.
There are many papers [17] where mentioned short-
comings of the FAHP method are reduced in such
way that improved FAHP method can be employed
to determine priorities of the considered variables,
which can be obtained using the extent analysis pro-
cedure [16].

3. The proposed model

This paper considers the problem of determining
the optimal production quantity in the manufacturing
company. Formally, all products can be represented
by a set of indices ¢ = {1, ..., i, .., I} where [ is the
total number of products of the production program,
and 7 is an index for product i,i = 1, .., I. Final

products are created through different technological
processes that are realized in different organizational
units. These organizational units are formally rep-
resented by a set of indices n = {1, ..., j, .., J}. The
overall number of organizational units is denoted by
Jand j,j = 1,.., J is an index for organizational
unit. The demand for final products stemming from
the market has considerable influence on determining
the volume of production for each kind of product
in the considered product range. In a general case,
the overall number of organizational units stemming
from the market can be formally represented by a set
y ={l1,...,k, .., K}. The overall number of market
constraints is denoted by K and k, k = 1, .., K is an
index of market constraint.

The objective function is defined as maximization
of the overall profit over the considered time-period.
In practice, the overall profit depends on the values
of unit profits of the considered products and their
production range. Due to rapid and frequent changes
in product demands, as well as changes developing
in the enterprise, it is almost impossible to precisely
determine the values of unit profits respecting evi-
dence data.

Consequently, in this paper, the relative signifi-
cance of the unit profits of each pair-wise product was
determined based on decision makers’ assessments.
It is much closer to human reasoning than direct
assessment, analogous to the Analytic Hierarchy Pro-
cess (AHP) framework. Handling of uncertainties in
the fuzzy pair-wise comparison matrix of the relative
values of the product unit profits can be performed
in different ways [16, 20, 22]. These approaches
have some advantages and disadvantages that are pre-
sented in [7]. The approach developed by Chang [16]
is easy to understand, is simple and does not require
complex mathematical calculations. Also, the advan-
tage of this approach is that it follows the steps of crisp
AHP and does not involve additional operations. The
main disadvantage of extent analysis method is that
it allows use of triangular fuzzy numbers only. It can
be said that when uncertainties can be well enough
represented by TFNs, then Chang’s method can be
used. In the literature, this method is most commonly
applied. In this paper, the calculation of normalized
unit profit value is based on the approach developed
in [16]. Based on introduced assumptions, the objec-
tive function can be stated as a linear combination of
normalized values of the unit profits and quantity of
the product.

The available capacities of each organizational unit
can be defined based on the predicted number of
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operational manufacturing equipment and engaged
workers. On the basis of evidence data for the age of
equipment, manner of equipment maintenance, con-
ditions of working environment, as well as seasonal
changes that may affect workers, decision makers
assess the available manufacturing capacity. The sec-
ond group of constraints stems from the market, The
demand for each kind of product from the product
range is monitored monthly.

Respecting all introduced assumptions, the prob-
lem considered can be set as a FLP problem with
fuzzy coefficients of the right-hand sides. The opti-
mal solution of this problem is obtained using the
concept of equal possibilities. By applying the pro-
posed model, the optimal production quantity of each
kind of product can be determined. In this way,
production manager can monitor change in the quan-
tity of each kind of product manufacturing over the
time period. In accordance with the obtained results,
the manager should take appropriate measures to
improve utilization of the capacities or take measures
in the marketing domain that would lead to increased
demand for product. Such measures would lead, at
the same time, to increased overall profit of the man-
ufacturing firm, which represents one of the most
important business goals.

3.1. Notation

To make the reading of the proposed model easier,
the notation is introduced:

I total number of considered products

i index of product,i = 1, ..,

J total number of constraints stemming from man-
ufacturing firm

Jj index of constraints stemming from manufactur-
ing firm, j = 1,..,J

K total number of constraints stemming from the
market

k index of constraints stemming from the market,
k=1,.,K

vii', i,i’ =1,..,1;i #i is TEN describing the
relative value of unit profits of each pair-wise
product.

¢; represents normalized unit profit value of the
producti,i = 1, .., I; this is crisp value of the coef-
ficient of the objective function

a;j represents product processing unit time 7, i =
1, .., I in the organizational unit j, j = 1, .., J;itis
crisp value of the coefficient right next to a basic
variable in the constraints of the first group.

Bj represents the manufacturing equipment capac-
ity in the organizational unit j, j = 1, .., J;itis TFN
describing the value of right-hand side of the con-
straint j, j = 1, .., J.

Qk is the value of demand for the considered
products; it is crisp number describing the value of
right-hand side of the constraintk, k = 1, .., K—.

3.2. Modelling of uncertainties

Uncertainties in the unit profit value and capac-
ities value of the organizational unit were obtained
based on decision makers’ assessments. Fuzzy sets
theory [12, 19] allows the existence of thse uncer-
tainties to be described quantitatively well enough.
Improvement in the management of different mean-
ings of words for different people can be achieved by
using the type-2 fuzzy sets, hesitant fuzzy linguistic
terms [6, 11]. The main disadvantage of using these
types of fuzzy sets for modelling of uncertainties is
that they require complex mathematical computing.
On the other hand, uncertainties of words cannot be
captured sufficiently well by using the type-1 fuzzy
sets but, at the same time, their use is easy and simple.

3.2.1. Determination of normalized unit profit
values

Unit profit values of the considered products are
stated by fuzzy pair-wise comparison matrix. The ele-
ments of this matrix are defined according to the unit
profit value of the product and according to the prod-
uct i,, i i = 1., L;i# i'. These values are described
using the pre-defined linguistic expressions, which

are modelled by TFNs, Vii' = (xil,;.ms, u,s) with
the lower and upper bounds /,/, u,, and modal value
m,y, respectively. The domains of these TFNs are
defined on the common measurement scale [38].
Value 1 indicates that product i has almost the same
value of unit profit as the product i ", Value 9 indicates
that product i has significantly higher value of the unit
profit than product i/, i, i = 1., Li# i

If product i "has higher value of the unit profit over
product i, it holds then that the pair-wise compari-
son scale can be represented by the fuzzy number
~ ~ -1
Vi = (Vi/l) = ( ! ! ,Z;T).prroductsiand

us.’ my.
L1 11

i (i, i = 1, .., I) have equal values of unit profits,
then this can be represented by a single point 1 which
isa TFN (1,1,1).

In this paper, the fuzzy rating of decision mak-
ers can be described by seven linguistic expressions:
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1 2 3 4

Fig. 1. The TENSs describing the relative unit profit values.

very low value (VL), low value (L), moderately low
value (ML), medium value (M), moderately high
value (MH), highvalue (H), and very high value (VH).
These linguistic expressions are modelled by TFNs
which are given as follows:

VL=(,1,55), L=(,1,9), ML =(
M =(25,5,75), MH=(,7,9), H=(
and VH = (4.5,9,9).

Due to the turbulent changes taking place in the
environment and the changes that can occur in the
enterprise, decision makers are not able to make accu-
rate assessments. Therefore, there are large overlaps
of TFNs with which the pre-defined linguistic expres-
sions were modelled. These TFNs are shown in Fig. 1.

Normalized unit profit value vector of the consid-
ered products is calculated by applying the concept
of extent analysis [16].

The value of fuzzy synthetic extent with respect to
the i-th product is defined as:

~ ~ 1 ~
Si = N; - ZNi

1=

-1

where:
N I I I
Ni= (Dot my Yy |
i'=1 =1 i'=1
K _ I 1 I I
ZNI: Zzlii/’zzmu/’z ull/ ’
i=1 i=1;—-1 i=1 ;-1 i=1;—1
and
I I I
2 Ly > my > Uy
~ J J .
S = i =1 i=1 i =1
L I 1 ol 7]
Z Z ull/’ Z Z mii” Z Z lu”

The degree of belief that unit profit of product
i,i = 1,.., Iis greater than unit profits for the rest of
products from the product range can be set as a task of

determining the degree of belief that TFN §; is big-
ger than all other TENs S;, (i,i = 1, .., K:i # i),

and it can be formally represented as Bel (Si>. This

value is obtained by applying the method for fuzzy
numbers comparison [12, 28].
The unit profits vector is represented as:

C,= ((Bgl (}1)) (Bel Cl)) (Bel(EI)))

After normalizing Cj,, we get the normalized
weights vector C:

C = (Cla ces Ciy enny CI)

The vector C is a non-fuzzy number and the values
of this vector represent normalized unit profit values
of the considered products.

3.2.2. Modelling of constraint values

The values of available capacity are based on
decision makers’ assessments. Formally, their assess-
ments are modelled by TFNs, B; = (y;lj, mj, uj)
with the lower and upper bounds /;, u; and modal
value m j, respectively. The domains of these TFNs
belong to real numbers, which are determined based
on experience and current information of decision
makers.

The demand deriving from the market of the enter-
prise’s considered products was obtained based on
evidence data and it is crisp.

3.3. The proposed algorithm

The proposed model can be realized through sev-
eral steps presented as follows.
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Step 1. Let the fuzzy pair-wise comparison matrix

~

of the relative value of the unit profit, [Vii/} ar
X
Step 2. The fuzzy pair-wise comparison matrix

is transformed into pair-wise comparison matrix,
[V.#1,,,- The element values of this matrix present

the representative scalars of the TENs, V. Check
for consistency was done by the eigenvector method
[38].
Step 3. The normalized unit profit values vector,
= (cy, .., ., ¢1) is calculated by extent analysis
[16].

Step 4. Capacity availability of each organiza-
tional unit was determined based on decision makers’
assessment and overall demand according to evidence
data.

Step 5. The FLP is stated:

Objective function:

1
max E Ci - Xj
i=1

1 ~
) :Zaij-xiﬁBj,jzl,..,J

) :Zx,<Qk,k—l
3) :xl>0 i=1,.

Subject to

Step 6. The application of the concept of equal
possibilities enables the determination of the optimal
production quantity for each product, as well as the
value of the objective function. For each «, the value
of optimal solution is defined, applying the LINDO
program.

Step 7. The optimal quantity of each considered
product is crisp and presents representative scalars
obtained in the preceding step. The defuzzification
procedure is given by using the moment method [12].

Step 8. On the basis of obtained values, the
management team makes a decision about which
improvement measures should be taken.

4. Tllustrative example

The problem dealt with in this paper involves deter-
mination of the optimal production quantity for six
different types of water meters in one plant in the
Republic of Serbia. Manufacturing of each type of
water meter is accomplished through manufactur-
ing operations, organized in different organizational

units, such as: assembly of mechanical gears (j=1),
manufacturing of mechanism casing (j=2), man-
ufacturing of propeller casing (j=3), propeller
manufacturing (j =4), mask casting (j =5), assembly
of water meter mechanism (j = 6), glass manufactur-
ing (j=7) and water meter assembly (j=8). Unit
time of each manufacturing operation duration is
defined according to the designed technology.

By applying the proposed algorithm (Step 1), fuzzy
rating of the unit profit relative value is given accord-
ing to the proposed Algorithm:
fa,1,np v a,1,1) 1/L 1/ML 1/H ]
(1,1,1) 1/vL 1ML 1/M  1/VH

(1,1,1) 1/vL  1/L  1/MH
1,1,y 1/L /M

1,1,1) 1/ML

(1,1, 1)

The pair-wise comparison matrix of the relative
value of the unit profit of product is given according
to the proposed algorithm (Step 2).

1 2.125 1 0533 04 0.143]
0.471 1 0471 04 02 0.127

1 2125 1 0471 0.533 0.154
1.876 25 2125 1 0533 02 |°
2.5 5 1.875 1.875 1 0.4

7 7,875 6.5 5 2.5 1
C.I. =0.01

According to the obtained coefficient of consis-
tency, it can be said that mistakes made by decision
makers in assessing the relative value of unit profit of
the considered products are acceptable.

The procedure of determining the normalized unit
profit values of products vector is further presented
(Step 3 of the proposed algorithm)

— (3.42,4.44,10.5), Nz—(l 80, 2.64, 4.62),
(340 5.14,9.70), N4—(424 7.20,21.9),
(6.70, 11.33,32.5), N¢; = (15, 34, 40.5), and

X/ (34.56, 64.75, 119.72).

WMO\EZZZ

~ (342 444 105
"=\ 119.72° 64.75° 34.56

= (0.029, 0.069, 0.304)

Likewise, the value of fuzzy synthetic extent with
respect to other products is given:
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Table 1
Number of orders for each type of water meter throughout previous year

i=1 i=2 i=3 i=4 i=5 i=6
January 178 556 1131 57 10 10
February 146 1129 1864 128 89 10
March 182 614 1504 100 36 1
April 213 356 1306 82 41 8
May 30 283 1465 42 1 12
June 195 501 1984 2 25 12
July 135 628 1551 72 52 7
August 135 635 1743 112 105 3
September 521 691 2195 109 74 0
October 81 910 3119 113 30 0
November 203 728 966 67 77 1
December 477 630 1567 642 283 14

S5 = (0.015, 0.041, 0.134),
S5 = (0.028, 0.079, 0.281),
S4 = (0.035,0.111, 0.634),
S5 = (0.056, 0.175, 0.940), and
Se = (0.125,0.525, 1.172).

Unit profit values vector is presented as:

C, =(0.284,0.017, 0.262, 0.555, 0.703, 1)
The normalized unit profit values vector W:
C = (0.101, 0.006, 0.093, 0.197, 0.249, 0.354)

According to Step 4 of the proposed algorithm,
the available capacity of each manufacturing opera-
tion is determined using evidence data and current
information. In this example, the values of avail-
able capacities of each manufacturing operation are
described by means of triangular fuzzy numbers:

B1 = (23100, 46200, 92400),

Bo = B4 = Bs = By = (9240, 18480, 27720),
B3 = (9240, 27720, 27720),

Be = (13860, 27720, 55440),

Bs = (25344, 31680, 63360).

Demand is monitored monthly. Values of demand
for each kind of product in the previous time period
is given in Table 1.

The fuzzy LP model is illustrated by real data from
the first quarter (Step 5 to Step 7 of the proposed
algorithm).

max 0.101x1 +0.006x2 +0.093x3 +0.197x4 +
0.249x5 +0.354x6

st

3.5x1 +3.5x2 +3.5x3 + 7x4 + 7x5 + 7x6<=
(23100,46200,92400)

5700

5600
5500
5400
5300
5200 .
5100

| quarter

Il quarter Il quarter IV quarter

Fig. 2. The optimal quantity for product p=5 at the level of each
quarter.

0.66x1 +0.66x2 + 0.66x3 + 1.5x4 + 2x5<=
(9240,18480,27720)

1.16x1 + 1.16x2 + 1.16x3 + 1.5x4 + 2x5 + 6x6<=
(9240,27729,27720)

0.66x1 +0.66x2 +0.66x3 + 1.5x4 + 1.5x5 + 2.5x
6<=(9240,18480,27720)

0.66x1 +0.66x2 +0.66x3 + 0.75x4 + 0.75x5 +
1.33x6<=(9240,18480,27720)

0.5x1 +0.5x2 +0.5x3 + x4 + x5 + x6<=(13860,
27720,55440)

x1 +x2+x3 + x4 + x5x+3x6<=(9240,18480,
27720)

3.72x1+3.72x2+3.72x3 + 5.45x4 + 6.25x5 +
50x6<=(25344,31680,63360)

x1 +Xx2+x3 + x4 + x5 + x6<=7745

The optimal product quantities of considered prod-
ucts for the first quarter is (0,0,0,0, 5608.9,46.7). At
such manufacturing level the profit earned is 1400.8.
By applying the proposed fuzzy LP model at the level
of the rest of quarters, it can be said that the results
obtained are analogous to those obtained at the first
quarter level.

The obtained results lead to the conclusion that pro-
duction plan contains only products p=5 and p=6.
Optimal quantities of these types of water meters are
shown in Figs. 2 and 3.
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Fig. 3. The optimal quantity for product p =6 at the level of each
quarter.

According to Step 8, summing up the results, it can
be readily concluded that product (p =5) is the most
important for production and sales management of
considered enterprise. The optimal quantity of the
treated product is such in the first and fourth quarter.
This information is significant for both production
manager who should use it to make preparations for
production and for sales manager who should make
a sales plan. The obtained optimal quantity of this
product is significantly smaller in the second and
fourth quarter than in the analyzed quarters. Respect-
ing the obtained results, production manager should
take appropriate measures that will lead to the uti-
lization of manufacturing equipment over those time
periods. In this way, business operating costs are sig-
nificantly reduced, while the enterprise’s profit and
competitiveness are increased at the same time.

The optimal product quantity (p =6) obtained by
applying the developed FLP is significantly lower
than for the product (p=35). Based on the results
(Fig. 3), it can be concluded that in the first two
quarters a significantly larger quantity of this product
should be manufactured than in the last two quarters.
This result indicates that manufacturing equipment
capacities and work force capacities will be signifi-
cantly better utilized in the first two quarters. In case
that the enterprise does not have enough capacities
or work force the manager is required to take mea-
sures that would provide the accomplishment and
continuity of product (p=6) manufacturing. Some
of the measures imply production re-engineering
and better organization of workers at their work
places (extension of work, job rotation, and the
like).

The application of the proposed FLP allows for the
product range in this enterprise’s production program
to contain above analyzed products. According to the
obtained results, the enterprise management should
think whether to change the production program or
to take measures for product quality improvement.

The choice of measures is based on the cost-benefit
analysis and can be considered as a task in itself.

The results presented in Fig. 4 indicate clearly that
the enterprise earns the largest profit in the first quar-
ter. Also, the profit earned in the second and third
quarter is slightly smaller but not significantly smaller
than the profit from the first quarter. In other words,
it can be said that the profit of the enterprise is stable
in the first three quarters. In the fourth quarter, the
earned profit is significantly smaller than in the pre-
vious quarters. This information is of relevance for
the enterprise management in planning investment
projects.

5. Conclusions and further research

In this paper, a fuzzy linear programming model
for determination of the optimal production plan
is proposed. The quantity of each kind of product
from the production plan is defined as the decision
variable. The objective function is defined as linear
combination of decision variables. The coefficients
of objective function are defined as the relative unit
profit. As it is impossible to determine the value
of unit profit precisely enough, the fuzzy pair-wise
comparison matrix of the relative importance of the
unit profits is stated. The coefficients of the objective
function are given by extent analysis [16]. The con-
straints are stemming from available capacity of the
enterprise and demand for treated products are deriv-
ing from the market. These constraints are defined
by using linear inequality. The right-hand sides of
defined linear inequality are described by uncertain
or crisp numbers. The local solutions may be found
by the procedure based on the concept of equal pos-
sibilities.

The main contributions of the proposed model are:
(1) all existing uncertainties can be described by
TFNs, and (2) all changes in a) number of products,
b) numbers and/or values of constraints, c¢) relative
importance of considered products unit profit can be
easily incorporated into the model.

The main limitation of the proposed model is
that it can define optimal product quantity to be
manufactured in each time period but it cannot deter-
mine exactly how much profit will be earned with
such production plan in effect. Another limitation
of the proposed model is that it does not take into
account non-monetary effects on the overall busi-
ness of the enterprise such as relationship with
stakeholders, partnership and interconnections with
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the environment. Sometimes, these non-monetary
properties have very significant impact on decision
making process.

The future research should focus on comparing the
optimal production plans, which were obtained by
applying various heuristic methods such as genetic
algorithm, local search, etc.
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