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Abstract

This work presents a simple method for partitioning of the bond–additive and atoms–pair–

additive distance–based topological indices of plane graphs into the sum of contributions

of inner faces. The proposed method was applied to decompose several topological in-

dices (Wiener, hyper–Wiener, Tratch–Stankevich–Zefirov, Balaban, and Szeged indices)

into the ring contributions for a series of benzenoid systems. It was found that the em-

ployed ring partitioning scheme can provide accurate assessment of the dominant cyclic

conjugation modes in the studied benzenoid hydrocarbons. Thus, the proposed method

can be used as the alternative for the quantum–chemistry–based aromaticity indices which

are significantly more computationally demanding.
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1 Introduction

Molecular descriptors are numerical representations of a molecular structure that play

an important role in a great variety of cheminformatics investigations [1,2]. Among their

versatile applications, the most prominent are those in QSPR/QSAR modeling, molecular

similarity analysis, virtual screening, and drug discovery [3–6]. Contemporary utilization

of molecular descriptors involves unveiling complex connections between chemical and

biological data [7], design of surface–functionalized nanoparticles used for drug delivery

[8], and the stability prediction of components found in fuel cells [9]. Due to the wide

range of implementation possibilities and also the availability of various computation

algorithms, a large number of molecular descriptors have been devised so far. Depending

on the computational complexity, they differ in the amount of structural information

they provide. Molecular descriptors are classified into several groups, usually using as

a criterion the dimensionality of molecular structure from which they are calculated.

Therefore, one can distinguish 1D, 2D, and 3D molecular descriptors. A special class is

reserved for molecular descriptors calculated from molecular graphs, i.e., to graph indices,

or as they are usually referred to, topological indices [10,11].

Topological indices are a convenient class of descriptors, since they encode a consid-

erable amount of structural information of a molecular graph, with low computational

cost. The use of these indices in chemistry–related research has proven to be quite ben-

eficial [12, 13]. Namely, one of the most common employment of topological indices is

in the prediction of physicochemical properties and activities of compounds [14–16]. For

example, in the paper [16] the authors have applied several weighted topological indices to

model the corrosion inhibition effectiveness of various compounds. Fourches and Tropsha

have developed a method to analyze and compare diverse chemical datasets applied in

QSAR modeling by using simple topological indices [17]. Topological indices have also

shown potential applicability in drug discovery research [18].

Generally, one may differentiate three distinct types of topological indices, i.e., degree–

[19], distance– [20], and eigenvalue–based [21] indices, depending on graph parameters

they consider in their definitions. In order to single out an appropriate index among a

plethora of present indices, a set of several features that one index should possess has

been compiled [22]. One of the most important properties of a topological index found in

this list is its structure sensitivity [23,24].
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The success of a topological index as a molecular descriptor relies on its ability to

properly encode and interpret the information on features of molecular structure, e.g.,

the presence of a ring and its size. This is important since the existence of a ring in a

molecule significantly influences many molecular properties. For example, some rings in

a molecule may act as holes and thus influence the molecular shape. Years ago, a method

for assessing the effect of a ring on the value of the graph energy has been presented [25].

Recently, this approach has been expanded to other eigenvalue–based indices [26].

It should also be noted that there are similar approaches in which one can decompose

the number of π–electrons [27,28], as well as the graph energy into ring contributions [29].

In the present paper, we proposed a rather general scheme for partitioning topological

indices into ring contributions. Furthermore, we investigate how the proposed method-

ology can have applications in chemistry. In particular, we examine the performance of

the ring contributions of several distance–based topological indices as a tool to analyze

cyclic electron delocalization in a series of selected benzenoid hydrocarbons: acenes (Ach),

phenacenes (Phh), and fully benzenoid hydrocarbons (FB) (Figure 1).
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Figure 1. Investigated families of benzenoid hydrocarbons.
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Benzenoid molecules have been attracting renewed attention thanks to the central role

of π–conjugated molecules in the design and synthesis of new molecular spintronic mate-

rials needed for information storage and processing [30]. Thereafter, the selected families

of benzenoids (Figure 1) are important both from the theoretical point of view and in

materials science. Such a big interest in benzenoid molecules and their application pos-

sibilities might be attributed to cyclic electron delocalization, i.e., to the distribution of

π–electrons across different rings in a molecule. It is widely accepted that cyclic electron

delocalization governs unique characteristics of benzenoid molecules, such as bond length

equalization, very specific energetic stabilization, magnetic, and reactivity properties. All

these manifestations of cyclic electron delocalization are usually referred to as aromatic-

ity. In this work, the ring components of the selected distance–based topological indices

were compared with a set of well–established molecular–electronic indices which quan-

tify various aspects of cyclic electron delocalization: energy effects (ef) [31], six center

delocalization index (SCI) [32, 33], harmonic oscillator model of aromaticity (HOMA)

index [34], and nucleus–independent chemical shifts (NICS) [35]. Namely, we show that

a simple concept based on topology allows an understanding of the nature of individual

rings in polycyclic benzenoid systems. In this way, we provide a basis for devising new

larger benzenoid systems with specific properties.

2 Partition of topological indices

In this section, we show how a bond–additive or an atoms–pair–additive distance–based

topological index of a plane graph can be partitioned into the sum of contributions of

inner faces.

A graph G = (V (G), E(G)) is an ordered pair of a set of vertices V (G) and a set of

edges E(G). For any two vertices x, y ∈ V (G), we denote by d(x, y) the usual shortest

path distance between x and y. Moreover, a plane graph is such a drawing of a graph in

the plane that its edges intersect only at their endpoints. The drawing of G divides the

plane into connected regions called faces. One of these faces is unbounded also called the

outer face and the remaining faces are inner faces.

Let G be a plane graph and let F(G) be the set of all inner faces of G. For any inner

face F we denote by E(F ) the set of all the edges of G that form the boundary of F .

If e ∈ E(F ), we say that F is incident to e. On the other hand, let V (F ) be the set of
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all the vertices of G that belong to F . Moreover, for any edge e ∈ E(G) let k(e) be the

number of inner faces that are incident to e. Obviously, k(e) ∈ {1, 2} for any e ∈ E(G)

since every edge belongs to at most two inner faces of G. Finally, for any vertex u ∈ V (G)

let l(u) be the number of inner faces that contain u. Obviously, l(u) is at most the degree

of u.

First, we will consider the partition of the bond–additive topological indices. Suppose

that a bond–additive topological index TIe(G) is defined as

TIe(G) =
∑

e∈E(G)

α(e),

where α : E(G) → R is any real–valued function. For any inner face F ∈ F(G) we define

the contribution of F to topological index TIe as

TIe(F ;G) =
∑

e∈E(F )

α(e)

k(e)
. (1)

Then, it obviously holds

TIe(G) =
∑

F∈F(G)

TIe(F ;G).

In this paper, we investigate two bond–additive topological indices. The first one is

the famous Balaban index [36,37], which is formulated as:

J(G) =
m

m− n+ 2

∑
uv∈E(G)

1√
w(u) · w(v)

,

where m stands for the number of edges and n for the number of vertices of G, and for

x ∈ V (G),

w(x) =
∑

y∈V (G)

d(x, y). (2)

The second examined bond–additive topological index is Szeged index [38], defined as:

Sz(G) =
∑

e∈E(G)

n1(e|G) · n2(e|G)

whereas for any e = xy ∈ E(G),

n1(e|G) = |{v ∈ V (G) | d(v, x) < d(v, y)}|,

n2(e|G) = |{v ∈ V (G) | d(v, y) < d(v, x)}|.
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Now, we consider the partition of the atoms–pair–additive topological indices. Suppose

that an atoms–pair–additive topological index TIv(G) is defined as

TIv(G) =
∑

{u,v}⊆V (G)

β(u, v) =
1

2

∑
u∈V (G)

∑
v∈V (G)

β(u, v),

where β : V (G)× V (G) → R is any symmetric real–valued function of two variables. For

any u ∈ V (G), we also define

β(u) =
∑

v∈V (G)

β(u, v).

If F ∈ F(G) is an inner face, we define the contribution of F to topological index TIv as

TIv(F ;G) =
1

2

∑
u∈V (F )

β(u)

l(u)
. (3)

Then, it obviously holds

TIv(G) =
∑

F∈F(G)

TIv(F ;G).

The first investigated topological molecular descriptor of this type is Wiener index

[39,40], which is defined as:

W (G) =
∑

{u,v}⊆V (G)

d(u, v).

Suppose that B is a benzenoid system with the set of hexagons H(B). For any hexagon

H ∈ H(B), the contribution of H to the Wiener index is defined as

W (H) = W (H;B) =
1

2

∑
u∈V (H)

w(u)

l(u)
.

Note that for any vertex u ∈ V (B), w(u) is defined in (2). Moreover, since B is a

benzenoid system, l(u) is at most 3 for any u ∈ V (B).

The second topological index is hyper–Wiener index [41,42], which represents a modifi-

cation of the Wiener index:

WW (G) =
1

2

∑
{u,v}⊆V (G)

(
d(u, v) + d(u, v)2

)
.

Finally, the last examined index is Tratch–Stankevich–Zefirov index [43, 44], which is

obtained as an additional improvement of the Wiener index:

TSZ(G) =
∑

{u,v}⊆V (G)

(
1

6
d(u, v)3 +

1

2
d(u, v)2 +

1

3
d(u, v)

)
.
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Note that throughout the paper,

TI(H) = TI(H;B).

These topological indices were selected since they belong to different classes of distance–

based indices, i.e., to bond–additive and atoms–pair–additive indices. Such a selection

enables a thorough evaluation of our partition scheme. Moreover, these indices have

proved to be useful in many different fields. For example, the Balaban index has been

applied to model chelation of zinc with amino acids [45], Szeged–like entropies were devised

to measure network complexity [46], and a water pipeline network has been described by

Wiener index [47].

3 Numerical work

The structures of the studied molecules were optimized by means of the B3LYP/6-

311+G(d,p) method using the Gaussian 09 program [48]. The frequency calculations

showed that the obtained optimized geometries have no imaginary vibrational frequen-

cies. NICS(1) values were calculated at the same level of theory through the gauge–

including atomic orbital (GIAO) method as implemented in the Gaussian 09 program.

The HOMA index was computed for the optimized B3LYP/6-311+G(d,p) geometries.

The SCI calculation was carried out by means of the natural atomic orbital (NAO) den-

sity matrices [49]. The energy effects (ef) were calculated within the chemical graph

theory framework. The ef values are expressed in units of the HMO carbon–carbon

resonance integral β and positive (negative) ef values indicate thermodynamic stabiliza-

tion (destabilization) of a considered molecule. Calculations of ef and SCI were per-

formed using in–house FORTRAN routines. Calculations of the contributions of rings to

distance–based topological indices were performed in SageMath. Firstly, we implemented

two functions α and β introduced in the previous section to obtain the contributions of

edges and vertices, respectively. Secondly, each ring (inner face) was represented by the

list of vertices contained in it. Next, we prepared two algorithms based on the formulas

(1) and (3) to calculate the contribution of a given ring to the topological index TIe or

TIv, respectively. The calculated values of the employed indices for all symmetry–unique

rings in the studied molecules are collected in Tables 1, 2, and 3 in paper, and Tables 1S,

2S, and 3S in Supporting Information. The obtained local aromaticity indices are in very
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good agreement with the results from previous studies on acenes, phenacenes [50–52], and

fully benzenoid hydrocarbons [53].

Table 1. Calculated ring contributions to the topological indices of the studied
acenes.

molecule ring J(H) Sz(H) W (H) WW (H) TSZ(H)
Ac1 A 2.0000 54.0 27.0 42.0 60.0
Ac2 A 0.9627 121.5 54.5 107.5 188.5

Ac3
A 0.5382 205.5 106.5 274.0 608.0
B 0.6061 245.0 66.0 132.0 232.0

Ac4
A 0.3350 301.5 178.5 574.5 1556.5
B 0.3974 389.0 106.0 256.0 536.0

Ac5
A 0.2267 409.5 270.5 1049.0 3362.0
B 0.2688 541.0 162.0 484.0 1240.0
C 0.2968 605.0 146.0 380.0 840.0

Ac6
A 0.1631 529.5 382.5 1737.5 6432.5
B 0.1903 701.0 234.0 848.0 2600.0
C 0.2194 829.0 202.0 608.0 1544.0

Ac7

A 0.1227 661.5 514.5 2680.0 11256.0
B 0.1404 869.0 322.0 1380.0 4936.0
C 0.1645 1061.0 274.0 972.0 2904.0
D 0.1744 1125.0 258.0 836.0 2248.0

Ac8

A 0.0957 805.5 666.5 3916.5 18400.5
B 0.1074 1045.0 426.0 2112.0 8632.0
C 0.1261 1301.0 362.0 1504.0 5240.0
D 0.1381 1429.0 330.0 1200.0 3608.0

Ac9

A 0.0766 961.5 838.5 5487.0 28514.0
B 0.0846 1229.0 546.0 3076.0 14136.0
C 0.0989 1549.0 466.0 2236.0 8936.0
D 0.1101 1741.0 418.0 1732.0 5944.0
E 0.1144 1805.0 402.0 1564.0 4968.0

Ac10

A 0.0627 1129.5 1030.5 7431.5 42324.5
B 0.0682 1421.0 682.0 4304.0 21960.0
C 0.0793 1805.0 586.0 3200.0 14440.0
D 0.0889 2061.0 522.0 2464.0 9640.0
E 0.0946 2189.0 490.0 2096.0 7304.0
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Table 2. Calculated ring contributions to the topological indices of the studied
phenacenes.

molecule ring J(H) Sz(H) W (H) WW (H) TSZ(H)

Ph3
A 0.5680 199.5 101.5 248.0 524.8
B 0.6043 233.0 68.0 140.0 252.5

Ph4
A 0.3573 277.5 168.5 512.5 1323.0
B 0.4119 373.0 104.0 244.0 494.5

Ph5

A 0.2414 355.5 255.5 941.0 2891.3
B 0.2826 513.0 156.0 444.0 1084.5
C 0.3128 593.0 140.0 348.0 736.5

Ph6

A 0.1729 433.5 362.5 1573.5 5617.5
B 0.2006 653.0 224.0 772.0 2262.5
C 0.2327 813.0 192.0 548.0 1326.5

Ph7

A 0.1295 511.5 489.5 2450.0 9969.8
B 0.1479 793.0 308.0 1260.0 4332.5
C 0.1745 1033.0 260.0 876.0 2504.5
D 0.1855 1113.0 244.0 748.0 1916.5

Ph8

A 0.1005 589.5 636.5 3610.5 16496.0
B 0.1128 933.0 408.0 1940.0 7662.5
C 0.1334 1253.0 344.0 1364.0 4574.5
D 0.1467 1413.0 312.0 1076.0 3094.5

Ph9

A 0.0802 667.5 803.5 5095.0 25824.3
B 0.0885 1073.0 524.0 2844.0 12684.5
C 0.1043 1473.0 444.0 2044.0 7904.5
D 0.1167 1713.0 396.0 1564.0 5164.5
E 0.1215 1793.0 380.0 1404.0 4272.5

Ph10

A 0.0654 745.5 990.5 6943.5 38662.5
B 0.0712 1213.0 656.0 4004.0 19894.5
C 0.0833 1693.0 560.0 2948.0 12926.5
D 0.0939 2013.0 496.0 2244.0 8494.5
E 0.1002 2173.0 464.0 1892.0 6342.5
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Table 3. Calculated ring contributions to the topological indices of the studied fully
benzenoid hydrocarbons.

molecule ring J(H) Sz(H) W (H) WW (H) TSZ(H)

FB1
A 0.2379 468.0 249.0 786.5 2068.0
B 0.2286 549.0 97.0 234.2 488.0
C 0.2522 531.0 185.0 498.8 1126.5

FB2
A 0.1686 607.5 379.5 1423.0 4367.3
B 0.1741 904.5 175.5 534.0 1375.5
C 0.2143 1125.0 210.0 548.0 1200.0

FB3

A 0.1571 648.0 372.0 1365.3 4110.5
B 0.1512 783.0 146.0 415.8 1011.3
C 0.1690 769.5 273.0 850.4 2200.9
D 0.1730 904.5 200.5 541.3 1219.7
E 0.1444 769.5 116.5 297.7 647.0

FB4

A 0.1268 1062.0 361.0 1202.0 3275.3
B 0.1053 1048.5 159.5 457.8 1110.2
C 0.1256 1260.0 197.0 527.0 1177.2
D 0.1201 994.5 381.5 1368.3 4049.9
E 0.1132 1125.0 194.0 591.5 1512.9
F 0.1210 828.0 480.0 1821.0 5574.3

FB5
A 0.0919 1314.0 469.5 1719.8 5124.3
B 0.0783 1381.5 202.5 617.8 1573.3
C 0.0756 1323.0 153.0 407.0 905.0

4 Discussion

Benzene and naphthalene can be formally considered members of both groups of acenes

and phenacenes. It is well–known that the so–called local aromaticity indices used in this

work (ef , HOMA, SCI, and NICS(1)) sometimes can provide very different quantifica-

tion of the extent of electron delocalization in polycyclic molecules [54]. This is evident

in the studied series of acene molecules (Table 1S). The HOMA, ef , and SCI agree that

the extent of cyclic electron delocalization of benzene is greater than that of any of the

individual rings in acenes. Contrary, the NICS(1) values show that some hexagons in

higher acene can be even more aromatic than benzene. Another disagreement can be

seen if one compares the electron delocalization of the terminal and central rings in a

given acene molecule. HOMA, ef , and SCI predict that the terminal rings are the most

aromatic, while NICS(1) predicts the opposite. Here it should be noted that it has been

shown that for higher acenes (number of hexagons > 5), the restricted DFT approach

gives a less stable solution relative to that of the unrestricted symmetry–broken formal-

ism [55, 56]. However, the quantum–chemistry–based indices in this work were obtained
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using the restricted formalism, since we were focused on the performance of the proposed

topological ring indices. The calculated W (H) continuously decreases when one goes from

the terminal to the central ring in acene molecules. This is in agreement with the ef and

SCI indices. The WW (H) and TSZ(H) show the same trend as the W (H), while the

opposite was found for the J(H) and Sz(H) indices. The cross–correlations between the

employed indices for acenes were examined and the obtained results are collected in Table

4. It can be seen that between the W (H) and SCI there is a very good correlation (Figure

1S). Reasonably good correlations were found between the W (H) and ef and HOMA

indices.

Table 4. Correlation coefficients between employed indices for acenes.

HOMA ef SCI NICS(1) W (H) WW (H) J(H) Sz(H) TSZ(H)
HOMA 1.0000

ef 0.7041 1.0000
SCI 0.8787 0.9561 1.0000

NICS(1) -0.1060 0.4851 0.2597 1.0000
W (H) 0.8517 0.9601 0.9902 0.3156 1.0000

WW (H) 0.7830 0.9761 0.9712 0.4307 0.9914 1.0000
J(H) 0.9627 0.8426 0.9606 0.0008 0.9402 0.8876 1.0000
Sz(H) 0.9688 0.8161 0.9461 -0.0485 0.9220 0.8634 0.9987 1.0000
TSZ(H) 0.7219 0.9776 0.9458 0.5129 0.9735 0.9951 0.8379 0.8094 1.0000

Phenacenes are isomers of acenes with a zig–zag ring constellation. It is known that

in the ground state phenacenes are more stable than the corresponding isomeric acenes.

All quantum–based indices show zig–zag trends for all studied phenacenes (Table 2S).

In addition, all these indices agree that the most intensive cyclic conjugation occurs in

the terminal rings of phenacenes. These results are well known and can be rationalized

by simple Clar–structure–based arguments. Along these lines, the W (H), WW (H), and

TSZ(H) exhibit the largest values for the terminal rings, while the J(H) and Sz(H)

show the opposite. On the other, all ring contributions of the topological indices show

continuous change along the phenacene chains and cannot reproduce the zig–zag trend

found with the quantum–chemistry–based indices. The cross–correlation data show that

there is reasonably good agreement between the TSZ(H), W (H), and WW (H) and local

aromaticity indices (Table 5).

The fully benzenoids are a class of benzenoid hydrocarbons that can be represented

by a single Clar formula [57]. In this work, we employed a series of fully benzenoids

which was used in previous work [58]. It is widely accepted that Clar aromatic sextet
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Table 5. Correlation coefficients between employed indices for phenacenes.

HOMA ef SCI NICS(1) W (H) WW (H) J(H) Sz(H) TSZ(H)
HOMA 1.0000

ef 0.9879 1.0000
SCI 0.9865 0.9998 1.0000

NICS(1) -0.9889 -0.9917 -0.9913 1.0000
W (H) 0.5421 0.6418 0.6439 -0.6319 1.0000

WW (H) 0.6696 0.7645 0.7681 -0.7450 0.9710 1.0000
J(H) -0.1164 -0.0401 -0.0431 0.0169 0.6444 0.4442 1.0000
Sz(H) -0.2982 -0.2443 -0.2489 0.2128 0.4407 0.2140 0.9694 1.0000
TSZ(H) 0.7321 0.8208 0.8251 -0.7963 0.9282 0.9902 0.3159 0.0764 1.0000

theory can provide a qualitative description of the dominant modes of cyclic π–electron

conjugation in benzenoid molecules. Based on the Clar formula, one can expect that the

full rings (ones containing circles) have intensive cyclic electron delocalization, while the

empty rings have a negligibly small extent of electron delocalization. As can be seen from

the data in Table 3S, all quantum–chemistry–based indices clearly distinguished between

the full and empty rings in the studied molecules. Among the topological ring indices,

the TSZ(H), W (H), and WW (H) have significantly higher values for the full rings than

for the empty ones, in agreement with the Clar formula. The only exception is found

for ring C in FB5. On the other hand, the TSZ(H), W (H), and WW (H) similar to

the ef , HOMA, and SCI indices, show that the aromaticity of the full rings is inversely

proportional to the number of the adjacent rings. Thereafter, the ring C in FB5 is the

most extreme case. A good agreement between the topological ring indices and local

aromaticity measurements can be seen from the cross–correlation data (Table 6), as well

as from the bar diagrams given in Figure 2.

Table 6. Correlation coefficients between employed indices for fully benzenoids.

HOMA ef SCI NICS(1) W (H) WW (H) J(H) Sz(H) TSZ(H)
HOMA 1.0000

ef 0.9177 1.0000
SCI 0.9463 0.9958 1.0000

NICS(1) -0.8645 -0.6894 -0.7449 1.0000
W (H) 0.6481 0.8695 0.8367 -0.4050 1.0000

WW (H) 0.6345 0.8645 0.8297 -0.3766 0.9889 1.0000
J(H) 0.1576 0.3131 0.2829 -0.1232 0.5525 0.4379 1.0000
Sz(H) -0.1253 -0.0501 -0.0714 0.0515 0.1600 0.0331 0.9033 1.0000
TSZ(H) 0.6167 0.8500 0.8137 -0.3519 0.9704 0.9954 0.3654 -0.0401 1.0000
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Figure 2. Ef values (navy blue) and relative Wiener index values (red)
for symmetry–unique rings compared separately for fully benzenoid
molecules.

5 Conclusions

In this work, we proposed a general scheme of how distance–based topological indices can

be partitioned into the sum of contributions of inner faces. This methodology was ap-

plied to calculate ring contributions of J , Sz, W , WW , and TSZ for benzenoid molecular

graphs. We found that the proposed ring partitioning can be used to qualitatively and

quantitatively analyze cyclic electron delocalization in benzenoid hydrocarbons. In partic-

ular, the TSZ(H), W (H), and WW (H) ring indices were found to be in good agreement

with the so–called local aromaticity indices obtained in ab initio quantum chemical calcu-

lations. This finding can provide a basis for a deeper understanding of the relation between

the topology of a given polycyclic molecule and the modes of cyclic π–electron delocaliza-

tion in it. Being far less computationally demanding than the quantum–chemistry–based

aromaticity indices, the proposed ring partition of topological indices can find applications

in future QSAR/QSPR studies.
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