
Indian Journal of Chemistry 
Vo l. 4 1 A, September 2002, pp. 1767- 1772 

Wiener-type topological indices of phenylenes 

Bori s Furtula", Ivan Gutman*", Zeljko TOlllovic", A leksander Veselh & Igor Pesek h 

"Faeuity of Sc icncc, Uni vcrsity of Kragujcvac, P.O.I3ox 60, YU -34000 Kragujcvac, Yugos lJviJ. 
and 

hDepartment o f Mathcmatics, PEF, Uni vcrsity or Maribor, Koroska ccstJ 160,2000 Maribor, Slovenia 

Received 3 lillie 2002 

Thc Wi ener index W of a pheny lcne (PII ) has earli er bccn shown to dcpend in a mathcmati ca lly exact manner on thc 
Wicner indiccs or it s hexagonal squcczc (I-IS) and inncr dual (/0). We now cxamine the ana logous dcpcndency for a class of 
Wi ener-type indices WA , where A is a variable parametcr (WA = W for A= I ) is examincd now. It is shown that somc fealUrcs 
of thc dcpendcncy of W(PH) on We NS) Jnd WUO) arc maintaincd for all va lucs of A , - 5 ~ A ~ +5 , whereas some are 
violated. 

Pheny lenes are a class of conjugated molecules that 
recentl y attracted much attenti on of both experimental 
and theoretica l chemists. M ost of the ex peri mental 
work on pheny lenes (synthesis and measurement of 
phys ico-chemical properti es) was accompli shed by 
Peter Vollhardt and his groupt -l . The main topologica l 
(= molecular-graph-based) properti es of phenylenes 
were determined by one of the present authors and his 

4-t (, A hi ' I' group mong t ese resu ts IS a pecu lar 
formul at2. ' 4

, relating the Wiener index of a phenylene 
(PH) with the Wiener index o f its hexagonal squeeze 
(HS) and inner dual (lD) : 

W( PH ) = 2.[W ( HS) + 16 W(lD ) - (2 11 + 1)(4h + I) ] 
4 

.. . ( I ) 

In form u la (I) and later throughout this paper II 
denotes the number of hexagons in either the 
pheny lene or its hexagonal squeeze; in the same time 
Ii is equal to the number o f verti ces of the inner dual. 

A se lf-explanatory example, illustrating the 
structure of pheny lenes and the way in which the 
corresponding hexagonal squeeze and inner dual are 
constructed, is depicted in Fig. I. More detail s on 
thesc mutuall y related molecular graph s can be found 
elsewherc5.12-14. 

The Wiener index W(C) is equal to the sum of 
distances between all pa irs of verti ces of the 
respecti ve (molecular) graph C. If d(l/ , v) denotes the 
distance between the vertices 1/ and v (= number o f 
edges in a shortest path conncc ting 1/ and v), then 

W(G) = 'L d(u, v) (2) 
11 <\1 

PH HS 

10 

Fig. I- A phcny lenc (PH), it s hexagonal squceze (HS) and inner 
dual (/0) ; both PH and /-/5 ha ve h= S hcxagons. whereas ID 
(which is a trce) has g verti ces. Note that HS is a benzcnoid 
syslem. 

The Wiener index is the o ldes t and one of the most 
thorough I y stud icd molecu I ar structu re-descri ptors. 
More detail s on it can be found in our ear l ier 
works I 7 - 1 ~, as well as in the chem icalco.21 and 
mathematica l rev iews22.23 . 

Recently , a vari ety of different generali za tions of 
the Wiener index were put forward. One important 
class of such Wiener-type topological indi ces IS 

formed by the quantities W,,(C), defined as18.24 

... (3) 
u <v 
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where A is a pertinently chosen exponent. For A=] 
this Wiener-type index reduces to the original Wiener 

index. For other choices of the exponent, W,,(C) 
becomes equal to, or c losely related with, a number of 
other previous ly (and independently) introduced 
molecular structure-descriptors; detail s and further 
references can be found elsewhere24

.
25

. For instance, 

W-2 is the so-ca lled Harary index26
, ( 112)WI + (I/2)W2 

coincides with the hyper-Wiener index27, and (J /3)WI 
+ (l/2)W2 + (1/6)W3 coincides with the Tratch­
Stankcvich-Zefirov index 28. In view of this it may be 
of some interest to examine what happens to the 

re lati on (I) if W is repl aced by its generalization W" 
Formula (l) impli es the following: For any fixed 

value of h, the Wiener indices of the isomeric 
phenylenes with h hexagons, plotted versus the 
Wiener indices of the cOlTesponding hexagonal 
squeezes, form a set of parallel s traight lines . The 
points belonging to the same line pertain to 
phenylenes having the same W(!D)-values . Figure 2 
shows this regul arity for the case of h=8. This quite 
unusual relation between W(PH) and W(HS) was first 
observed within an empirical study,'2 and was 
eventually proven in a mathematically ngorous 
manner l3

.
14 

In this paper we examine the relation between 
W,,(PH) and W,,(HS) in the case when the parameter A 
differs from unity . In particular, we seek for answers 
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to the following questions: 

1. If M I , do the (W,,(PH). W,,(HS))-points still form 
straight lines, and are these lines determined by 
the respective W(! D)-values? 

2. If yes, are these lines sti ll parallel ? 

3. If not, how their slopes vary with A and what is 
the mutual re lation between the s lopes of differen t 
lines? 

Numerical Work 
In order to learn about the A-dependence of the 

(W,,(PH). W,,(HS))-colTelation, we examined samples 
cons isting of all phenylenes with Iz hexagons for 
11=4,5,6 ,7,8 . The size of these samples is 5, 12, 37, 

122, and 439, respectivcl l 9
. The exponent A was 

varied between - 5 and +5, an interval embracin o all b 

its chemically significant values. Two typical 
(W,,(PH), WACHS))-plots are shown in Figs. 3 and 4 

As seen from Figs 3 and 4, if A ;tl , then the 

(W,,(PH). W,,(HS))-points are no more exactly lying 
on straight lines, but there sti ll exists a good linear 
correlation. The quality of this cOlTelation is 
remarkably good, not only for near-unity, but a lso for 
large (positive or negative) values of the exponent A. 
For h=4,5,6 ,7 ,8 there is a total o f 20 such lines 
formed by 3 or more (W,,(PH). W,,(HS))-data points. 
Their correlation coefficients are given in Table I. 

3200 3400 3600 
W(HS) 

Fig. 2- Relati on between the Wiener indices of the phenylenes with 8 hexagons and the Wiener indices of their hexagonal squeezes. Thi s 
lelatlOn IS exactly described by means o f formula ( I). Note that Fig. 2 shows the (W),(PH), W.(HS))-points for A=] (c f. Figs. 3 and 4). 
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Fig. 3--The correlation between W;.(PH) and W.(HS) for phenylenes with h=8 and ,1.=+3; c f. Fi gs 2 and 4. 
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For each l ine of the form 

W;.(Pf-I) == a W;Jf-IS) + h 

the coe l'f'i cients a and h were determined by least­

squares fitting and their dependence on A. establ ished . 
The respecti ve results for the line no. 20 are shown in 
Figs 5 and 6. The results for all other lines arc 
ana logous. 

The lines formed by the (W).(Pf-I ), W;,(f-IS))-data 
points are certainly not mutuall y parall el (except for 

A= I ). The mu tu al arrangemen t of these li nes depends 

in a compli ca ted manner on X This is illustrated in 
Fig. 7 for the lines no. 19 and 20: we see that for some 

values o f A (roughly, those between - I and +1) line 
no. 19 increases faster than line no. 20, whereas for 

other va lues of A line no. 20 increases raster than line 

no. 19. The general rul e is that for suffic ientl y large A 
(both positive and negati ve), the slopes of the lines 
increase with the increasing W(!D)-values. 

Another no!eworthy feature of th A-dependence or 
the slopes a is that their mutual varia tion is linear. A 
characteristi c example is shown in Fig. 8 fo r the l ines 
no. j 9 and 20. 
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Fig. 5--1\ c haractc ri s ti c dcpe ndclll:c o r the ~ I opc (/ o r a line 

IV),(I' II ) == (/ 1I';.(lIS) + /; on thc ex po nc nt X Here data ro r thc linc 
no. 20 are shown. 

Table I-·The corre lation coe lli c ien ts ror the lincs rormed by the ( IV;,( PII ), W;.(l-IS))- pn illl s. ror v;II'io us va lucs o r the cx po nent X Note 

that fo r ),= 1 the corre lat ion coc lli c icnts arc al ways cq ual tll I. E;lch g roup or po ints is dc tc nni lll:d by a g ivcn II'( IIJ)-va luc. i. c .. ror ),= I. 

thcse po ints lie exac tl y on a straig ht linc. Eq. ( I). Thc numhcr or po ints in a grou p is dcnotcd hy p. Onl y lines lI'i th I' 2: =' we re considered . 
For a fi xed val ue o r hex agons (II) these lines a rc nu mbered ;Iccordi ng 10 inc rcasing 11'(10 ). Th us lincs no. II . 12 . .... :20 pcnain 10 1I ='iI. and 
11'(10 ) = 67, 68 . 70. 71. 72 . 7 .. L 75. 76. 79. and X·.f. respec ti vc ly. and cmbracc f1 = 6. 12. 9. 10. 42. 4. 44. 80. 10. and 188 po in ts. 

respec ti ve ly. c f. Fi g . 2. 

line II f1 ),=- 5 ),=-3 ),=-1 ),=3 A=5 

I 4 4 O()974 0.997] () 999 1 0.99% 0.9993 

2 5 10 0.9940 0.9940 o 99X4 0.9996 0.999.1 

3 6 6 0.9994 O.99X6 0.999 1 0.9993 ()99X6 

4 6 5 0.9946 0.9957 0.9991 0.999'i1. 0.999) 

5 6 25 0 99 17 0.99 17 o 99X2 0.9997 0.9992 

6 7 9 0.9825 0.97-+6 O.9X7X 0.9941 09X93 

7 7 3 0.9976 0.99)5 O.99X2 099<)6 () .9994 

8 7 27 0 .9940 0.994 1 0.99X5 0.9996 0.9991 

I) 7 14 0.99 I I 0.9923 O.99X6 0.9998 0.9995 

10 7 69 09909 0.9902 ().l)l)XO 0.999<' 0.9994 

II 8 5 0.9993 0.99XX 0.99% 0.9998 0.99% 

12 X 12 09967 O.99.j .. j O()97() O. ')<)96 0.9994 

13 X 9 O.9X9) O.990X O.99X3 0.9997 0 .9(9) 

14 8 10 09974 0 .9971 ()()99 I ().9996 0 .9992 

15 X 42 0.9957 0.9961 ().99lJl n.9997 0.999 1 

16 8 4 0.9933 ()()<j4-i 0.99') 1 O.'J999 0.9997 

17 X 44 0.9916 O.9')~4 O. ')9X~ ().'J'J96 0.9993 

IS 8 SO 0.99 11 O.'J')O'J ()99X2 0.9997 0.9994 

19 8 40 0.9902 0.9')04 ()9'JX3 0.9998 0.99% 

20 R IX8 0 .9904 0.9X94 0.9980 O.9'J9X 0.999.1 
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Fig. 6--..... A characteri st ic dependence of the intercept /J of a line 

Wi,(PH) '" (/ WACHS) + b on the exponent it. Here data for the line 
no. 20 are shown. 
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Fig. 7- The it-dependence of the mutual oricntation o f the lines 

W;,( PH) '" (/ W;.( HS) + b follows a compli cated pattern. Here the 
difference between the slopes of lines nos. 20 and 19 is shown. 

Further detail s of the numerical studies of the 
correlation between the Wiener-type indices Wi. of 
phenylenes and their benzenoid ana logues are 
available from the authors (from B. F. ), upon reques t. 

Results and Concluding Remarks 
The analysis outlined in the previous section 

reveals that the exact relation betwee n the Wi ener 
indices of a phenylene, its hex agonal squeeze and its 
inner dual (stated as Eq . ( I)) is violated when the 
Wiener index W is replaced by it s generali zat ion Wi. , 

A. ;t l . Yet, even fo r very large pos iti ve and negati ve 
va lues of A. (namely for A. between -5 and +5, at least) 
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Fig. 8--ln spite of what is seen in Fig. 7, the mutual variati on of 

the slopes of two lines W;JPH ) '" (/ WACHS) + b is almost perfectl y 
l inear. Here the result s pert aining to the lines nos. 19 and 20 arc 
shown. 

the basic features of Eq. ( I) are preserved: the 
(W).(PH) , W).(HS)) -po ints lie on a set of (nearly) 
straight lines, each line being determined by the 
respective W(lD)-value. However, contrary to the 
case A= I, these straight lines are no more parallel, and 
their deviation fro m mutual paralleli sm rapid ly 
increases as A. deviates from unity. The way in which 
the slopes of indi vidual lines vary with A and in whi ch 
these slopes vary mutuall y is difficult to rationali ze 
and to describe by some simple mathemati cal model. 
Least-sq uares fittin g of the curves shown in Figs. 5, 6 
and 7 (as we ll as of the numerous other curves of the 
same kind, not show n in this paper) required 
polynomials of order 4 and hi gher. 

In spite of these difficulti es, we were able to 
establi sh the main general regularity governing the 
structure-dependency of the Wiener-type topo logical 
indices of pheny lenes: Fo r all chemically relevall t 

vollies of the paralll eter A., there is a good lill ear 

correlatioll hetween W).(PH) and W).(HS), whose 

purl ielllor fo rlll depeHds Oil A. and on the illHer dual. 
111 o lher Ivords, for all chelllically relevanl values of 

Ih e parml/eler A, the Wien er-type indices W;. (~l 

j)henylenes o re deTerlllined by, al/.d can be predicted 
F OIII , lir e analogolls indices of the correspondillg 
Ire.wgol/o l sqlleezes al/d the illner dlla ls. 

A n opplicatioll : Tire hyper- Wieller il/dex 
One of the main appli cati ons of the Wiener-type 

topological indi ces W). is in connection with the 
hyper-Wiener index Ww. This important structure-
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Table 2- The parameters req uired for the ca lculation of the 
hyper-Wie ner index of pheny lenes by means of Eq . (4). These 
were determined by emp loy ing samples of 100 random ly chosen 
pheny lenes wi th h hex agons. li RE = average re la ti ve e rror (in %), 
MRE = maximal re lative e rror observed (in %) within the sample 
considered. 

h (/ b c ·10-3 ARE MRE 

10 3. 142 94. 14 - 15.06 0.072 0.38 

20 3.277 97.23 - 102 .00 0.070 0.4 1 

30 3.3 10 91\ .94 - 30 1.99 0.048 0.24 

40 3.339 98.86 - 630.55 0.045 0.17 

50 3.366 98.27 - 110 I.S I 0 .038 0. 15 

I . . d 27 d' c escnptor was conceive some ten years ago an , tn 

the meantime, found numerous chemical applications 
(see the books30

-
32 and the references quoted therein). 

As already mentioned, WW = ( 1/2)WJ + (1/2)W2 and 
there fore we expect that WW(PH) will depend in a 
(nearl y) linear manner on WW(HS) and WW(lD). That 
thi s indeed is the case was checked on samples 
consisting of 100 randomly se lected pheny lenes with 
h= 10, 20, 30, 40, and 50 hexagons. The parameters a, 
b, c in the fo rmula 

WW(PH) z a WW(HS) + b WW(lD) + c (4) 

determined by least-sq uares fitting , as well as the 
preci sion of the respecti ve approx i mati o n are show n 
in Table 2. 
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