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Abstract. The aim of this paper was to theoretically investigate the applicability 
of lasers with 10.6 mm and 800 nm wavelength and different spatial distributions on 
tunneling ionization of alkali atoms. It includes a comparative study of ionization rate 
with two expressions for initial non-zero momentum of ejected electron. Results show 
that ionization rates for non-phased and LG(0,1)* spiral-phased linearly polarized 
laser beams are sensitive to the type of laser, cause different exit points, reach maxima 
on different intensity values, and have the dissimilar manner of decrease. 

Key words: tunneling ionization, Coulomb correction, LG(0,1)* spiral-phase 
laser beam. 

1. INTRODUCTION 

For more than sixty years the non-linear processes of atom ionization by 
laser electromagnetic field have been investigated both in its experimental and 
theoretical aspects. Up to now, many efforts have been made to analyze and to 
understand these processes [1–3]. In his seminal paper [4] Keldysh described the 
interaction in the dipole, single-active-electron (SAE) approximation, using strong-
field approximation (SFA): before the ionization process, the active electron is 
considered unperturbed by the laser field and, therefore, it interacts only with the 
atomic potential; after the ionization process, the ejected electron is considered as a 
free particle propagating only in the presence of the external electromagnetic field 
and its interaction with the residual atomic core is neglected. 

Keldysh also showed that, based on the value of the parameter i2E F   
(here given in the atomic units system: e = me = ħ = 1, used throughout this paper), 
where Ei is ionization potential of atom in question, ω is the frequency, and F is the 
strength of the applied laser field, these processes have two extremes: multiphoton 



Article no. 406 T.B. Miladinović, M.M. Radulović and J.M. Stevanović 2 

ionization processes, γ > 1 (when weak almost static electric field cannot significantly 
influence the atom potential) and tunneling ionization processes, γ 1 (in this case the 
almost static laser field is so strong that it deforms the atom potential creating the 
barrier through which the electron can tunnel). As the intensity increases, the length 
of the barrier that electrons must pass through decreases and the electrons can leave 
the atom in the manner forbidden classically. In this case, and based on Landau-
Dykhne approximation, the ionization rate is given as 3 2

iexp 2(2 ) 3ifw E F    . 
Among the main theoretical approaches used in strong field laser atom physics 

two are especially distinguished: Perelomov, Popov and Terent’ev (PPT) and 
Ammosov, Delone and Krainov (ADK). Perelomov et al. applied the semiclassical 
approach which allowed to account for the effects of Coulomb potential in the 
calculation process, thus developing the method for determining the atom ionization 
rate in an alternating laser field [5]. Two decades later, Ammosov et al. managed to 
extend the PPT result to complex atoms and ions [6]; their model is now known as 
ADK theory and is still widely used in the theoretical interpretation of many 
ionization experiments [7, 8]. 

 
Fig. 1 – The laser beam profile in two modes, linear and spiral [19]. 

The process of tunneling ionization of electrons when an atom is exposed to a 
strong laser field of linear, circular, or elliptical polarization already has been described 
and investigated in numerous papers [9–12]. Also, the ionization rate is maximal for 
zero initial momentum of ejected electron, but a new information about the ionization 
processes can be obtained when the initial momentum of electron is different from zero 
[13]. After that, the extensive research about influence of non-zero initial momentum 
of ejected electron was investigated in numerous papers [14, 15] but only for linear 
and circularly polarized laser beams. That is the reason why in this paper is examined 
how ionization process will unfold when the laser beam is a radially polarized, 
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concretely when polarization has a Laguerre-Gaussian (LG) ring intensity distribution, 
with radial index 0 and azimuthal index 1. Radially polarized LG(0,1)* mode is a 
linear combination of the x-polarized LG(0,1) and y-polarized LG(1,0) [16]. Spiral 
phase mode is special form of LG(0,1)* radially polarized beam which is obtained 
using SPE (spiral phase element) [17, 18]. Because the LG(0,1)* spiral-phase mode 
can appear in all states of polarization, be it linear, circular, or elliptical, in this 
paper we chose that beam passes through the linear polarizer [19], and laser field 
intensities lie within the range of  14 16 210 10 W cm .I    

This paper has a following outline: in Section 2 is shortly described tunneling 
ADK ionization rate in its corrected form, obtained by including Coulomb interaction 
in process of calculating turning point and taking into account the non-zero initial 
momentum of ejected electron. Section 3 is devoted to the discussion of gained 
results, while Section 4 contains a brief conclusion. 

2. THEORETICAL BACKGROUND 

In Ammosov, Delone and Krainov’s paper [6] the expression for tunneling 
ADK ionization rate was given as 
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where Z is the nuclear charge of the ion residue of a given atom, while n* is the 
effective principal quantum number given by expression *

i/ 2n Z E . 
As already noted, Coulomb interaction has been included in all aspects of the 

developing ADK theory except when turning point was calculated, and that oversight 
was corrected in paper [20]. In all calculations mentioned before it was also always 
assumed that ionized electron leaves the atom with zero initial momentum. If that 
is not the case, the corrected form of ionization rate must include the non-zero 
initial momentum as derived in [13, 14] 
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. (2) 

In order to obtain the analytical expression for the non-zero initial momentum 
of the ejected electron the most suitable is to use parabolic coordinates: ξ = r + z, 
η = r – z, ϕ = arctan (y/x), where ξ, η ∈ [0, ∞) and ϕ is azimuthal angle whose 
values lie in the interval [0,2 π] [21]. 
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When the atom is placed in a linearly polarized laser field, ionization occurs 
along the   parabolic coordinate. Non-zero initial momentum of ejected electron is 
very sensitive to the laser electric field strength and to the position of the tunneling 
exit point, that is determined by expression ηexit ≅ 1/F and lies within range 
1 η ηexit [21, 22]. 

Now, non-zero momentum p can be represented in two ways: in its exact 
form based on work by Bisgaard-Madsen [23] 

 
2 2

BM 2 1
2 4 4

lm Fp   
 

      
 

, (3) 

where i2E  , 2 ( 1)
2 lZ m    , and lm  is the magnetic quantum number; 

Eq. (3) is valid in the range 
2

2
2 2

 


, inside the barrier 0   where 2
0 F  . 

Another form for non-zero initial momentum was obtained by Bauer; he 
expanded Eq. (3) in Taylor series with a goal to obtain explicit expression for non-
zero initial momentum inside and outside the barrier, depending on the values of   
coordinate. In our research we retained the expression for this momentum outside 
the barrier [22] 
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Ionization rate has been calculated using both formulas for non-zero initial 
momentum because we intended to determine the intensity range in which one of 
these formulas is dominant while influence of another one is negligible. Besides, we 
also wanted to compare how the spatial linear and LG(0,1)* distribution of various 
types of lasers (Ti:sapphire in near-infrared, 800 nm, and CO2 in mid-infrared range, 
10.6 m, of wavelength spectrum) affects the physical quantities of interest [24]. 

When the laser field is linearly polarized (non-phased), its strength is given 
by the following formula 

 9
27.5

5.1 10
F I


, (5) 

where I  is the intensity of the laser field being used, while the coefficient before 
square root stems from conversion to atomic unit system. On other hand, the 
strength of radially polarized laser field with LG(0,1)* spiral phase mode field 
distribution after being passed through linear polarizer can be expressed as [18, 25] 
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where R is beam diameter, a  is dimensionless parameter, k = tan θ, θ is the angle 
that determines a spiral geometry of the laser beam, while   is azimuthal angle 
measured from the x-axis and lie in an interval span of [0,2 ] . 

3. RESULTS AND DISCUSSION 

In the discussion of obtained results, we first dealt with tunneling ionization 
rates, depending on various form of non-zero initial momentum of ejected electron; 
then we analyzed how ionization rate is influenced by different laser types and 
pulse shapes (compared for two ionization rate forms). Also, review of ionization 
rates values for alkali atoms is given. For each part corresponding graphs and an 
elaborate discussion is presented. 

Our study is based on two laser systems, the Ti:sapphire laser system with 
following parameters: wavelength λTi:sapp = 800 nm and photon energy ωTi:sapp = 
0.0570 a.u., and CO2 laser system whose parameters are: wavelength 

2CO 10.6 μm   
and photon energy 

2CO 0.0043 a.u.   It is important to emphasize that linearly 
polarized laser beam has a diameter that ranges widely (from μm even to mm), 
while radially polarized beam is very focused (order of a micrometer). In this 
research beam diameter R  is fixed at the value of 3 μm (5.7 × 104 a.u.) [26, 27]. 
When beam dimensions are the order of μm, the dimensionless parameter is 
a = 0.57 (1.08 × 1014 a.u.). The constant k  is calculated using the expression 
k = tan θ (where the values for θ lie in the interval [–π/2, π/2]) and it determines the 
spiral geometry of the beam [25]. 

The alkali metals whose tunneling ionization process we analyzed have the 
ionization potentials (in atomic units): Ei (Li) = 0.1981, Ei (Na) = 0.1888, Ei (K) = 
= 0.1595, Ei (Rb) = 0.1535, Ei (Cs) = 0.1431, Ei (Fr) = 0.1447. In these calculations 
the values of quantum numbers used are n = 1 and ml = 0, while the charge of an 
ionized atom is Z = 1. Taking all into account, in figures below the results for Li 
and Fr atoms are presented (because they are the first and the last alkali group 
element), while detailed values of interest are given for all alkali atoms in 
Appendix. At the same place are given the calculated values for tunneling distance 
dexit = Ei/F in order to illustrate the additional differences between ionization 
process when dissimilar types of lasers are used, and also the influence of different 
laser beam profiles [28]. 

The influence of both linear and spiral-phase mode on non-zero initial 
momentum for Li atom as a typical representative of alkali metal group is given in 
Fig. 2. It is obvious that the values for momentum are diminished for spiral-phase 
scenario as compared to the linear. The other alkali metals are not shown since 
results obtained for them are very similar. 
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Fig. 2 – (Color online) Non-zero initial momentum of ejected valence electron of Li atom 

dependent on laser intensity: Bauerp  (black, solid line), Bauer
spiralp  (black, dashed line), 

BMp  (red, solid line), BM
spiralp  (red, dashed line). 

The top graph row in Fig. 3 shows that ionization rate in the case of non-
phased linearly polarized laser beam, while dependent on various expressions for 
non-zero initial momentum, is sensitive to the type of laser used for intensities 
below 1015 W/cm2. The bottom row of graphs shows that, at the higher intensities, 
the ionization rate is not sensitive on the aforementioned anymore. 

   

   
Fig. 3 – (Color online) Ionization rates of Li and Fr atoms for non-phased linearly polarized CO2 

laser: Bauerw  (black solid line), BMw  (black dotted line), and Ti:sapphire laser:  
Bauerw  (blue solid line), BMw  (blue dotted line). 
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It is interesting to note that in the case of Ti:sapphire laser the ionization rate 
lines for different expressions of non-zero initial momentum intersect: for Li, it happens 
at intensity value of  2.95 × 1014 W/cm2, while for Fr it is 1.07 × 1014 W/cm2. 

All that was said for Fig. 3 is also valid for Fig. 4, although Fig. 4 shows the 
ionization rate for LG(0,1)* spiral-phased linearly polarized laser beam. Intensity 
ranges were adapted appropriately in order to make noticeable the decreasing 
slopes of the curves depicted. Same as above, in the case of Ti:sapphire laser the 
ionization rate lines intersect for different expressions of non-zero initial momentum, 
but on higher intensity values than those for non-phased linearly polarized laser 
beams: for Li, it now happens at intensity value of 1.085 × 1015 W/cm2, while for 
Fr the value is 3.88 × 1014 W/cm2. 

 

 
Fig. 4 – (Color online) Ionization rates of Li and Fr atoms for LG(0,1)* spiral-phased 

linearly polarized CO2 laser: Bauer
spiralw  (black solid line), BM

spiralw  (black dotted line), 

and Ti:sapphire laser: Bauer
spiralw  (blue solid line), BM

spiralw  (blue dotted line). 

Ionization rate that includes Bisgaard-Madsen formula has similar dependence 
for frequencies of both lasers in the case of non-phased linearly polarized and 
spiral-phased linearly polarized field distribution. Since Bauer formula for non-
zero initial momentum is the first approximation of Bisgaard-Madsen formula, its 
usage shows that the ionization rate for both atoms in this case is more influenced 
by laser frequency. 
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However, comparing the ionization rates of both atoms in the case of non-
phase linear polarization shows that their maxima are different: for Li, maximum 
appears at intensity of 2.15 × 1014 W/cm2 for Bauerp  and CO2 laser; at intensity of 
2.03 × 1014 W/cm2 for BMp   and CO2 laser; at intensity of 5.23 × 1014 W/cm2 for 

Bauerp  and Ti:sapphire laser; at intensity of 2.74 × 1014 W/cm2 for BMp  and 
Ti:sapphire laser. For Fr atom, maximum appears at intensity of 5.82 × 1013 W/cm2  
for Bauerp  and CO2 laser; at intensity of 4.35 × 1013 W/cm2 for BMp  and CO2 laser; 
at intensity of 1.91 × 1014 W/cm2 for Bauerp  and Ti:sapphire laser; at intensity of 
7.52 × 1013 W/cm2 for BMp  and Ti:sapphire laser (Fig. 3). 

Now, regarding the ionization rates of both atoms in the case of spiral-phase 
linear field distribution, the data are as follows: for Li, maximum appears at intensity 
of 7.85 × 1014 W/cm2 for Bauer

spiralp  and CO2 laser; at intensity of 7.39 × 1014 W/cm2 

for BM
spiralp  and CO2 laser; at intensity of 1.91 × 1015 W/cm2 for Bauer

spiralp  and Ti:sapphire 

laser; at intensity of 1.00 × 1015 W/cm2 for BM
spiralp  and Ti:sapphire laser. For Fr atom, 

maximum appears at intensity of 2.12 × 1014 W/cm2 for Bauer
spiralp  and CO2 laser; at 

intensity of 1.58 × 1014 W/cm2 for BM
spiralp  and CO2 laser; at intensity of 6.96 × 1014 W/cm2 

for Bauer
spiralp  and Ti:sapphire laser; at intensity of 2.74 × 1014 W/cm2 for BM

spiralp  and 
Ti:sapphire laser (Fig. 4). 

At Fig. 5 is given the behavior of ionization rate depending on the laser 
intensity I, but also on photon energy ω for wavelengths within the broadened 
infrared range; this was made possible by recent developments in laser technology 
that extended strong field studies from near-infrared to the mid-infrared 
wavelength values. It is obvious that surfaces that represent the ionization rates w 
and wspiral are intersecting with one another. 

From 3D part of Fig. 5 can be easily ascertained that BMw  reaches its maximum 
at lower field intensities and is more dependent on laser frequency compared with 

BM
spiralw , which is more stable. 

The formula for laser intensity (obtained by fitting) on which the ionization 
rates BMw  and BM

spiralw  have the same values is given as 

 16 2 14 1.5 142.656 10 5.5 10 4.4 10I         , (7) 

depending on photon energy ω in the interval [0.00005, 0.06509] a.u. of infrared 
spectrum; that was shown at 3D part of Fig. 5. 

The intersection curves given at 2D part of Fig. 5 confirm that the result is 
similar when momentum Bauerp  is included; in this case, the laser intensity formula 
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(for equal values of ionization rates Bauerw  and Bauer
spiralw , also obtained by fitting, has 

the following form 

 16 2 15 1.1 147.59 10 1.65 10 4.1 10I         , (8) 

for the same interval of the photon energy ω as above. 

  
Fig. 5 – (Color online) Ionization rates w  and spiralw  of Li, with non-zero initial momentum  
included, dependent on laser intensity and photon energy: a) orange-hued surface represents  

BMw  while blue-hued surface represents BM
spiralw ; b) solid curve represents intersection  

of Bauerw  and Bauer
spiralw  surfaces, while dotted curve represents the same  

for BMw  and BM
spiralw  surfaces. 

However, for Fr atom, and for the same set of parameters, the ionization by 
spiral-phase linearly polarized laser field is more dominant than ionization by 
non-phase linearly polarized field. Differently than in the case of Li, where 
ionization is possible in the whole range of infrared frequencies, in the case of 
Fr, the ionization happens at smaller values and approximately ends at 0.04 a.u.  
(or λ = 1.139 μm). 

In this case, the fitting formula for laser intensity on which the ionization 
rates w and wspiral have the same values is given as 

 16.145 2 11.3 1410 10 ( 3) 1.1 10I        , (9) 

with Bauerp  included, while when BMp  is included (3D part of Fig. 6), the formula 
is given as 

 16.42 2 10 1410 12 10 ( 3) 1.132 10I         , (10) 

for the interval of photon energy [0.00005,0.04] a.u.  of infrared spectrum. 
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Fig. 6 – (Color online) Ionization rates w  and spiralw  of Fr, with non-zero initial momentum  
included, dependent on laser intensity and photon energy: a) orange-hued surface represents  

BMw  while blue-hued surface represents BM
spiralw ; b) solid curve represents intersection  

of Bauerw  and Bauer
spiralw  surfaces, while dotted curve represents the same  

for BMw  and BM
spiralw  surfaces. 

From 2D part of Fig. 6 is obvious that the values for ionization rates are the 
same regardless of polarization type along these intersection lines. 

4. CONCLUSION 

In the discussion of obtained results, we first dealt with tunneling ionization 
rates, depending on various form of non-zero initial momentum of ejected electron; 
then we analyzed how ionization rate is influenced by different laser types and 
pulse shapes (compared for two ionization rate forms). Also, review of ionization 
rates values for alkali atoms is given. For each part corresponding graphs and an 
elaborate discussion is presented. 

In this paper the phenomenon of one electron tunneling through the potential 
barrier of alkali atoms deformed by laser field potential has been investigated. Our 
ionization rate analysis included the following: 1) the influence of Coulomb interaction 
on turning point of ADK theory; 2) the influence of the two forms of non-zero initial 
momentum of ejected electron, Bauer’s, and Bisgaard-Madsen’s; 3) the influence 
of two types of laser beam profiles, non-phased and spiral-phased. 

Results of presented analysis will be given here: regardless of type of laser 
used or their frequencies, ionization rate with non-zero Bisgaard-Madsen momentum 
included exhibits the similar behavior in the intensity range [1014, 1016] W/cm2. 
However, with Bauer approximate formula included, ionization rate is noticeably 
more influenced by laser frequency and depends on phase-state of laser field 
distribution: non-phase and LG(0,1)* spiral-phase. According to previous remarks, 
we expect that the here considered laser field distributions will have appreciable 
influence on the yield of ions produced in tunneling process. 
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Appendix 

Table 1 

Ionization rates for various field intensities 

 I  1210  1310  1410  1510  

 Li 
BMw  81.36 10  0.87 45.32 32.81 

Bauerw  82.53 10  1.01 75.33 54.59 
BM
spiralw  198.37 10  45.82 10  15.64 78.52 
Bauer
spiralw  

CO
2  

153.55 10  46.11 10  17.19 88.91 
BMw  195.88 10  0.28 31.89 31.44 

Bauerw  172.01 10  55.52 10  11.42 43.99 
BM
spiralw  181.66 10  82.82 10  16.64 10  53.25 
Bauer
spiralw  

Ti:sapphire 

174.63 10  72.40 10  27.1 10  42.99 

 Na 
BMw  71.34 10  1.90 56.04 32.59 

Bauerw  72.40 10  2.23 97.58 56.11 
BM
spiralw  173.82 10  32.50 10  25.49 89.36 
Bauer
spiralw  

CO
2  

131.17 10  32.59 10  28.29 101.99 
BMw  152.32 10  15.09 10  40.1 31.31 

Bauerw  193.82 10  42.43 10  16.87 45.83 
BM
spiralw  206.47 10  84.50 10  1.24 62.16 
Bauer
spiralw  

Ti:sapphire 

172.56 10  35.72 10  11.71 10  50.83 

 K 
BMw  41.34 10  18.54 95.54 27.67 

Bauerw  41.94 10  23.99 200.84 54.50 
BM
spiralw  124.85 10  12.01 10  106.30 120.97 
Bauer
spiralw  

CO
2  

93.79 10  11.90 10  122.39 142.39 
BMw  57.32 10  3.59 72.23 26.81 

Bauerw  52.87 10  22.01 10  51.39 46.58 
BM
spiralw  105.88 10  76.74 10  8.95 90.88 
Bauer
spiralw  

Ti:sapphire 

62.10 10  17.53 10  2.32 82.92 
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 Rb 
BMw  45.18 10  28.54 103.13 25.84 

Bauerw  46.99 10  37.82 227.67 52.67 

BM
spiralw  115.05 10  14.72 10  138.81 125.46 

Bauer
spiralw  

CO
2  

82.75 10  14.35 10  161.27 148.824 

BMw  42.04 10  5.37 78.89 25.08 

Bauerw  55.09 10  24.70 10  62.87 45.41 

BM
spiralw  83.64 10  61.44 10  13.08 95.71 

Bauer
spiralw  

Ti:sapphire 

75.68 10  21.23 10  3.81 89.32 

 Cs 
BMw  35.16 10  58.14 113.72 22.12 

Bauerw  35.87 10  80.75 276.28 48.15 

BM
spiralw  92.77 10  2.00 214.73 130.04 

Bauer
spiralw  

CO
2  

77.21 10  1.73 253.84 156.54 

BMw  31.15 10  10.70 88.82 21.52 

Bauerw  41.13 10  11.96 10  86.75 42.13 

BM
spiralw  105.11 10  66.25 10  24.63 101.79 

Bauer
spiralw  

Ti:sapphire 

55.14 10  22.78 10  8.73 98.87 

 Fr 
BMw  33.64 10  52.28 112.38 22.73 

Bauerw  34.27 10  72.05 268.76 48.95 

BM
spiralw  71.50 10  1.61 201.26 129.65 

Bauer
spiralw  

CO
2  

74.43 10  1.40 237.25 155.70 

BMw  32.32 10  9.64 87.49 22.11 

Bauerw  45.74 10  11.58 10  82.76 42.74 

BM
spiralw  101.86 10  64.93 10  22.40 101.09 

Bauer
spiralw  

Ti:sapphire 

106.52 10  22.46 10  7.71 97.58 
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Table 2 

Numerical values of maximal ionization rate, in non-phased and 
spiral-phased case, with Bauer and BM momentum included, for all alkali elements 

CO2 

 14 2[10 Wcm ]
I

  
BM

[a.u.]
w  exit

[a.u.]
d  14 2[10 Wcm ]

I
  

Bauer

[a.u.]
w  exit

[a.u.]
d  

Li 2.03 51.89 2.58 2.12 91.16 2.52 
Na 1.70 59.46 2.69 1.75 107.47 2.65 
K 0.70 98.85 3.54 0.86 202.18 3.19 
Rb 0.58 101.70 3.74 0.74 234.22 3.31 
Cs 0.41 140.76 4.13 0.56 307.08 3.55 
Fr 0.43 135.60 4.09 0.58 294.16 3.51 

 14 2[10 Wcm ]
I

  
BM
spiral

[a.u.]
w  exit

[a.u.]
d  14 2[10 Wcm ]

I
  

Bauer
spiral

[a.u.]
w  exit

[a.u.]
d  

Li 8.05 79.41 1.29 7.85 90.28 1.31 
Na 6.55 93.43 1.37 6.37 107.47 1.39 
K 3.12 168.49 1.67 3.15 202.18 1.67 
Rb 2.64 193.46 1.75 2.69 234.22 1.74 
Cs 1.94 250.11 1.91 2.03 307.09 1.86 
Fr 2.05 240.05 1.87 2.12 294.16 1.84 

Ti:sapphire 

 14 2[10 Wcm ]
I

  
BM

[a.u.]
w  exit

[a.u.]
d  15 2[10 Wcm ]

I
  

Bauer

[a.u.]
w  exit

[a.u.]
d  

Li 2.75 44.02 2.22 0.53 50.0 1.60 
Na 2.24 49.24 2.34 0.44 56.08 1.67 
K 1.11 72.48 2.81 0.26 89.03 1.83 
Rb 0.95 78.96 2.92 0.23 90.50 1.88 
Cs 0.72 92.07 3.13 0.18 105.58 1.95 
Fr 0.75 89.88 3.1 0.19 103.07 1.94 

 

 15 2[10 Wcm ]
I

  
BM
spiral

[a.u.]
w  exit

[a.u.]
d  15 2[10 Wcm ]

I
  

Bauer
spiral

[a.u.]
w  exit

[a.u.]
d  

Li 1.40 55.84 0.98 1.91 50.00 0.84 
Na 1.20 63.06 1.01 1.63 56.10 0.87 
K 0.70 95.16 0.72 0.95 83.03 0.96 
Rb 0.62 104.04 1.14 0.83 90.50 0.99 
Cs 0.50 121.83 1.19 0.67 105.58 1.03 
Fr 0.51 118.89 1.19 0.70 103.06 1.01 
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