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Abstract

The terminal Wiener index TW = TW(G) of a graph G is equal to the sum of dis-
tances between all pairs of pendent vertices of G. This distance-based molecular structure
descriptor was put forward quite recently [I. Gutman, B. Furtula, M. Petrovié¢, J. Math.
Chem. 46 (2009) 522-531]. In this survey we outline the hitherto established properties of
TW . In particular, we describe a simple method for computing T'W of trees, characterize
the trees with minimum and maximum TW , and provide a formula for calculating T'W of
thorn graphs.

1. Introduction

Let G be a connected graph with vertex set V(G) = {v1,v2,...,v,} and edge set
E(G) = {e1,e2,...,en}. The distance between the vertices v; and v;, v;,v; € V(G), is
equal to the length (= number of edges) of the shortest path starting at v; and ending at
vj (or vice versa) [1], and will be denoted by d(v;, v;|G) .

The oldest molecular structure descriptor (topological index) is the one put forward in
1947 by Harold Wiener [2], nowadays referred to as the Wiener index and denoted by W .
It is defined as the sum of distances between all pairs of vertices of a (molecular) graph:

W=W@G) =Y duvG)= Y duv,vlG). (1)

{u0}CV(G) 1<i<j<n



Details on the chemical applications and mathematical properties of the Wiener index can
be found in the reviews [3-5].

The square matrix of order n whose (i,j)-entry is d(v;,v;|G) is called the distance
matriz of G. Also this matrix has been much studied by mathematical chemists, for details
see [6, 7]. From the distance matrix not only the Wiener index, but also numerous other
structure descriptors can be derived [8, 9].

In a number of recently published articles, the so-called terminal distance matriz [10, 11]
or reduced distance matriz [12] of trees was considered.

If an n-vertex graph G has k pendent vertices (= vertices of degree one), labeled by
V1,02, ..., Uk, then its terminal distance matrix is the square matrix of order k& whose (i, j)-
entry is d(v;,v;|G) . In what follows, we denote this matrix by TD = TD(G).

Practically all researches on TD (and, eventually, on the terminal Wiener index) were
concerned with trees (= connected acyclic graphs). The reason for this is evident: It is easy
to envisage that in the case of non-tree graphs G, in the matrix TD(G) the information on
the structure of G may be almost completely missing.

In particular, if the graph G has no pendent vertices, then G has no terminal distance
matrix (i. e., the dimension of TD is zero). If G has a single pendent vertex, then TD(G)
has dimension one and its unique matrix element is zero. If G has two just two pendent

vertices, both adjacent to the same vertex, then irrespective of the actual structure of this
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In the case of trees the situation is less pessimistic. Namely, any n-vertex tree has k

graph, TD(G) is of the form

pendent vertices, and 2 < k < n — 1. The unique n-vertex trees with k =2 and k=n—1
are, respectively, the path (P,) and the star (S,). It is important to know that the terminal
distance matrix of a tree T' determines the entire distance matrix of T, and thus completely
determines the tree T itself [13].

Terminal distance matrices of trees were used for modeling amino acid sequences of
proteins and the genetic code [10, 11, 14], and were proposed to serve as a source of novel
molecular—structure descriptors [10, 11].

Motivated by the previous researches on the terminal distance matrix and on its chemical

applications, the present authors have conceived the terminal Wiener index TW (G) of a



graph G as the sum of the distances between all pairs of its pendent vertices [15].
Without loss of generality, we may assume that the graph G has n vertices of which
k vertices, labeled by v, va,...,v, are pendent. Let thus Vi(G) = {v1,va,...,ux} be
the set of pendent vertices of G. In harmony with the previously introduced notation,
Vi(G) C V(G). Then, in analogy with Eq. (1), we define
TW=TW(G) = >  duvG)= > du,vlG). (2)
{u,}CV1(G) 1<i<j<k
In order to illustrate the above definition, we show how the terminal Wiener index is

computed for the tree T} depicted in Fig. 1. Here we directly apply Eq. (2).
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Fig. 1. A tree T1 whose terminal Wiener index is equal to 51.

The tree T7 has six pendent vertices - v1,vs,...,vg. Therefore the summation on the

right-hand side of (2) contains <g) = 15 terms, and we have:

TW(Tl) = d(Ul, ’U2|T1) + d(Ul, U3|T1) + d(vl,v4|T1) + d(vl,v5|T1) + d(’Ul,U6|T1)
+ d(vg, Ug‘Tl) + d(vg, U4‘T1) + d(’Ug, 1)5’T1) + d(’Ug, 'U6’T1) + d(’Ug, ’U4|T1)
+  d(vs,v5|T1) + d(vs, v6|T1) + d(va, v5|T1) + d(va, ve|T1) + d(vs, ve|T1)

= 3+44+24+5+3+3+3+4+2+4+3+3+5+3+4=51.

2. Elementary properties of the terminal Wiener index

Directly from its definition, Eq. (2), the following properties of TW are immediate:

1. If the graph G has no pendent vertices (k =0, V1(G) = (), then TW(G) =

2. If the graph G has a single pendent vertex (k =1, Vi(G) = {v1}), then TW(G) = 0.



3. If the graph G has exactly two pendent vertices (k = 2, V1(G) = {vi,v2}), then
TW(G) = d(vl,vg|G) .

4. In particular, if the two vertices from point 3 are adjacent to the same vertex of G,

then TW(G) = 2.
5. As a special case of point 3, TW(P,) =n—1.

6. The star .S, has n — 1 pendent vertices, all adjacent to the same vertex. Therefore,

n—1

TW(S,) = ( )

)x2:(n—1)(n—2).

The above listed properties of TW confirm the conclusions that it is purposeful to

restrict the considerations to trees.

3. A modified Wiener’s “first theorem?”

In this section we are concerned with trees. Recall that any tree T" with n vertices has
n — 1 edges, and has at least two pendent vertices.

The first question that should be asked in connection with the terminal Wiener index
is how it could be efficiently computed. For this a result that is fully analogous to Wiener’s
“first theorem” for the ordinary Wiener index [2, 16] was reported in [15].

In his seminal article [2] Wiener communicated the formula

W(T)= Y mile) nale) (3)
ecE(T)
which holds for any tree T'. This result may be viewed as the first theorem ever for the
Wiener index. In formula (3) e stands for an edge, whereas ni(e) and na(e) are the number
of vertices lying on the two sides of e; the summation in (3) goes over all edges of the
respective tree T'. If T has n vertices, then ni(e) + na(e) = n for all edges e.

In the paper [7] no proof of formula (3) was put forward. However, the proof of (3) is
easy [16]: Instead of summing the distances (= the number of edges in the shortest paths)
between all pairs of vertices in the tree T', we may count how many times a particular edge

e lies on the (unique) shortest path between two vertices, and then add these counts over



all edges of the underlying tree. The number of shortest paths that go through the edge e
is equal to nq(e) - na(e) .

Using the same idea we obtain [15]:

Theorem 1. Let T be an n-vertex tree with k pendent vertices, and let e be its edge.
Denote by p1(e) and p2(e) the number of pendent vertices of 7', lying on the two sides of
e. Then

TW(T)= > pi(e) - pale) (4)

ecE(T)

with the summation embracing all the n — 1 edges of T.

Proof. Instead of summing the distances between all pairs of pendent vertices in the tree
T, we count how many times a particular edge e lies on the shortest path between two
pendent vertices, and then add these counts over all edges of the underlying tree. Such
shortest paths will start at p;(e) pendent vertices (those lying on one side of e) and end at
p2(e) pendent vertices (those lying on the other side of €). Thus their number is p;(e)-p2(e),
which leads to Eq. (4). W

It should be noted that for all edges of the tree T',

pi(e) +pa(e) = k and  pi(e),pa(e) > 1.

Consequently,

b-1<m@ me < 5] 5]

If e is a pendent edge, then pi(e) - pa(e) =k —1.

For the tree 77 (see Fig. 1) we immediately get:

pi(er) =15 pa(er) =5 pi(e2) =2 pa(e2) =4
pi(es) =45 pa(e3) =2 pi(ed) =5 paes) =1
pi(es) =55 paes) =1 pi(es) =15 pa(es) =5
pi(er) =1; pa(er) =5 pi(es) =15 pa(es) =5

pi(eg) =1 ; pa(eg) =5



and therefore formula (4) yields:

TW(TY) = (1x5)+(2x4) +(4x2)+((5x1)+(1x5)

+ (Ix5)+(1x5)+(1x5)+(1x5)=>51.

This example shows that the calculation of TW by means of formula (4) is somewhat
easier than by using the definition (2). However, the true value of formula (4) is in enabling

one to deduce a number of general properties of the terminal Wiener index of trees.

4. Variable terminal Wiener index

A generalization of the Wiener—index concept, based on Eq. (3), was proposed in 2004
by Vukicevié¢, Zerovnik, and one of the present authors [17]. Thus, the variable Wiener

index was defined as

WAT) = Y [nu(e) - ma(e)) (5)

ecE(T)

where A is a real number. In full analogy to this, bearing in mind Eq. (4), Deng and Zhang
put forward the variable terminal Wiener index, defined as [18]
TWAT) = Z [p1(e) - pa(e)]* . (6)
c€E(T)
Until now, there is no report on any chemical application of TW), , and its only established
mathematical property is the one mentioned in the subsequent section.
Needless to say, for A = 1 the variable Wiener and variable terminal Wiener indices

reduce to the ordinary Wiener and terminal Wiener indices, respectively.

5. Terminal—equiseparable trees

In this section it will be assumed that the quantities nj(e) and na(e), as well as p;(e)
and pa(e), encountered in Section 3, are chosen so that nj(e) > na(e) and pi(e) > pa(e).

Let 7" and T” be two n-vertex trees, with edge sets E(T") = {¢},¢e),...,e/,_;} and

’y Pn—1

E(T") ={ef,ey,...,ell_1}. If it is possible to label the edges of 7" and T"” so that n;(e}) =

» “n—1

ni(e}) holds for all i = 1,2,...,n—1, then the trees 7" and T" are said to be equiseparable



[19]. Then, of course, also na(e}) = na(e}) holds for all i = 1,2,...,n— 1. Equiseparability
of trees has numerous intriguing mathematical and chemical consequences, for details see
[20-24]. For our considerations it suffices to note that for any value of the parameter A, cf.
Eq. (5), equiseparable trees have equal variable Wiener indices. In particular, such trees
have also equal Wiener indices.

Equiseparability is a very frequent phenomenon among trees. Namely, it was shown

that [23],
lim #EST(n)
n—co  #T(n)

=1 (7)
where #EST (n) is the number of n-vertex trees having an equiseparable mate, and #7'(n) is
the total number of n-vertex trees. Eq. (7) means that almost all trees have an equiseparable
mate.

Deng and Zhang [18] extended the concept of equiseparability to terminal vertices. They
defined terminal-equiseparability as follows. If for two n-vertex trees 7" and T" , the equality
pi(e}) =pi(e]) holds for all i = 1,2,...,n— 1, then 7" and T” are terminal-equiseparable.

The same authors [18] described methods for constructing pairs of terminal-equiseparable

trees. This turned out to be easy, and fully analogous to what earlier was proposed for eq-

uiseparable trees [20]. We state here two simple results of this kind:

Theorem 2. All n-vertex trees with exactly 3 pendent vertices are mutually terminal—

equiseparable.

Proof. Since £ = 3, on one side of each edge there is one, and on the other side two
pendent vertices. Therefore, for any edge e of any tree with £k = 3, it is p;(e) = 2 and

pe(e)=1. A

Theorem 3. If the trees 77 and T” are terminal-equiseparable, then for all values of the

parameter X\, TW,y(T") = TW)(T") . In particular, TW(T") = TW (T") .
Proof. Take into account Eq. (6). H

Without proof we state the much less easy:



Theorem 4. [1§]
where #TEST (n) is the number of n-vertex trees having a terminal-equiseparable mate,
and #7'(n) is the total number of n-vertex trees. Therefore, almost all trees have a terminal—

equiseparable mate.

6. Tree with minimal terminal Wiener index

For the considerations that follow one should recall that the summation on the right—
hand side of Eq. (4) goes over n — 1 (non-zero) terms.

Because 1 is the minimal possible value for the product pi(e) - p2(e), it immediately
follows that n — 1 is the minimal possible value that the terminal Wiener index may assume
for n-vertex trees. Because any tree different from P,, possesses at least one edge e for which
pi(e) -pa(e) > 2, we conclude that TW(T') > n — 1 holds for all n-vertex trees T' 2 P, . By

this, as a straightforward consequence of Eq. (4) we obtained:

Theorem 5. [15] For any n-vertex tree, TW(T) > n — 1. Equality TW(T') = n — 1 holds
ifandonly if T= P,. B

Thus the path is the tree with minimal terminal Wiener index. The finding of the tree(s)

with maximal TW is less easy and will be achieved in the subsequent two sections.

7. Trees with fixed number of pendent vertices having

minimal and maximal terminal Wiener index

In this section we restrict our consideration to n-vertex trees having a fixed number k
of pendent vertices. Such trees have also k pendent edges, and, consequently, k summands

on the right-hand side of Eq. (4) are equal to k — 1. Formula (4) can thus be rewritten as
TW(T) = k(k = 1)+ > pi(¢) - p2(€) (8)
e/

where ¢’ are the non-pendent edges of T'. Note that there exist n — 1 — k such edges.



The only n-vertex tree with k = 2 is the path P, . Therefore, in what follows, we assume
that 3<k<n-—-1.

In view of the fact that p;(€’)+p2(€’) = k, the minimal value of the product p;(e')-p2(e’)
is k — 1. Therefore, if for all non-pendent edges ¢’ the product pi(e’) - p2(€’) is equal to
k — 1, then the respective tree will have minimal possible T'W-value. Such trees do exist.

A tree is said to be starlike of degree k if exactly one of its vertices has degree greater
than two, and this degree is equal to k , k£ > 3. In Fig. 2 are depicted all 12-vertex starlike

trees of degree 4.

Fig. 2. The 12-vertex starlike trees of degree 4. Among 12-vertex trees with 4 pendent
vertices these all have minimal terminal Wiener index, equal to 33.

Theorem 6. [15] Among n-vertex trees with a fixed number & of pendent vertices, k > 3,
the starlike trees of degree k& have minimal terminal Wiener index. All n-vertex starlike

trees of degree k have TW = (n —1)(k —1).

Proof. It is easy to see that among trees, only the starlike trees have the property that

either pi(e) =1 or pa(e) = 1 holds for any edge e. W

From Theorem 6 we see that TW = 33 holds for all the eleven trees depicted in Fig. 2.



From this example one concludes that there are numerous non-isomorphic trees having the
same T'W-value. In other words, the isomer—discriminating power of the terminal Wiener
index is very low. In particular, all trees with 3 pendent vertices are starlike, and thus all
such trees with same number n of vertices have same TW-values, equal to 2(n —1). (The

same conclusion would follow also from Theorems 2 and 3.)

We now begin the search for trees with k pendent vertices and maximal TW . For reason
just explained, we are not interested in the case k = 3.

In Section 3 it has been explained that the maximal possible value of the product
p1(€) - pa(e’) is |k/2] - [k/2]. Then from Eq. (8) we conclude that the maximal possible
value of TW is k(k — 1) + (n — 1 — k)| k/2][k/2], provided that there exist n-vertex trees

with k pendent vertices, for which all non-pendent edges ¢’ have the property

k|l [k
@) @)= 5] 5] ©
Indeed, such trees do exist (see below). We thus arrive at:

Theorem 7. [15] Among n-vertex trees with a fixed number k of pendent vertices, k > 4,
the trees whose all non-terminal edges €’ satisfy condition (9) have maximal terminal Wiener

index. All such trees have

TW = k(k—1) + (n—1— k) m m . (10)

2 2
Proof. We have already seen that the right—hand side of Eq. (10) is the maximal possible
value that TW may assume. What remains is to demonstrate that there are trees satisfying

Eq. (10). The construction of such trees proceeds as follows:

(a) If k is even, 4 < k < n — 1, then the required tree is obtained from the path P,_j by

attaching to each of its terminal vertices k/2 new pendent vertices. This tree is unique.

(b) If kis odd, 5 < k < n — 1, then the required tree is obtained from the path P,_j by
attaching to each of its terminal vertices (k — 1)/2 new pendent vertices, and by attaching

one more pendent vertex to some vertex of P, i . There exist [(n — k)/2] distinct trees of

this kind.

(c) If k =n — 1, then the respective tree is the star, having no non-pendent edges at all.



It can easily be verified that the above described trees have n vertices, k pendent vertices
and that their non-pendent edges satisfy condition (9). It is also straightforward to see that

these are the only trees with such properties. W

The trees with 12 vertices and various number of pendent vertices, having maximal

terminal Wiener index are shown in Fig. 3.

b e L
k=6 .>_._._._._<.

=7

k=10

2509
* T

Fig. 3. Trees with n = 12 vertices and k& pendent vertices, having maximal terminal
Wiener index. For even values of k such trees are unique. For odd values of k there exist
[(n—k)/2] distinct trees of this kind; in particular, 4, 3,2, and 1 for k=5, k=7,k =9,
and k = 11, respectively.



8. Trees with maximal terminal Wiener index

In the preceding section we determined the m-vertex trees with a fixed number k of

pendent vertices, for which TW is maximal.
In Fig. 4 are depicted all n-vertex trees with maximal terminal Wiener index, for

9 <n < 16. These may give an idea which value of k£ needs to be chosen in order to get a

n=10 n=11

e I an

n=13

Canankan:

n=14 n=15
T — B
TS
n=16

Fig. 4. The n-vertex trees with maximal terminal Wiener index, for n = 9,10, ..., 16.

maximum TW-value.

In order to find the n-vertex tree(s) for which TW is maximal we only have to determine
the value of k for which the right-hand side of Eq. (10) is maximal. The solution of this

not quite easy mathematical problem was found in [15]. We state it without proof.

Theorem 8. [15] Within the class of all trees with n vertices the following holds.
(a) If 3 <n <9, then the star S, has maximal terminal Wiener index, equal to (n—1)(n—2).
(b) If n =3s, s =4,5,6,..., then the tree with k = 2s + 2 pendent vertices (specified in

the proof of Theorem 4) has maximal terminal Wiener index, equal to s +3s% +5s — 1.



This tree is unique.

(c)If n=3s+1, s=3,4,5,..., then the trees with £ = 25 + 2 and k = 2s + 3 pendent
vertices (specified in the proof of Theorem 4) have maximal terminal Wiener indices, all
equal to s3> +4s% + 3s. There are [s/2] distinct trees of this kind.

(d)If n =3s+2, s =3,4,5,..., then the trees with £ = 2s+3 pendent vertices (specified in
the proof of Theorem 4) have maximal terminal Wiener indices, all equal to s3+5 s?+65+2 .

There are [(s — 1)/2] distinct trees of this kind.

9. Terminal Wiener index of thorn graphs

Let G a connected n-vertex graph with vertex set V(G) = {v1,v2,...,v,}, and let
a = (aj,ag,...,a,) be an n-tuple of non-negative integers. The thorn graph G(a) is the
graph obtained by attaching a; pendent vertices to the vertex v; of G for ¢ = 1,2,...,n.

The a; pendent vertices attached to the vertex v; will be called the thorns of v; .

Theorem 9. [25| If a; > 0 for alli =1,2,...,n, then

n
TW(G(a)) = 2 z; <6;> + 1<§<n a; a; [d(vi, vG) + 2] . (11)
Proof. We obtain formula (11) by applying Eq. (2). Consider first the thorns attached
to a given vertex v;. Each of these are at distance 2, and therefore their contribution to
TW(G(a)) is (C;l> x 2. This leads to the first term on the right-hand side of (11).
Consider a thorn attached to vertex v; and a thorn attached to vertex v; , i # j. Their
distance is by two greater than the distance between v; and v; . Since there are a; X a; pairs
of thorns of this kind, their contribution to TW(G(a)) is equal to a; aj [d(v;, vj|G) + 2].

This leads to the second terms on the right—hand side of (11). W

Corollary 9.1. Formula (11) remains valid also if some a;’s are equal to zero, provided

that the corresponding vertices of the graph G are not pendent.
Corollary 9.2. If a1 =ao =--- =a, =a >0, then

TW(G(a)) = a®* W(G) 4+ an(an — 1) . (12)



Proof. Start with Eq. (11) and apply the definition (1) of the Wiener index of the graph
G . This yields
TW(G(a)) = na(a — 1) + a* [W(G) —n(n — 1)]

which is then easily transformed into Eq. (12). W

Theorem 10. [25] Let G be a connected n-vertex graph, and let vq, v, ..., v be its pendent

vertices. Choose the n-tuple a so that

a fori=1,2,...,k
a; =
0 fori=k+1,...,n
and let @ > 0. Then
TW(G(a)) = a> TW(G) + ak(ak — 1) . (13)

Proof. Start with Eq. (11) and apply the definition (2) of the terminal Wiener index of
the graph G'. This yields

TW(G(a)) = ka(a — 1) + a® [TW(G) — k(k — 1)]
which is then easily transformed into Eq. (13). W

Note that if in the above theorem a = 0, then TW(G(a)) = TW(G) .

By means of Theorem 10 it is possible to recursively compute the terminal Wiener
indices of certain dendrimers. An example of a dendrimer series to which formula (13) is
applicable is shown in Fig. 5.

Let Do, D1, Do, ...be aseries of dendrimer graphs. Let for h = 1,2,..., the dendrimer
graph Dy, be obtained so that a pendent vertices are attached to each pendent vertex of
Dy,_1 . For an illustration see Fig. 5.

Let k;, be the number of pendent vertices of Dy . Then from Theorem 10 we get the

recurrence relations:

TW(Dpy1) = a*TW(Dy) +akp(ak, —1)

kni1 = akp .

In the examples depicted in Fig. 5, a = 2. It is easy to check that TW(Dy) = 12 and



ko = 3. Then

TW(D1) = a®>TW(Do)+ako(aky—1)=22-12+42-3-(2-3—-1) =718

ki = ako=2-3=6

TW(D3) = a*TW(Dy) +aki(ak; —1)=22-7842-6-(2-6—1) = 444

k‘g == ak‘1:2-6:12

TW(D3) = a®>TW(Ds) +aks(aks —1)=2%-444+2-12-(2-12 — 1) = 2328

k‘g = ak2:2-12:24

TW(Dy) = a®>TW(D3)+aks(aks —1)=22-2328+2-24-(2-24 —1) = 11568

ky = ak3=2-24=48

etc.

D, D, D,
DS

Fig. 5. The first four members of a series of dendrimer graphs. Their terminal Wiener
indices are calculated recursively as TW(Dy) = 12, TW(Dy) = 78, TW(D3) = 444,
TW(Ds) = 2328, ...; for details see text.



10. Concluding remarks

As already mentioned, the terminal Wiener index is a very new molecular—structure
descriptor. Only a limited number of its mathematical properties were established so far;
practically all of these are outlined in the present survey.

Until now no attempt was reported to find some chemical application of TW or, at
least, to investigate how TW is correlated with the usually employed physico—chemical
properties of alkanes (octane isomers, in particular). The readers of this survey are invited
and encouraged to help filling this gap.

The variable terminal Wiener index, Eq. (6), was introduced ad hoc [18], and practically
nothing is known about it. What first would have to be done is to find a convincing
argument (either chemical or mathematical) why such a quantity should be considered at

all. Otherwise, the idea should better be abandoned.

Acknowledgement: The authors thank for support by the Serbian Ministry of Science,
through Grant no. 144015G.

References

[1] F. Buckley, F. Harary, Distance in Graphs, Addison—Wesley, Redwood, 1990.

[2] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc. 69
(1947) 17-20.

[3] I. Gutman, Y. N. Yeh, S. L. Lee, Y. L. Luo, Some recent results in the theory of the
Wiener number, Indian J. Chem. 32A (1993) 651-661.

[4] A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: theory and applica-
tions, Acta Appl. Math. 66 (2001) 211-249.

[5] A. A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of hexagonal systems,
Acta Appl. Math. 72 (2002) 247-294.

[6] D. H. Rouvray, The role of the topological distance matrix in chemistry, in: N. Trina-
jsti¢ (Ed.), Mathematics and Computational Concepts in Chemistry, Horwood, Chich-
ester, 1986, pp. 295-306.



[7]

[10]

[11]

[14]

[15]

Z. Mihalié¢, D. Veljan, D. Ami¢, S. Nikoli¢, D. Plav§i¢, N. Trinajsti¢, The distance
matrix in chemistry, J. Math. Chem. 11 (1992) 223-258.

Z. Mihali¢, S. Nikoli¢, N. Trinajsti¢, Comparative study of molecular descriptors de-
rived from the distance matrix, J. Chem. Inf. Comput. Sci. 32 (1992) 28-36.

R. Todeschini, V. Consonni, Handbook of Molecular Descriptors, Wiley—VCH, Wein-
heim, 2000.

B. Horvat, T. Pisanski, M. Randié¢, Terminal polynomials and star-like graphs, MATCH
Commun. Math. Comput. Chem. 60 (2008) 493-512.

M. Randi¢, J. Zupan, D. Viki¢-Topié¢, On representation of proteins by starlike graphs,
J. Mol. Graph. Modell. 26 (2007) 290-305.

E. A. Smolenskii, E. V. Shuvalova, L. K. Maslova, I. V. Chuvaeva, M. S. Molchanova,
Reduced matrix of topological distances with a minimum number of independent pa-

rameters: distance vectors and molecular codes, J. Math. Chem. 45 (2009) 1004-1020.

K. A. Zaretskii, Construction of trees using the distances between pendent vertices,

Uspekhi Math. Nauk. 20(6) (1965) 90-92 (in Russian).

M. Randié, J. Zupan, Highly compact 2D graphical representation of DNA sequences,
SAR QSAR Environ. Res. 15 (2004) 191-205.

I. Gutman, B. Furtula, M. Petrovi¢, Terminal Wiener index, J. Math. Chem. 46 (2009)
522-531.

I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry (Springer—
Verlag, Berlin, 1988), p. 127.

I. Gutman, D. Vukicevié¢, J. Zerovnik, A class of modified Wiener indices, Croat. Chem.

Acta 77 (2004) 103-109.

X. Deng, J. Zhang, Equiseparability on terminal Wiener index, in: A. V. Goldberg, Y.
Zhou (Eds.), Algorithmic Aspects in Information and Management, Springer—Verlag,
Berlin, 2009, pp. 166-174.

I. Gutman, B. Arsi¢, B. Furtula, Equiseparable chemical trees, J. Serb. Chem. Soc. 68
(2003) 549-555.

I. Gutman, B. Furtula, D. Vukicevi¢, B. Arsi¢, Equiseparable molecules and molecular

graphs, Indian J. Chem. 43A (2004) 7-10.



[21] O. Miljkovi¢, B. Furtula, I. Gutman, Statistics of equiseparable trees and chemical
trees, MATCH Commun. Math. Comput. Chem. 51 (2004) 179-184.

[22] I. Gutman, B. Furtula, O. Miljkovi¢, M. Raki¢, Families of equiseparable trees and
chemical trees, Kragujevac J. Sci. 26 (2004) 19-30.

[23] D. Vukicevié, I. Gutman, Almost all trees and chemical trees have equiseparable mates,

J. Comput. Chem. Japan 3 (2004) 109-112.

[24] A. R. Ahrafi, S. Yousefi, A note on the equiseparable trees, Iran. J. Math. Sci. Inf. 2
(2007) 15-20.

[25] A. Heydari, I. Gutman, On the terminal Wiener index of thorn graphs, Kragujevac J.
Sci. 32 (2010), in press.



