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On null and pseudo null Mannheim curves
in Minkowski 3-space

Milica Grbović, Kazım İlarslan and Emilija Nešović

Abstract. In this paper, we prove that there are no null Mannheim curves
in Minkowski 3-space. We also prove that the only pseudo null Mannheim
curves in Minkowski 3-space are pseudo null straight lines and pseudo null
circles whose Mannheim partner curves are pseudo null straight lines.
Finally, we give some examples of pseudo null Mannheim curves in E3

1 .
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1. Introduction

In the Euclidean space E3 a regular smooth curve α is called Mannheim curve,
if there exist another regular smooth curve α∗ such that at the corresponding
points of the curves, the principal normal lines of α coincide with the binormal
lines of α∗, under bijection Φ : α → α∗ [2]. Then α∗ is called a Mannheim mate
curve (partner curve) of α and {α, α∗} is called a Mannheim pair of curves. It
is well-known that α is a Mannheim curve in E3 if and only if its the first and
the second curvature satisfy the equality [2]

κ1 = a(κ2
1 + κ2

2),

for some positive constant a. In Euclidean spaces, Mannheim curves are char-
acterized in [3,6,7] and [8]. In Minkowski spaces, non-null Mannheim part-
ner curves with non-null principal normals are studied in [1] and [6]. Null
Mannheim curves in Minkowski 3-space are characterized in [5] and [9].

In this paper, we prove that there are no null Mannheim curves in Minkowski
3-space. Hence characterizations of null Mannheim curves given in [5] and [9]
are not valid. We also prove that the only pseudo null Mannheim curves in
Minkowski 3-space are pseudo null straight lines and pseudo null circles whose
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Mannheim partner curves are pseudo null straight lines. Finally, we give some
examples of pseudo null Mannheim curves in E3

1 .

2. Preliminaries

The Minkowski 3-space E3
1 is the Euclidean 3-space equipped with indefinite

flat metric given by

g = −dx2
1 + dx2

2 + dx2
3,

where (x1, x2, x3) is a rectangular coordinate system of E3
1 . Recall that a vector

v �= 0 in E3
1 can be spacelike if g(v, v) > 0, timelike if g(v, v) < 0 and null

(lightlike) if g(v, v) = 0. In particular, the vector v = 0 is a spacelike. The
norm of a vector v is given by ||v|| =

√|g(v, v)|. Two vectors v and w are
said to be orthogonal, if g(v, w) = 0. An arbitrary curve α(s) in E3

1 , can
locally be spacelike, timelike or null (lightlike), if all its velocity vectors α′(s)
are respectively spacelike, timelike or null [4]. Spacelike curve in E3

1 is called
pseudo null curve if its principal normal vector N is null [10]. A null curve α
is parameterized by pseudo-arc s if g(α′′(s), α′′(s)) = 1. A non-null curve α is
parameterized by arc-length if g(α′(s), α′(s)) = ±1. A circle in E3

1 is a planar
curve with non-zero constant first curvature. Let {T,N,B} be the moving
Frenet frame along a curve α in E3

1 , consisting of the tangent, the principal
normal and the binormal vector field respectively. Depending on the causal
character of α, the Frenet equations have the following forms.

Case I. If α is a null curve, the Frenet equations are given by [10]
⎡

⎣
T ′

N ′

B′

⎤

⎦ =

⎡

⎣
0 κ1 0
κ2 0 −κ1

0 −κ2 0

⎤

⎦

⎡

⎣
T
N
B

⎤

⎦ , (2.1)

where the first curvature κ1 = 0 if α is straight line, or κ1 = 1 in all other
cases. In particular, the following conditions hold:

g(T, T ) = g(B,B) = g(T,N) = g(N,B) = 0, g(N,N) = g(T,B) = 1. (2.2)

Case II. If α is pseudo null curve, the Frenet formulas have the form [10]
⎡

⎣
T ′

N ′

B′

⎤

⎦ =

⎡

⎣
0 κ1 0
0 κ2 0

−κ1 0 −κ2

⎤

⎦

⎡

⎣
T
N
B

⎤

⎦ , (2.3)

where the first curvature κ1 = 0 if α is straight line, or κ1 = 1 in all other
cases. In this case, the following conditions are satisfied:

g(T, T ) = g(N,B) = 1, g(N,N) = g(B,B) = g(T,N) = g(T,B) = 0. (2.4)

Case III. If α is a non-null curve with spacelike binormal vector field B, the
Frenet equations read [4]

⎡

⎣
T ′

N ′

B′

⎤

⎦ =

⎡

⎣
0 −ε0κ1 0

−ε0κ1 0 κ2

0 ε0κ2 0

⎤

⎦

⎡

⎣
T
N
B

⎤

⎦ , (2.5)
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where κ1 and κ2 are the first and the second curvature of the curve respectively.
Moreover, the following conditions hold

g(T, T ) = −g(N,N) = ε0 = ±1, g(B,B) = 1, (2.6)
g(T,N) = g(T,B) = g(N,B) = 0. (2.7)

3. Null and pseudo null Mannheim curves in E3
1

In this section we prove that there are no null Mannheim curves in Minkowski
3-space. We also prove that the only pseudo null Mannheim curves in E3

1 are
pseudo null straight lines and pseudo null circles whose Mannheim partner
curves are pseudo null straight lines. In Minkowski 3-space, Mannheim curves
are defined analogously as in the Euclidean 3-space. Throughout this section,
we will use “dot” to denote the derivative with respect to the arc-length or
pseudo-arc parameter of the curve.

Theorem 3.1. There are no null Mannheim curves in Minkowski space E3
1 .

Proof. Let α be a null curve in E3
1 . Assume that there exists another curve α∗

in E3
1 such that at the corresponding points of the curves the principal normal

vector N of α is collinear with binormal vector B∗ of α∗. Then B∗ is spacelike
vector and hence α∗ is a timelike or a spacelike curve whose Frenet frame
satisfy Frenet equations (2.5). Since {α, α∗} is a Mannheim pair of curves, it
follows that

α(s∗) = α∗(s∗) + λ(s∗)B∗(s∗), (3.1)

where s∗ is arc-length parameter of α∗ and λ �= 0 is some differentiable func-
tion. Denote by s pseudo-arc parameter of α. We may distinguish two cases:
(A) κ∗

2(s
∗) = 0 and (B) κ∗

2(s
∗) �= 0.

(A) If κ∗
2(s

∗) = 0, differentiating relation (3.1) with respect to s∗ and applying
(2.5) we find T ds

ds∗ = T ∗ + λ̇B∗. By taking the scalar product of the last
equation with N and using (2.2), (2.6) and (2.7) we get λ̇ = 0. This
implies that null vector T is collinear with non-null vector T ∗, which is
impossible.

(B) If κ∗
2(s

∗) �= 0, differentiating relation (3.1) with respect to s∗ and applying
(2.5), we obtain

T
ds

ds∗ = T ∗ + λ̇B∗ + λε0κ
∗
2N

∗. (3.2)

By taking the scalar product of the last equation with N and using (2.2),(2.6)
and (2.7) we get

λ̇ = 0, (3.3)

which means that λ = constant �= 0. Substituting (3.3) in (3.2) we find

T
ds

ds∗ = T ∗ + λε0κ
∗
2N

∗. (3.4)



M. Grbović et al. J. Geom.

By using (3.4) and the conditions (2.2), (2.6), (2.7) it follows that

g

(
T

ds

ds∗ , T
ds

ds∗

)
= g(T ∗, T ∗) − λ2κ∗2

2 g(N∗, N∗) = ε0 − ε0λ
2κ∗2

2 = 0.

The last relation implies

κ∗
2 = ± 1

λ
= constant �= 0. (3.5)

Since α is a null curve, we may distinguish two cases: (B.1) κ1(s) = 0 and
(B.2) κ1(s) = 1.

(B.1) If κ1(s) = 0 then T (s) =constant. By taking the derivative of the relation
(3.4) with respect to s∗ and using (2.5) and (3.5) we find

T
d2s

ds∗2
= −ε0κ

∗
1N

∗ ∓ κ∗
1T

∗ ± ε0κ
∗
2B

∗.

By using the last relation, (2.2),(2.6) and (2.7) we get

g

(
T

d2s

ds∗2
, T

d2s

ds∗2

)
= −ε0κ

∗2
1 + ε0κ

∗2
1 + κ∗2

2 = 0.

Hence κ∗
2 = 0 which is a contradiction with (3.5).

(B.2) If κ1(s) = 1, substituting (3.5) in (3.4) we obtain

T
ds

ds∗ = T ∗ ± ε0N
∗.

Differentiating the last equation with respect to s∗ and applying (2.1) and
(2.5), we find

N

(
ds

ds∗

)2

+ T
d2s

ds∗2
= −ε0κ

∗
1N

∗ ∓ κ∗
1T

∗ ± ε0κ
∗
2B

∗. (3.6)

Consequently, relations (2.2),(2.6),(3.5) and (3.6) imply

g

(

N

(
ds

ds∗

)2

+ T
d2s

ds∗2
, N

(
ds

ds∗

)2

+ T
d2s

ds∗2

)

=
(

ds

ds∗

)4

= κ∗2
2 = constant �= 0. (3.7)

By taking the scalar product of (3.6) with N∗ and using (2.6) (2.7) and (3.7),
we get κ∗

1 = 0 which implies κ∗
2 = 0. This is a contradiction with (3.5), which

completes the proof of the theorem. �
Theorem 3.2. Let α be pseudo null curve and α∗ arbitrary curve in E3

1 . If
{α, α∗} is a Mannheim pair of curves then one of the following statements
hold:

(i) α and α∗ are two parallel pseudo null straight lines;
(ii) α is a pseudo null circle and α∗ is a pseudo null straight line.
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Proof. Let α be a pseudo null curve in E3
1 . Assume that there exists another

curve α∗ such that at the corresponding points of the curves, the principal
normal vector N of α is collinear with binormal vector B∗ of α∗. Then B∗

is a null vector which implies that α∗ is pseudo null curve or null curve. We
consider these two cases separately.

(A) Assume that α∗ is a pseudo null curve. Since {α, α∗} is a Mannheim pair
of curves, it follows that

α∗(s) = α(s) + μ(s)N(s), (3.8)

where s is arc-length parameter of α and μ �= 0 is some differentiable
function. Differentiating relation (3.8) with respect to s and applying
(2.3) we obtain

α̇∗ = T + (μ̇ + κ2μ)N. (3.9)

By using the last relation, it follows that g(α̇∗, α̇∗) = 1. Hence α∗ = T ∗

so relation (3.9) becomes

T ∗ = T + (μ̇ + κ2μ)N. (3.10)

Now we may distinguish two subcases: (A.1) κ2(s) = 0 and (A.2) κ2(s) �=
0.

(A.1) If κ2(s) = 0, relation (3.10) becomes T ∗ = T + μ̇N . By taking the
scalar product of the last equation with T and using (2.4), we find

g(T, T ∗) = 1. (3.11)

Since α is a pseudo null curve, we may distinguish two subcases:
(A.1.1) κ1(s) = 0 and (A.1.2) κ1(s) = 1.

(A.1.1) If κ1(s) = 0, differentiating the equation g(T,B∗) = 0 with re-
spect to s and applying (2.3), we obtain g(T,−κ∗

1T
∗−κ∗

2B
∗) =

0. By using (3.11) it follows that κ∗
1 = 0, which means that α∗

is a straight line. Since N∗ and B∗ are two linearly indepen-
dent null vectors and N = ±B∗, it follows that that B = ±N∗.
Therefore, T = ±T ∗ which means that straight lines α and α∗

are parallel. This proves statement (i).
(A.1.2) If κ1(s) = 1, the curve α is a pseudo null circle lying in the

lightlike plane of E3
1 . By taking the derivative of the equation

g(T,B∗) = 0 with respect to s and applying (2.3), we obtain

g(N,B∗) + g(T,−κ∗
1T

∗ − κ∗
2B

∗) = 0. (3.12)

By using (2.4) and (3.11) it follows that κ∗
1 = 0, which means that

α∗ is a pseudo null straight line. This proves statement (ii).
(A.2) If κ2(s) �= 0, by taking the scalar product of (3.10) with T and using

(2.4) we obtain that (3.11) holds. Differentiating relation g(T,B∗) =
0 with respect to s and using (2.4) and (3.11), we get κ∗

1 = 0.
Thus B∗ = constant and hence Ṅ = 0. Then relation (2.3) implies
κ2(s) = 0, which is a contradiction.
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(B) Assume that α∗ is a null curve. Since {α, α∗} is a Mannheim pair of
curves, there holds

α(s∗) = α∗(s∗) + μ(s∗)B∗(s∗), (3.13)

where s∗ is pseudo-arc parameter of α∗ and μ �= 0 is some differentiable
function. Denote by s arc-length parameter of α. Then we may distinguish
two subcases: (B.1) κ∗

1(s
∗) = 0 and (B.2) κ∗

1(s
∗) = 1.

(B.1) If κ∗
1(s

∗) = 0, differentiating relation (3.13) with respect to s∗ and
applying (2.1) we obtain T ds

ds∗ = T ∗ + μ̇B∗. By taking the scalar
product of the last equation with N and using (2.2) and (2.4), it
follows that g(T ∗, B∗) = 0, which is a contradiction with (2.2).

(B.2) If κ∗
1(s

∗) = 1, differentiating relation (3.13) with respect to s∗ and
applying (2.1) we obtain T ds

ds∗ = T ∗ + μ̇B∗ − μκ∗
2N

∗. By taking
the scalar product of the last equation with N and using (2.2) and
(2.4), we get g(T ∗, N) = g(T ∗, B∗) = 0, which is a contradiction
with (2.2). This completes the proof of the theorem. �

Example 1. Consider two parallel pseudo null straight lines in E3
1 with para-

meter equations α(s) = (1, 1, s), α∗(s) = (1
2 , 1

2 , s) and Frenet frames T = T ∗ =
(0, 0, 1), N = B∗ = (1, 1, 0), B = N∗ = (− 1

2 , 1
2 , 0). It can be easily verified that

α∗ = α − 1
2N . Consequently, {α, α∗} is a Mannheim pair of curves.

Example 2. Consider pseudo null circle given by α(s) = ( s2

2 , s2

2 , s) and pseudo
null straight line with parameter equation α∗(s) = (c, c, s), c ∈ R in E3

1 . The
corresponding Frenet frames of α and α∗ read T = (s, s, 1), T ∗ = (0, 0, 1),
N = B∗ = (1, 1, 0), B = N∗ = (− 1

2 , 1
2 , 0). Moreover, α∗ = α+(c− s2

2 )N which
means that {α, α∗} is a Mannheim pair of curves.
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[1] Akyig∼it, M., Ersoy, S.,Özgür, I., Tosun, M.: Generalized timelike Mannheim
curves in Minkowski space-time Math. Probl. Eng. 2011, 1–19

[2] Eisenhart, L.P.: A Treatise on the Differential Geometry of Curves and Surfaces.
Dover Edition. Dover Publication, New York (1960)

[3] Karacan, M.K.: Weakened Mannheim curves. Int. J. Phys. Sci. 6, 4700–4705
(2011)

[4] Kühnel, W.: Differential geometry: curves-surfaces-manifolds. Vieweg, Wies-
baden (1999)

[5] Lee, J.W.: No Null-Helix Mannheim curves in the Minkowski space E3
1 . Int. J.

Math. Math. Sci. 2011, 1–7 (2011)

[6] Liu, H., Wang, F.: Mannheim partner curves in 3-space. J. Geom. 88, 120–126
(2008)

[7] Matsuda, H., Yorozu, S.: On generalized Mannheim curves in Euclidean 4-space.
Nihonkai Math. J. 20, 33–56 (2009)

[8] Orbay, K., Kasap, E.: On Mannheim partner curves in E3. Int. J. Phys. Sci.
4(5), 261–264 (2009)



On null and pseudo null Mannheim curves

[9] Oztekin, H.B., Ergut, M.: Null mannheim curves in the Minkowski 3-space E3
1 .

Turk. J. Math. 35, 107–114 (2011)

[10] Walrave, J.: Curves and surfaces in Minkowski space, Doctoral thesis, K. U.
Leuven, Faculty of Science, Leuven (1995)

Milica Grbović
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