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Preface

In the recent years, the mathematical-chemistry literature is flooded by countless graph—based topo-
logical indices, proposed to serve as molecular structure descriptors.

Topological indices have attracted much attention of chemical and mathematical researchers, espe-
cially those focussing on graph theory, from all over the world. Nowadays many interesting results and
lot of open problems on it have been reported in literature. In most cases, the mathematical investigation
of these indices consist of finding lower and upper bounds for them, and characterizing the graphs for
which these inequalities become equalities. Again, the number of results obtained along these lines,
and the number of respective publications, is so large that no human can satisfactorily follow them and
recognize what is significant and what is not.

In order to help colleagues to find their way through the data jungle, we decided to devote one book
in our “Mathematical Chemistry Monographs” series to bounds on topological indices and the related
extremal graphs. To this end, in the Summer of 2016 we invited a number of colleagues to contribute
chapters to our book. The scholars invited were among those who are currently active and who publish in
this field of chemical graph theory. Their response was beyond anything what we could have expected.

Thus, instead of a single “Mathematical Chemistry Monograph”, we had to produce three volumes,
that is:

e Mathematical Chemistry Monograph No. 19:
Bounds in Chemical Graph Theory - Basics
Faculty of Science & University, Kragujevac, 2017

e Mathematical Chemistry Monograph No. 20:
Bounds in Chemical Graph Theory — Mainstreams
Faculty of Science & University, Kragujevac, 2017

o Mathematical Chemistry Monograph No. 21:
Bounds in Chemical Graph Theory — Advances
Faculty of Science & University, Kragujevac, 2017

The present book is the “Mathematical Chemistry Monograph” No. 19, completed in January 2017.

Editors:

Ivan Gutman

Boris Furtula

Kinkar Ch. Das
Emina 1. Milovanovic¢
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1. Introduction

The appeal of the research on molecular descriptors in Mathematical Chemistry stems, in no small mea-
sure, from the wide variety of approaches to the subject and their fruitful interactions. In the paragraphs
that follow we will focus on one of those viewpoints, the majorization technique, with some support
from the theory of electric networks.

Majorization allows to find upper and lower bounds for many descriptors through the identification
of maximal and minimal tuples in some subsets of the n-dimensional real space, endowed with a partial
order, and the monotonicity of the descriptors when thought of as Schur-convex functions defined on
those suitable subspaces.

On the other hand, the theory of electric networks provides a number of sum rules for the effective
resistances, such as Foster’s theorems, and also a monotonicity notion, Rayleigh’s monotonicity princi-
ple. These electric ideas are applicable not only to the resistive descriptors, such as the Kirchhoff index
and its relatives, but also to other descriptors defined in terms only of the degrees of the vertices, such as
the ABC and AZI indices. In these cases, the majorization is performed on the effective resistances, not
on the degrees of the vertices or on the eigenvalues of the graph.

In general, proofs are omitted for the sake of brevity, although these can be found in the references
provided. A final section on numerical results compares in some specific instances our results obtained

with majorization and those found in the literature.

2. Notations and preliminaries

In this Section we present the notations and some basic facts used in the sequel. For the sake of clarity,
we have split the section in three subsections addressing the main topics of majorization, graphs and

effective resistance in electric networks.



2.1 Majorization order and Schur convex functions

This section concerns some reminds about the notions of majorization and its extension known as p-
majorization. The main references are the classical book [104], the technical report [26] and the recent
paper [13].

LetD = {x € R" : 2; > 2 > ... > x,} and denote by [z{*,z5", -+ , "] a vector in R" with q;

components equal to x;, where > 7 | oy = n. If o; = 1 we use z; instead of z for convenience, while
0
(2
Let ed, j = 1,...n, be the fundamental vectors of R", sd = [17,0" 7], with j = 1,2,--- ,n and v} =
(07,177, with j = 0,--- ,n

The Hadamard product of two vectors x,y € R" is defined as follows:

x; means that the component x; is not present.

X0y = [21y1, T2Y2, - Tnln]
Denoting by (-, -) the inner product in R", the following properties hold:
D (xoy,7) = (x,yo7)
i) (s",vK) = h —min {h, k}
iii) s®osl =s" h=min{k,j}

h

iv) vkosl =gl —sh = vP —vi h = min {k,j}

Definition 1. Fix p > 0. Given two vectors 'y, z € D, the p-majorization order’y <, z means:

<poy,sk> < <poz,sk>7 k=1,...,(n—=1)

and

(poy,s") = (pozs").

For p = s™, p-majorization reduces to the usual majorization. Thus in the sequel all our results entail as
particular cases the results known for classical majorization. In this case we will use the notation y < z.

The class of functions which preserve the p-majorization order are known as p-Schur-convex func-
tions (see [26] ). Let p be a permutation of {1,---n} and x” be the vector obtained exchanging the

components of x according to p.

Definition 2. Given a fixed vector of positive components p, a function ¢(-,p) : R* — R, is said to be

p-Schur-convex if
¢(x,p) = ¢(x,p’) for all p ¢y

6(x,p) < 6(y, p) whenever x,y € D andx <, y. @)

If in addition, $(x) <¢(y) for x <, y but X is not a permutation of y, ¢ is said to be p-strictly Schur-

convex. A function ¢ is (strictly) p-Schur-concave if —¢ is (strictly) p- Schur-convex.



Note that for p = s™, we recover the classical notion of Schur-convex and strictly Schur-convex
functions.

Next result gives an important characterization of differentiable p-Schur-convex functions.

Theorem 3. (see [26]) Let p > 0 be fixed and ¢ : R™ — R be a differentiable function satisfying (1).
Then the function ¢ is p-Schur-convex if and only if for all x,

1 96(x;p) 1 0¢(x:p)
(; — ;) (pi or; E Oz,

) >0 forallij=I,...,n. 3)

Another useful criterion to prove the p-Schur-convexity is given by the following proposition.

Proposition 4. Let I C R be an interval and let ¢(x,p) = > ., pig(x;), where g - I — R. If g is

trictl I,th is (strictly) p-Schur- I"=Ix---x1
(strictly) convex on en ¢ is (strictly) p-Schur-convex on

n—times

The above results can be restated, letting p = s, to prove the Schur-convexity of a function.

2.2 Graph theory

Let us now recall some basic concepts from graph theory (for more details we refer the reader to [16]
and [137]).

Let G = (V, E) be a simple, connected and undirected graph, where V' = {vq,..., v, } is the set of
vertices and £ C V x V the set of edges. We consider graphs with fixed order |V| = n and fixed
size |E| = m, the cardinality of the sets V' and E respectively. An undirected graph is a graph in which
(vi,v;) € E whenever (v;,v;) € E.When two vertices share a link, they are called adjacent. The degree
d; of a vertex v; (i = 1,...,n) is the number of edges incident with it. A walk is a sequence of adjacent
vertices vq, vy, ..., ;. A v; — v; path is a walk connecting v; and v; in which all vertices are distinct. A
shortest path joining vertices v; and v; is called a v; —v; geodesic. The distance dist (v;, v;) between two
vertices v; and v; is the length of the v; — v; geodesic. A graph is connected if for each pair of vertices v;
and v; there is a path connecting v; and v;. A graph is bipartite if ' can be divided into two separate sets
Vj and V4 such that every node in V; and V5 is not connected to each other. By simple graph we refer to
an unweighted, undirected graph contatining no-self-loops or multiple edges. Moreover, a weight w;; is
possibly associated to each edge, in this case we will have a weighted (or valued) graph.

In the sequel we consider a particular class of graph, so-called c-cyclic graphs, where c is the cyclomatic

number of the graph G and it is given by ¢ = |E| — n + 1. It corresponds to the number of independent

cycles in G (see [16]). In particular, graphs with cyclomatic number ¢ = 0 are trees and graphs with

cyclomatic number ¢ = 1 are unicyclic graphs.

Let m = (dy,ds, ..,d,) denote the degree sequence of GG arranged in non increasing order d; > dy >
- > d,, where d; is the degree of the vertex v;. We recall that the sequences of integers which are

degree sequences of a simple graph were characterized by Erdés and Gallai ( [50]). It is well known that

> d; = 2m. Also, if G is a tree, i.e. a connected graph without cycles, then m = n — 1.



If 7 is a fixed degree sequence and x € R™ the vector whose components are di' + df, a # 0,

(v;,v;) € E, extending the result proved in [99], it is possible to show that

o= > (dr+d9) Zda“ &
i=1 (viyvj)EE
and thus ", z; is a constant.

Associated with a graph there are certain types of matrices which have important properties related
to their eigenvalues. Let A(G) be the adjacency matrix of G , i.e. the non-negative n—square ma-
trix representing the adjacency relationships between vertices of G: the off-diagonal elements a;; of
A are equal to 1 if vertices u and v are adjacent and 0 otherwise. Let D(G) be the diagonal matrix
of vertex degrees. The matrix L(G) = D(G) — A(G) is called the Laplacian matrix of G, while
L(G) = D(G)~Y2L(G)D(G)~"/? is known as the normalized Laplacian.

Let A;(L) > Aa(L) > ... > A\, (L) be the set of (real) eigenvalues of L(G) and A (L) > Ao(L) >
.. > A\ (L) be the (real) eigenvalues of £(G). Given a connected graph G of order n > 2 the following
properties of the spectra of L(G) and £(G) hold:

iAi(L) =tr(L(G)) =2m; M(L)>1+d; > %m (L) =0, A1 (L) > 0;

Z/\i(ﬁ)ztr ) =n; Z)\2 ) =tr(L*G)) =n+2 Z - ) =0.

i=1 (viw,)EE dydl

1(£) < 2 and the left inequality is attained if and only if G is a complete graph,
while the right 1nequahty holds when G is a bipartite graph.

Note that the condition A,_;(L) > 0 characterizes the connected graphs.
Finally, we cite the transition matrix P = D' A which arises in the simple random walk on G. This is
the process that jumps from a vertex v; to any adjacent vertex v; with equal transition probabilities di
In other words, this process is the Markov chain with transition matrix P and its real eigenvalues are
1=X(P)>X(P)>---> A\, (P)> —1. For a bipartite graph, the spectrum of P is symmetric and,
in particular, \,,(P) = —1.

For any square matrix M of order n let (M) = “(H—M) and 0*(M) = M) _ (%)2 If M admits

n

real eigenvalues A\; > Ay > ... > \,, the inequalities below hold ( [138]):

1—1 1—1
M) —o(M)y/—— < X\ < u(M My ———,i=1,--- ,n.
pOM) = o (M) g <A < (M) + oMy | i =1 m )
and, in particular, more binding inequalities hold for the smallest and largest eigenvalues:
a(M) a(M)
Vn—1 vn—1

In the case of the normalized Laplacian we get

A2 p(M) +

A < (M) — ©)




and inequality (6) yields

1
dyd;

2
(L) > 1+ e > ()

(vivj)€E
Notice that for every connected graph of order n we have
1
Vn—1

and the right inequality is attained for the complete graph G = K.

1>0(L(G)) =

2.3 Effective resistance in general electric networks

We can view any connected graph G(V, E') with n vertices and m edges as an electric network, where
to each edge (i,7) € E of the graph is associate a resistance 7;; (r;; = 1 in case of simple graphs), and
this viewpoint enables us to apply a number of results taken from the theory of electric networks. This
will be expanded below, but for the time being, if we denote by 1?;; the effective resistance between the

vertices 7 and j found using Ohm’s law, we will use these results:

1) Foster’s first formula (see [56])

> Rj=n-1 (8)

(i.4)eE

2)
2
- <R; <1,
n
The inequality on the left hand side of 2) follows taking d; = d; = n — 1 in the general bound proved
in [118]
di+d;—2 _ 2
1>R,;, > —2 =>Z
- 7= dld] -1 n

where (4,7) € E. The inequality on the right hand side follows noting that the effective resistance R;;

®)

between two adjacent vertices ¢ and j is equal to one if there is only one path connecting them, otherwise
it is strictly less than one.

It is worth mentioning that (9) holds when (i, j) € E, otherwise if (i, j) ¢ F we have:

11
> 10
Ro2 g+ (10)

In addition to the electrical formulas (8) and (9) used previously, Foster’s second law, given in [57],

> l=n-z an

i<jv

is also fundamental:

where the summation is taken over all adjacent edges (i,v) and (v, j) and where d, is the degree of the
common vertex v.
We recall also the monotonicity law (see [47], p. 67), which states that if in a given network the

resistance of an individual resistor is decreased then the effective resistance between any two nodes of



the network can only decrease. Thus, when we add an edge to a graph, since the resistance between
the nodes where the edge is added decreases from infinity to 1, the effective resistance between any two
nodes of the new graph is bounded above by the effective resistance between those same nodes in the
original graph.

For a general electric network, assuming £ < r;; < K, the previous relations 1) and 2) generalize as

follows

1’) Generalized Foster’s first formula:

R;
l=p—-1
(iger '
2%
2k <Ry <K

n

Relation 2’) can be obtained via electric arguments as we will show below. Indeed, we can prove a

more general result that extends the lower bound (9).

Proposition 5. If (i, j) € E then

k(d; +d; —2)
y 12
Ry = didj — 1 (12)
Corollary 6. Ifd; < dforallt € V then
2k
o> 1
Rij =2 I+ 1 13)

Sforall (i,7) € E.

For the detailed proofs of Proposition 5 and Corollary 6 we refer the reader to [9]. Note that the
bound (13) holds in particular if the graph is d-regular. Finally, since d; < n — 1 forall 7 € V, it follows
that

R, > %, forall (i, ) € E.

3. Majorization techniques

Optimization problems involving Schur-convex or Schur-concave functions have received much atten-
tion in the literature providing some useful applications in different fields: for example they became
a convenient tool to localize eigenvalues of a real spectrum matrix ( [14], [127]) or more generally to
obtain bounds for an arbitrary order statistic distribution ( [19]). More recently some issues related to the
structural properties of graphs, characterized in terms of their topological invariants, have been explored

solving suitable optimization problems via majorization techniques ( [12], [63])
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In this section we present our general methodology based on the majorization order and Schur-
convexity, already introduced in Section 1.2.1, that provides a unified approach to recover many well-
known bounds of some graph topological indices, which can be expressed as Schur-convex functions,
as well as to obtain better ones. Furthermore, applying the majorization technique, we will show how

better estimate the subset on which the topological indices are defined.

3.1 A class of constrained optimization problems
Fix positive real numbers a and p. Let
Yu(p) =DN{x R} : (x,p) = a}.

We set, in particular 3,(s") = X,.

To undestand the manner in which the majorization technique works for bounding topological indices,
let F'(x, p) be any topological index which is a p-Schur-convex (p-Schur-concave) function and consider
the following constrained optimization problem

{max (min) F(x, p)

. P)
subject tox € S

where S is a closed subset of ¥, (p).

By the order preserving property of p-Schur-convex (p-Schur-concave) functions, the solution of the
non linear constrained nonlinear optimization problem (P) can be obtained in a straightforward way.

To this aim, let us recall that given a subset S of 3,(p), a vector x*?(S) € S is said to be maximal
for S with respect to the p-majorization order if x <, x*?(S) for each x € S. Analogously, a vector
X.p(S) € S is said to be minimal for S with respect to the p-majorization order if x,,(S) <, x for each
x€S.

The maximal and the minimal elements of a subset S of X, with respect to the majorization order

will be denote by x*(.S) and x..(S), respectively.
Now, if the set S admits maximal vector x*?(.S) and minimal vector x.,(S) with respect to the p-
majorization order, the maximum and the minimum are attained at x*7(S) and x.,(S) respectively;
the opposite holds if ¢ is a p-Schur-concave function. This allows us to solve problem (P) in a more
direct way, avoiding the extensive numerical computations performed through the standard approach of
Karush-Kuhn-Tucker method.

Indeed, if F' is a p-Schur-convex function, we get

F(x.p5(5),p) < F(x,p) < F(x™(S5),p), Vx € S.
Analogously, if if F' is a p-Schur-concave function:

F(x™(S),p) < F(x,p) < F(x.p(5),p),Vx € S.

We note that tighter bounds for the elements of the subsets .S, will imply sharper bounds for the p-
Schur-convex (p-Schur-concave) functions representing the topological indices, as shown in the follow-

ing proposition:
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Proposition 7. Let us consider two sets S" and S', with S” C S', which admit maximal and minimal

elements with respect to the majorization order. If I is a p-strictly Schur-convex function, then

F(x™®(5"),p) < F(x?(5'),p)
F(xp (5),p) < F(x:p (5") . P)

and the equality holds if and only if x*P (8") = x*P (S') and X.p (S") = Xup ().
In a straitghforward way the result for a p-Schur-concave function can be derived.

Now, it is worth pointing out that, in virtue of the above proposition, the more accurate is the estimate
of the set S, the tighter is the bound of the index.

It is evident that all the considerations above hold if we consider the problem (P) for p = s™ and
S C 3.

In the following section we will evaluate the maximal and minimal elements of particular subsets of
2a(p) given by

Sa(p) =%.(p)N{xeR": M; >z; >my, i =1,..n}, (14)

where m = [mq, ma, ..., mn]T and M = [My, My, ..., Mn]T are two assigned vectors arranged in non-
increasing order with 0 < m; < M,;, for all ¢ = 1,...n, and a is a positive real number such that
(m,p) < a < (M, p). However, it may happen that the bounds on the variable z;, i = 1, - - , n are not
directly available. In such cases, we will show how majorization technique could efficiently provide the

required bounds.

3.2 [Extremal elements with respect to the majorization order

Given a positive real number a, let us consider the sets ¥,(p) and ¥,. By direct calculations we can
easily show that the maximal and the minimal elements of ¥,(p) with respect to the p-majorization

order are respectively:

et e = ()= ()]

(see [26] and [9]), while the maximal and the minimal elements of the set 3, with respect to the ma-

jorization order are
X (£) = ae' = 0,07, and x. (S = % = [(4)']
n

(see [104]).
In this section we extend the previous result finding the maximal and the minimal elements, with respect
to the p-majorization order, of the set S,(p).

The existence of maximal and minimal elements of S,(p) with respect to the p-majorization are

ensured by the compactness of the set S, (p) and by the closure of the upper and lower level sets:

Ux)={z € Su(p) : x Jp 2z}, L(x) ={z € Su(p) : z Ip x} .
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3.2.1 Maximal elements

We start computing the maximal element of the set S,(p). For the reader’s convenience the proof will
be included.

Theorem 8. ( [9]) Let k > 0 be the smallest integer such that

(poM,s*) + (pom,v¥) <a < (poM,s"") + (pom,v€), (15)
— k\ _ k+1
and 0 = ¢ <pOM7S > <pom7v >.Then
Pr+1
x*?(S,(p)) = M os* + fef ™ + mo vkt (16)

Proof. First of all we verify that x*?(S,) € S.(p).
It easy to see that (p o x**(S,(p)),s") = a and that m; < [x*P(S,)]; < M, fori # k + 1. To prove
that my 1 < xZil(Sa(p)) < My, 1, notice that from (15)

k+1> = Opry1 < Prr1 M.

Dr+1Mpt1 < a — <p oM, sk> - <p om,V
Now we show that x <, x*?(.S,(p)) for all x € S,(p). By property i) it follows

(pox(Su(p).8%) = (poM.s* 0 89) + fppss (<1, 9) + (pom, v o), j = L,..(n— 1)

and by iii) and iv)
. B\ (poM,s)) 1<j<k
<pOXp(Sa(p))7S > == { <pOM7Sk> +9pk+1 + <po m7SJ _ Sk+1> <k+ 1) S ] S (n _ 1)

Thus, given a vector x € S,(p), for 1 < j < k we obtain

(pox, sj> <(poM, ) = (pox*(S4(p)), '),
while for (k+ 1) < j < (n — 1), by iii),

(pox,s’) = (pox,s”) — (pox,v))

<a—(pom,Vv’)

= <p oM, Sk> + Oprs1 + <p om, Vk+1> - <P °cm, VJ> =

=(poM,s*) +0pp1 + (pom,s —s*) =

= (pox™(Sa(p)), sj>
and the result follows. O

For the particular case p = s™, letting S, (p) = S,, we get the following
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Corollary 9. ( [13]) Let k > 0 be the smallest integer such that
(M, s*) + (m,v*) <a < (M,s*") + (m, v*"), (17)
and 6 = a — (M, s*) — (m, v¥™) . Then
X*(S,) = Mos® + 0+ mov*™t = [My, My, -, My, 0, mpyo,---my]. (18)

Remark 10.
In the following list we recall the maximal elements of particular subsets of S,(p) and S, useful in

forthcoming Sections. We denote by |z | the integer part of the real number z.

I. S;(p):Za(p)ﬂ{XeR"'M>:z:1>x22~~2xn2m}

where 0 < m < ——— < M. Then

Zz 1Di
X*p(si(p)) = Ms¥ + gekt? +mvk+1,

where k is the first integer such that

k1
MZpﬁrm Z pz§a<Msz+m Z i
i=k+1 i=k+2
= MY pi—m Y D
and 0 = ¢ Lzt Pi = Lk P (see [9)).
Pr+1
) a—nm )
When p = s™ we obtain k = {MJ and 0 = a — Mk — m(n — k — 1) . In particular when
-m
m = 0 we have x*(S}) = Ms* + fek*!, where k = {%J and § = a — Mk (see [104] and [13]).

IL S2=%,N{xeR": 2, >a,i=1,..h}
where 1 <h <nand0 < « < a/h. Then
x*(S%) = (a — ha) e + as™.
(see [14])

1II. S([Lh] =S, N{XeER": My >z > ... >xp >m, My > Tpy1 > .. 2> 2 > Mo}

where 1 < h <n,0<mg <my, 0< My <M, m; <M, i =1,2and hm; 4+ (n — h)my <
a S h]\/fl +(7’l—h)]\/fg

Let a* = hM; + (n — h)mg and

\‘a — h(my —my) — nmy

]\/[1_ J 1 a<a

k‘:

if a>a*

a — h(M1 — Afg) — nmsy
My —



14

Then
[ME,0,my~ " my"] if a<a
X*(Sc[zh]) = )

[MP, MG, 0,my 1] if a>a
where § = a — (M, s¥) — (m, v¥), M = [M]', My~"], m = [m}, m§~"] (see [13]).
Remark 11. The assumption m; < M; in point III Remark 10 can be relaxed to m; < M;. Indeed if
m; = M;,i = 1,2, the set S reduces to the singleton {m;s® + myvh}, while if m; = My, my < M,
the first A components of any x € S are fixed and equal to m4 and the maximal element of S can be

computed by the maximal element of S, 1., € R"™" (see point IL.). The case my = Mo, my < M, is

similar.

3.2.2 Minimal elements

In this section we discuss only the computation of the minimal element of the set

Se=.N{xe": M;>z; >my, i=1,..n}, (19)

where m = [mq, mao, ..., mn]T and M = [My, M, ..., Mn}T are two assigned vectors arranged in non-
increasing order with 0 < m; < M;, for all © = 1,..n, and «a is a positive real number such that
(m,s™) <a < (M,s").

We have already recalled that the minimal element of ¥, is x,(3,) = [(%)"]. If it belongs to S, then

it is its minimal element, too. Otherwise we have to apply the following theorem.

Theorem 12. ( [13]) Let k > 0 and d > 0 be the smallest integers such that

1) k+d<n

a— {m,s¥) — <M,V“’d>'

2) myqr < p < My_g where p =

n—k—d
Then
X(Sa) =mos® 4 p(s" ™4 —8*) + Mov™™ = [my, - g, 0" Myy_agr -, M.
Remark 13.

In the following list we derive the minimal element of particular subsets of .S, useful in the sequel.

LS =S, n{xeR: My > a1 > o> ap > my, My > Ty > .o > 2 > Mo}

where 1 <h <n,0<my <my, 0< My <My, my < M,i =1,2and hm; + (n — h)ms <
a < hM; + (n — h)Ms,.
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1) If mi < MQ then

[(2)"] it <= <M
h (a—hmi\"—h : E
e (SH) = [ml, (et } if — < | 0,

) h
[(“‘M?h(""”) ,M;h] TN VA
Y n

ii) If My < m, then

w [(a—hmy n=h . _
my, ﬁ if a<a

x.(SI) = ~ My(n—h)\" @1
(5% [(“2(”)> M i a>d
h
(see [13]).
1I. S; =Y. N{xeR*" " M>z1>..>x,1>x,>m}where ) < m < M and m < ¢ < M.
n

Then x,(S!) = Zs® = [(3)1 (see [104]).

n n
. 2=, N{xeR":2; >, i=1,..h}, where ] <h <nand0 < «a < a/h. Then
()] i o<
n n
a
n

a— ah
n—nh

2
x.(5,) = (o, pn=h) with p = it a>—>

(see ([14)).

IV. 3=%,N{xeR":z;<a,i=h+1,..n} wherel <h < (n—1)and

0 < a < a. Then
@] e
n n
a
n

a—(n—h)a 7

if a<

(see ([14]).

Remark 14. We note that the minimal element of the set SI" does not necessarily have integer com-
ponents, while this is not the case for the maximal element. For our purposes it is crucial to find the

minimal vector in S, with integer components which can be constructed by the following procedure (see
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Remark 12 in [13]). Let us consider, for instance, the vector x*(S([lh]) = Kg> } which corresponds to
n

a a . . .
the case m; < — < M,. If — is not an integer, let us find the index &k, 1 < k& < n, such that
n n

(e )re Sl =a

. a
ie,k=a— { ,J n. The vector
n

S ((FEDR(E

is the minimal element of SY" with integer components. With slight modifications the same procedure

can be applied also in the other cases discussed in (20), (21) or in Theorem 12.

3.3 A majorization procedure to get x;’s bounds

It may happen that the bounds on the variable x;, ¢« = 1,--- | n are not directly available. To overcome
this problem, we will now show that, if S assumes a particular expression, choosing the function F'(x, p)
as the h—component of the vector x and p = s™, the solution of the problem (P) provides the required
bounds.

To this aim we introduce a real, continuous, homogeneous of degree 7 > 1 and strictly Schur-convex

function g. We refer the reader to [14] for the proofs of Lemma and Theorems stated below

Lemma 15. (see Lemma 2.1 in [14]). Fix b € R and consider the set
S=Y.N{x R} : g(x) =Y a] =b}.
i=1

Then either b = n‘j—il or there exists a unique integer 1 < h* < n such that:

e <b< ———
(h*+1)’r71 — (h*)T717

where h* = LT*Q/%J .

We can now deduce upper and lower bounds for x; (with h = 1,...,n) by solving the following

optimization problems P(h) and P*(h):

max(zp) subjecttox € S P(h)
min(zy,) subjecttox € S P*(h)

For the proof of the following Theorems, see [14], Theorems 3.1 and 3., respectively.

ar
T—1°

Theorem 16. The solution of the optimization problem P(h) is (%) if b = -

Ifb # n‘f—il the solution of the optimization problem P(h) is o* where



1. for h > h*, o™ is the unique root of the equation
fla,7)=(h—1)a" +(a—ha+a)" —b=0
inl = (0, %] ;
2. for h < h*, o is the unique root of the equation

(a — ha)"

=y "

fla,7) =ha” +
in[z( %]

Theorem 17. The solution of the optimization problem P*(h) is (£) if b = -4,

3e

Ifb# nf—:l the solution of the optimization problem P*(h) is o* where
1. for h =1, a* is the unique root of the equation
fla,7)=h*a"+(a—h'a)" —b=0

in I = (747 7))

2. for1 < h < (h*+ 1), o* is the unique root of the equation

(a—(n—h+1a)

()

fla,7)=(n—h+1)a" +

inI = (0,%];

‘n

3. for h > (h* + 1), o is zero.

4. Topological indices

17

(22)

(23)

(24)

(25)

Structural properties of graphs can be characterized in terms of descriptors representing properties which

are preserved by a graph isomorphism (namely graph invariants). In particular, we focus on topological

indices and we classify them according the mathematical object they are based on. It is worth pointing

out that we restrict our attention to those indices which can be formulated as Schur-convex (Schur-

concave) functions of the degree sequence 7 as well as of the eigenvalues of some matrices associated

to the graph G such as Adjacency, Laplacian, normalized Laplacian and transition matrices. The first

category of descriptors can be grouped in two subsets: the degree-based indices over all vertices and the

degree-based indices over all edges. Then we have the eigenvalues-based indices and this category also

includes some weighted and unweighted resistance-based indices which can be reformulated in terms of

eigenvalues of suitable matrices associated to G.

For reader’s convenience we listed below the analyzed indices.
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o First general and first multiplicative Zagreb indices;
e General Randié index;

e Generalized sum-connectivity index;

e Atom-bond connectivity index;

e Augmented Zagreb index;

e Energy index;

e Laplacian energy;

e Normalized Laplacian Index;

e Normalized Laplacian Energy;

e Normalized Laplacian Estrada index;
e HOMO-LUMO index;

e Kirchhoff index;

e Multiplicative degree-Kirchhoff index;
e Additive degree-Kirchhoff index;

e Weighted global cyclicity index.

4.1 Degree-based indices over all vertices

We explore a class of topological indices of particular interest found in the literature and depending on

the degree sequence of a graph over all vertices.

4.1.1 First general and first multiplicative Zagreb indices'

The first general Zagreb index was firstly introduced by Li and Zheng ( [95]) and it is defined as
My =>"de (26)
i=1

where « is an arbitrary real number with « # 0;1. For o = 2 we get the first Zagreb index while for
a = —1 the inverse degree.
In [10] the authors, exploiting the fact that M{* is a Schur-convex (concave) function of the degree

sequence either for « < 0 or & > 1 (0 < o < 1), provided upper and lower bounds of M{* for the

For details we refer the reader to [8] and [10].
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classes of c-cyclic graphs with 0 < ¢ < 6. In particular, after characterizing c-cyclic graphs as those
whose degree sequences belongs to particular subsets of R™, the maximal and minimal elements of these
subsets with respect to the majorization order were identified and upper and lower bounds evaluated. For
convenience, the reported results in Table 1 have been restricted to the first general Zagreb index with
eithera < Oora > 1andn > c+2. When 0 < o < 1 the upper and lower bounds in Table 1 are turned
over. Furthermore the specific case « = —1 ( [35], [36] and [94]) has been discussed. Notice that when

more maximal elements are identified, the best choice depends on «.

c | Lower bounds Upper bounds

L= 429+ (n-3) | n(2)

2| (n—1)*+3*+2" 4 (n—4) | 2(3*) 4+ (2%) (n — 2)

3143+ (2% (n—4) (n—1)*4+4%+3(2%) + (n —5)
(n—1)*+3" 4+ (n—4)

4] 2(3%F) + (2%) (n — 6) (n — 1) + 5% + 272 4 (n — 6)
(n— 1) +2%(2* +1) +2(3%) + (n — 5)
(n—1)*+6%+5(2%) + (n—7)

518(3%) +(n—8)2° (n— 1) + 5% 4+ 2(3%) +2(2%) + (n — 6)
(n— D+ 20 4 2(3%) + (n - §)
(n=1)" +7+6(2%) (n—8)

6| 10(3%) + (n —10)2° (n—1)*+6+2(3)+3(2%) +(n—17)
(n=1)*+5+4+2(3%)+2+ (n—6)
(n—1)*+ 22" 4 (n - 5)

Table 1. Bounds for M{* (o <0V o > 1)

Gutman [67] introduced the first multiplicative Zagreb index, defined as
In M, =2 Z In(d;) (27)

and it is a Schur concave function of the degree sequence.
For c-cyclic graphs, 0 < ¢ < 6, bounds for the first multiplicative Zagreb index can be obtained by
applying the same methodology described for the first general Zagreb index.

4.2 Degree-based indices over all edges

A class of topological indices depending on the degrees of nodes linked by an edge, is represented by the
General Randi¢ index, the Generalized sum connectivity index, the Atom-bond connectivity index and

the Augmented Zagreb index.
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4.2.1 General Randi¢ index 2

With respect to the degree sequence, one of the most popular index is the General Randic index:

Ra(G) = (did))",
(vivj)EE
where « is a non zero real number ( [18]). For a specific value of o, some very well known indices can
be obtained: o = 1, for example, corresponds to the Zagreb index M, (G) ( [106]) while o« = —1 is the

Randi¢ index ( [121]). In [13] the generalized Randi¢ index has been rewritten as:

Ra(@) =2 3 (do+dg)* = az+ . (28)

(viw;)EE i=1

Let 1 = (dy,da, ..,d,) be a fixed degree sequence and x € R™ be the vector whose components are

n
d¢ + d%, with (v;, v;) € E. Notice that by (4) Y7 z; is a constant. Since Y d;**" is also a constant,
iz

R, (G) is a Schur convex function of x and it is minimal (maximal) if and only f(x) = ixf = |Ix|f3 is
minimal (maximal). -

Hence, considering a closed subset S of ¥, C R™, where a = ", di““, which admits x,(S) and
x*(S) as extremal vectors with respect to the majorization order, the function f attains its minimum and
maximum on S at f(x.(S5)) and f(x*(5)), respectively. The general Randi¢ index can be consequently
bounded as follows:

n n

. (S)1[5 — Dodiet () — ot

=1 < < =1 . 2
5 < R.(G) < 5 (29)

Using the information available on the degree sequence of GG and characterizing suitably the set .S,

different numerical bounds can be derived.

For the particular case @ = 1, which corresponds to the Zagreb index M(G), this methodology was
applied in [63], and, more recently, in [13] where the authors get sharper bounds for the index M, in the
case of a particular class of graphs having exactly h pendant vertices, i.e. vertices with degree one. The

same procedure was applied in [11] for the Randi¢ index:

1 1 1 1)\ &1
RL(G)= > (didj)—Q > (dﬁd) _;E . (30)

(i,4)€E (i.4)EE
In this case, by (29), we have:
5 XK1 . 5 A1
e (S)I - X~ I ()13 = >~
2 1=1Wg S Rfl(G) S 2 1=1Wg (31)

2For details we refer the reader to [8], [12] and [13].
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4.2.2 Generalized sum-connectivity index 3

In [48] the Generalized sum-connectivity index

XalG) = > (di+d))”.

('L)i,U]‘)EE

has been proposed.

Notice that for v = 1, x1(G) reduces to the first Zagreb index

M (G) = Z (di +d;) = iﬁ

(viv;)EE

while for oo = —% we have the Sum-connectivity index defined in [149].
Let 7 be a fixed degree sequence and x € R"™ be the vector whose components are (d;+d;), (v;,v;) € E.
The function f(x) = >, % is strictly Schur-convex for & > 1ora < 0, while it is strictly Schur-

concave for 0 < o < 1. Since Y ", 2; = >, d? is a constant and considering a closed subset S of 3,

i=1 "

where a = Y | d?, fora > 1 or o < 0, we get

1% (9)le < XalG) < X" ()5 » 32)

where ||-||,, stands for the [,—norm. For 0 < a < 1, the bounds are exchanged. Different bounds,

depending on the choice of the set .S, can be derived.

4.2.3 Atom-bond connectivity index*

The ABC index, proposed by Estrada et al. in [55], and reintroduced in [53] was defined as

di +d; —
ABC(G
Z gl (33)
(i.)EE

The index ABC/(G) has been studied in a large number of references of which we mention [59], [37]
and [78] for their own interest and for many other related references found in them.

In the following we will present a new upper bound for ABC/(G) given in terms of the Randi¢ index
R_1(G). This upper bound yields a number of particular bounds (which improve all those in [109] and
some in [77]) and maximal results as corollaries of numerous lower bounds for the Randi¢ index found
in the literature. We also find new lower bounds for R_;(G) through majorization, yielding additional
upper bounds for ABC(G).

In what follows we will assume that the graphs satisfy n > 3 in order to avoid cases where 7 and j

are neighbours and d; = d; = 1. The first main result is a refinement of an argument found in [109].

3For details we refer to [8] and [12].
4For details we refer the reader to [11] and [109].



22

Proposition 18. For any graph G we have

ABC(G) < /(n = 1)(|E] - R-1(Q)), (34

where R_1(G) has been defined in (30).
The inequality becomes an equality if G is either the complete graph or the star graph.

The maximality of the complete graph and the star graph will be seen below. The bound (34) is

similar to a bound found by Horoldagva and Gutman with different means in [77] stating

ABC(G) < V/|E|(n —2R1(G)). (395)
Bounds (34) and (35) are not comparable. A bit of algebra shows that our bound is better when
E
R4(G) < 2|E|||+1 Horoldagva and Gutman use their inequality (35) as an intermediate step
-n

in order to obtain yet another inequality for ABC(G) in terms of the second Zagreb index, and use up-
per bounds on this index in order to get upper bounds on ABC(G). Here we take the alternative path
of producing upper bounds for ABC/(G) using (34) and (35) with the help of lower bounds for R_;(G).
Perhaps the best such bound is given in [124], stating

R.(G)> 2

Z 50 (36)

where d; is the largest degree of the graph and where the equality is attained in case G is regular. This

allows us to prove the following universal bounds

Proposition 19. For any graph G we have

ABC(G) < \/(n ~1) (|E| - ") <y /P2 (37)

ABC(G) < 4/ |En (1 - 1> <y /P22 (38)
\/ d 2

Again, the leftmost inequalities in (37) and (38) are not comparable, with (37) giving better bounds

and

whenever d; > n(1— 2=). Now, for the complete graph K, it is easily seen that ABC/(K,) = ny/"52,

n—1
T 2E
so either (37) or (38) state that the complete graph is maximal for the ABC index among all graphs. In
addition to the maximality of the complete graphs, we can prove another maximal result taking advantage
of the literature on the Randi¢ index. Reference [93] mentions that the minimum among trees of R_;(G)

is attained by the star graph S,,, and its value is 1. Therefore, (34) implies that for any tree we have that
ABC(T) < +/(n—=1)(n —2). (39)

On the other hand, it is not difficult to compute that ABC(S,) = /(n —1)(n —2), and thus S, is

maximal for the ABC index among trees. This fact can also be shown using (35).
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Furthermore, reference [93] founds that the minimum among unicyclic graphs of R_;(G) is attained
by the graph S which consists of the graph S,, with two leaves connected by an edge. Using that
R_1(S;) = =2 4 1 and (35) we get that for unicyclic graphs

n—1

n(2n? — T +9)

ABC(G) < O

. (40)

Notice, however, that in this case we cannot prove that S} is maximal for the ABC' index among

-2 3
n + —=, which is strictly smaller than the upper

unicyclic graphs, because ABC(S) = (n — 3) 1T/

bound (40) for n > 4.

C-cyclic and planar graphs

By applying (37) and (38), we provide the following bounds that improve those Propositions 2 and 3
in [109]:

Proposition 20. If G is c-cyclic, ¢ > 0, then

ABC’(G)S\/(n—l)(n—l—i-c—Qndl), 1)

and

ABC(G) < \/n(n 140 <1 - dl) 42)

1

If G is planar then

ABC(G) < \/(n —1) (3(n —9)— 2’;1) < \/w. 3)

—1+4+2
The bound (41) is better than the bound (42) in case d; > T;((nl—:_c)) Thus (41) provides the
n— c
better general bound when taking d; =n — 1:
n
ABC(G) < -1 -1 - 44
( )‘\/(” (- the- ) “

There are tight bounds for the ABC' index of c-cyclic graphs, for at least ¢ < 4. For instance,

reference [42], through a complex analysis, finds that for any tetracyclic graph with n > 9 the following

tight bound holds:
ABC(@) < (n—6) /"2 1+ | 22 443 45)
= n—1 \[5n-1 '

Our rightmost bound in (44) is slightly worse but asymptotically equivalent to (45): for n = 10 the
respective values of these bounds are 10.58 and 9.94; for n = 100 they are 100.73 and 99.63, etc. Our
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bound (44) though not optimal, shows a reference value to be improved by any attempt to crack the best
bound for c-cyclic graphs for ¢ > 5.
As expected, for c = 0 and ¢ = 1, (44) is worse than (39) and (40), respectively.

Chemical graphs

We briefly recall that a chemical graph is a graph with d; < 4. Of the two bounds (37) and (38), for

dy = 4, (38) produces the best bound whenever n > 9, allowing us to state the following

Proposition 21. For any chemical graph G with n > 9 we have

3n|E
ABC(G) < ”Jl 3
This yields as particular cases the bounds
-1
apo(r) < 2=l (46)
for chemical trees 1" with n > 9,
3
ABC(U) < n\/; @7)

for chemical unicyclic graphs U with n > 9, etc.

Bounds (46) and (47) are roughly of order .87n. There are known bounds for the ABC' index of
c-cyclic chemical graphs, for ¢ = 0, 1,2, slightly better than ours, as in [24] and [61] (their orders
are roughly .79n), found with laborious procedures that contrast with the simplicity of the proof of
proposition 4. Even though proposition 4 may not get the best constants, it shows a path for better

bounds of the ABC' index to be found in the future for chemical c-cyclic graphs when ¢ > 3.

It is possible to use majorization in order to find further lower bounds for the Randi¢ index and thus
new upper bounds for the ABC' index. By using the leftmost inequality in (31) and by gathering a
specific information available on the degree sequence of GG, we can characterize suitably the set S and
derive new different bounds.

The material thus far on the ABC' index has been taken from [9]. We want to show now an alternative
to the majorization we performed above on the Randi¢ index, and that is to use majorization on the

resistances, much as was done in Proposition 23. Then we can show the following

Proposition 22. For any n-vertex G we have

ABC(G)S,/d%d;1 <\/%+\/§+(|E—k—1)\/g>, 48)

n? —n —2|E|
-2
This bound is attained by the complete graph K,,.

where

2
k=| | and Gzn—l—k—ﬁ(|E|—k—1).
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The upper bound (34) we obtained before is attained by both the complete graph and the star graph

S,,. In the case of a tree T', our new bound states that

d? —1 (n—1)2-1
ABC(T) < /- 1)<y —L—(n—1)= -2
Cr) < [T - 1) < /T - 1) = Val - 2)
so our new bound does not attain the value ABC(S,,)) = v/(n — 1)(n — 2).

On the other hand, for a d-regular graph, the bound (34) becomes

ABC(G) < \/dzd; 1\/n(n - 1);

which is worse than our (48) in case

n(n—1)

1\3\&

k+f+(k1)\/z 49)

2 _ .
wherek:LL(d;l)J and g_n_l_k_<d_2(k+1)>.
n— n

This is easy to achieve if, say, d = 3 and n is sufficiently large, because if that is the case, then the
order of the left hand side of (49) is roughly n whereas the order of the right hand side is roughly n.

Thus, the comments above show that our new bound and (34) are not comparable. Moreover, the
same examples show that our new bound is not comparable to another similar upper bound found in [77]:
ABC(G) < /[ET(n — 2R1(G)).

Yet another upper bound in the literature, obtained in [38], states that

ABC(G) < py /1 — dil + \/[Ml(G) —2|E| — p(6; — 1)] <R_1(G) — CZ) (50)

where M, (G) = Ziev df is the first Zagreb index of G, p is the number of pendent vertices of and ¢; is

the minimal non-pendent degree. In case there are no pendent vertices, this upper bound becomes

ABC(G) < /[M\(G) = 2|E[] R_1(G). (51

The bound (50) is attained by (1, A)-semiregular graphs, specifically by S,, and, as we have mentioned
above, our new bound does not attain ABC/(.S,,). On the other hand, if we consider, for n large and a
multiple of 3, the graph G* to be the symmetric barbell graph, composed of two copies of K = attached

to each other through a linear graph of length %, then approximately, |E| ~ %2, k ~ gn, 6 ~ constant,

V2 s

and so asymptotically the bound (48) is equal to ? nz.

Also, for this graph G* we have p = 0, M;(G*) ~ —n and R_1(G*) ~ ﬁn, so that the bound (51)

is asymptotically equal to y/ Zn35n = 9\1[ n2.

This shows that our new bound and the one found in [38] are not comparable.
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4.2.4 Augmented Zagreb index’

The Augmented Zagreb Index of G, defined by

did;  \°
AZIC) = > \gra—z) - (52)
i j

(i,§)€E
was introduced by Furtula et al. in [60] as an alternative to the ABC index, with a better predictive power
for heat of formation in several compounds. In [60] and [79] a number of properties of this index were
proven, among them several lower and upper bounds later improved in [136].
Majorization together with results (8) and (9) have been used to prove a lower bound not comparable
to other similar bounds found in the references mentioned.

The proof of the next result is based on ideas that can be traced back to those used in [8] and [130].

Proposition 23. For any n-vertex G we have

&\ B/
AZI(G) > (d% — 1) TP (53)

This bound is attained by the complete graph K,,.
In the case of the complete graph K,,, dj =n—1, |E| = n

n(n —1)7
16(n—1)3"

and a bit of algebra shows that

(n-1)
2
both the bound and the actual value AZI(K,,) equal

Remarks. Our bound is smallest in case the graph is a tree 7', when it becomes

AZI(T) > <d%d§ 1>3(n— 1) > (n—1) {M} .

This bound, though giving the right order of magnitude, is weaker than those found in [60], [79] and [136]

for general and chemical trees.
On the other hand, if we consider the n-vertex graph GG; to be a complete K,,_; to which we add a

vertex connected through two edges to two different vertices of the K,,_;, then our bound becomes

(n—=1* (") +2)°

AZIG) 2 = 5

which is roughly of order n°, whereas the lower bound given in theorem 2.8 of [136] becomes for this

graph

2\ -1
AZI(G) > |E| (2d "_2) 2(”2 >+4.

Also, the lower bound given in theorem 2.3 of [136] is not attained by K,, as ours does. Therefore, these

remarks show that our bound is not comparable to those in the cited references.

SFor details we refer the reader to [118].
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4.3 Eigenvalue-based indices

We now deal with a class of topological indices which can be formulated as Schur-convex (Schur-
concave) functions of eigenvalues of some particular matrices associated to the graph G, like adjacency,
Laplacian, and normalized Laplacian matrices. We present only some of the large number of indices of
this kind studied in literature; the methodology to get upper and lower bounds can be easily adapted also

to other indices.

4.3.1 Energy index®

The Energy index [66] is given by

B(G) = S I = 32X

and it is a Schur-concave function of the variables A\?(A),i = 1,--- ,n, where \;(A) are the eigenvalues
of the adjacency matrix. It is well known that ;' | A?(A) = 2m and A\;(A) > % (891, [88]).
If a sharper lower bound for \;(A) is available, i.e. A1(A) > k(> 22), introducing the new variables

x1 = M\2(A) arranged in nondecreasing order

2m\? 2
x1>kz><m) S 2m
n

Applying Remark 13 (point IIl) with @ = 2m, h = 1, a = k2, we get (see [12]) the following upper
bound for the Energy index:

E(G) <k++/(n—1)2m —k?). (54)

In a similar way, by the equality \;(A) = —\,,(A), the following upper bound for bipartite graphs

E(G) < 2k ++/(n —2) (2m — 2k?) (55)

has been derived. New bounds for F(G) can be derived as soon as a sharper lower bound of A;(A) is

available.

4.3.2 Laplacian energy’

The Laplacian energy was defined first in [73] as
LE(G) =Y |\(L) — dal, (56)
i=1

2|E|

where d; = —— is the average degree.
n

SFor details we refer the reader to [12].
7For details we refer the reader to [115] and [116].
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We can obtain a nice upper bound (see [115]) using the fact that the Laplacian eigenvalues are ma-

jorized by the degrees d; > dy > --- > d,, of the graph (see the review [3], for instance) as follows:
(ML), .. (L) Q(dy+ 1,day ...y dpq,dy — 1). (57)

Proposition 24. For any G we have
LE(G) > 2+ |di — del. (58)
i=1
The equality is attained by the star graph S,,.

The bound (58) improves the one found in [125] where the term 2 is missing.

We notice that the above argument has not used maximal elements. We do so next, using the material
in [116].
Besides (58), there are other tight lower bounds for LE(G). In [73] it was shown that

n

LEG)>2,||E|+ % > (di - de)?, (59)

i=1
and the equality is attained by the complete bipartite graph K’z ». Also, in [146] it was proven that
LE(G) > 2dg, (60)

where the equality is attained by any regular complete k-partite graph, for 1 < k£ < n. Finally, in [40] it
was shown that

LE(G) > 2(dy +1 —dg), (61)
where the equality is attained by S,,, and more generally, it was argued that forany 1 < k < n — 1 one
has

k
LE(G) >2() d;+1— kdg). (62)
j=1

It is worth to mention that for d-regular graphs, the bounds (58), (59), (60), (61) and (62) become 2,
v/2nd, 2d, 2 and 2, respectively, pointing to their not being comparable.

Now we will find a new general lower bound for the Laplacian energy of graphs satisfying a condition
on the largest eigenvalue of their Laplace matrix, and as corollaries we obtain two new non comparable

lower bounds for the Laplacian energy of bipartite graphs.

Proposition 25. For any G, if there is « such that A (L) > o > dg—"= then we have

n—1

LE(G) > max{2dg,2(a — dg)} (63)
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Now we can use a couple of lower bounds for A\, (L) known in the literature in order to find effort-

lessly two lower bounds for LE(G); the first yields known results, the second is new.

Corollary 26. (i) For any G we have
LE(G) > max{2dg,2(dy + 1 —dg)};

(ii) For a bipartite G we have

LE(G) >4 (64)

and the equality is attained by Kz ».

Remarks. The lower bound in (i) implies at once the bounds (60) and (61).

It is obvious that the bounds given by proposition 1 and its corollary are always better than (60),
and so we will compare (64) only to (59), (58), (61) and (62). For d-regular graphs, those latter bounds
become v/2nd, 2,2 and 2, respectively, whereas our new bound becomes 2d, so (64) is better than (59)
if d > % and worse if d < 7, and thus (64) and (59) are not comparable. Also, (64) is better than (58),
(61) and (62) for d > 2, that is, for all regular graphs on 3 or more vertices.

Bound (64) is not comparable to (61) or to (58) because both these bounds attain the equalities for

the graph S,,, for which

2n? — 4 4
LE(S,) = ", (65)

whereas (64) becomes

LE(G)24<\/m—n1>. (66)

n
Bound (62) has a fluctuating behavior: it might improve when k increases, for small values of k,

though eventually it starts to get worse, and when k = n — 1 it yields
2|E
LE(G)22<|—dn+1>,
n

which is not very good: for instance, in the case of S, its expression is LE(S,) > @. Incidentally,
we could even make (62) work even for k& = n, when it becomes LE(G) > 2, which is of course
worthless.

For completeness, notice that in the case of S5,,, the bound (62) becomes, for kK = 2 and k = 3,

M2 — 6n+ 8
LE(S,) > - —n+e
n
and M2 — 8n + 12
LE(S,) > L=
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respectively, and although progressively worse than the actual value (65), these bounds are still better

than (66) and thus in general (62) and (64) are not comparable.

If we define ¢;, the 2-degree of the vertex i, as the sum of the degrees of all the neighbors of i, then
for any bipartite graph we have
Do (df + O
Zz 1 dzz

where the equality holds if and only if G is a semiregular bipartite graph. This immediately leads us to

M(L) > (67)

the following improvement of (64):

Corollary 27. For any bipartite graph we have

n 2 2
LE(G) > 2 w — 2, (68)

where the equality is attained by K» » and S

Also, in reference [76] they present the lower bound

A (L) >2+\/|;| > (du+d, —2)2, (69)

u~v

where the equality is attained by either a regular bipartite graph, or a semiregular bipartite graph, or the

path with four vertices. Applying the Cauchy-Schwarz inequality we obtain

1
2+ (du+du 2>2+7
\/E|Z 2]

u~v

|E|Zd+d |E\Z |E|

u~v

Now we apply again the Cauchy-Schwarz inequality to one of the square root expressions and the above

is bounded by

n 1 n
|E|I<Zd> §d§=2 52@?.

This means that we can improve (64) to

Corollary 28. For any bipartite graph G we have

1

and the equality is attained by K» » and S
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Remarks. Bounds (68) and (70) coincide for all semiregular bipartite graphs (i.e., forall K ,,_;,1 <
j < n —1), but they are not comparable. If we consider the n-gear graph G, that is, the n-wheel graph
to which add a vertex between each pair of adjacent vertices of the outer cycle, then it is not difficult to
see that (68) becomes

1 2
LE(G,) >4+ 2\/3”(11(71 +1)2418n) — 2dg ~ 4 + 5~ 2o, (71)

whereas (70) becomes

n? + 3n)? + 389n
n? + 13n

LE(G,) > 2\/ ( — 2dg ~ 2n — 2dg. (72)

So for this family of graphs (70) is better than (68). On the other hand, for the n-path graph P, it is easy

to see that (68) becomes

4n — 6
LE(P,) > 4+2(/— = — 24, (73)
" —
and (70) becomes
32n — 70
LE(P,) > 2y —— — 2d.. 74
(Pn) 2 D— a (74)

It is an elementary, if tedious, exercise to show that

in — 6 32n — 70
442 2
+ \/ n—1 - \/ 2n—3 "’
for all n > 3 and thus for this family of graphs, (68) is better than (70).

The analysis of non comparability of (68) and (70) with respect to (59), (58), (61) and (62) follows
as in the previous section for the bound (64) except for the cases when (58) and (61) turn out to be better

than (68) and (70). This is achieved if we consider the n-gear graph, for which (61) becomes
LE(G,) >2(n+1) — 2dg,

which is better than (71) and (72). Likewise, for the case of the n-path, (58) becomes

A(n—1
LE(P,) > 2+ A1) ),
n

which is clearly better than (73) and (74). Thus the refined bounds (68) and (70) are not comparable to

those found in the literature.

4.3.3 Laplacian index 3

The Laplacian index is given by the sum of the a-th power of the non-zero Laplacian eigenvalues ( [97],
[144])

n—1

$a(G) =Y N(L)™,a #0, 1.

i=1

8For details we refer the reader to [12].
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Applying Remark 13 (point III) with a = 2m,a = 1+ d;,h = 1 and taking into account that
% < (14 d,), by the Schur-convexity or Schur-concavity of the functions s, (G) the bounds in [144],
Theorem 3, can be easily recovered.

The above bounds can be improved by considering that Ao (L) > ds (see [21]).

In this case, the minimal element can be computed applying the general result of Theorem 12 and the
following bounds on s, (G) hold (see [12]):

Theorem 29. Let G be a simple connected graph such that 2m < 1+ d; + (n — 2)ds,

1. ifa<0ora>1then

@m—1—di — dy)®
(n—3)a-t

50(G) > (1 +dy)* + ds +

2. if0< a < 1then
(2m —1- dl — d2)a
(n — 3)e1

$o(G) < (14 dy)*+d +

4.3.4 Normalized Laplacian indices

In the following, we exploit the theoretical method described in Section 3.3 with the aim to provide
some formulae that allow us to compute lower bounds for the first and the second eigenvalues of the
normalized Laplacian matrix in a fairly straightforward way. These limitations on the eigenvalues are
then used to assess bounds for the Normalized Laplacian indices reported in the next. We now present
the framework we follow (see [30]) in order to provide new limitations for A; (£) and Ay (L).
In this regard, we consider Theorem 17 limiting® the analysis when 7 = 2.
2

=
). This is the case of the complete graph K,,. Instead, when

the solution

In this case we know indeed that b = n + 23 ;cp d%l] For Lemma 15, when b =

n
n—1

of optimization problem P*(h) is (
n? x _ | n?

b 7& (n—1)" hr = \‘7J

To get a lower bound @ for \;(L£) for non-complete graphs, we solve equation (24) being h = 1. By

some basic algebra, the acceptable solution in the proper interval [ is equal to
n+ /b(h*-ﬁ}—l}‘)—n2 s
@= 1+ h* ’ 7

We can also derive a lower bound R for A\y(L). We still apply Theorem 17, considering the case
h = 2. Since h < (h* + 1), we solve the equation (25) finding in the proper interval I the acceptable

b(n—1)—n2
n-— n—2
R—=— V. "2 (76)

n—1

solution:

For values of T # 2, b depends on the graph’s structure and topology. So the procedure can be only numerically applied:
we need to compute the eigenvalues of normalized Laplacian matrix, but this information allows to directly obtain the index.
In this case, the evaluation of bounds is useless.
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0

Normalized Laplacian Index'’ The Normalized Laplacian index is defined as:

(@) = ni:)\f‘(ﬁ),a #0,1
i=1

given by the sum of the a-th powers of the non zero normalized Laplacian eigenvalues, first introduced
by Bozkurt and Bozkurt in [20] and studied by the authors in [5] and [30].
By considering that \;(£) > ¢; > -5, by Remark 13 (point IIl) with @ = n, a = t;, h = 1 and by

the Schur-concavity or Schur-convexity of the function s? (&), the following result holds:

Theorem 30. Let G be a simple connected graph with n > 3 vertices.

1. Ifa<0ora>1then
(n—t:)*
@ - (n —2)e-1’

2. if0 < a < 1then

By considering

n(n—1) did;’ 7

('Ui!”j)eE J

in virtue of (7), we recover the same bounds as in Theorem 3.3 and 3.7 in [20].

By placing (75) in Theorem 30 we get a new bound for s%(G). In [30], it has been proved that the
value of (75) is greater than the value of (77) for non complete graphs, leading to an improvement of the
existing bounds.

Taking into account the limitations on first and second eigenvalues of Normalized Laplacian matrix,
since the condition (n — 1)@ > n is always satisfied we can apply Theorem 12. By the Schur-concavity

or Schur-convexity of the function s, (G), we get the following bounds

Theorem 31. Let G be a simple connected graph with n > 4 vertices which is not complete and \ (L) >
Q, A\2(L) > Rwith Q + R(n —2) > n.

1. Ifa > 1ora <0 then s (G) ZQ"‘JrR“Jr%;

2. If0 < a < 1 then s5(G) < Q* + R* + G4 0r.

Considering Theorem 31, it is possible to obtain new bounds for s*(G) by replacing the generic
limitations ) and R with (75) and (76). In order to assess these bounds, both conditions of Theorem
31 must be satisfied (see [30] for further details). Notice that, due to Proposition 7, the bounds in the
previous theorem perform equal or better than (16) and (17) in [20].

Finally, in case of bipartite graphs, bounds in Theorem 30 and 31 can be improved.

10For details we refer the reader to [5] and [30].
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Normalized Laplacian Energy !'! The normalized Laplacian energy of a graph, introduced by [22]
and studied in [31], is denoted by:

NE(G) =Y ML) —1]. (78)
i=1

In literature, (78) is also known as Randi¢ energy (see [41] and [69]).
N E(G) can be rewritten as a Schur-concave function of the variables (\;(£) — 1)*,

i=1,- m
n—1

NE(G) =1+ /(N(£)—1)" (79)

If a lower bound for \;(L£) is available, i.e. A (L) > t (2 nl), introducing the new variables
n—

x = (M(L) — 1)2 as a function of the eigenvalues A;(£) arranged in non-increasing order, we get:
T Zklz(tl—l)z.

By applying Remark 13 (point III) with a = 2 Z( —1,a =k, h =1, we derive

_1
,9)€E dyd;
NEG) <14+ Vk +V(n—=2) (a— k). (80)

This bound could be computed by placing k; = (Q — 1)2, where () is defined as in (75).
Considering also an additional information on A\y(L) (i.e. Ao(L) > t5), we have x5 > (to — 1)%

Under the assumptions ¢; > ¢ and 1 + t2(n — 2) > a, we can provide the bound:

NE(G) <1+ Vki +Vks+(n—3) (a — k1 — ka), (81)

where we can place k1 = (Q — 1)2 and ky = (R — 1)2 (see (75) and (76))
Finally, for bipartite graphs, taking into account that A;(£) = 2 and A2(L£) > o, under the assump-

. a —
tion

< to < 2 and we can provide the bound:
NE(G) <24+ vVko++/(n—3)(a— k). (82)

Normalized Laplacian Estrada index'> The normalized Laplacian Estrada index has been proposed
in [91] and it is defined as:

n 1 n
NEE(G) =Y M1 = . > eNte) (83)
=1 =1

In [74], an alternative definition of normalized Laplacian Estrada index has been provided:

(EE(G) =) eM®. (84)
i=1

For details we refer the reader to [31].
2For details we refer the reader to [31].
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Notice that NEE(G) = 1(EE(G), any results derived for NEE(G) can be trivially re-stated for
(EE(G) and viceversa.
Considering a limitation on \;(£) (A1(£) > t; > "5, by means of Remark 13 (point IIT) with
a =n, a = t1, h = 1, by the Schur-convexity of the function NEE(G), we get the following bound:
2

NEE(G) > ! +e 4 (n—2)enz. (85)
&

Setting t; = Ll’ the authors in [31] derived the same result proved in [91], Theorem 3.1:
n—

1
1
NEE(G)>(n—1)en—1 +E' (86)
Furthermore, (85) can be computed by using the lower bound Q (see (75)) for A;(£). It has been

shown in [30] that @ > -2~ and thus we assure that bound (85), by placing ¢; = @, is sharper than (86)

n—1

(see [12] and [13] for more theoretical details).
In a similar way, by the additional information Ay(L) > ¢, under the assumptions t; > ¢, and

t1 + ta(n — 2) > n, we can provide the following bound:

3—t)—to

1
NEE(G) = -+ et et 4 (n—3)e T . (87)

By placing to = R (see (76)), it is possible to compute bound (87) that is tighter than (85) with t; = Q)
and (86) (see [13], [12] and [30]).
Finally, for bipartite graphs, we can provide the following bound:

1—ty

NEE(G) > S+ e+ e 4 (n—3)er3, (88)
(&

where the lower bound t5 = R of Ao(L) derived in [30] can be also used to compute (88).

4.3.5 HOMO-LUMO index '*

Median eigenvalues of the adjacency matrix of a molecular graph are strictly related to orbital energies
and molecular orbitals. In this regard, the difference between occupied orbital of highest energy (HOMO)
and unoccupied orbital of lowest energy (LUMO) has been investigated (see [58]). Motivated by the
HOMO-LUMO separation problem, Jakli¢ et al. in [82] proposed the notion of H L-index that measures
how large in absolute value are the median eigenvalues of the adjacency matrix.

The eigenvalues involved in the HOMO-LUMO separation are Ay (A) and A (A), where H = |24 ]
and L = [251].

The [ L-index of a graph is defined in [82] as:

HL(G) = max (| (A)], [AL(A)]) -

Median eigenvalues of the normalized Laplacian matrix can be localized by applying the method-

ology recalled in Section 3.3. The additional information on median eigenvalues and the interlacing

3For details we refer the reader to [29].
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between eigenvalues of normalized Laplacian and adjacency matrices turned out to be a handy tool for
bounding the H L-index for both non-bipartite and bipartite graphs. According to [22] (see Theorem
2.2.1), the following relations hold:

|An—kr1(A)]

[An—ki1(A)]
di )

< 1= Ao < ke

(89)

In [29], in virtue of (89) and by applying Theorems 16 and 17, the following propositions have been
proved (for further details see [29]).

Proposition 32. For a simple, connected and non-bipartite graphs
0< HL(G) < dymax (|1 —aq|,|1 = 5], |1 — az|, |1 = Ba]) (90)

when n is even with

041:ni1 <n+\/nn2(bl(”_1)—”2>>aﬁl_nil (TL—\/nn2(bl(n—1)—n?)>7

1 (n—4) n 1) — 2 _n _ fb(n—1)—n?
e O L e S G

0 < R(G) < dymax (|1 — as], [1 — fs]) ©n

and

when n is odd with

_ ! (n—3) , 1 i
agn_l<n+\/(n+1)(b1(n—1)—n)>,53n_l(n_ b1(n—1)—n),

where by = Z?:_ll A(L) =n+2 Z(i,j)EE dildj'

Proposition 33. For a simple, connected and bipartite graphs with n even we have:
0 < HL(G) < di|1 - 81" (92)
where

by Y
n—2

bip __
o =1-

n—1 1
where by = 330 N(L) =n+237, ek g — 4
In the following we obtain bounds on / L-index starting from relation

0< HL(G) < E f% (93)

provided in [92]. In virtue of relation (93) and by means of bounds (54) and (55) on the Energy index,

we are now able to derive the following bounds for non-bipartite and bipartite graphs respectively.
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Proposition 34.

1. For a simple, connected and non-bipartite graph G:

HL(G) < % + %\/(n — 1)(2m — k2); (94)

2. For a simple, connected and bipartite graph G:

HL(G) < % + %\/(n —2)(2m — 2k?), (95)

where, by means of Theorem 17,

1 2m(1 + h*) — n? . | n?
e (n+\/ h )’h_bmJ’

In [29], it has been analytically proved that bounds (94) and (95) are tighter than or equal to bounds
provided in [92].

4.4 Resistance-based indices

Among the various indices in Mathematical Chemistry, those indices based on the effective resistance I;;
between the node i and j of a connected undirected graph G = (V, E) have received a lot of attention in
the literature. The resistance indices, namely the Kirchhoff index and its generalizations, have undergone
intense scrutiny in recent years because they have proven to be useful in discriminating among chemical
molecules according to their cyclicity. A variety of techniques have been used, including graph theory,
algebra (the study of the Laplacian and of the normalized Laplacian), electric networks, probabilistic
arguments involving hitting times of random walks, and discrete potential theory (equilibrium measures
and Wiener capacities), among others. The references that follow are a sample, by no means exhaustive,
of these diverse techniques, whose end results usually follow either of these two paths: on the one hand,
exact values for the index are obtained for graphs endowed with some form of symmetry or special
property ( [4], [62], [107], [132]). On the other hand, general bounds for the resistance indices, not
containing effective resistances but a few invariants such as |V|, | E|, the degrees d; etc., and sometimes
extremal graphs, are found for specific families of graphs, as in [108], [118], [119], [133], [135], [148]
and [150].

In what follows we adopt this latter approach, finding upper and lower bounds by using majorization
techniques. The application of the majorization relies on the fact that these indices can be written as
Schur-convex functions whose variables are eigenvalues of particular matrices as well as vertices degrees
of the graphs. This subsection deals with the Kirchhoff index and some of its modifications, namely
the Multiplicative degree-Kirchhoff index and the Additive degree-Kirchhoff index. Furthermore the
weighted global cyclicity index will be discussed finding upper and lower bounds through the weighted

majorization technique.
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4.4.1 Kirchhoff index '

The Kirchhoff index R(G) of a simple connected graph G = (V, E) was defined by Klein and Randi¢
in [87] as
R(G)=> Ry, (96)
i<j
where R;; is the effective resistance between vertices ¢ and j, which can be computed using Ohm’s law.

In addition to its original definition, it was shown in [70] and [151] that

RG) =Y ——, ©7)

where \;(L) are the non-zero eigenvalues of the Laplacian matrix L.
1
If G is d-regular,then L =dl — A, P=D"1'A=1 — gL and

ML

y ey T (98)

>\n—i+1(P) =1-

In this case, from (97), the alternative expression

N — 1
RG) = E; 1—\(P)

in terms of the eigenvalues of the transition matrix P holds ( [117]).
In case G is arbitrary, we do not have such a compact expression, but still we have the bounds given
in [119], Corollary 2:

O Yl

All these expressions of R((G) in terms of sums of inverses of eigenvalues can be used to find upper and
lower bounds, as was done in [117], [148] and [150].

In [6] in order to get bounds for R(G), the authors applied the majorization technique to the summa-
tions in (99).

We briefly recall the main results obtained in [6].
Lower bounds

Case 1): Assume to know that:
A (P) < =B <0,

then

nl 1 (n —2)?
R<G)Zdﬁ 148 n—-1-0

4For details we refer the reader to [6], [8], [28], [32], [110], [112], [117] and [119].

(100)
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Case 2): Assume now that
Ao (P)>p>0. (101)

then

n[ 1 (n —2)?
R(G)ZCTl 1_B+n_1+5

Now we exploit Case 1 above in order to get a general lower bound. In Section 2.2 we recall that for

(102)

every matrix M with real eigenvalues A\ (M) > Mo(M) > .-+ > A\, (M) the following inequality is

well-known

An(M) < pu— (103)

(

where j1 = ) and o2

n

= (M%) (@ )2

If M is a trans1t10n matrix P of a connected graph G, we observe that tr(P) = 0 and tr(P?) =
1

2 Z(”iﬂ)j)EE ?d] Then 1 = 0 and

o2 iz) e ()Rl(G).

<U7

Moreover, by the equality
2 _ tr(P?) _ 1+ 3 0, N
n n
and the conditions on the eigenvalues of P, it easily follows that P has at least one eigenvalue whose

absolute value is less than one. This gives 0 < 1. Notice that the upper bound ¢ = 1 is attained by any

disconnected graph with an even number n of vertices and 5 connected components , each of which of

order two. In this case, the spectrum of Pis ¢ —1,—1,...,—1,1,1,.....1 » and consequently ¢ = 1.
—/,_/ H//_/
n/2 n/2

It is also worth noting that ﬁ is the minimal value attainable by o2 among all connected graph of
order n.

Applying now (100) with 5 = \/7 we get the following

Proposition 35. ( [6]) For any simple connected graph G

n 1 n—2)2
R(G) > 711 ~ ( 1 )O_ (104)
1 + vn—1 n—1- vn—1

The next proposition contributes to show that the new bound (104) always performs better than well-
known bound provided in [119] (Corollary 4) except in the case where G = K, for which the two bounds

coincide.

Proposition 36. ( [6]) Let G be a simple connected graph on n vertices, with n > 3. The lower bound

1
vn—1

of R(G) in (104) is an increasing function of o for < 0 < 1, where the equality in the left side

holds if and only if G = K.
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The new bound (104) always performs better than the well-known bound provided in [119], Corollary 4.
More details may be found in [6].

Upper bounds

For a d—regular graph, Palacios in [117] found the following upper bound where, for simplicity, we
write Ay (P) = A2 :

n(n—1)
RG) < T

The quantity (1 — A) is known as spectral gap. It is noteworthy to underline that the bound (105) holds

(105)

in general, for d = d,,, as can be seen from the r.h.s. (99).
By applying our procedure, it is possible to get an upper bound in terms of the spectral gap .

By using now (99) we get the following

Proposition 37. ( [6]) For any simple connected graph G we have
n (n—k—2 k 1

< AR R 106

R(G)_dn<1—/\2 +2+6), (106)

where
b Aa(n—1)+1
o Ao+ 1

The Kirchhoff index spawned a family of resistance indices such as the Multiplicative degree-Kirch-

J and =X(n—k—2)—k+2.

hoff index and the Additive degree-Kirchhoff index. Here is another brief illustration of the majorization

method applied to these indices.

4.4.2 Multiplicative degree-Kirchhoff index'’

The Multiplicative degree-Kirchhoff index, proposed by Chen and Zhang in [25], is defined as
i<j
This index was looked at in [119], where the following expression in terms of the eigenvalues of the

transition matrix P was given:

- 1
R (G) =2|F _ 107
@) =281 Y 7577 (107)
Furthermore, it was shown that
2|E|(n — 1)
R (G) > M7 (108)
n

which is basically bound provided in [119] (Corollary 4), after replacing % with 2| E|. An upper bound
of order n® for this index that is attained (up to the constant of the leading term) by the barbell graph was

provided in [119] also. With electrical network techniques, the lower bound was improved in [118] to

. o 1
R*(G) > 2|E| (n 2+d1+1>. (109)

I5For details we refer to [6], [8], [111], [118] and [119].
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It is clear, by looking at the expression (107), that we can obtain new upper and lower bounds for

R*(G) by using the bounds on R(G). Among these we mention explicitly the following results.
Proposition 38. ( [6]) For any simple connected graph G we have

1 _ o)
S (n >(, . (110)
1+m n—l—m

RY(G) = 2|E]

This bound improves (109) if G has at least one vertex with degree n — 1.

The only thing left to show is that (110) improves (109) under the given condition, which is clear
because in that case (109) becomes (108), which is always less than (110).

Now we will give a general upper bound for this descriptor that gets us closer to the value gzgn

obtained for the barbell graph. The proof is inspired in that of an upper bound for the additive degree-
Kirchhoff index found in [131].

Proposition 39. For an n-vertex G we have

R (G)< (n—1)* forn <48,

and R (G) < n® + 50n3 — 16;14712 + 165n — 527 forn > 49.
4.4.3 Additive degree-Kirchhoff index'®
Gutman et al. defined in [68] the Additive degree-Kirchhoff index as
RY(G) = (d; + d)) Ry, (111)

i<j
and worked on the identification of graphs with lowest such degree among unicyclic graphs.

The additive degree Kirchhoff index is motivated by the degree distance of a graph as defined by
Dobrynin and Kochetova in ( [46]. It coincides with the additive degree-Kirchhoff index whenever the
graph is a tree, and the former is always greater than or equal to the latter, because d(i,j) > R;; holds
for any ¢, j in any graph G (see ( [46] for other details).

It was shown in [108], using Markov chain theory, that for any graph G

RY(G) >2(n —1)% (112)
and the lower bound is attained by the complete graph. Also, in [108] it was shown that for any G

RY(G) < =(n* —n® —n? +n),

W =

16For details we refer the reader to [7] and [108].
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and it was conjectured that the maximum of R™(G) over all graphs is attained by the (3, 1, +) barbell
graph, which consists of two complete graphs on £ vertices united by a path of length £, and for which

RT(G) ~ 2—27714. This conjecture was shown to be true asymptotically by Ilic and Ilic in [81].

We show next how majorization can be applied to bound the additive degree-Kirchhoff index. This
approach can be pursued if we can identify a set of variables with constant sum and a Schur-convex
function f to be optimized on the set .S of these variables. In this case we know that the global mini-
mum (maximum) of f is attained at the minimum (maximum) element of the set S with respect to the

majorization order. For the detailed proof, we refer the reader to [7].

Theorem 40. ( [7]) For any graph G with degree sequence dy < dy < --- < d,,, let

d;
ZE =H. (113)
1<J
Then
" nin—-1)71%1
R (G)>n(n—3)+ H+ — | 7 (114)

Majorization is also the main argument in yet another possible approach for obtaining lower bounds.
In reference [108] it was shown that the following relationship between the additive and multiplicative
degree-Kirchhoff indices holds :

RH(G) = ﬁR*(G) + Zj: BT, (115)
where E;T} is the expected value of the number of steps 7, that the random walk on G, started from vertex
1, takes to reach vertex j. We recall that this random walk moves from a vertex v to any neighboring
vertex w with uniform probabilities p(v, w) = ;- and that the n x n matrix P = [p(v, w)] of transition
probabilities has a unique probabilistic left eigenvector 7 = (mr;) (the stationary distribution), which is
present in the summation in (115), and a spectrum 1 = Ay > Ay > A3 > -+ > A\, > —1 in terms of
which R*(G) can be expressed as in (107) ( [119]). With the preceding remarks and notation in [7] the

authors proved the following result

Theorem 41. For any graph G

_9)\2
RY(G)>n 1(, + (n 2)[, +(n —1)?, (116)
I+ 72 n—1- o2

1
n—1

We remark that we recover the universal bound (112) for the complete graph, for which ¢ =

k)

and for all other graphs the bound is better than the universal one (112) (for details see [6]).

Finally, we turn to the analysis of some significant upper bounds which can be obtained by combining
ideas from Markov chains and majorization. These bounds can be suitable expressed in terms of the
spectral gap.
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Recall that from (115) and subsequent comments we have

n n n n

RY(G) = 2|E| G)+ > > mET; = n27+ZZmET. (117)

j=1 =1 j=1 i=1
We want to find an upper bound for the summation with the hitting times in (117), for which we use

some Markov chain theory found in reference [100], specifically:

ZT{'ET 121_1/\ Ui (118)

where vy, is the j-th component of the eigenvector v;, associated to the eigenvalue ), (the vectors vy, can
be chosen to be orthonormal), and

n

2 _
E Vi =1 —m;
k=2

It is clear that (118) can be bounded as follows:

n

1 1, 1—m;
‘Zl—Akvk]_ 1—)\2 Zk] 1—)\2 ﬂ'j '

Iy
J k=2

And so the sum of expected hitting times can be bounded as:

n n

I e I DIy )

7j=1 =1

Now use in (117) the upper bounds in [6] Section 3.2 for >

laries:

=2 T )\ , to obtain the following corol-

Corollary 42. ( [7]) For any G we have
Q) <n (P ETELE TR @B - 11
r© <n (T2 54 g )+ o |Z n) (119)

where k = {/\Q(n_l)ﬂ
A2

| Jand@zAz(n—k—Q)—k+2.

Corollary 43. ( [7]) For any bipartite G we have
1 n—-k-3 k 1>

+ < - o= -
R (G)_n(2+ N tstg

|E|Z— —n) (120)

where k and 6 are defined above.

For the n-star graph we have that A\, = 0, k¥ = 1 and # = 1 and therefore the bound (120) becomes
n? — 7n + 4 and the actual value is attained. This can be extended to the complete bipartite graph K, .,
for arbitrary r, s, for which the bound (120) becomes

3r% + 3s% + 2rs — 3r — 3s, (121)

whose order is always n2, and improves the bound 2|E|(n — 1)D = 4rs(r + s — 1). The smallest value

of (121) occurs for 7 = s = %, where it takes the value n(2n — 3), which is equal to the actual value of
RT(G).
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4.4.4 Some interplay of the three Kirchhoffian indices'’

It is to be expected that the similarities in the definitions of the three Kirchhoffian indices will result in
some equations involving two or three of them together. We explore that topic in this section.
One such relation is (115), that we may rewrite as
RY(G) > ﬁR*(G) +(n—1)2 (122)

Another such relation is given in the following

Proposition 44.

n 1

dER*(G) > RY(G) > 2 R(G). (123)

Equations (122) and (123) together with lower bounds for R*(G) furnish new lower bounds for
R*(@G). For instance, using (137) we get the bounds

RH(G) > nln— 2 + (n— 12+ "),
2|E|
and 5
RY(G) > df[n — 14 2|E|(n - 2)].
1
With the notation d; = —— (that is the average degree) and starting again from (115) we can prove
n
the relations . .
d—R*(G) +d,R(G) < RY(G) < d—R*(G) + d1R(G). (124)
G G
and
i N re<rre< (L4 L r (125)
dg dy - ~ \dg d, '
In [150] they found this set of inequalities:
dod, R(G) < R*(G) < dad, R(G). (126)

In [131] and [80] they came up, almost simultaneously, with the same idea of expressing
R™(G) = dgR(G) + ntrace(DL#), (127)

where L# is Moore-Penrose inverse of L. Using this characterization, these authors proved the inequal-
ities

(dy +dc) R(G) < R7(G) < (di + dg) R(G). (128)

It is clear that (123), (124), (125), (126) and (128) are variations on the same theme of the interplay

of the three Kirchhoffian indices, and we can use bounds for one of the indices in order to get bounds for

another index.

7For details we refer the reader to [113] and [114].
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In [114], starting again from (115), we were able to write
RG) = LR(@) + 23 (129)
dg v
where the v;s are the eigenvalues of the modified Laplacian matrix
L+ ! DOD
2|E| ’

where D is the diagonal matrix whose diagonal values equal those of the diagonal of L, and O is the
n X n matrix of all whose entries are ones. Since R*(G) can be expressed in terms of the eigenvalues
of the normalized Laplacian matrix, (129) is a representation of R*(G) in terms of the Laplacian matrix
L, as an alternative to the representation given in (127) in terms of the Moore-Penrose inverse of L.
Using the interlacing of the eigenvalues of L and those of L + ﬁDOD it was shown in [114] that the
following bound holds for any G:

rr (@) =59 | aure)
dg

2|E| (130)
+ —n.
Ao+ o\ = 32+ S0 dilds — do) + 5y S0 2
Also it was shown that the new bound (130) improves the lower bounds in (124), (125) and (128).
For additional information the reader may check [113] and [114].

4.4.5 Weighted topological index'?

In [86], by means of the concept of effective resistances, the global cyclicity index has been proposed:

cG) = > Lo (131)

(ig)ee ¥

Yang in [130] studied this new cyclicity measure for connected graphs. Following Bianchi et al. ( [13],

1
[12]) and computing the extremal values of the Schur-convex function f(R;;) = Z(L DeE T on the set
1j

m 2
S = RijGR : ZRij:n—l,ggRijgl R
(i,5)eE
he obtained the following bounds for C'(G) :
- 1 — 1
an@ <0(6) < % (132)

where (m—n+1) is the well known cyclomatic number of a graph (see Theorem 3.13, 3.15 and Corollary
3.14in [130]).

18For details we refer the reader to [9].
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In [9] the authors defined the weighted global cyclicity index for a general network as:

wie= ¥ (g-- 7).

R.: 1.
(i.pyee Y ”

where a resistance 755, k < 1;; < K is associated to any edge.

Notice that the weighted global cyclicity index is a natural extension of the global cyclicity index (131),
which can be recovered when r;; = 1 for all (7, ) € E.

Setting z;; = I and p;; = L, the weighted global cyclicity index can be written as a function of

i Tij

x;; and p;; as follows:
Pij
CW(G) = f(xij, i) = Z <xj _P?]) :
(yes N
Indeed, the weighted majorization technique proposed in Section 3 can be a fruitful tool to bound the

weighted global cyclicity index, throughout the p—Schur convex functions.
The choice of the variables and of the weights, taking into account Theorem 3, assures that the function

f is p-Schur convex, being
@w—fwﬂ(

for all (4, 5),(¢,j") € E.

. - 2 .2
Pij 61‘” DPirj &mlj/ xij;vi,j,

Remark 45. Note that other possible choices of the variables and of the weights are not fruitful:

. . 1 . . .
1. if we use z;; = R;; as variables and p;; = — as weights, the function CW (G) is not p-
7"1‘]‘
Schur-convex.
2. if weuse z;; = as variables and p;; = 1 as weights, the function CW () is not Schur-convex.
7“2']'

We can now state the main result in [9].

Theorem 46. Let G = (V, E) a connected network with n vertices and m edges. Let r;;, k < r;; < K,

be the resistances associated to any edge (i,j) € E and let

1 1 K vk K 1
C: Z —, C/: Z 7 Cl/:max{’r;kv\/i_’_n\/»_}(}'
(igyer Y (i.j)€E VTii VK 2kVE

Then
(c)?

n—1

-t (133)

2 _
—C<CW(G)<C”+(M/? \/E>C’ n n‘—n

4.4.6 The electric viewpoint

The main theme of previous subsections has been majorization, though some other themes have been
played along the way. In particular, we have used ideas from electric networks, not only in the framework
of the Kirchhoffian descriptors that deal precisely with effective resistances between vertices, but also in
descriptors such as the AZI index and the ABC index. Here we present a handful of additional electrical

derivations that show the power of having different approaches to the subject matter.
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The Kirchhoff index for graphs with diameter 2 The monotonicity law described in subsection 2.3
together with Foster’s first law implies the following proposition which is well known (see [103] for an
elaborate argument or [140] for a shorter proof with Laplacian eigenvectors) but whose brief electrical

proof we include here for the sake of completeness:

Proposition 47. The Kirchhoff index is strictly monotonic in the number of edges: if G' is the graph
which results from adding a new edge to a graph G, then R(G') < R(G).

Proof. By definition
R(G) =51+ S+ S5+ -+,
where Sy = 37, 65—k Bij» Tor k > 1, d(i, j) is the distance between i and j, and all but a finite
number of summations ), are not equal to zero.
When we add an edge to G in order to form G’, and we compute R(G') = S} 4 Sy + Sy + - - - , the

number of summands in S, increases by 1 with respect to S; but the value of the sum stays the same:

S, = S; = n — 1. However, at least one of the sums Sy, S;, ..., loses one nonzero summand while all
others, by the monotonicity law, are kept bounded by the corresponding summands in Ss, S3, . . ., and
thus
RG)=n—1+S8+S34--->n—1+8,+S;,+---=R(G).
O

It is plain that for any graph G with diameter 2 we have

R(G)=n—1+S5,. (134)

The idea now is to express So = > R;; in terms of (11). In that direction we first prove the

i<j:d(i,j)=2
following

Proposition 48. For any graph G we have

Sy < di(n—2). (135)

If G is geodetic (i.e., for every pair of vertices of G at distance 2 there is a single common neighboring

vertex) and does not have any triangles then

So > dy(n — 2). (136)

Now we will exhibit the extremal graphs under consideration

Proposition 49. If G has diameter equal to 2 then

n71+%§R(G)§(n71)2.

The upper bound is attained if and only if G = S,,, the n-star graph. The lower bound is attained if and
only if G = K, the graph obtained deleting one edge from the complete graph K,

More results on this topic may be found in [110].
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Another lower bound for the multiplicative degree-Kirchhoff index

Proposition 50. For any n-vertex graph G = (V, E) we have
R*(G) > n—142|E|(n—2). 137)
The equality is attained by the complete graph K,, and the star graph S.,.

It is also clear that for K, we have 2|E| = n(n — 1) and the bound gives the precise value R*(G) =
(n—1)3.
Also, for any G we have |E| > n — 1, and therefore applying directly (137) we have that for any
graph G
R(G)>n—14+2(n—1)(n—2)=(n—1)(2n —3) = R*(S,),

proving in a more direct way than in [118] that the minimal multiplicative degree-Kirchhoff index is
attained by the star graph S,,.

Since d; < n — 1itis clear that
2B <din<din—di+n—1=(d+1)(n—-1),

and therefore (137) is always better than (109). More details on the subject can be found in [111].

More bounds for the Kirchhoff index The material in the following paragraphs is taken from [112].
We first give a lower bound that is attained by a large family of graphs. It would be interesting to

characterize exactly the extent of this family.

Proposition 51. For any n-vertex graph G we have

Rmﬁzn—1+i<<g)—w). (138)

This lower bound is attained by K,.
We obtain immediately the following
Corollary 52. For any d-regular graph we have
RKﬁzn—1+%m—1—®. (139)

We are going to show now that the equality in the lower bound (139) (and therefore in (138)) is
attained not only by K, but by a large family of regular graphs. Let N (i) be the neighborhood of the
vertex 7, i.e., the set of its neighbors, and let the diameter D be defined as D = max; ;{d(i, j) : i,j € V'}.
Then we have

Proposition 53. The bound (139) is attained by any n-vertex d-regular graph G for which D = 2 and
IN() N N(j)| = d forall i, j such that d(i,j) = 2.
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To show that the set of graphs satisfying the previous proposition is nonempty consider, for j >
1,p > 1, the graph G(j,p) onn = (p+ 1)(j + 1) vertices which is d-regular, with d = j(p + 1), defined
by the neighbors of its vertices thus: the neighbors of vertex v come in p + 1 bunches of j consecutive
vertices (the first bunch would be v + 1,v + 2,...,v + j — 1) separated by a non-neighbor (the first
non-neighbor would be v + 7). Here the addition is mod n. The densest of these examples occurs when
p = 1; in that case d = n — 2 and G(j, 1) can be described thus: from the complete graph K5; we delete
the j edges (i,7 + j), for 1 < i < j, i.e., any vertex is connected to all others but its “opposite vertex”.
The least dense example occurs when j = 1; in that case d = % and G/(1, p) is the complete bipartite

graph Kz ».

Going in the opposite direction, we first get a simple and general upper bound in the next

Proposition 54. For any G we have

RG)<n—1+ ((Z) - |E|) R, (140)

where R = max; ; ;.

Of course, the bound (140) is not very useful unless we have a good grip on the value of 1. But for
those graphs whose smallest degree is larger than | 7 |, we can show that R(G) is linear in n. Specifically

we obtain the following
Proposition 55. For any G for which d,, > | % | we have
R(G) <3n-—1. (141)

It would be interesting to determine whether (141) is a tight bound.

Adapting the discussion in [23] to our context, it should be pointed out that there is a sharp threshold
at d,, = | %]. Indeed, when going from d,, = | %] — 1 to d,, = | %] the Kirchhoff index drops from an n*

order to an n order, as the previous proposition and the following example show.

Example. To simplify the discussion, let us take n to be even. Consider G; = Gy = K|z . Delete

edges (a;, b;) from G; for i = 1,2, and join the resulting graphs with the edges (a1, as) and (b1, by). The

n-vertex graph thus built is (| % | — 1)-regular, and if we choose a € G, b € G then by shorting all

vertices in each G;, i« = 1,2 into single vertices, and applying the monotonicity principle we see that
2

Ry > % Since there are roughly nz possibles choices for a and b, the Kirchhoff index of this graph is
2
bounded below roughly by %

4.5 Numerical results '°

In this section we present some numerical examples which illustrate the majorization technique devel-

oped throughout the chapter. The numerical results obtained by our new method have been compared to

19For more details we refer the reader to [5], [6], [7], [10], [11], [12], [13], [28], [29], [30], [31], [32].
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those of the literature. We restrict our attention to computing bounds of some particular graphs.

4.5.1 Atom-bond connectivity index

We provide some numerical examples, using majorization in order to obtain bounds on the Atom-bond
connectivity index and then we compare our results to those proposed in the literature. In particular, we
make use of the relation between R_;(G) and ABC(G) index.

Example 1. Let us consider the family of trees 7 with 16 vertices, 10 pendant vertices and the degree
sequence ™ = (5,3,3,3,3,3,1,1,1,1,1,1,1,1,1,1). In this case m = n — 1 = 15 (for more details see
Section 4, Example i) in [12]).

The minimal element is

v 192 2
151015’353

x.(T) =

Replacing these values into (29) we obtain for any T € T
R—I(T) 2 327
so that (34) yields
ABC(T) <13.304,

improving the value obtained with the general bound (39): ABC(T) < 14.491.

Example 2. We now deal with the family &/ of unicyclic graphs G, i.e. graphs for which m = n, with
degree sequence 7 = (3,3,3,3,2,2,2,2,2,1,1,1,1).

Since @ > a, the minimal element is:

4 4 23 23
377397707
—— —

4 9

x(U) =

Replacing these values into (29) we obtain for any G € U:
R_1(G) > 2.904

and the bound (34) becomes
ABC(G) < 11.007

which is tighter than the bound in (41) involving d;, that yields ABC(G) < 11.402.
Example 3. Let us consider the family B of bicyclic graphs, i.e. those where m = n + 1, with degree
sequence ™ = (3,3,3,3,2,1,1).

We have that @ > a and the minimal vector is:
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4 4 13 13
—_— Y —
so that for G € B we have
R,l(G) > 1.425,

and the inequality (34) yields

ABC(G) < 6.276,

which is tighter than the bound in (41) in terms of d;, that yields ABC(G) < 6.403.

We can conclude that, for all the considered examples, proposed bound always performs better. It
means that bound (35) modified with our methodology based on majorization technique is the best choice

in these cases.

4.5.2 The Normalized Laplacian index

The proposed bounds have been evaluated on different graphs. We now focus only on non-bipartite
graphs and we provide a comparison with the literature (see [20]).

In order to assure a robust analysis, graphs have been randomly generated following the Erdos-Rényi
(ER) model Gggr(n,q) (see [17], [27], [51] and [52]). Graphs have been obtained by using a MatLab
code that gives back only connected graph based on the ER model (see [28] and [32]). In this fashion,
the graph is constructed by connecting nodes randomly such that edges are included with probability
independent from every other edge. The results are based on a classic assumption of a probability of
existence of edges ¢ equal to 0.5. We obtain indeed that the generated graphs have a number of edges
not far from the half of its maximum value as proved in the literature (see for example [54]).

At this regard, in Table 5 in Appendix A, s’ (G) has been computed for several graphs by fixing «
equal to 0.5. We report values of upper bounds based on (75) and (76) and the upper bound proposed in
[20]. Relative errors r measures the absolute value of the difference between the upper bounds and s (G)
divided by the value of s* (G). We observe an improvement with respect to existing bounds according to
all the analyzed graphs and the improvement appears reduced for very large graphs. However, for large
graphs the formula provided in [20] already gives a very low relative error. Similar results have been

obtained also for non-bipartite graphs (see [30]).

4.5.3 Normalized Laplacian Energy

We focus here on N E(G) by comparing proposed bounds with those in the literature (Corollary 12 and
13 in [22]). In particular we analyze two alternative classes of graphs generated by using either the
Erdos-Rényi (ER) model Ggr(n, q) or the Watts and Strogatz (WS) model (see [139]). Both models
have been generated by using a well-known package of R (see [33]) and by assuring that the graph
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obtained is connected. As usual, the ER is constructed by connecting nodes randomly such that edges
are included with probability ¢ independent from every other edge. The WS networks have been derived
beginning by a simulated n-node lattice and rewiring each edge at random to a new target node with
probability p.

Table 6 in Appendix A reports main results derived for graphs generated by a ER(n,0.5) model.
We observe how both bounds (80) and (81) are tighter than those proposed in [22]. The improvement
increases for greater number of vertices.

Graphs have been simulated by using also WS model with different rewiring probabilities p. As
well-known, intermediate values of p result in small-world networks that share properties of both regular
and random graphs. In [139], the authors show that these networks have small mean path lengths and
high clustering coefficients. There is indeed a broad interval of p over which the average path is almost
as small as random yet the clustering coefficient is significantly greater than random. These small-world
networks result from the immediate drop in average path caused by the introduction of few long-range
edges. In particular, we analyze the behaviour of bounds in this interval by considering graphs generated
with a rewiring probability in the range p € (0.01,0.1). At this regard, Table 9 reports bounds evaluated
by considering p = 0.1. We observe in Table 7 (Appendix A) greater values of NE(G). In this case,
also the bound provided in Corollary 13 ( [22]) gives better results than those observed for ER graphs.

However it is confirmed the best approximation when bound (81) is used.

4.5.4 Normalized Laplacian Estrada Index

We focus here on NEE(G) by comparing for non-bipartite graphs bounds (85) and (87) with (86)
proposed in [91]. In [31], it has been already analytically proved that, when the additional information
M((£)) > @Q is considered, bound (85) with ¢; = @ is tighter than (86). Both ER and WS models are
analysed.

In Table 8 (Appendix A) we report the N EE(G) index and the values of the three mentioned bounds
evaluated on non-bipartite graphs generated by using ER model with different number of vertices and
with ¢ equal to 0.5. Relative errors r measures the absolute value of the difference between the lower
bounds and N EF(G) divided by the value of NEE(G).

As expected, using bound (87) we observe an improvement with respect to existing bound according
to all the analyzed graphs. The improvement is very significant for graphs with a small number of
vertices, while it reduces for very large graphs. However, for large graphs formula (86) provided in [91]
already gives a very low relative error.

Graphs have been simulated by using also WS model with different rewiring probabilities p. In par-
ticular, we analyze the behaviour of bounds by considering graphs generated with a rewiring probability
p = 0.1 (see Table 9 in Appendix A). In this case, we observe greater relative errors especially for large
graphs. Probably, being these networks very far from complete graphs, bounds tend to assure a weaker
approximation. Similar results have been obtained by simulating WS graphs choosing different values
of p that belong to the interval.
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4.5.5 HOMO-LUMO index

In this subsection we compare our bounds ((90),(91) and (94)) with those existing in the literature (The-
orem 1.3 in [82], Theorem 3.2 and 3.3 in [92]). Also in this case, we compute them for graphs generated
by using the Erdés-Rényi (ER) model G r(n, ¢) where edges are included with probability ¢ indepen-
dent from every other edge. Graphs have been derived randomly by using a well-known package of R
(see [33]) and by ensuring that the graph is connected. Table 10 (Appendix A) compares alternative
upper bounds of H L(G) evaluated for simulated Ggr(n,0.5) graphs with different number of vertices.
It is noteworthy that bound (91) has the best performance for n = 5, while bound (94) is the sharpest
one in all other cases. However, the improvements are very slight with respect to bound (Th.3.2 in [92])
when large graphs are considered.

We now report in Table 11 (Appendix A) a comparison of alternative bounds derived for bipartite
graphs, varying the number of vertices and edges. In some selected cases (i.e. n = 10, m = 25 and
n = 20, m = 91), our bound (92) performs better. In all the other cases, the tightest one is bound (95)
based on energy index.

4.5.6 Additive Kirchhoff index
We report some examples when H can be easily computed.

N(N -1
For d-regular graphs we have H = Q

worse than bound (112).

. The lower bound (114) becomes N (N — 1) which is

Let us consider a semiregular graph G that has N, vertices with degree a and IV, vertices with degree
bya <b, N =N+ No. Then H = YE=1 4 (2 1) N\ V.

We deal with two examples: i) a semiregular bipartite graph and ii) a semiregular not bipartite graph.

Example 5.6. Let us consider a semiregular bipartite graph with N;=10 vertices with degree a = 4 and
Ny = 4 vertices with degree b = 10. For this graph we have H = 151, 0 = 0.47 which imply

Formula | Lower bound
(112) 338

(116) 338.03

(114) 359.64

Table 2. Lower bound for R (G)

showing that the bound (114) performs better than the others.

Example 5.7. Let us take a semiregular graph G on N vertices (/N even > 8) that is the union of a
complete Ky, and a N/2-cycle such that vertex i of the cycle is linked to vertex ¢ of the complete graph
with a single edge, for 1 <i < N/2.
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This graph has N; = Ny = N/2,a = 3,b= N/2,thus H = ;N (6N + N? — 12). By (114) we get

N (228 N? — 1152N + 36N3 + N* + 1152
rHG) > ML + 36N+ N7+ 1152)

142
= 24 (6N + N? —12) (142)

By Calculus, it is easy to show that , for N > &, the bound (142) is better than (112).

Table 3 give a comparison between all lower bounds applicable to this example, for N = 20:

Formula | Lower bound
(112) 722

(116) 722.001
(142) 848.61

Table 3. Lower bound for R (G)

The bound (142) performs always better than (116) which in turn improves (112).

We consider a full binary tree T of depth d > 1 which has N; = 2¢ vertices of degree 1, one vertex (the
N(N -1

root) of degree 2 and N, = 2¢ — 2 vertices of degree 3. Then H = NNV -1 + 2N; + 2N, + 2N; No.

Taking d = 3 we obtain the results summarized in the following table, which shows that our new bounds

are better than the universal one (112):

Formula | Lower
(112) 392
(116) 392.14
(114) 406

Table 4. Lower bounds for R+ (T")
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| n | di | m | s:(G) | bound (75) | bound (76) | bound [20] | 1(75) | 1(76) | r([20)) |
4 2] 3 3.35 344 343 346 | 2.86% | 2.55% | 3.47%
s 4] o9 4.46 447 4.47 447 [ 023% [ 021% | 025%
6 | 3] 6 5.30 5.47 5.46 548 || 3.13% | 3.00% | 3.27%
715 14 | 643 6.48 6.48 648 || 0.83% | 0.81% | 0.86%
g8 | s | 13 | 733 7.48 7.48 748 || 2.02% | 1.98% | 2.06%
9o | 6 | 16 | 831 8.48 8.48 848 | 2.04% | 2.01% | 2.07%
0] 8 [ 25 || 939 9.51 9.48 9.52 136% | 1.04% | 1.37%
20 |15 95 [ 1937 [ 1951 19.49 1951 || 0.71% | 0.62% | 0.72%
30 [ 19 | 209 | 2936 | 29.50 29.50 2950 [ 0.49% | 0.46% | 0.49%
50 | 33| 604 | 4937 [ 4950 49.50 4950 | 027% | 026% | 0.27%
100 | 60 | 2459 || 9937 | 99.50 99.50 99.50 [ 0.13% | 0.12% | 0.13%
200 | 116 | 10001 || 199.38 | 199.50 199.50 199.50 || 0.06% | 0.05% | 0.06%
300 | 179 | 22437 [[ 29937 | 299.50 299.50 29950 | 0.04% | 0.04% | 0.04%
500 | 279 | 62456 || 499.38 |  499.50 499.50 499.50 | 0.03% | 0.02% | 0.03%

Table 5. Normalized Laplacian Index: upper bounds for s’ (G) for « = 0.5 and relative errors.

n || NE(G) bound bound bound (80) | bound (81)
Cor. 12in [22] | Cor. 13 in [22]

4 3.00 4 3.66 3.12 3.05
5 2.55 4 4.39 2.70 2.61
6 3.15 6 5.12 3.87 3.62
7 3.81 6 5.86 4.51 4.27
8 4.32 8 6.59 4.69 4.47
9 3.90 8 7.32 4.34 4.14
10 3.58 10 8.05 4.00 3.83
20 5.01 20 15.37 5.68 5.56
30 5.60 30 22.69 6.43 6.33
50 7.31 50 37.33 8.44 8.36
100 9.59 100 73.92 11.13 11.08

Table 6. Normalized Laplacian energy: upper bounds for NE(G) for graphs generated by
ER(n,0.5) model.
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Table 7. Normalized Laplacian energy:

n || NE(G) bound bound bound (80) | bound (81)
Cor. 12 in [22] | Cor. 13 in [22]

4 2 4 3.66 2.72 2.41
5 3.24 4 4.39 3.45 3.37
6 4 6 5.12 4.15 4.08
7 4.49 6 5.86 4.87 4.63
8 5.12 8 6.59 5.57 5.33
9 5.76 8 7.32 6.27 6.03
10 6.47 10 8.05 6.99 6.75
20 11.97 20 15.37 13.67 13.42
30 19.24 30 22.69 21.16 20.90
50 31.79 50 37.33 35.27 34.99
100 63.21 100 73.92 70.22 69.93

WS(n,0.1) model.

upper bounds for NE(G) for graphs generated by

n || NEE(G) || bound (86) | bound (85) | bound 87) || r86) | 185 | 187 |
4 | 50862 45547 4.6783 47112 [ 10.4488% | 8.0184% | 7.3717%
5 | 66073 55040 5.6407 5.6935 | 16.6991% | 14.6301% | 13.8304%
6 | 69783 6.4749 6.5088 6.5265 || 7.2140% | 6.7287% | 6.4748%
7 | 84965 7.4560 7.5345 75559 | 12.2457% | 11.3223% | 11.0700%
8 || 9.3463 8.4428 8.4778 84933 || 9.6663% | 9.2921% | 9.1266%
9 | 100205 | 9.4331 9.4456 94541 | 5.9466% | 5.8219% | 5.7365%
10 || 109027 || 104256 | 104334 | 104391 | 4.3768% | 4.3048% | 4.2528%
20 || 209252 | 203947 | 203963 | 203977 || 2.5353% | 2.5274% | 2.5206%
30 || 309411 | 303853 | 303860 | 303867 | 1.7963% | 1.7940% | 1.7919%
50 || 509236 | 503782 | 503784 | 503786 | 1.0710% | 1.0705% | 1.0701%
100 || 100.9001 || 1003729 | 1003730 | 1003731 | 0.5225% | 0.5224% | 0.5223%

Table 8. Normalized Laplacian estrada index: lower bounds for NEE(G) and relative errors for

graphs generated by FR(n,0.5) model.



57

n || NEE(G) || bound (86) | bound (85) | bound (87) |  1(86) r(85) r(87)

4 [ s5.0862 4.5547 4.6783 47112 | 10.4488% | 8.0184% | 7.3717%
5 | 63276 5.5040 5.6002 5.6380 || 13.0165% | 11.4961% | 10.8843%
6 || 7.597 6.4749 6.5492 6.5856 || 14.7666% | 13.7886% | 13.3087%
7 || 88273 7.4560 7.6023 7.6273 || 15.5347% | 13.8778% | 13.5948%
8 || 10.1431 | 8.4428 8.5646 8.5878 || 16.7630% | 15.5621% | 15.3339%
9 | 11.3946 | 9.4331 9.5349 9.5568 || 17.2145% | 16.3209% | 16.1287%
10 || 126329 || 104256 | 105736 | 10.5917 | 17.4727% | 16.3005% | 16.1573%
20 || 252327 | 203947 | 205345 | 205442 | 19.1737% | 18.6195% | 18.5813%
30 || 37.7967 | 303853 | 30.5175 | 30.5240 || 19.6086% | 19.2590% | 19.2418%
50 || 63.2448 | 503782 | 50.5227 | 50.5268 || 20.3442% | 20.1157% | 20.1092%
100 || 126.4764 | 1003729 | 100.5201 | 100.5222 | 20.6390% | 20.5226% | 20.5209%

Table 9. Normalized Laplacian estrada index: lower bounds for NEE(G) and relative errors for
graphs generated by W.S(n,0.1) model.

n m HL(G) bound | bound || bound bound bound
(90)/(91) | (94) [82] | Th.3.2in[92] | Th.3.3in [92]
5 0.46 1.29 1.33 4 1.55 1.62
10 26 0.68 1.99 1.80 8 2.02 2.08
15 52 0.33 3.12 2.28 10 2.33 244
20 106 0.69 3.98 2.27 16 2.71 2.74
25 153 0.32 3.66 292 16 2.94 3.00
50 600 0.42 5.10 3.92 31 3.98 4.04
100 | 2,463 0.56 7.30 543 66 5.47 5.50
250 | 15,358 0.49 9.67 8.32 142 8.38 8.41
500 | 62,304 0.47 13.52 11.65 289 11.67 11.68
1000 | 249,556 0.50 17.92 16.29 549 16.30 16.31

Table 10. Upper bounds of H L(G) for graphs generated by G gr(n, 0.5) model
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n m HL(G) || bound (92) | bound (95) bound bound
Th.3.21in [92] | Th.3.3in [92]

10 13 0.46 1.75 1.47 1.52 1.62
10 25 0.00 0.00 1.00 1.00 1.62
20 45 0.10 2.97 1.90 1.94 2.08
20 91 0.00 1.04 1.16 1.77 2.08
50 315 0.06 3.82 2.86 2.95 3.00
50 560 0.00 1.74 1.34 2.39 3.00
100 1,248 0.03 4.72 4.00 4.01 4.04
100 2,254 0.03 2.36 1.48 2.99 4.04
250 7,839 0.02 7.52 591 6.07 6.09
250 14,083 0.03 3.60 1.79 4.22 6.09
500 31,321 0.04 9.29 8.20 8.39 8.41
500 | 56,231 0.01 5.01 2.16 5.64 8.41

1,000 | 124,887 0.02 12.68 11.66 11.67 11.68

1,000 | 225,145 0.01 7.02 2.65 7.58 11.68

Table 11. Upper bounds of H L(G) for bipartite graphs
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1. Introduction

Let G = (V, E) be a simple graph, i.e., graph without loops and multiple edges. Let V(G) = {vy, va,

., Un}. Forv; € V(G), by d; = d;(G) we denote the degree of vertex v; in G.

67
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A sequence of positive integers 7(G) = (01,2, . ..,0,) is called the degree sequence of G if §; =
d;(G) holds for i = 1,2,...,n. Throughout this paper, we order the vertex degrees non-increasingly,
ie,dy >dy > - >d,.

The minimum and maximum degree of a vertex in a graph is denote by J and A, respectively.

The girth of G is the length of shortest cycle contained in G. Let N;(v) = {w € V(G)|d(v,w) = i},
where d(v, w) is the length of a shortest path connecting v and v. Define n;(v) = |N;(v)|. Also, instead
of N (v), itis often written N (v) to denote the (open) neighborhood of the vertex v. The eccentricity &(v)
of v is defined as ¢ = (v) = max,cv () {d(v, w)}. The radius 7 = r(G) and the diameter D = D(G)
are defined as the minimum and the maximum of e(v) over all vertices v € V(G), respectively.

The complement of G, denoted by G, is a simple graph on the same set of vertices V' (G) in which
two vertices « and v are adjacent if and only if they are not adjacent in G.

For S C V(G), let G[S] be the subgraph induced by S.

The vertex-disjoint union of the graphs G and H is denoted by G U H. Let G V H be the graph
obtained from G U H by adding all possible edges from vertices of G to vertices of H, i.e.,

GVH~GUH.
The first and the second Zagreb index are defined as

My =M(G)= > & : My =DMy(G)= Y did; (1)
v; €V (G) viv; €E(G)
respectively.
The first Zagreb index M;(G) can also be expressed as [47]

M(G)= Y (di+d;). 2)
viv; EE(G)
As it is well-known, the number of vertices of odd degree in every graph must be even. Therefore,

M; (G) must be an even number, as noted in [133].

2. Historical remarks

The Zagreb indices belong among the oldest and most studied molecular structure descriptors and found
noteworthy applications in chemistry. It is generally accepted that these have been conceived in 1972
by Trinajsti¢ and one of the present authors, and first published in the much quoted paper [71]. The
nowadays standard notation M; and M, , as well as the definitions (1) were first time used in the paper
[70].

Details on these vertex—based topological indices can be found in the reviews [37,66,116] published
on the occasion of their 30th anniversary, as well as in the recent surveys [63,69, 134].

The first survey on topological indices appeared in 1983 [11]. In it also M; and M, were mentioned

and commented. The authors of [11] named them “Zagreb group indices”, bearing in mind that these
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resulted from the work of a group of scholars at the “Rudjer Boskovi¢” institute in Zagreb. The name
remained, except that “group” was eventually dropped.

One of the first graph—based molecular structure descriptors (topological indices) was invented in
1947 by Platt [122]. The Platt index Ip; is the count of the edges incident to an edge of the underlying

graph, and its sum over all edges:

Ip= > (di+d;—2). 3)

viv; €EE(G)
What was completely overlooked by the authors of the papers [70,71], was the identity
]\/[1 = ]pl +2m

which straightforwardly follows from (3) and the relation (2).

In 1964, Gordon and Scantelbury [58] considered a graph invariant that sometimes is referred to as
the Gordon—Scantelbury index I;s. By definition, it is equal to the number of acyclic Ps-subgraphs
contained in the graph G. For triangle—free graphs,

d;
Igs = Z (2)
UiEV(G)

]\/[1 = 2[@5+2m

which leads to

implying that the first Zagreb index is essentially the same as the somewhat older Gordon—Scantelbury
index. This too was missed by the authors of [70, 71].

More historical details on the Zagreb indices are found in [65].

3. On the maximum and minimum first Zagreb index
of graphs with n vertices and m edges

A simple graph G on n vertices and m edges will be referred to as an (n, m)-graph. In this section we
give a survey on upper and lower bounds for the first Zagreb index M; of (n, m)-graphs in terms of n
and m, and give characterization of extremal graphs which attain these maximal (minimal) values. First,
we deal with the upper bounds on M.

Székely et al. [131] gave the following upper bound for the sum of the squares of vertex degrees

n n 2
My =) d? < (Z ﬂ) “)
1=1 1=1

and de Caen [42] proved that

g 2m
wflzzclfgm(nmlJrn—Q). 5)

1=1
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De Caen pointed out that the bounds (4) and (5) are incomparable. Das [32] proved that the equality
in (5) holds if and only if G is a star or a complete graph or a complete graph with one isolated vertex.
Das [32], Zhou [154], and Liu et al. [100] established some new upper bounds for M;.

Theorem 3.1. [32,100] Let G be a connected graph with n vertices and m edges. Then
Mi(G) <m(m+1) (6)
with equality for n > 3 if and only if G = K3 or G = K 1.
Theorem 3.2. [154] Let G be a connected graph with n vertices and m edges. Then
Mi(G) <n(2m—n+1) @)
with equality if and only if G = K,, or G = Ky ,,_1 or G = mK,.

Remark. If m = n— 1, then the bound (7) is equal to (6). If m > n, then m(m—+1) > n(2m—n+1)
and thus the bound (7) is usually lower than the bound (6), as it was proven in [103].
Remark. If G is connected (n, m)-graph, then i < (), implying, as noted in [103], that

2
m mn +n—2 mn + 2m l—1
n—1 n—1

m

IN

mn +n(n—1) <n_

1—1>:n(2m—n+1).

Thus, the bound (5) is usually finer than the bound (7).

In the sequel, we outline the results concerned with the structure of (n,m)-graphs for which the
maximum value of M, is attained.

Denote by G(n, m) the set of all simple (n, m)-graphs. The graph G is said to be optimal in G(n, m)
if M;(G) is maximum. Denote by max(n, m) this maximum value.

A matrix formulation of these problems was first investigated by Schwarz [124] in 1964 by consid-
ering rearrangements of square matrices with non-negative elements in order to maximize the sum of
elements of the matrix A2. By papers of Katz [106], and later Aharoni [3], these problem were com-
pletely solved.

The graph formulation of these problems were first investigated by Ahlswede and Katona [4] in 1978.
They solved an equivalent problem. In fact, they determined the maximum number of pairs of different

edges that have a common vertex, given by
d; M,y

> (5) =% -
2 2

v,V

Ahlswede and Katona proved that the maximum value max(n,m) is always attained at one or both
of two special graphs in G(n, m) (Theorem 3.3).

The first of these special graphs, the quasi-complete graph, denoted by QC'(n, m), is the graph having
the largest possible complete subgraph K .
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The other special graph, called quasi-star graph and denoted by Q.S(n,m), is the graph that has as

many vertices of degree n — 1 as possible. In fact, this graph is the complement of QC(n, m’), where

n
2

After that, the problem of maximizing M, was investigated by Boesch et al. [16]. Also, Olpp [119],

m' = (3) —m.

independently, was solving a question of Goodmen: maximize the number of monochromatic triangles
in a two-coloring of the complete graph with a fixed number of red edges. Ollp showed that Goodman’s
problem is equivalent to finding the two-coloring that maximizes the sum of squares of the red degrees
of the vertices, i.e., that maximizes M, of a subgraph consisted of red edges. In both papers, the result
of Alshwede and Katona, that the maximum value of M, is always attained at one or both of two special
graphs QC(n,m) and QS(n, m) in §(n, m) was reproven (Theorem 3.3).

In 1999, Peled et al. [121], and Byer [23], independently showed that all optimal graphs for which
M is maximum belong to one of the six classes of so-called threshold graphs. Byer solved another
equivalent form of the problem. In fact, he studied the maximum number of paths of lengths two over
all (n, m)-graphs, given by M; — 2m. However, in these papers it was not discussed when any of the six
graphs, that achieve maximum, is optimal.

The problem was completely solved in 2009 by Abrego et al. [2]. A related problem of determining in
which of the graphs, QC(n, m) or QS (n, m), the maximum of M) is attained, was solved independently
in [2] and [139].

As it was proven by Peled et al. [121], all optimal graphs belong to a class of special graphs called
threshold graphs. The quasi-star and the quasi-complete graphs are among many threshold graphs in
G(n,m). These graphs can be characterized in several equivalent ways. By [108] G = (V,E) is a
threshold graph if G can be constructed from /; by multiple adding of an isolated vertex or a vertex that

is adjacent with any other vertex, i.e., as
Gi(a,b,e,d,...) =2 K,V (KyU (K. V(KqU--+)))

or
Gyla,be,d,...) 2 K, U (KyV (K U(KgU--+))).

Theorem 3.3. [4,16,119] Among the graphs from G(n, m), there exist threshold graphs
QS(n,m) = Gi(a,b,1,d), QC(n,m) = G3(a,b,1,d)
unique up to an isomorphism, such that at least one of them is optimal.
In fact, by Byer [23] and Peled et al. [121] it holds:

Theorem 3.4. [23,121] Let G be an optimal graph in G(n,m). Then G = Gi(a,b,c,d) or G =
Gs(a,b,c,d) forb=1orc=1ord=1.

By [108], the graph G = (V, E) is a threshold graph if for every three distinct vertices 4, j, k € V, if
d; > d; and jk € E, thenik € E.
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By the latter characterization of a threshold graph, its adjacency matrix has a special form. Its upper—
triangular part is left justified and the number of zeros in each row of its upper—triangular part does not
decrease. Having this in mind, a threshold graph can be represented by a partition 7 = (ag, as, .. ., a,)
of m, all of whose parts are less than n, such that an upper—triangular part of its adjacency matrix is left
justified and contains a, ones in a row s. We denote by T'h(w) the threshold graph corresponding to a
partition 7, and say that the partition 7 is optimal if T'h(7) is an optimal graph. The diagonal sequence of
a partition 7 is defined as the number of ones in the upper—triangular part of its adjacency matrix on each
of the diagonal lines. By Theorem 3.4, there are at most six optimal partitions of graphs from G(n, m).
Abrego et al. [2] gave precise conditions to determine when each of these partitions is optimal.

Let S,., = Mi(QS(n,m)) and C,,, = M;(QC(n,m)). Then, by Theorem 3.3, the maximum
value of M; equals to S, ,, or C), 1.

Theorem 3.5. [2] Let n be a positive integer and m an integer such that 0 < m < (;‘) Letk, K, j, 7/

be the unique integers satisfying

kE+1
m—( ;— )j,withlﬁjgk

K +1
m:<®—< ;>+fmmu<f<ﬁ

Then every optimal partition 7 is one of the following six partitions:

and

I.mi=Mm—-1,n-2,...,kK +1,j), the quasi-star partition for m,

2ma=(n—Ln—2 .. 2K —j 2k —j —2 . K —1),ifk+1<2%% —j—1<n—1,
3.7r1,3—(n—1n—2 LK 4+1,2,1),ifj =3andn > 4,

4791 =(k,k—=1,...,5+1,j—1,...,2,1), the quasi-complete partition for m,
5Jm$—@k—j—1k 2k —3,..., 21, ifk+1<2%k—j—1<n—1,

6. o3 = (k,k—1,...,3),ifj=3andn > 4.

The partitions 1 and 71 5 always exist and at least one of them is optimal. Furthermore, 1 o and
1.3 (if they exist) have the same diagonal sequence as 71 1, and if Sy, > Ch.m, then they are all optimal.
Similarly, 9.9 and 7o 3 (if they exist) have the same diagonal sequence as a1, and if S, ,, < C, 1, then

they are all optimal.

In order to describe the behavior of S,, , — Cy, 1, We need the following definitions. Let ky = ko(n)
k‘o < 1 n < k() +1
2/ 7 2\2 2

[1—2(2ko — 3)* + (2n — 5)°] .

be an integer such that

and define the quadratic function

qo(n) =

»M»—‘

In addition, let
4[(5) —2(3)] (ko — 2)

Ry = RO( ) _1— 2(2/€o ) + (2n - 5)2 .
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Theorem 3.6. [2,139] Let n be a positive integer.
(1) If qo(n) > 0, then

Spn = Cm if and only if m € {0,1,2,3,1(3)} or m = (kzo) and (2n — 3)* — 2(2ky — 3)% €
{-1,7}.

(2) If go(n) < O, then

Sum = Com  for 0<m< ;(g) _R,

s e i) el
A
s e 3 emens()

Sun & O Fandonly ifm € {0,1,2.8,55) = o, 36) )
(3) If go(n) = 0, then

Sn,m

v
f
5
2
~
(=)
A
3
A

Sn,m

IA
2

3

2
=
DO =
PO
o3
~—
IN
3
IN
PO
o3
~—

Spm = Cyp o if and only if m € {0, 1,2,3,("),..., %(g)}.

By using the fact that among the graphs from G(n,m) at least one of the graphs QS(n,m) or
QC(n,m) is optimal, Nikiforov [115] obtained an upper bound for M, that is better than de Caen’s
(5), for the majority of graphs from G(n, m).

Theorem 3.7. [115] For an integer n and 0 < m < (;) let
2mn/2m if n?/4<m
(n? —2m)v/n? —2m +4mn —n®  if m <n?/4.

F(n,m) =
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Then
F(n,m) —4m < max{S, m,Cpom} < F(n,m).

Furthermore, if n\/n < m < () — ny/n, then

n—1

F(n,m) <m(2m+n—2>.

If we consider bipartite graphs with n vertices and m edges, then the graphs which attain maximum
value of M cannot be threshold graphs, since a bipartite graph does not contain a complete subgraph
with more than two vertices. However, the structure of the extremal bipartite graphs whose M; is max-
imum is similar to the structure of threshold graphs. Let n, m, k be three positive integers. As in [30],
we use B(n,m) to denote a bipartite graph with n vertices and m edges, and B(n, m, k) to denote a
B(n,m) with bipartition (X,Y") such that |X| = k, |Y| = n — k. By B(n,m, k) we denote the set of
graphs of the form B(n,m, k).

The sign of z, denoted by sgn(z), is defined as 1, —1 and 0 when « is positive, negative and zero,
respectively.

Suppose that n, m, k are three integers such that n > 2,0 < m < |][5]and [§] <k <n -1
and let m = gk + r, where 0 < r < k. Let B*(n, m, k) be a bipartite graph in B(n,m, k), such that ¢
vertices from Y are adjacent to all the vertices in X and one more vertex from Y is adjacent to r vertices
in X.

Theorem 3.8. [4] For 0 < m < |%][%] and [%] < k < n — 1, the graph B*(n, m, k) has maximum

M, among all bipartite graphs with n vertices, m edges and given bipartition (k,n — k).
This result was improved by Cheng [30] for bipartite graphs with arbitrarily bipartition.
Theorem 3.9. [30] Let n and m be two integers such that n > 2 and 0 < m < [2|[5]. Let
k’ozmax{k|m:k'q+r, 0<r<k, [g—‘ < kgn—q—sgn(r)} ) (8)
Then, My (B'(n,m, ko)) attains maximum value among all bipartite graphs with n vertices and m edges.
As a consequence, the following upper bound for M, has been determined in [30].

Theorem 3.10. [30] Let n and m be two integers such thatn > 2 and 0 < m < |3][5] and G is a
)

bipartite graph with n vertices and m edges. Then the maximum possible value of M, (G) is

ﬂ (ko*l) k0+ m k’o*Q’l’)’L +m2+m
k() k()

where kg is given by (8).

Zhang and Zhou [151] slightly modified the previous result and proposed the following solution
to the problem of finding all bipartite graphs with a given number of vertices and edges whose M is

maximum.



75

Theorem 3.11. [151]

(1) Let n and m be two integers such that n > 2 and 0 < m < n — 1. Suppose that M, (B*) attains
the maximum value among all bipartite graphs with n vertices and m edges. Then, B* = K, , U (n —
m—1)Kj.

(2) Let n and m be two integers such thatn > 2 andn < m < |5][5]. Let ko being an integer given
by (8). Suppose that M, (B*) attains the maximum value among all bipartite graphs with n vertices and
m edges. Then,

(a) B* = BY(n,m, ko) or B* = BY(n,m,n — ko) if m > (n — ko) (ko — 1);

(b) B* = BY(n,m, ko) or B* = B'(n,m,n—ko) or B* = B'(n,m, ko—1) if m = (n—ko)(ko—1);

(c) B* = BY(n,m, ko) if m < (n — ko) (ko — 1).

In the following, we turn our attention to the minimum of M;. The Cauchy—Schwarz inequality
yields a lower bound for A/; given by
M, > A ©))
n
with equality if and only if the graph is regular. This bound was obtained several times in the literature
[42,85,147] and it is close to the sharp lowest bound for M;, determined in [32] and [62].

Theorem 3.12. [32,62] Let G be a simple (n, m)-graph. Then

2 2 2 2
ez (|52« 5] =[] 5 o
n n n n
and the equality holds if and only if the degree of any vertex is either |2m/n| or [2m/n].

Cheng et al. [30] determined the minimum value of M; of bipartite graphs with n vertices and m
edges.

Let n > 2 be an even integer and ¢ < n/2 a nonnegative integer. By B,,; we denote the bipartite
graph with vertices 1, T2, ..., Tn/2, Y1, ¥2, - - - , Yns2 and edges x;y; with i < j < 7+t (where the addition
is taken modulo n/2) fori,j =1,2,...,n/2.

For two integers 7 and m such that n > 2and 0 < m < |3][5], let 2m = nt 4 r, where 0 < r < n.
We define, as in [30], a bipartite graph B*(n, m) with n vertices and m edges as follows.

If n is even, then B*(n,m) = B, U {zy;|1 <i <r/2}.

If nis odd and nt < 2m < nt + t, let

Bs(mm)%Bs(n—l,m—t—f—l)U{:Eiy0|(n+r—t+1)/2+1Sig(n+r+t—1)/2}

where the addition is taken modulo (n — 1)/2.
Ifnisoddandnt+t <2m <nt+n—t—lLornt+n—t+1<2m <nt+mn,let B5(n,m) =
Bi(n—1,m—t)U{zyol(r—t)/2+1 < i < (r+t)/2}, where the addition is taken modulo (n — 1) /2.

Theorem 3.13. [30] Let n and m be two integers such that n > 2 and 0 < m < |3][5]. Then

M;(B#(n,m)) attains minimum value among all bipartite graphs with n vertices and m edges.
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As a consequence, the following lower bound for M; was obtained.

Theorem 3.14. [30] If G is a bipartite (n, m)-graph, where n. > 2 and 0 < m < [3|[5], then the

minimum possible value of M,(G) is

(4m —n —nt)t + 2m if n is even; or n is odd

and nt+t<2m<nt+n-t-—1

(4m + 1 — nt)t if nis odd and nt < 2m < nt +1t
Adm—n+1—nt)(t+1) fnisoddandnt+n—t+1<2m <nt+n
wheret = |2m/n|.

In [140] the relation between the M; index of an (n,m)-graph and the first three coefficient of its
Laplacian polynomial was considered and as a consequence, a lower bound for M, was obtained and the
corresponding extremal graphs were identified.

By [118], for an (n,m)-graph G, the first three coefficients of its Laplacian polynomial are given by
1 n
w©(G) =1, q(G)=-2m , ¢(G)=2m*>—m— 5;‘1?-
The authors of [140, 141] used these coefficients to define the following invariant of a graph G

Ml(G) = %Ml(G) —2m

as well as the set §; = {G | G is connected, M, (G) = i,i > —1, is an integer}.

Before stating the result, we need several new definitions.

L. denotes the lollipop graph obtained from C, and F, by identifying a vertex of C, with an end-
vertex of P, where g > 3,/ >2andn =g+ ( — 1.

Ty, ¢,.....0, denotes the starlike tree of order n with a vertex u of degree k satisfying T, 4, o, —u =
PL,UP,U...UP,,where {}, > --- > ly >{; >1andn = Zle& + 1. T}, 0,4, 1s also named a
T-shape tree.

The centipede graph PZ{;‘;%A’:;;‘:} is defined as a path of ¢ vertices with pendent paths of z; edges
joining at vertex a; fori = 1,2,...,t, where {a1,as,...,a;} C{2,...,0—1}, 2, >1(1 <i <t)and
n="0+3"_ 2

The sun-like graph C7Hi2-0 is a cycle with girth g and with pendent paths of z; edges joining
at vertex a; fori = 1,2,...,t, where {a1,as,...,a;} C {1,2,...,9}, 2z > 11 <i<t)andn =
g+ i 2

By Dy, 4, We denote the dumbbell graph obtained by joining two cycles C,, and Cy, with a path of
length £, where gy, 9o > 3,¢( > 1landn=g; + g+ ¢ — 1.

The mirror graph M 5.0, 18 obtained from Cy and 17, 4, ¢, by identifying a vertex of C, with an
end-vertex of Ty, 4, ¢,, Where £; > 1 (1 <i<3),g>3andn =g+ Zle ;.

The §-graph 6, ; ;. consists of two vertices joined by three disjoint paths of orders ¢, j and k, where
n=1i+j+k—4.
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By J} 4, .4, We denote a jellyfish graph obtained from C, and T}, ¢, .. ¢, by identifying a vertex of
C, with the center of T}, 4, . ¢, Where g > 3,0, > 1 (1 <i < k).

The fish graph F] Z’féz_’& is obtained from P and M}, , , by identifying an end-vertex of P, with a
vertex of degree 2 which lies in the cycle of ]WZ,Z%&, where g > 3, 0, 01,05, 05 > 1.

By K772 we denote the key graph obtained from C, and P2, by overlapping a vertex of C,, with
an end-vertex of P’ 17’2‘;2’4, where ¢ > 3 and zq, 2o > 1.

The double-starlike tree S}, Lo Laihy ha.. s 18 ODtained by joining the centers of the graphs 7y, ¢, .4,
and T}, p,....n, With a path P, where {;, h; > 1.

These graphs are depicted in Fig. 1.

4
g,
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L4
go O [ ]
e o
Cn Tl P,
@ o0 o -0 -0-0@
1 : :
OG H.
Lg,l le,léz,zl
@G, o o e o o : o0 o0 [ L
. a g a . a,,a .
PZ1lézzésal Mlg1,12,13 Clllrllz?g ’171,12.13,14
L4 e o
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Fig. 1. The graphs occurring in Theorem 3.15.
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Theorem 3.15. [140,141] Let G be a connected (n, m)-graph. Then
(i) M1(G) > 4m — 2, and the equality holds if and only if G € §_1 = {P,|n > 2}.
(ii) If G ¢ G_1, then M1(G) > 4m with equality if and only if

G e 90: {Plycn|n23}U{D1,Zz,[3‘”24}-
(iii) If G ¢ G_1 U Gy, then My(G) > 4m + 2 with equality if and only if

G€91:{L975|7LZ4}U{PGI’G2 \n26}.

21,220

(iv) If G ¢ G_1USGo UGy, then M,(G) > 4m + 4 with equality if and only if

GeGy= {Cahw T4, 05.05,04 \n > 5} U {Méqu%& |TL > 6} U {Pzall’az"a3 |n > 8} .

21,22,97 122,23,0

(W) IfG ¢ G_1 UG UG UGs, then Mi(G) > 4m + 6 with equality if and only if

21,22,23,97 © 21,22,23,24,07 l,21,22

_ a1,a2,a3 a1,a2,a3,a4 o g,L £,01,62 9,a1,a2
G e 93 = {O P Fme,yl,gwJg-ll-lzv91-,37’67F€1,£2,637Sh1,h2,h37K :

The above theorem includes or extends some previously known results [45,66,93, 142].

For a graph G and ¢ = uv € E(G), the degree of the edge e is defined as dg(e) = d(u) + d(v) — 2.

The authors of [140] suggested the following construction that can characterize all connected graphs
in Gi. Using this construction they generalized the result of Theorem 3.15.

Construction A. [140] Suppose that G_1, Gy, . .., 9x_1 have been defined. For each graph G € G,
(1 <t <k —1),itis searched for all possible edges e such that ¢ ¢ F(G) and dgi.(¢) =k —t+ 1in
order to construct the graph G+ e (some vertices are added if necessary). Collect these new graphs G +e
in §). By adding all possible edges of degree 1 to the graphs in G, we obtain all the graphs belonging
to G;.

The following theorem generalizes Theorem 3.15.

Theorem 3.16. [140] Let G be a connected (n, m)-graph.

(i) Mi(G) > 4m — 2 with equality if and only if G € G_1.

(i) IfG ¢ G_1USGoU---UGk_1 (k > 0), then M,(G) > 4m+ 2k with equality if and only if G € Gy,
and Gy, is defined by Construction A.

For given n and m, the graphs with largest M;-values are characterized in [45, 144]. Let B,(f) be a

graph of order n with n + ¢ edges and maximum degree n — 1, second—maximum degree 2 44,7 = 1, 2.

Theorem 3.17. [45,144] Let G be a connected graph of order n with m edges (n —1 < m < n+ 1).

If My is maximum, then:
(1) G=Kypaform=mn—1;
(it) G = Ky pn-1 + eform = n where e = uv with u, v as two pendent vertices in K1 ,_1;

(it7) G = B form =n +1.
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The following upper bound on M is obtained in [144]:
Theorem 3.18. [144] Let G be a connected graph of order n with m (= n + 2) edges. Then
M (G) <n?—n+24
with equality holding if and only if G = BY orG =~ (Kn-4V3K;)UK;.

For any integer m satisfying n +3 < m < 2n — 4, we denote by Ng—n{ m=n+2 3 graph of order n and

with m edges in which the maximum degree is n — 1 and the second-maximum degree is m — n + 2.
Theorem 3.19. [144] Let G be a connected graph of order n with m edges, n+3 < m < 2n — 4. Then
Mi(G)<n(n—1)+(m—n+1)(m —n+6)

with equality holding if and only if G = Ny, bm="+2,

4. On graphs with given parameters whose M -value is extremal

In this section we give a survey of upper and lower bounds for M; of graphs with some fixed parameters.

Knowing the value of the maximum or minimum degree, the bound (5) can be sharpened.

Theorem 4.1. [32] Let G be a connected graph with n vertices, m edges and minimum degree §. Then

Z d? < 2mn —n(n —1)6 +2m(s — 1) (11)

1=1

and the equality holds if and only if G is a star or a regular graph.

Theorem 4.2. [32] Let G be a connected graph with n vertices, m edges and maximum degree . Then

2 4 1
My<m (=" fp—o) A2 o P A (12)
n—1 n—1 n—1

where my is the average degree of the vertices adjacent to the highest degree vertex. Moreover, equality

in (12) holds if and only if G is a star or a complete graph or a graph consisting of isolated vertices.

Das [32] suggested that in the case of trees, the upper bound (12) is always better than de Caen’s
bound (5).

Theorem 4.3. [154] Let G be an (n, m)-graph with minimum degree 0. Then

Mi(G) < n(2m — on) + % [52 F1+0—-1)VE + 12+ 42m — 5n)}

and equality holds if and only if G is a regular graph or K ,,_1.
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Denote by K3 ,,_, a connected graph of order n obtained from the complete bipartite graph K3, 2
with two vertices of degree n — 2 joined by a new edge. A kite K1, , is the graph obtained from a clique
K, and a path P,,_, by adding an edge between a vertex from the clique and an endpoint from the path.

Recently, Das et al. [41] determined an upper bound for M; in terms of n, m, and A.

Theorem 4.4. [41] Let G be an (n, m)-graph with maximum degree A. Then

2(m — A)?

Mi(G)<(n+1)m—An—-A)+ —

with equality holding if and only if G = K3, 5 or G = K, or G = Kip 1.
Additional extensions of de Caen’s upper bound (5) are given in the following three theorems.

Theorem 4.5. [33] Let G be a graph with n vertices, m edges, minimum degree 6, and maximum degree

A. Then A
2m n—2
M, < A4 (A — 1-— 1
1_m[n—l_}—n—l * 5)< n—l)} (13)

with equality if and only if G is a star or a regular graph or a complete graph Ka 1 withn — A — 1

isolated vertices.

Note that by (13), it holds

Mlﬁm[,f_mﬁf(”*)—[n—?_@_‘m (1_A>]

n—1

and since 1 — A/(n—1) > 0and n —2 — (A —0) > 0 for connected or disconnected graphs, the upper
bound (13) is always better than de Caen’s bound (5), as proven in [33].

For 1 < a < n — 1, the complete split graph C'S(n, «) is the graph on n vertices consisting of a
clique on n — « vertices and a stable set on the remaining « vertices in which each vertex of the clique

is adjacent to each vertex of the stable set.

Theorem 4.6. [31,33] Let G be a graph with n vertices, m edges, minimum degree 6, and maximum
degree A. Then

< 2m 2m + (n — 1)(A = 0)]
- n+A—0
with equality if and only if G is a star or a regular graph or a complete graph Ka 1 withn — A — 1

M, (14)

isolated vertices.
If G is a connected graph, then the equality in (14) holds if and only if G is a regular graph or
G = CS(n, ), for an integer c.

The upper bound given by (14) is better than the bound (5), since the right-hand side of the inequality
(14) is a monotonically increasing function of A —dand A —§ < n — 2.

In [33] Das also obtained the following upper bound on M.
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Theorem 4.7. [33] Let G be a graph with n vertices and m edges, minimum vertex degree § and
maximum vertex degree /\. Then
M; <2m(d + A) —ndA (15)

with equality if and only if G is a bidegreed graph, i.e., it has only two type of degrees, 6 and A.
In [154], the above upper bound was improved by proving the following.

Theorem 4.8. [154] Let G be a graph with n vertices and m edges, minimum vertex degree § (6 > 1),

maximum vertex degree A\ and A > §. Then
M; <2m(d+A) —ndA+ (6 — k)(A — k) (16)
where k is an integer defined via
2m—nd =k —0(mod(A—=9)) , 6<k<A-1

Le.,

k=2m—8n—1)—(A—9d) fm_”‘sJ .

A=

Equality in (16) is attained if and only if at most one vertex of G has degree different from § and A.

Recall that a chemical graph is a graph with A < 4. From the previous theorem, the following

corollary is immediately deduced.

Corollary 4.1. [154] Let G be a chemical graph withn > 2 and m edges. Then
10m — 4n, if 2m —n = 0(mod 3)
M (G) <

10m — 4n — 2 otherwise

with equality if and only if either
(i) every vertex of G is of degree 1 or 4 (in which case it must be 2m —n = 0 (mod 3), or

(ii) one vertex of G has degree 2 or 3, and all other vertices are of degree 1 or 4.
In the paper [84], the following inequality, stronger than (15), has been obtained.

Theorem 4.9. [84] Let G be a simple non-regular graph with n vertices and m edges, with a vertices

of maximal degree A and b vertices of minimal degree 0. Then
Mi(G) <2m(A+0)—nAd—(n—a—b)(A—-06—-1) (17)
with equality if and only if the vertex degrees are equal to 6, 6 + 1, A — 1, or A.

Some additional upper bounds for M; were presented in [50,84,103,112,113].
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Theorem 4.10. [103] Let G be a connected (n, m)-graph. Then

Mlgmax{m<A+5—1+2minl)>,m<6+1+W>} (18)

and the equality is attained, for example, by a star or a regular graph of order n > 3.
It was proven in [103] that for n > 3, the bound (18) is better than (6).

Theorem 4.11. [50,84,103] Let G be connected (n, m)-graph. Then

2m? A 5\ m?
< — — — -
Mi(G) < - +(6+A> - (19)

with equality if and only if G is a regular graph or G is a bidegreed graph such that A + 6 divides dn
and there are exactly p = 2n/(A + §) vertices of degree A and g = An/(A + §) vertices of degree 0.

In fact, the inequality in the previous relation was independently proven in [50, 84, 103], whereas
the equality case was determined first in [103] and then corrected in [84]. As a simple corollary of the

previous theorem, the following result was obtained.

Corollary 4.2. [84,103] Let G be a connected graph with n vertices and m edges. If 6 = 1, then

nm?

M(G) <
(@) = n—1
with equality if and only if G = K1 ,,_1. If § > 2, then

< (n+1)2m?

M(G) < 2n(n —1)

with equality if and only if G = K.
The upper bound (19) was improved in [112] in the following way.

Theorem 4.12. [112] Let G be a connected (n, m)-graph, n > 2. Futher, let S be a subset of I, =

{1,2,...,n} that minimizes the expression |y, s d; — m|. Then

i< 2 1o ({5 2) s

B<S>=%Zdi (1—2;2@-)

where
ics €S
and with equality as determined in Theorem 4.11.

As noted in [112], for each set S C I,, itholds 3(S) < 1, implying that the inequality (20) is stronger
than (19). Besides, by Theorem 4.12, the bounds from Corollary 4.2 were also improved:
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Corollary 4.3. [112] Let G be a connected graph with n vertices and m edges, n > 2. If § = 1, then

(@) < 28 [+ B2 )

with equality if and only if G = K ,,_1. If 0 > 2, then

@) < 22 [1+ D= )
with equality if and only if G = Ks.

The following upper bound for M was obtained in [50].
Theorem 4.13. [50] Let G be a simple (n, m)-graph. Then

M(G)<4%+ (A =52 21

This bound is improved as follows.

Theorem 4.14. [78,112,113] Let G be a connected (n, m)-graph. Then

Mi(G) < =[a(n)(A = 0)* + 4m?] (22)

S

where the integer function «(n) is defined as

o= 3] (-2 13)

The equality holds if and only if G is a regular graph.

The above inequality was first obtained in the paper [78], but the function a(n) was erroneously
defined via [z]. The correct proof was given in [112, 113] and the equality case was characterized only
in [112]. It can be easily seen [112] that the inequality (22) is stronger than the inequality (21) for each
oddn,n > 3.

An upper bound on the first Zagreb index M;(G) in terms of n, m, A, 4, and the second—maximum

vertex degree A, was obtained in [39].

Theorem 4.15. [39] Let G be a graph with n vertices (n > 1), m edges, maximum degree A, second—

maximum degree Ay and minimum degree 0. Then

A2
VA P Yy S VYN 23)

- n-—1
Equality holds in (23) if and only if G is isomorphic to a graph H, such that dg(Hl) ds(Hy) =--- =
d,(H1) = § or G is isomorphic to a graph Hs such that dy(Hsy) = d3(Hs) = = dy1(Hs) = Ay and
dp+2(H2) = p+3(H2) == d2p+1(H2> =d,n= 2p+ 1.

The upper bound (23) was improved in the same paper.



84

Theorem 4.16. [39] Let G be the same graph as in Theorem 4.15. Then
M (G) < A? + (A +0)(2m — A) — (n — 1)Aq6. (24)

Equality holds in (24) if and only if G is isomorphic to a graph H such that dy(H) = d3(H) = -+ =
dy(H) =N anddy 1 (H) =dpo(H)=---=d,(H)=96,2<p<n.

As it was outlined in [39], the bound (24) is always better than the bound (15). By [39], it holds
2m(A +6) —nAS > A%+ (Ay +6)(2m — A) — (n — 1)Ay 6

& 2m(A = Ag) + A(Ay+6) — A2 — nd(A — Ay) — Ayd >0

& 2m—A-ni+0)(A—-D) =06 Y (di—0)(A-2N2y)>0
=2
which is obviously always obeyed.
Similarly, it was proven in [39] that the bound (24) is always better than the bound (23).
Some further estimations of the first Zagreb index were proposed in [40]. For a vertex v; of the graph
G we denote by m, the average degree of the vertices adjacent to v;. Denote by 1 and v the maximum

and minimum of m;. Then it holds:

Theorem 4.17. [40] Let G be a connected graph of order n with m edges. Then

2mi2m — (A —v)(n — 1)]

2m[2m + (p —0)(n — 1)]
n+v—A '

n+up—>9

< My(G) < (25)

Equality on the left-hand side of (25) holds if and only if G is regular. The right-hand side equality
holds in (25) if and only G is either regular graph or G = CS(n, ).

As noted in [40], Theorem 4.17 generalizes the previously obtained upper bound (14).
The irregularity index ¢(G) of a graph G is defined as the number of distinct terms in the degree
sequence of G. Before we state the next result, we need a few more definitions from [35].
Let T be the class of graphs H; = (V, E) such that H; is a graph of order n, irregularity index ¢,
maximum degree A and
A=t ,  di=1,i=t+1,t+2,...,n.

Let Y5 be the class of graphs Hy = (V, E) such that H, is a graph of order n, irregularity index ¢,

maximum degree A and

A—it+l ; i=1,2.. .t
d; =
A o i=t+1,t4+2,...,n.

Theorem 4.18. [35] Let G be a graph of order n with irregularity index t and maximum degree . Then

My(G)> Zt(t+1)(2t+1)+n—t

=



85

with equality if and only if G € Ty, and
1
M (G) <t(A+1)* + 5 tt+1)2t+1) — (A+1)tt+ 1)+ (n —t)A?
with equality if and only if G € V3.

In the papers [154, 156, 158] Zhou et al. determined upper bounds for M; of K, -free graphs with

n vertices, where r > 2.
Theorem 4.19. [154] Let G be a triangle—free (n, m)-graph. Then

M(G) <mn (26)
and equality holds if and only if G is a complete bipartite graph.

By Turdn’s theorem, for an (n, m)-triangle—free graph it holds m < L”TZJ with equality if and only if
G = K|z 121. Then, by the previous theorem, for an (n, m)-triangle—free graph it holds [154]

with equality if and only if G = K|z 2.

Before we state the next results, we need few more definitions from [158]. By W,, we denote a graph,
obtained by slightly redefining a class of graphs known as windmills. For n odd, Wn is a graph obtained
by taking ”T’l triangles all sharing one common vertex. For n even, Wn is a graph obtained from I/NVn_l
by attaching a pendent vertex to a central vertex of Wn_l. Also, let even(n) = 1 if n is even, and 0
otherwise.

Theorem 4.20. [158] Let G be a quadrangle—free graph with n vertices and m > 0 edges. Then,
M, (G) <n(n—1)+2m — 2even(n)
with equality if and only if G = Wn

The Moore graph is an r-regular graph with diameter & whose order is equal to

k1
1+ rZ(r —1)".
=0

Hoffman and Singleton [75] proved that every r-regular Moore graph with diameter 2 must have
re{2,3,7,57}.

Theorem 4.21. [158] Let G be a triangle— and quadrangle—free graph with n > 1 vertices. Then,
M (G) <n(n-1)

with equality if and only if G is a star K1 ,,_1 or a Moore graph of diameter 2.
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Zhou [156] proved a general result concerning K, {-free graphs with n vertices, where » > 2. If
r > n, then obviously M;(G) < M;(K,,) with equality if and only if G = K. Thus, in the following
theorem it is supposed that 2 < r <n — 1.

Theorem 4.22. [156] Let G be a K, 1-free graph with n vertices and m > 0 edges, where 2 < r < n—1.
Then, M,(G) < (2r — 2)mn/r and the equality holds if and only if G is complete bipartite graph for
r = 2 and a regular complete r-partite graph for r > 3.

Besides, as a consequence, in the same paper [156] the following upper bound was obtained.

Theorem 4.23. [156] Let G be a K11 41- and K oy1-free graph with n vertices and m > 0 edges,
where 0 < k < (. Then
M (G) <2(k+1—-{0m+fn(n—1)

with equality if and only if each pair of adjacent vertices in G has exactly k common neighbors and each

pair of non-adjacent vertices in G has exactly { common neighbors.

In [100], upper bounds for M; were obtained in terms of the number of vertices, number of edges,

and diameter (or girth). Recall that the girth g = g(G) is the size of the smallest cycle in G.
Theorem 4.24. [100] Let G be an (n, m)-graph with diameter D. Then
M (G)=n(n—1)* if D=1

and
M(G)<m?—m(D-3)+(D-2) if D>1. (27)

If D = 2, then equality in (27) holds if and only if either G = K, ,_; or G = Ks. If D > 3, then
equality in (27) holds if and only if G = Pp,.

Theorem 4.25. [100] Let G be a connected (n, m)-graph with girth g > 4. Then M,(G) < m? with
equality if and only if G = C,.

In the paper [89], sharp upper bounds for M; and M, are given among n-vertex bipartite graphs
with a given diameter D. Denote by B(n, D) the set of bipartite graphs on n vertices with diameter
D. When D = 1, then the bipartite graph is just K5. So, it is assumed that D > 2. If G € B(n, D),
then there exists a partition Vo, Vi, ..., Vp of V(G) such that |V| = 1 and d(u, v) = i for each vertex
veViandu € Vp,i=1,2,...,D. Let m; = |V;|. Let G[a, s, t, b] be a graph with s = m, = [V, | > 1,
t=mgy1 = |Vor1| > 1, |Vj| =1forj € {0,1,...,D}\{a,a+1},a+b=D—1,s+t =n—D+1, and
two consecutive partition sets inducing a complete bipartite subgraph. Also, without loss of generality,

it is assumed that a < b.

Theorem 4.26. [89] Let G € B(n, D) with the maximal M,-value or My-value, then

¢=cfa |"27E ST o)
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Furthermore, the parameters a and b satisfy the following conditions with respect to the diameter of

(i))if D=2 thena=0,b=1;
(ii)if D=3, thena=1,b=1;
(iii) if D =4, thena =1, b= 2;
(iv)if D =05, thena =2,b=2;
(v)if D=6, thena=2,b=3;
(vi)if D > 17, thena > 3,b> 3.

As a consequence, the bipartite graphs with largest, second-largest and smallest M;-values (resp.

M,-values) have been characterized.

Theorem 4.27. [89] Among all bipartite graphs of order n > 2, the graph K|z 12\ has the largest M)~
and Msy-values, whereas the path P, has the smallest M,— Ms-values.

Theorem 4.28. [89] Among all bipartite graphs with order n > 2, the graph K |ns2) [nt2) has the
second-largest My values and Ms-values for even n, and the graph K|z | 111 — e has the second-largest

Mi-values and Ms-values for odd n.

For triangle— and quadrangle—free graphs, an upper bound for M; was established in terms of n and

radius 7.

Theorem 4.29. [145] Let G be a triangle— and quadrangle—free connected graph with n vertices and
radius r. Then, M1(G) < n(n + 1 — r) and the equality holds if and only if G is a Moore graph of

diameter two or G is the 6-vertex cycle Cg.

Morgan and Mukwembi [114] derived an upper bound for M; in terms of n, m, and the number of

triangles ¢.
Theorem 4.30. [114] Let G be an (n, m)-graph with t triangles. Then,
M(G) <mn+3t. (28)

Asnoted in [114], the equality in (28) is attained by the complete graph K, and the complete bipartite
graph K’z ». This bound is the generalization of the bound (26). Besides, for graphs with limited number
of triangles, such as triangle—free graphs, the bound (28) is better than the de Caen’s bound (5). Also,
by [114], the bound (28) is better than Nikiforov’ s bound (Theorem 3.7) for graphs with many edges.

By Theorem 4.30, the following corollary was obtained in [114].

Corollary 4.4. [114] Let G be an (n, m)-graph with maximum degree A. Then,

Mi(G) <m(n+A—1).
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A vertex of degree 1 (pendent vertex) is sometimes called a leaf vertex. The leaf number L(G) of G
is defined [114] as the maximum number of leaf vertices contained in a spanning tree of GG. This graph
invariant has applications in the optimization of centralized terminal networks [54].

In addition, the following upper bound for M in terms of n, m, the number of triangles, and the leaf

number has been obtained in [114].

Theorem 4.31. [114] Let G be an (n, m)-graph with ¢ triangles and leaf number L. Then,
M (G) <m(L+2)+3t.

Recall that a matching of a graph is a set of mutually independent edges in a graph, i.e., set of edges
with no common vertices. The matching number $(G) of the graph G is the number of edges in a
maximum matching. Obviously, 5(G) = 0 if and only if G is an empty graph. For a connected graph G
with n > 2 vertices, 5(G) = 1 if and only if G = K;,_; or G = Kj;. A matching M is said to be an
m-matching if |[M| = 8(G) = m. If 8(G) = n/2, then the graph has a perfect matching.

Theorem 4.32. [51] Let G be a connected graph with n > 4 vertices and matching number (3, such that
2 < B < |n/2]. Let
1
b= (n+3+ V377 =300 +9).

Then the following holds:
(1)If B = |n/2], then
M, (G) < n(n—1)2
with equality if and only if G = K,,.
(2)Ifb < B < |n/2] — 1, then

M (G) <n®—n+83° —128% + 48

with equality if and only if G = K| V (Kag_1 U Kp_25).
(3)If B = b, then

M (G) < bn® +b*n — 2bn —b* +b = n® —n + 8b* — 126 + 4b

with equality if and only if G = Kg V K,,_g or G = K; V (K251 U K,,_25).
(4)if2 < B < b, then
Mi(G) < Bn® + 3 —26n — 3° + B

with equality if and only if G = Kz V K,,_g.

A cut edge in a connected graph G is an edge whose deletion breaks the graph into two components.
Denote by G the set of connected graphs with n vertices and k cut edges. The graph K* is a graph
obtained by joining k independent vertices to one vertex of K,,_; and the graph C¥ is a graph obtained

by identifying an end vertex of P, ; with a vertex of C,,_, (this graph was mentioned before as a lollipop

graph L,,_j p41).
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Theorem 4.33. [52] Let G € G~. Then
An+2<M(G)Y<(n—k—=1P2+(n—-1)>2+k

with left-hand-side equality if and only if G = C* and with right-hand-side equality if and only if
G~ K*,

For any set W of vertices (edges) in a graph G, if G is connected and G — W is disconnected, we
say that W is a |IV|-vertex (edge- ) cut of G.

For k > 1, we say that a graph G is k-connected if either G is the complete graph K1, or else
it has at least k& + 2 vertices and contains no (k — 1)-vertex cut. Similarly, for ¥ > 1, a graph G is
k-edge—connected if it has at least two vertices and does not contain an (k — 1)-edge cut. The maximal
value of k for which a connected graph G is k-connected is the connectivity of G, denoted by x(G). If
G is disconnected, we define x(G) = 0. The edge—connectivity £'(G) is defined analogously.

Denote by V¥ the set of graphs of order n with x(G) < k < n — 1, and by &F the set of graphs of
order n with '(G) < k < n — 1. Also, let G* be a graph obtained by joining k edges from & vertices of
K, 1 to an isolated vertex. Obviously, G € V¥ C &k,

Li and Zhou in [92] investigated the Zagreb indices of G € V¥ (resp. €F) and gave sharp upper and
lower bounds for M;(G) and M, (G), respectively. Besides, Hua in [81] independently obtained sharp
upper bound for the first Zagreb index of graphs from G € V¥ (resp. &F).

Theorem 4.34. [81,92] Among all graphs G in V¥ (&), k > 0,
An—6< M (G)<k(n—172+k +(n—k—1)(n—2)°
with left-hand side equality if and only if G = P, and right-hand side equality if and only if G = G%.

A subset S C V(G) of mutually non-adjacent vertices in a graph G is said to be an (vertex-) inde-
pendent set in G, and the independence number o(G) is the maximum cardinality of an independent set
in G. Besides, the so-called vertex-independence number and edge-independence number of a graph G
can be defined as follows. Let S be an (vertex-) independent set of G. If for any vertex z € V(G) \ S it
holds N(x) NS # 0, then S is called maximal vertex—independent set of G. Let

i(G) = min{|S]| : S is a maximal vertex—independent set of G} .

Then i(G) is said to be the vertex—independence number of G.

A subset T of E(G) is said to be an edge—independent set of G if T contains exactly one edge or any
two edges in 7" (if such do exist) sharing no common vertices. Let 7" be an edge—independent set of G.
For any e € E(G)\ T, if {e} UT is no longer an edge—independent set of G, then T is called a maximal
edge—independent set of G.

Let

m(G) = min{|T| : T is a maximal edge—independent set of G} .
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Then m(G) is said to be the edge—independence number of G.

For a connected graph G it holds, as noted in [81], that 1 < i(G) < |§] and 1 < m(G) < [§]. For
2 <k < (n—1)/2, wedefine, as in [81], a graph G, ,,, . », as follows.

For2 <mn; <n—-2k+2,¢=12,...,k let K,,, K,,,...,K,, becomplete graphs of orders

ny,Na, ..., Ny, respectively, with V(K,,,) = {vi1, ..., vin, }. Let

Gnl,ng,“wnk = (Knl - {Ull}) \ (Kn2 - {U21}) VeV (Knk, — {U]cl}) .

For k = 2, let émm be the graph obtained from G, ,,, by adding to it the edge v11v91.
Sharp upper bounds for the first Zagreb index of graphs with given vertex- (edge-) independence

number are obtained in [81].

Theorem 4.35. [81] Let G be a connected graph with n vertices and i(G) = k for 1 < k < |n/2].
Then the following holds:

(i) If k = 1, then M,(G) < n(n — 1)? with equality if and only if G = K,

(ii) If k = 2, then M;(G) < (n — 1)(n — 2)? + 4 with equality if and only if G = égvn,Q.

(iii) If 3 < k < (n—1)/2, then M1(G) < (n—k)*>+ (n — 2k +1)® + k — 1 with equality if and only
ifG = G, 2n-2kt2

(iv) If k = n/2, then M,(G) <

n?
4

with equality if and only if G = K .

Theorem 4.36. [81] Let G be a connected graph with n vertices and m(G) = k. Then
M (G) < 2k(n — 1) + 4k*(n — 2k)

with equality if and only if G = Ko V (n — 2k) K.

An outerplanar graph is a planar graph that has a planar drawing with all vertices on the same face.
Thus, a graph is outerplanar if it can be embedded in the plane so that all its vertices lie on the outer face
boundary. An edge of an outerplanar graph is said to be a chord if it joins two vertices of the outer face
boundary of G, but is not itself an edge of the outer face boundary. A maximal outerplanar graph is an
outerplanar graph such that all its faces, except eventually the outer face, are composed by three edges.
Such a graph on n (n > 3) vertices has a plane representation as an n-gon triangulated by n — 3 chords.

Denote by P, the graph obtained from P, by adding new edges joining all pairs of vertices at

distance 2 apart. Fig. 2 shows P,  for the even and odd values of n.
k+1 k+2 m( RW 2k-1
1 2 3 k-1 k 1 2 3 k-1 k

Fig. 2. The graph P, 5 forn = 2k and 2k — 1.
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In thw paper [80], Hou et al. determined sharp upper bounds for M; among all (maximal) outerplanar
graphs on n vertices, as well as among all 2k-vertex conjugated (maximal) outerplanar graphs (i.e.,
outerplanar graphs on 2k vertices with perfect matchings).

Theorem 4.37. [80] Let G be a maximal outerplanar graph on n (n > 4) vertices.

(i) If n = 6, then M7 (G) < 60, with equality if and only if G = K; V P; or G = H, where H is the
graph depicted in Fig. 3.

(ii) If n # 6, then M,(G) < n? 4+ Tn — 18 with equality if and only if G = K, V P,_;.

Fig. 3. The graph occurring in Theorem 4.37.

Theorem 4.38. [80] Let G be conjugated maximal outerplanar graph on 2k vertices. Then
32k — 38 < My (G) < 4k* + 14k — 18. (29)

The left equality holds if and only if G = Py, 0. If k # 3, then the right equality holds in (29) if and only
ifG= K1V Py_1. If k = 3, then the right equality holds in (29) if and only if G = K1V Psor G 2 H
(where H is depicted in Fig. 3).

Since by the definition of Zagreb indices it holds M;(G — ¢) < M;(G), fori = 1,2 and e € E(G),
the extremal outerplanar graphs (with perfect matchings) whose M;-values attain maximum must be
maximal outer planar graphs. Thus, the statements of Theorems 4.37 and 4.38 still remain true for
outerplanar graphs and conjugated outerplanar graphs, respectively. Similarly, the extremal outerplanar
graphs (with perfect matchings) whose M;-values attain minimum must be n-vertex trees, in fact n-
vertex paths.

A graph is called a series—parallel if it does not contain a subdivision of K, [48]. For example,
outerplanar graphs are series—parallel.

Theorem 4.39. [155] Let G be a series—parallel graph with n > 2 vertices and m edges. Suppose that
G has no isolated vertices. Then
Mi(G) <n(m—1)+2m

with equality for n > 3 if and only if G is isomorphic to K 1 ,,—2.
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The clique number of G, denoted by w(G), is the number of vertices in a largest clique of G. Let
W, . be the set of connected n-vertex graphs with clique number %. The graphs with extremal (maximal
and minimal) Zagreb indices belonging to W,, , are characterized in [143]. Recall that the Turdn graph
T, (k) is a complete k-partite graphs whose partition sets differ in size by at most one. Obviously, for
k =1, the set W,, , contains a single connected graph K. When k = n, the only graph in W, ;, is I,.
So, it may be assumed that 1 < k < nandletn = kg +r,where 0 <r < kand g = L%J

Theorem 4.40. [143] Let G € W,, .. Then

3@ < =) [g] (o= (1) ++ [5] (- TR1)

with equality if and only if G = T, (k).

In the following, we give a survey of results on the minimum of M; among the graphs with some
given parameters.

Let I" be the class of graphs H = (V| E), where H is a graph of minimum vertex degree § and
maximum vertex degree A (A # §) such that

d2:d3:"':dn,1:dn:5, di:dH(Ui), 7:2,3,,7’?

Let I'; and I'; be the class of graphs such thatdy, = ds = --- = d,,—1 = Ao, d, = 6, withd; = A > d,
1=2,3,...,nand d; = § withdy > dy > d;, i = 3,4,...,n, respectively. Das [32,41] obtained the

following lower bounds for M; which are better than (9).

Theorem 4.41. [32] Let G be an (n, m)-graph with maximum degree A\ and minimum degree 0. Then

2m — A —§)?
M, > A2 + 52 + M
n—2
with equality if and only if G is regular or G € I" or G € T's.

Theorem 4.42. [41] Let G be an (n, m)-graph with maximum degree A, second—maximum degree A\,

and minimum degree §. Then
2m — A)?2 2(n—2)
M, > A? ( Ay —0)2.
L= At n—1 +(n—1)2( 2= 9)

The equality holds if and only if G is regular or G € T'.

Recently, Milovanovi¢ and Milovanovi¢ [112] proposed a new lower bound for M; better than (9).
The conclusion related to the equality case was wrong in [112] and it was eventually corrected in [109],

and the equality case additionally corrected in [36].

Theorem 4.43. [36,109,112] Let G be an (n, m)-graph, n > 2, with maximum degree A and minimum
degree §. Then

4m? 1 2

with equality if and only if G has the property dy = d3 = -+ - = d,_1 = (A + 0)/2, which includes also
the regular graphs.
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In [36], the following strengthening of Theorem 4.43 was achieved:

Theorem 4.44. [36] Let G be an (n, m)-graph, n > 2, with maximum degree A and minimum degree

0. Then
4m? 4+ (n — 1)(A%? + 6%) — Am(A + §) + 2A6

n—2
with equality if and only if G has the property dy = d3 = --- = d,,_.

M, >

In the paper [109], the following lower bounds for M, better than (9), were also obtained.

Theorem 4.45. [109] Let G be an (n,m)-graph, n > 3, with maximum degree A, minimum degree ¢
and the second—-maximum degree A,. Then
(2m — A — Ay)?
n—2
with equality if and only if G is regular or G € T or G € T's.

M, > A*+ A3+

Corollary 4.5. [109] With the assumptions as in Theorem 4.45, one has the inequality
(2m — A)?

M; > A* +
n—1

with equality if and only if G is regular or G € T.

A lower bound for M; of maximal outerplanar graphs was established in [80].
Theorem 4.46. [80] Let G be maximal outerplanar graph on n vertices. Then

M,(G) > 16n — 38 (30)

and the equality holds if and only if G = P, ,.

In the paper [143], a sharp lower bound for M, of n-vertex graphs with a given clique number has
been determined.
Theorem 4.47. [143] Let G € W, . Then

M (G)> k> —2k* —k+4n — 4

with equality if and only if G = Ki,, y, where K1, is a kite.

The local independence number a(v) of a vertex v, is the independence number of the subgraph
induced by the closed neighborhood of v. The average local independence number a(G), of a graph G,
is defined as + >°, () a(v), [43].

In the paper [114], the following upper bound on the average local independence number in terms of
n, m, the number of triangles ¢, and the first Zagreb index M, is obtained, from which the lower bound

on M can be deduced.

Theorem 4.48. [114] Let G be connected (n, m)-graph with t triangles. Then

1 1 1
o < — — — — —
a(G)\/n(Ml 2m 675)—1-4-1-2.

Also, it was proven in [50] that for an n-vertex graph G, n > 3, without isolated vertices, M;(G) >
3m and My(G) > 2m with equality if and only if G = P;.
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S. Second Zagreb index

We first consider upper bounds for M.
Let G be an (n, m)-graph. Bollobas and Erdds [18] proved that if m = k2, then My(G) < m(k—1)?,
with equality if and only G is the union of the complete graph K. and isolated vertices. This result can

be reformulated as follows.

Theorem 5.1. [18] Let G be a graph with n vertices and m edges. Then

i) < yfon s £-1)

with equality if and only if m is of the form m = (’;) for some positive integer k, and G is the union of

the complete graph K, and isolated vertices.
For given n and m, the graphs with largest Ms-values are characterized in [45, 144].

Theorem 5.2. [45,144] Let G be a connected graph of order n with m edges, n — 1 <m < n+ 1. If

My is maximum, then

(i) G2 K1 form=n—1;

(1) G = Kj -1+ eform =n where e = uv with u, v as two pendent vertices in K1 ,_1;
(1) G = B form =n+1.

The following upper bound on M, is obtained in [144]:
Theorem 5.3. [144] Let G be a connected graph of order n with m (= n + 2) edges. Then
My(G) < n?+4n + 22

with equality holding if and only if G = (K,,_, V3 K;) U K.

Denote by K ,Z’k the graph obtained by attaching n — k pendent vertices to one vertex of K. For
any positive integer ¢ < k, let K Z”“(t) be a graph obtained by adding ¢ new edges between one pendent
vertex in K,f”“ and t vertices with degree k& — 1 in it. In particular, (K,_4, V3 K;) U K; & KZ"‘. For

given n and m, the graph with largest Ms-values is characterized in [144]:

Theorem 5.4. [144] Let G be a connected graph of order n with m edges, such that m = n + (k) -
k, k > 4. If My is maximum, then G = K,Z’k.

Xu, Das and Balachandran [144] gave the following conjecture:

Conjecture 5.1. Let G be a connected graph of order n with m edges, m > n + 3. If My is maximum,
thenG%K,?’k(t) ifm—n= (';) —k+twithl <t<k—-1land4<k<n-2.
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Bollobas, Erdés and Sarkar [19] proved the following:

Theorem 5.5. [19] Let k and r be positive integers such that 0 < r < k. Then all graphs G with
m = (;‘) + r edges and minimal degree at least one, satisfy
2T ok —1 2
My(G) <k 9 +(k-1) 9 +k(k=1)(k—r)r+kr
and the equality holds if and only if the graph G consists of a complete graph K, together with an

additional vertex joined to r vertices of K.

In the papers [154, 156, 158], results concerning upper bounds for the second Zagreb index of K, -

free graphs, r > 2, were obtained.
Theorem 5.6. [154] Let G be a triangle—free graph with m > 0 edges. Then,

MQ(G) < m2

with equality if and only if G is the union of a complete bipartite graph and isolated vertices.

By Turdn’s theorem, for an (n, m)-triangle—free graph, m < L"{j with equality if and only if G =

K|z rzy. Then, by the previous theorem, for an (n, m)-triangle—free graph it holds [154]

i< 2]

with equality if and only if G & K[%J [e1.
Recall that we use the notation even(n) = 1 if n is even and even(n) = 0, otherwise.

Theorem 5.7. [158]
(i) Let G be a quadrangle—free graph with n vertices and m > 0 edges. Then,

M(G) < mn + (Z) — cven(n)

with equality if and only if G = Wn for odd n, where Wn is the graph defined in Section 4 (in Theorem
4.20).
(ii) Let Let G be a triangle— and quadrangle—free graph with n vertices and m > (0 edges. Then,

My(G) <m(n—1)
with equality if and only if G is the star K1 ,_1 or a Moore graph of diameter 2.
More generally, it holds:

Theorem 5.8. [156] Let G be a K, 1-free graph with n vertices and m > 0 edges, where 2 < r < n—1.
Then

2 —1)(r—2
My(G) < =m? + Wmn2
r r

and the equality holds if and only if G is the complete bipartite graph for r = 2 and a regular complete
r-partite graph for r > 3.
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As a consequence, the following theorem has been proved.

Theorem 5.9. [156] Let G be a K 1 +1- and Ko 1 1-free graph with n vertices and m > 0 edges, where
0<k<I Then

My(G) <mk+1-0D2+1(n—1)m+ %(k +1-=10in(n—-1)

with equality if and only if each pair of adjacent vertices in G has exactly k common neighbors and each

pair of non-adjacent vertices in G has exactly | common neighbors.

In the paper [87], Lang et al. considered the second Zagreb index of bipartite graphs with a given
number of vertices and edges and gave a necessary condition for a maximal M,-value. Denote by
B(X,Y) aconnected bipartite graph with a bipartition (X, Y") and by B(X,Y") the set of bipartite graphs
B(X,Y). In [87], the following ordered sets are defined. Let {u, v} € V(G). The pair of vertices {u, v}
is said to be ordered if d(u) > d(v) implies Ng(v) C Ng(u). A subset S C V(G) is called an ordered set
of vertices if any pair of vertices of S is ordered. Also, B(X,Y’) is said to be an ordered bipartite graph
if X and Y are ordered sets of vertices. Otherwise, the graph B(X,Y") is referred to as an unordered

bipartite graph.

Theorem 5.10. [87] Let m and n be two integers such thatn — 1 < m < |n/2|[n/2]. If B(X,Y)
attains the maximum value of the second Zagreb index in B(X,Y') with n vertices and m edges, then

B(X,Y) must be an ordered bipartite graph.

Theorem 5.11. [87] Let m, n and p be integers such thatm = (n—1)+(p—1)(ny—1)+k, wherep > 1,
k < ng — 1. If the graph B(X,Y ) with | X| = ny and |Y'| = ng satisfies |[{v € X|d(v) = na}| = p, then

My(G) < prany + p* n3 +ni + (k — p)ny + p(k — p)na + (p+ 1)k(k +1).

In the next theorem, in addition to n and m, the upper bounds depend also on the minimum vertex
degree 4.

Theorem 5.12. [158] (i) Let G be a quadrangle—free graph with n vertices, m edges and minimum
vertex degree 6 > 1. Then

My(G) <2m? — (n—1)md + (6 — 1) [(Z) + m}
with equality if and only if G is isomorphic to a redefined windmill Wn (see Theorem 4.20) for odd n, or
5K for even n, or the star Ky ;1.

(ii) Let G be a triangle— and quadrangle—free graph with n vertices, m edges, and minimum vertex
degree 0 > 1. Then

My(G) < 2m® — (n — 1md + (6 — 1) (Z)

with equality if and only if G is the star K, ,,_1, or 5 Ks for even n, or a G is a Moore graph of diameter
2.
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In [157], an upper bound for M; in terms of n, m, the minimum vertex degree §, and the maximum
degree A was established (cf. Theorem 4.8). Fonseca and Stevanovi¢ [56] proved the analogous upper
bound on M; for general values of n, m, §, and A.

Theorem 5.13. [56] Let G be a graph with n vertices, m edges, the minimum vertex degree 0 and

maximum vertex degree A > § + 1. Then
My, < % [(Qm —B)(A? + A5+ 62) — (n— DAS(A + 5)}

ko(k—3) if k< (A+4)/2 3D

2
+

EA(k —2) if k> (A +0)/2

2

where k is an integer defined via
2m—nd =k -0 (mod(A—=9)) , 6<k<A-1

iLe.,

k=2m—d8n—1)—(A—06) fm_”éJ .

A—§
A graph G attains equality in (31) if and only if G does not contain an edge connecting a vertex of degree
A to a vertex of degree § and it contains at most one vertex of degree k # A, § such that
(i) the vertex of degree k is adjacent to vertices of degree 6 only, when k < (A +§)/2;
(ii) the vertex of degree k is adjacent to a vertex of degree A only, if k > (A +0)/2.

Remark. The case of equality in (31) implies that if & # (A + ¢)/2, then the graph with the
maximum value of M, for given n, m, A and 0 is necessarily disconnected. If & < (A + §)/2, then the
vertices of degree A are adjacent only to vertices of degree A, while if k£ > (A + ¢)/2, then the vertices
of degree ¢ are adjacent only to vertices of degree J. Only when k = (A + §)/2, an M,-maximal graph
may be connected, as then the vertex of degree & may be adjacent both to vertices of degree A and to
vertices of degree 0. The same situation is present in Theorem 4.8 as well. All this is not a mistake, but
it just means that graphs attaining the maximum value of the first or second Zagreb index may happen to
be disconnected multigraphs, as suggested in [56].

The appearance of disconnected multigraphs as extremal graphs for the second Zagreb index may be
avoided in the case of trees (see Theorem 6.6).

In the papers [39,41], Das et al. established some upper and lower bounds on M;(G) in terms of n,
m, 9, A\, and A,.

Theorem 5.14. [39] Let G be a graph with n vertices, m edges, maximum degree A\, second—maximum

degree Ay and minimum degree . Then

(2m—A)2+A2+n—1
n—1 4

My(G) < 2m? — (n— 1)md + %(5 —1) (Ay —6)?

with equality if and only if G is a regular graph or G = K1 ,,_1 or G = K, 11, n=2p+ 1.
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Theorem 5.15. [41] Let G be a graph with n vertices, m edges, maximum degree A\, second—maximum

degree Ay and minimum degree §. Then

" My(@) > 2m?—(n—)mA
+ %(A ~1) {N + (2”; — 1A)2 + ?in__lig) (A, — 6)2}
with equality if and only if G is regular graph;
" My(@) < 2m® — (n— )ms
+ %(5 _1) {(n +1m—A(n—A) + Q(TZ = QA)Q]

with equality if and only if G = K3, , or G = K,,.

For triangle— and quadrangle—free graphs, an upper bound for M, was established in terms of n, m,

and radius r.

Theorem 5.16. [145] Let G be a triangle— and quadrangle—free connected graph with n vertices, m
edges and radius r. Then, My(G) < m(n + 1 — r) and the equality holds if and only if G is a Moore
graph of diameter two or G is the 6-vertex cycle Cg.

Extremal graphs whose M, is maximum among connected graphs with matching number 3 are char-

acterized in [51].

Theorem 5.17. [51] Let G be a connected graph with n > 4 vertices and matching number 3,2 < f <
[n/2]. Let ¢ be the largest root of the cubic equation

162° + 22%(n — 13) + 2(14n + 1 — 3n?) — 2n* = 0.

Then the following holds:
(1)1f 3 = |n/2], then
My (G) <

with equality if and only if G = K,,.
(2)Ifc < B < |n/2] — 1, then

My(G) < n? +4nfp* — 608 — 208 +88* +145% — B

with equality if and only if G = K V (Kap-1 U K,_a3).
(3) If B = c, then

1
My(G) < n? +4nc® — 6ne — 20¢® + 8¢* + 14¢* — ¢ = ic(n —1)(1 —¢—2¢* —n+ 3cn)

with equality if and only if G = Kz V K, or G = K1 V (Kap—1 U K,,_ap).
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(4)If2 < B < ¢, then

My(G) < 5B(n—1)(1 — B —26% —n+3pn)

N | —

with equality if and only if G = Kg V K,,_g.

In [52] and [53], Feng et al. characterized the graphs from the set G* of all connected graphs with n

vertices and k cut edges whose M, is maximum (minimum).

Theorem 5.18. [52,53] Let G € GF, then

An+4< My(G) < =(n—k—1*(n—k—2)+(n—1)*

DN | =

and the left equality holds if and only if G = C* and the right equality holds if and only if G = K.

Li and Zhou [92] determined sharp lower and upper bounds for the second Zagreb index of graphs
with connectivity (edge—connectivity) at most k. Recall that we use V¥ (EF) to denote the set of graphs
of order n with 5(G) < k < n —1(+'(G) < k < n — 1), and by G*¥ we denote a graph obtained by

joining k edges from k vertices of /,,_; to an isolated vertex.

Theorem 5.19. [92] Among all graphs G in V¥ (€F), k > 0, we have
MQ(G) Z 4n — 8
and
2 k 2 n—k—1 2 2
My(G) < k*(n—1)+ 5 (n—1)"+ 5 (n—2)"4+k(n—k—-1)(n"—3n+2)

where the lower bound is attained if and only if G = P,, and the upper bound is attained if and only if
G~ GF

As mentioned before, Hou et al. [80] determined sharp upper and lower bounds for M5 among (max-

imal) outerplanar graphs on n vertices, as well as among conjugated (maximal) outerplanar graphs.

Theorem 5.20. [80] Let G be a maximal outerplanar graph on n vertices, n > 4. Then

(i) M2(G) > 32n — 100, with equality if and only if G = P, 5.

(ii) If n = 6, then My(G) < 96, with equality if and only if G = H, where H is the graph depicted
in Fig. 3.

(iii) If n # 6, then My(G) < 3n* + n — 19 with equality if and only if G = K| V P,_;.

Theorem 5.21. [80] Let G be conjugated maximal outerplanar graph on 2k vertices. Then
64k — 100 < My(G) < 12k* + 2k — 19.

The left equality holds if and only if G = Pa,o. For k # 3, the right equality holds if and only if
G = (K1 V Pyy_1). For k = 3, the right equality holds if and only if G = H (depicted in Fig. 3).
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As noted before, extremal (conjugated) outerplanar graphs whose M, is maximum coincide with
those specified in Theorems 5.20 and 5.21. However, extremal (conjugated) outerplanar graphs whose
Ms is minimum are n-vertex paths.

Upper bounds on M, of series—parallel graphs were determined in [155].

Theorem 5.22. [155] Let G be a series—parallel graph with n > 2 vertices and m edges. Suppose that

G has no isolated vertices. Then
1
My(G) < m? + §n(m -1

with equality for n > 3 if and only if G is isomorphic to K 1 5.

Theorem 5.23. [155] Let G be a series—parallel graph with n > 2 vertices, m edges and minimum

vertex degree 0. Then
1
My(G) < 2m? — (n — 1)mé + 5((5 —1)[n(m — 1) + 2m]
with equality if and only if G is isomorphic to K 1,2 or Ky, or 5Ky for even n.

Xu [143] obtained sharp upper and lower bounds for the second Zagreb index of graphs from the set
W, . of n-vertex graphs with a clique number k.

Theorem 5.24. [143] Let G € W,, ;.. Then
(1)

e O 1 N A R I H I R CR I G )
(I TR

with equality if and only if G = T, (k);

(2)
My(G) > (S) (k=12 +k +4(n—k)—5

with equality if and only if G = K1, ,, where K1, is a kite graph.

6. On extremal Zagreb indices of trees

A tree is a connected graph without cycles. In every tree 6 = 1. The tree with A = 2 is the path P,
and the tree with A = n — 1 is the star K3 ,_;. In chemical trees it must be A < 4. In the case of trees
(both chemical and non-chemical), the relations (5) and (10) are significantly simplified and thus, the

following result is straightforward.
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Theorem 6.1. [66] Let T be any tree of order n. Then
dn—6 < My(T) <n(n-—1)
and the left equality holds if and only if ' = P, and the right equality holds if and only if T = K, ,,_;.

Using the bound (18) from [103], the first four trees from the class T(n) of trees on n vertices whose

M is maximum were determined.

Theorem 6.2. [103] Suppose that Ty = Ky ,—1and T € T(n). If n > 9and T € T(n) \ {11, Ts, T3, T},
T5}, then ]\/fl(Tl) > ]\/{I(TQ) > ]\/fl(Tg) > ]V[l(T4) = ]\41(T5) > ]\/fl(T), where Ty — Ty are trees
depicted in Fig. 4.

Fig. 4. The trees occurring in Theorem 6.2.

In [37], the trees with maximal and minimal value of the second Zagreb index are obtained as follows.
Theorem 6.3. [37] Let T be any tree of order n, then
dn —8 < My(T) < (n— 1)
and the left equality holds if and only if ' = P, and the right equality holds if and only if T = K, ,,_;.
Das et al. [38] obtained the following upper bound on M7 (T") in terms of n and A:
Theorem 6.4. [38] Let T' be a tree with n vertices and maximum degree /. Then
M(T)<n?—=3n+2(A+1)
with equality if and only if T = Ky, orT = Py.

In the paper [35], the authors gave some lower and upper bounds on the first Zagreb index M;(G) of
graphs and trees in terms of number of vertices, irregularity index, maximum degree, and characterized
extremal graphs. Let T be the class of trees T = (V, E) such that T is a tree of order n, irregularity

index ¢, maximum degree A and

A=t, d=1,i=tt+1,....n.
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Theorem 6.5. [35] Let T be a tree of order n with irregularity index t and maximum degree . Then

1t —3)
2

Ml(T)g{n—S— }AQ—(t—l)(t—Q)A+;(t3—3t2+2t+6)

with equality if and only if G € ;.

A caterpillar or caterpillar tree is a tree in which all the pendent vertices are within distance 1 of a
central path. In [133] it was noted that each even number, except 4 and 8 is the first Zagreb index of a
caterpillar.

From Theorem 4.8, it can easily be deduced that for a tree 7" with n vertices and maximum degree
A > 1itis satisfied

Mi(T)<2(n—1)1+A)—nA+(1—-k)(A—-k)

where k is an integer defined via

k=n—1-(A—1) B_QlJ .

Equality is attained if and only if at most one vertex of 7" has degree different from 1 and A.

Besides, Corollary 4.1 implies the upper bound for the first Zagreb index of chemical trees with
n > 2 vertices. This upper bound is also obtained in [107]. As in [107], for n = 3¢ > 6 let T3, be the
family of chemical trees with n vertices, such that £ — 1 vertices have degree 4, one vertex has degree
2 and the remaining vertices are pendent. Denote by T3g a subset of T3, such that for the unique vertex
veV(T), T e Tg[, of degree 2, exactly one of its neighbors is pendent. Forn = 3¢+ 1 > 7, let T3p,1
be the family of chemical trees with n vertices such that £ — 1 vertices have degree 4, one vertex has
degree 3 and the remaining vertices are pendent, while T3g+1 denotes the family of trees T from T304
such that for the unique vertex v € V(T') of degree 3 exactly one of its neighbors is pendent. Finally, for
n = 30 4+ 2 > 5, let T3y, 2 denotes the family of chemical trees with n vertices such that ¢ vertices have
degree 4, and the remaining vertices are pendent. Then,

6n — 10 if n =2 (mod 3)
M\(T) <

6n — 12 otherwise

with equality if and only if T" € T,.
The trees with the maximum second Zagreb index among the trees with given n and A are determined
in [56].

Theorem 6.6. [56] Let T be a tree with n vertices and the maximum degree A > 2. Then
My(T)<A@2n—-A—-1—k)+k(k—-1)

where
k=n—1(mod(A—-1)), 1<k<A-1
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ie.,

k=n—1—(A—1) LZ:?J .

Equality is attained if and only if T has at most one vertex of degree k that is adjacent to a single vertex

of degree A, and all other vertices of T have degree either A or 1.

As a simple corollary of the previous theorem, an upper bound for the second Zagreb index of
chemical trees, can easily be obtained. This upper bound was determined in [107].

8n —24 if n =2 (mod3)
My(T) <

8n — 26 otherwise

with equality if and only if n. = 0,1(mod 3) and G € T}, or n = 2(mod 3) and G € T,,.
In order to state the results from [138] we need the following notations. Denote by m;; (1 < 7,7 < A)
the number of edges that connect vertices of degrees ¢ and j in a tree 7, and by n; (: = 1,2,...,A) the

number of vertices of degree .

Theorem 6.7. [138] Let T be a tree with maximal second Zagreb index with n; vertices of degree i and
maximal degree A. Then,

1) maa =na —1;
A

A J
2)m;; =min{ n; — Z Mk , JNj — Z mkj—ijk} foreach1 <i<j<A;

k=j+1 k=i+1 k=j
A
3)my =n; — Z mg foreachi=1,...,A — 1.
k=i+1

Using this result, in the same paper, the authors presented a simple algorithm for calculating the
maximal value of the second Zagreb index for trees with prescribed number of vertices of given degree.
The user needs only to input values nq,ns,...,na and the algorithm outputs the edge connectivity
values m;; as well as the maximal value of the second Zagreb index. The complexity of algorithm is
proportional to A®. Since the complexity is independent of the number of vertices, for chemical trees
the algorithms works in constant time no matter how large the molecule is.

Letm = (dy,ds,...,d,) and 7’ = (d},d,, ..., d}) be two different non-increasing degree sequences.
We write 7 < 7' if and only if 327 d; = 3.7 d}and 3/_, d; < 37_, ) forall j = 1,2,...,n. Such
an ordering is called to be a majorization [110]. Also, we use I'(7) to denote the class of connected
graphs that have degree sequence 7.

For a given degree sequence 7, let My(m) = max{My(G)|G € T'(m)}. A graph G is called an
optimal graph in T'(7) if G € T'(7) and M2(G) = My(7).

Liu and Liu [104] characterized optimal trees in the set of trees with a given degree sequence.

A sequence m = (dy,ds, ..., d,) is called a tree degree sequence if there exists a tree T having 7 as

its degree sequence, i.e., if and only if

n

Zdi =2(n—1). (32)

i=1
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In order to present the main results of the paper [104], we introduce some more notations. Assume
that G is a rooted graph with root vg. Let h(v), also called height of a vertex v, be the distance between
v and vy and V;(G) be the set of vertices at distance ¢ from vertex vyo. Then, according to [152], a
well-ordering < of the vertices is called breadth—first search ordering with non-increasing degrees (BFS-
ordering, for short) if the following holds for all vertices u, v € V(G):

(i) w < v implies h(u) < h(v);

(i) u < v implies d(u) > d(v);

(iii) if there are two edges uuy; € E(G) and vu; € E(G) such that u < v, h(u) = h(uy) + 1 and
h(v) = h(vy) 4+ 1, then u; < vy.

A tree that has a BFS-ordering of its vertices is said to be a BFS-tree.

In order to solve the problem of finding optimal trees in I'(7), Liu and Liu [104] used the method
of [152] to define a special tree T* € T'(7) as follows: Select a vertex vy in layer 0 and create a sorted
list of vertices beginning with vg. Choose d; new vertices in layer 1 adjacent to vy, say vy, v1a, . . ., V14,

then d(vy) = di. Choose dy + ... + dg, — di new vertices in layer 2 such that dy — 1 vertices, say

Va1, Va2, - - -, V24,1, are adjacent to vy, d3 — 1 vertices are adjacent to vio, ..., dg, — 1 vertices are
adjacent to v14,. Then d(v11) = da, (v12) = ds, ..., d(v14,) = dg,. Now choose dg, 1 — 1 new vertices
in layer 3 adjacent to vs; and hence d(vy1) = dg 11, ... Continue recursively with vay, Va3, . .. until

all vertices in layer 3 are processed. Repeat the above procedure until all vertices are processed. In
this way, a BFS-tree 7* € I'(w) is obtained. For example, for a given tree degree sequence m =
(4,4,3,...,3,2,2,2,1,1,...,1) a BFS-tree Ty is depicted in Fig. 5.

4 10

Fig. 5. The BF S-tree T} with degree sequence (4,4,3,...,3,2,2,2,1,1,...,1).
4 10

Theorem 6.8. [152] For a given tree degree sequence T, there exists a unique BFS-tree T* in T'(n), ie.,

T* is uniquely determined up to isomorphism.
Now, the main result of paper [104] can be stated as follows.

Theorem 6.9. [104] Given a tree degree sequence m, the BFS-tree T™ has the maximum second Zagreb
index in T'(m).
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Hence, by Theorems 6.8 and 6.9, there is a unique BFS-tree that has the maximum M, in I'(7). On
the other hand, this BFS-tree needs not be the only tree with the maximum M5 in I'(7), as shown by an
example in [104].

Theorem 6.10. [104] Let w and ' be two different non-increasing tree degree sequences with m <1 7'.
Let T* and T** be the trees with the maximum second Zagreb indices in T'(7) and T'(n'), respectively.
Then, My(T*) < My(T*).

In addition, as a simple corollary of Theorem 6.10, it is reproved that the star K ,_; has the maxi-

mum second Zagreb index among all n-vertex trees. Also, the following result is easily deduced.

Theorem 6.11. [104] If T is a tree of order n with k pendent vertices, then My(T) < My(F,(k)), where
F, (k) is the tree on n vertices obtained by attaching k paths of almost equal lengths (i.e., paths whose

lengths differ by at most one) to one common vertex.

Denote by 7T, 1, the class of trees with n vertices and with exactly k vertices of maximum degree A
(k < n—2). The extremal trees whose Zagreb indices are maximum (minimum) in T,, ,, are characterized
by Borovic¢anin and Aleksti¢ Lampert [21]. Obviously, a path P, is the unique element of T, ,,_o. Thus,
it may be assumed that & < n — 3, in which case it was shown [21] that 1 < k < n/2 — 1.

Theorem 6.12. [21] Let T € T,, 1, where 1 < k < n/2 — 1. Then
M(T) < kA +p(A =1+ +n—k—p—1

and the equality holds if and only if T has the vertex degree sequence

(A, AN AL,
—_——— —- —— ——
k p n—k—p—1

where A = ["2| +1, p= L%J and p=n—1—-—k(A—-1)—p(A-2).
Theorem 6.13. [21] Let T' € T, j, where 1 < k < 5 — 1. Then

M(T) > 2k +4n —6
and the equality holds if and only if the tree T' has the vertex degree sequence

(3,...,3,2,...,2,1,...,1).
—— N —
k n—2k—2 k+2
Extremal trees which maximize (minimize) the second Zagreb index in the class 7T, ;, are character-

ized in the sequel.
Theorem 6.14. [21] Let T € T,, 1, where 1 < k < n/2 — 1. Then
My(T) < (k—=1DA>+2p(A =12 +p(A+p—1)+A(n—k—(A—=1)p—p)

where A = |"2| +1,p= L%J andp=mn—1—k(A —1) — p(A — 2). The equality holds if

and only if the following conditions are satisfied.
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(i) The tree T has the vertex degree sequence

(A, AAN=1 . A=1,p,1,..,1).
—_——— —— I ——

k P n—k—p—1
(ii) Every vertex of degree A — 1 is adjacent to a vertex of degree /A and to A — 2 pendent vertices.

(iii) The vertex of degree i (when 11 > 1) is adjacent to a vertex of the degree A and to p — 1 pendent

vertices.
(iv) The remaining pendent vertices are attached to the vertices of degree A.

Theorem 6.15. [21] Let T € T, x, where 1 < k <n/2 — 1. Then

3k +4n — 10, ifn >3k +1
My(T) >
6k +3n—9, ifn<3k+1.

The equality holds if and only if the following three conditions are satisfied.

(i) The tree T has the vertex degree sequence (3,...,3,2,...,2,1,...,1).
k 2%—2  k+2
n—2k— —+

(ii) Between any two vertices of degree 3 in T there should be at least one vertex of degree 2, if

possible.

(iii) The remaining vertices of degree 2 (if they exist) in T are placed either between two vertices of

degree 2 or between a vertex of degree 2 and a vertex of degree 3.

Goubko [59] discovered an interesting property of trees with a given number of pendent vertices,
which enabled him to determine a lower bound for M; of trees that depends only on the number of

pendent vertices of a tree, irrespective the number of its vertices.

Theorem 6.16. [59,67] Let T be a tree with ny > 2 pendent vertices and first Zagreb index M.

(a) If ny is even, then M,(T) > 9ny — 16 with equality if and only if all non-pendent vertices of T
are of degree 4.

(b) If ny is odd, then M1 (T) > 9nq — 15, and the equality holds if and only if all non-pendent vertices

of T, except one, are of degree 4, and a single vertex of T is of degree 3 or 5.

Although Goubko’s theorem 6.16 provides simple structural conditions for graphs with minimal first

Zagreb indices, it is restricted to graphs with very special number of vertices. In fact, this theorem
3
2
This limitation can be circumvented, as follows.

determines extremal trees only if n = 5n; — 1 and n = %nl, respectively, and requires that n, be even.
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Theorem 6.17. [68] Let T' be a tree of order n with ny pendent vertices. Then

Ml(T)24n6+(n+n14){n_2J (n7ll)v_2J2.

n—mn n—mn

n—mq

Equality is attained if and only if T consists of n, pendent vertices, ny = (n — ny) { n—2 J —ny + 2

vertices of degree t = { n—2 J +1Landniy =n—2—(n—ny) [ ”:HQIJ vertices of degree t + 1.

n—mni n

Sharp lower bounds for the second Zagreb index for trees with a given number of pendent vertices,
were derived in papers [59,61]. The corresponding optimal trees were determined, too.
Asin [28,59], a non-pendent vertex in a tree is called a stem vertex if it has incident pendent vertices.

The edge connecting a stem with a pendent vertex will be referred to as a stem edge.

Theorem 6.18. [59,61] For any tree T with ny > 9 pendent vertices My(T) > 11ny — 27. The equality
holds if each stem vertex in T' has degree 4 or 5, while other non-pendent vertices are of degree 3. At

least one such tree exists for any ny > 9.

An analogous type of problem was considered in the paper [60]. There a dynamic programming
method was elaborated, enabling the characterization of trees with a given number of pendents, for
which a vertex—degree—based topological index achieves its extremal value. This method was applied to
the first and second Zagreb indices.

A vertex of a tree with degree at least three is called a branching vertex and a segment of a tree is a
path-subtree whose terminal vertices are branching or pendent vertices.

In papers [20, 97], sharp lower and upper bounds on Zagreb indices of trees with fixed number
of segments are determined and the corresponding extremal trees are characterized. As the number of
segments in a tree is determined by the number of vertices of degree two (and vice versa), in this way also
the extremal trees with prescribed number of vertices of degree two whose Zagreb indices are minimum
(or maximum) are determined.

Denote, by 87, the set of all n-vertex trees with exactly k£ segments. Then, as noted in [97], the
path P, is the unique element of 8T, ;, the star S, is the unique element of 87, ,_; and the set 8T, 5 is

empty. Accordingly, only the set 87, ; for 3 < k < n — 2 needs to be considered.
Theorem 6.19. [97] Let T € 8T, where 3 < k < n — 2. Then,

An+ k-7 if k isodd
dn+k* =3k —4 > M(T) >
dn+k—4 if k iseven.

The upper bound is attained if and only if T' is a starlike tree of degree k. For odd k, the lower bound is
attained if and only if T is an n-vertex tree with vertex degree sequence (3,...,3,2,...,2,1,...,1).
—— ——
(51 n—k—1 k3
2 2
For even k the bound is attained if and only if T is an n-vertex tree with vertex degree sequence
(4,3,...,3,2,...,2,1,...,1).
S—— —— —

k—4 n—k—1 k+4
2 2
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Denote by STo(n, k), for odd k, the set of all n-vertex trees with the degree sequence (3,...,3,
——

k—1
2

2,...,2,1,...,1), whose vertices of degree 2 are placed between the vertices of degree 3 so that there
—— —

n—k—1 %
is at least one vertex of degree 2 between any two vertices of degree 3, and the remaining vertices of

degree 2 (if such do exist) are arranged arbitrarily so that a vertex of degree 2 has no pendent neighbor.

Denote by STg(n, k), for even k, the set of all n-vertex trees with the degree sequence (4,3, ..., 3,
——
5t
2,...,2,1,...,1), whose vertices are arranged as follows. The unique vertex of degree 4 has three
——

n—k—1 k+4
2
pendent neighbors and a neighbor of degree 2. Then, the vertices of degree 2 are placed between the
vertices of degree 3 (at least one vertex of degree 2 between any two vertices of degree 3, if it is possible)
and the remaining vertices of degree 2 are arranged arbitrarily so that a vertex of degree 2 has no pendent

neighbor.

Theorem 6.20. [20] Let T € 8T, 4, where 3 < k <n — 2. Then

k—2
78”“’2 3 0> (3k—1)/2 andk odd
3n+3k—12, n<(3k—1)/2 andk odd
My(T) = .
8 3k — 18
n_‘—f, n > (3k —2)/2 and k even

3n+3k—10, n < (3k—2)/2 andkeven.

The equality holds if and only if T € STo(n, k), for odd k, or T € STg(n, k), for even k.
Theorem 6.21. [20] Let T € 8T, 1, where 3 < k <n — 2. Then

2k* — 6k +4n—4, n>2k+1
My(T) <
kEn—3)+2n—2, n<2k+1.

The upper bound is attained if and only if T' is an n-vertex starlike tree of degree k, such that an arbitrary
pendent vertex is adjacent to a vertex of degree 2, for 2k + 1 < n, or the central vertex of degree k has

exactly 2k + 1 — n pendent neighbors, for n < 2k + 1.

In the paper [20], sharp lower and upper bounds for Zagreb indices of trees with given number
of branching vertices are determined, and the corresponding extremal trees characterized. For further
details, see [20].

In the paper [40], extremal trees with maximal first (second) Zagreb index among trees of order n
and independence number « are characterized. Let .S, , be a tree (known as a spur) obtained from the
star K; ,, by attaching a pendent edge to its n — o — 1 pendent vertices. If A = « in a tree T" of order n

with independence number o, then 7' = S, ,,.
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Theorem 6.22. [40] Let T' be a tree of order n with independence number o. Then,
M(T) < o* —3a +4n — 4

and

My(T) <na—3a+2n—2.

Equality in both inequalities holds if and only if T = S, ,.

In the paper [135], extremal trees with minimal first Zagreb index among trees of order n and in-
dependence number « are characterized. The extremal tree is the path P, for o = [n/2] and the star
K -1 fora =n—1. For [n/2] < a < n—1 define the set T,, ,, consisting of all trees T' = (V, E) with
n vertices and independence number « such that the degrees of the vertices in its maximum independent
set S differ by at most one, and such that the complement S = V' \ S is also an independent set whose
vertex degrees differ by at most one. In fact, the set 7T, , consists of the coalescence of stars having
almost equal order (i.e., differing by at most one), with the pair of leaves identified in neighboring stars
(see Fig. 6).

Fig. 6. Three non-isomorphic trees with n = 10, @ = 6 and minimum value of M; = 36.

The following holds:

Theorem 6.23. [135] If T is a tree with n vertices and independence number «, then

My(T) > 2<n—1>—a{”‘lf—m_a)[”‘lf

+ (2n—a—2){nalJ +(n+a—2)m_1J

with equality if and only if T' € T, 4.
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As noted in [135], it appears that the problem of characterization of extremal trees with minimal
second Zagreb index among trees of order n and independence number « cannot be solved as easily as
it was the case with the first Zagreb index. Hence, the characterization of trees with minimal second
Zagreb index remains an open problem.

The domination number y(G) of a graph G is the minimum cardinality of a subset D of V(&) such
that each vertex of G that is not contained in D is adjacent to at least one vertex of D. A subset D is
called minimum dominating set of G.

In paper [21], upper bounds on Zagreb indices of trees in terms of domination numbers are pre-
sented. These bounds are strict and extremal trees are characterized. In addition, a lower bound for
the first Zagreb index of trees with a given domination number is determined and the extremal trees are
characterized.

Note that v(T') = 1 if and only if " = K, ;. It is well known [120] that every graph of order n
without isolated vertices has domination number at most 7. Also, it was proved by Fink et al. [55] that

equality holds only for Cy and for graphs of the form H o K, for some H.

Theorem 6.24. [21] Let T be a tree with domination number . Then
M(T) < (n=7)(n—v+1)+4(y-1)

and
My(T) <2(n—v+ 1Dy =D+ —=7)n-2y+1).

Equality in both cases holds if and only if G =2 S,, ., where S, ,_~ is a spur obtained from the star
K, ,— by attaching a pendent edge to its v — 1 pendent vertices.

In order to state the results from [21] concerning minimum first Zagreb index we need a few defini-
tions.

Suppose first that 1 < v < n/3. Define D(n, v) as a set of n-vertex trees T with domination number
~ such that 7" consists of the stars of orders V%J and [%—‘ with exactly v — 1 pairs of adjacent leaves

in neighboring stars. Then, it holds:

Theorem 6.25. [21] Let T be a tree on n vertices with domination number ~, where 1 < v < n/3.
Then,

2
n n—1
M(T) > —~ \‘J + (2n —7) {J +6(y—1).
Y 0
The equality holds if and only if T € D(n,~).

Next, suppose that § < v < 7 and define §(n, ) as a set of trees 7" on n vertices with domination
number -, such that every vertex from 7" has at most one pendent neighbor and

(1) there exists a minimum dominating set D of 7" containing 3y — n — 2 vertices of degree 3 and
2n — 4 vertices of degree 2, while the set D contains n — 27 + 2 vertices of degree 2 and 3y —n pendent

vertices, or
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(ii) there exists a minimum dominating set D of T" containing n — 2 vertices of degree 2 and 3v —n
pendent vertices, while the set D contains 2n — 4y 4 2 vertices of degree 2, 3y —n — 2 vertices of degree

3 and every vertex from D has exactly one neighbor in D.

Theorem 6.26. [21] Let T be a tree on n vertices with domination number -, where g <~ < % Then,

. n
wo g
My(T) > )
2 + 6y = 10 zfn; gygg

with equality if and only if T = P,, for v = [n/3], or T € S(n,~), otherwise.

Huang and Deng [83], and independently Li and Zhao [91] and Sun and Chen [128], characterized
the trees with perfect matchings having the largest and the second largest Zagreb indices. Denote by T,
the set of trees with perfect matchings on 2m vertices. Let T, € T, be the tree on 2m vertices obtained

by attaching a pendent edge together with m — 1 paths of lengths 2 at a single vertex (see Fig. 7), and
let T2 € T,, be the tree displayed in Fig. 7.

m-3

T 1 T 2
m m
Fig. 7. The trees occurring in Theorem 6.27.

Theorem 6.27. [83,91, 128]
a) Let T be any tree in T,,, m > 3. If T is different from T}, then M;(T) < M;(T}), i =1,2;
b) Let T be any tree in T,, \ {T.\, T2}, m > 3, then M;(T) < M;(T?2).

At the end of this section we present results from [49] concerning the so-called k-trees, class of
graphs which is the generalization of trees.

The k-tree T,f k > 1, introduced in [12], is defined recursively as follows.

(i) The smallest k-tree is the k-clique Kj.

(ii) If G is a k-tree with n vertices and a new vertex v of degree k is added and joined to the vertices

of a k-clique in G, then the larger graph is a k-tree with n 4 1 vertices.
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The (k,n)-path P*

n?

has vertex set {v1, va, ..., v, } where G[{vy, va, ..., 0}] = Kj. Fork+1 <i <
n, let vertex v; be adjacent to the vertices {v;_1, v;—2, ..., V;i_}.

A helpful characteristic of the k-path P is that we may order the vertices vy, vs, . .., v, so that
P — {vy,v9,...,v;}is a k-path on n — i vertices for 1 <i <n —k — 1.

The (k, n)-star Sk g, has vertex set {vq, va, ..., v, } Where G[{vy,va,...,vp}] = K and N(v;) =
{v1,v9, ..., vptfork+1<i<n.

The 3-path and the 3-star on 7 vertices are presented in Fig. 8.

RET <SEF

Fig. 8. The 3-path and 3-star with 7 vertices.

The first and second Zagreb indices of k-paths and k-stars are obtained in [49].
Theorem 6.28. [49] Let P be the k-path on n > k + 3 vertices. Then
. 1 1
Mi(PF¥) = 2nk(n—-2)— gn(n —1(n-2)— gk(k +1)(2k —5)

for k+3<n<2k and k>3

1
My(P*) = 4nk? — gk(IOk —1)(k+1) for n > max(4,2k +1).
Theorem 6.29. [49] Let ij be the k-path onn > k + 3 vertices. Then
1 .
My(PF) = 5(k‘* +9K® +12k* — 8k +2), n=k+3

1
My(PY) = ﬂ((10 — 4k)n® — n* + (54k* — 18k — 23)n?

(44Kk% + 66K — 54k — 14)n + Tk* + 38k® + 5k — 26k)
for k+4<n<2k
My(PF) = i(n‘l — (12k + 6)n® + (54k” + 54k + 11)n?
(12k3 + 162k + 66k + 6)n — (25k* — T0k* — 109k* — 14k))

for 2k4+1<n<3k—-1

1
My(PF) = ﬂ(48n/c3 — 53k* — 46k 4 5k* — 2k) for n > max(5, 3k) .

n
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Theorem 6.30. [49] Let S, ., be the k-star onn > k + 1 vertices. Then
Ml(Sk77l_k) = n%k + (k’2 — 2/{3)’17/ — K3 +1

My(Skp—k) = % [((BK* — k)n® — (2k® + 4K* — 2k)n + k(2k — 1)(k + 1)] .

Sharp upper and lower bounds for M and M, of k-trees are determined as follows.
Theorem 6.31. [49] Let T be a k-tree on n > k vertices. Then
My (PF) < My(TF) < My(Skn-r)

and
A{Q(Pf) S MQ(TT]LC) S MQ(Sk,n—k)

and the left-hand side equality in both inequalities is reached if and only if T* = P* whereas the
right—hand side equality holds if and only if G = Sy, ,,_j.

Accordingly, by this theorem, the results of the papers [37,66] (valid in the case k = 1) are extended
to the k-tree, k£ > 1. Also, it can be proven that maximal outerplanar graphs are 2-trees, and consequently,
the results obtained for k-trees also extend the result of Hou, Li, Song and Wei from [80], who determined

sharp upper and lower bounds for ;- and Ms-values of maximal outerplanar graphs.

7. On c-cyclic graph,c > 1

For connected graphs, the cyclomatic number, i.e., the number of independent cycles, is equal to ¢ =
m — n + 1. Graphs with ¢ = 0, 1, 2, 3, 4 are referred to as trees, unicyclic, bicyclic graphs, tricyclic and
tetracyclic graphs, respectively.

Zhang and Zhang in [150] determined the first three unicyclic graphs from the class U(n) of all
connected unicyclic graphs with n vertices whose M; is maximum (minimum). The part of this result,

concerning the first three largest values of M, was reproved in [103] using a different approach.

Theorem 7.1. [103,150] Let G € U(n). If n > 9and G € U(n) \ {U, Uz, Us, Uy}, then My (Uy) >
My(Us) > My(Us) = My(Uy) > Mi(G), where Uy — Uy are unicyclic graphs depicted in Fig. 9.

<t D 1K DO

Fig. 9. The graphs occurring in Theorem 7.1.
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Theorem 7.2. [150] Let G € U(n), n > 7. Then

(i) M1 (G) attains the smallest value if and only if G = C,,;

(ii) M1(Q) attains the second smallest value if and only if G is a cycle C,,_; with a pendent edge
attached;

(iii) M (G) attains the third smallest value if and only if G is a cycle C,,_o with two pendent edges

attached at different vertices.

Sharp bounds for the second Zagreb index of unicyclic graphs were established in the paper [146].

Let U, , be the set of unicyclic graphs with n vertices and k pendent vertices, 0 < k£ < n — 3.
Denote by Cy(p1,p2;---.,px), k > 1, a unicyclic graph with n vertices created from C, by attaching
paths of lengths pi, pa, . . ., pi, to one vertex of the cycle C, respectively, where n = ¢+ Zle DisDi > 1,
i =1,2,..., k. In addition, denote

u;,o = {Cn}
W = {Cqpr.pa,- k) i pi >2,1<i<k,q>3}, k>1
up = C3(1,1,...,1,2,2,...,2)

—_———

n—k—3

see Fig. 10. Obviously, U}, ; € W, and Uy € Uy, .

n-k-3{ : 2 2k-n+3

Fig. 10. (a) An element of U}, , , and (b) the graph U}’ . These graphs are mentioned in Theorem 7.3.

Let U;k be the set of all graphs from U, ; such that A(G) < 3 and each pendent vertex of G is
adjacent to another vertex of degree 3 and every pair of vertices of degree 3 are nonadjacent. Clearly,
u,jo = {C,}. As an illustration, in Fig. 11, the graphs G, G5, G3,G4 € UEA are presented.
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EE

Fig. 11. For graphs belonging to the set UT& 4 These graphs are mentioned in Theorem 7.4.

Theorem 7.3. [146] Let G € U, 4, 0 < k < n — 3. Then

dn+2k(k+1) ifn>2k+3
My(G) <
dn+(n—Dk, ifn<2k+2.

Equalities hold if and only if G € W}, ., forn > 2k + 3, and G = U}, forn < 2k + 2.

n,k’

Theorem 7.4. [146] Let G € U, 4, 0 < k < n — 3. Then
My (G) > 4n + 3k
and the equality holds if and only if n > 3k and G € u;k.

Let p(n,k) = 4n + 2k(k + 1) and ¢(n,k) = 4n + 3k, where n and k are integers such that
0 < k < n — 3. The functions ¢(n, k) and ¢(n, k) increase strictly monotonically in 0 < & < n — 3
[146]. As the set of all unicyclic graphs with n vertices is UZ;S Uy, %, by Theorems 7.3 and 7.4, U]’_,
and C), have the maximum and the minimum second Zagreb index among all unicyclic graphs with n
vertices [146].

In the paper [105], an extremal unicyclic graph that achieves the maximum second Zagreb index in

the class of unicyclic graphs with given degree sequence is characterized.

Let 7 = (dy,ds, . .., d,) be a degree sequence of a c-cyclic graph, where c is an integer and ¢ > 0,
then .
ddi=2n+c—1), d>dy>c+1. (33)
i=1

We now present the construction of the graph G* € T'(7) as in [104, 105, 148, 152].
Select v, as the root vertex and begin with v; of the zeroth layer. Select the vertices vy, vs, . . ., Vg, 1
as the first layer such that

N(U1> = {U27U3a s 7Ud1+1} .
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Then append dy, — 1 vertices to vy, d3 — 2 vertices to vs,. . ., d. o — 2 vertices to v.,o such that

N(UQ) = {7)17 U3y .oy Vet2, Ud1+27 vd1+37 ey Udl-‘rdz—c}
N(U3) {Uh V2, Udy+dy—c+15 -+ - ,Ud1+d2+d3—c—2}
N(verz) = {0102, 05051 0y gersr - Vet? a)-se)

After that, append d..3 — 1 vertices to v.,3 such that

N(Vers) = {v1, 0t g serrs -+ Vgt dy—se—1)

Repeat the above procedure until all vertices are processed. As noted in [148], the vertices v1v5v3,
..., U1U9U1o form c triangles in G* and G* has a BFS-ordering. In particular, if ¢ = 0 there are no
triangles and the graph G* coincides with the tree 7™ specified in Theorem 6.9. If ¢ = 1, then G* is a
unicyclic graph denoted by U* whereas if ¢ = 2, then G* is bicyclic graph, denoted by B*.

Let m = (dy,do, . ..,d,), where d,, = 1, be an unicyclic degree sequence (¢ = 1 in (33)). Let U* be
the unique unicyclic graph such that the unique cycle of U* is a triangle with V' (C3) = {v1, ve, v3}, and
the remaining vertices appear in BFS-ordering with respect to Cj starting from v, that is adjacent to v;.
In fact, U* can be constructed by the BFS method as described above.

Theorem 7.5. [105] If d,, = 1, then U* achieves the maximum second Zagreb index in the class of

unicyclic graph with degree sequence .

Remark. [105] For a given unicyclic degree sequence 7w, U* is the unique BFS-graph with the
maximum M, in T'(7), but it needs not be the unique unicyclic graph with maximum M, in IT'(7), which
is illustrated by an example in [105].

In addition, it is proven in [105], that if 7 < 7/, 7 and 7’ are unicyclic degree sequences and U* and
U** have the maximum second Zagreb indices in I'(7) and I'(7"), respectively, then My (U*) < My(U**).

As a simple corollary of Theorem 7.5, the result from [146], which is concerned with unicyclic
graphs with n vertices and k pendent vertices whose second Zagreb index is maximum is reproven
in [105]. Furthermore, the first to ninth largest second Zagreb indices together with the corresponding
extremal unicyclic graphs in the class of unicyclic graphs with n > 17 vertices have been determined
in [105].

Theorem 7.6. [105] Let U be a unicyclic graph on n > 17 vertices. If

U ¢ {Uy,Us,... .U}, then My(U) < My(Usg) < Ma(Us) < Ma(Us) < Ma(Us) = My(Us) <
M5 (Us) < My(Us) < My(Us) < My(Us) < My(Uy), where Uy — Usg are unicyclic graphs displayed in
Fig. I2.
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Fig. 12. The unicyclic graphs Uy, Us, . . ., Uyg occurring in Theorem 7.6.

In the paper [135], unicyclic graphs of order n and independence number o with minimal first Zagreb
index are determined. Let U, , denote the set consisting of all unicyclic graphs G = (V, E) with n
vertices and independence number «, such that the degrees of the vertices in its maximum independent
set S differ by at most one among each other, and such that the complement S = V'\ S is also independent
set whose vertex degrees differ by at most one among each other. These graphs, in fact, consist of
coalescence of stars, whose orders differ by at most one, with pairs of leaves identified in neighboring
stars (see Fig. 13).

Fig. 13. Four non-isomorphic unicyclic graphs with n = 10, & = 7 and minimum value of M; = 50.

Theorem 7.7. [135] If G is a unicyclic graph with n vertices and the independence number «, then

M, (G) 24n20¢(n0¢){nn
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with equality if and only if G € U,, o when o > n/2 and G = Capq1 when a = (n — 1)/2.

Huang and Deng in [83] characterized unicyclic graphs with perfect matchings which attain the
largest and the second largest values of Zagreb indices. Denote by U, the set of unicyclic graphs with
perfect matchings on 2m vertices. Let Ul € U,, be the graph on 2m vertices obtained from C3 by
attaching a pendent edge together with m — 2 paths of lengths 2 at the vertex u (see Fig. 14). Let
U2 € U, be the graph on 2m vertices obtained from Cj by attaching a pendent edge and m — 3 paths

of lengths 2 at the vertex u, and single pendent edges at the other vertices, respectively (see Fig. 14).

m-2 % m-3
Un Uz
Us U3
Ui U#
Fig. 14. The graphs occurring in Theorem 7.8.

Theorem 7.8. [83]

a) Let G € U,,. If m = 2 or m > 5, then U}, and U?2, are the graphs with the largest and second
largest Zagreb indices, respectively.

b) Let G € Us. Then My(G) < M,(U3) = My (U3) and My (G) < My(Us) < Mo(U2).

c) Let G € Uy. Then My (G) < M,(U?) < My (U}) and My(G) < My(U3) = My(U}).

Horoldagva and Das in [76] gave lower bounds for A, of unicyclic graphs of order n with maximum
degree A and cycle length k. Denote by B, (k, A) the set of graphs of order n obtained by attaching
A — 2 paths to one vertex of CY.

Theorem 7.9. [76] Let G be a connected unicyclic graph of order n with maximum degree A\ and cycle
lengthk (3 <k <n—A+2). Then

M (G) > A(A—=3)+4n+2
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with equality if and only if G € B,,(k,A).

Let B* (k < n) be the unicyclic graph of order n with n — k pendent vertices such that its each
pendent vertex is adjacent to one vertex of Cj,. In particular, B = (), a cycle of order n. Denote by
Cﬁ} A (A > 4), the unicyclic graph obtained by identifying two pendent vertices of the path P,,_a_j42
with the center of the star K; A_; and one vertex of the cycle Cj, respectively. Denote by Dﬁ A(A>4),
the unicyclic graph of order n, obtained by identifying a pendent vertex of P,_a_jy3 with a pendent
vertex of BY +h_o- Let AP be the unicyclic graph obtained by identifying one pendent vertex of P, ;1

with a vertex of C}.

Let GG be a connected unicyclic graph of order n with maximum degree A and cycle length k. Then
obviously A + k < n + 2. If A + k = n and the maximum degree vertex does not lie on the cycle of
G, then G is isomorphic to C¥ . If A + k > n and G is different from CY 4, then the maximum degree
vertex of G must lie on the cycle. In this case one can easily characterize graphs with minimum M.
In [76], Horoldagva and Das obtained the following lower bound on M(G) and characterize extremal
graphs when A + k < n.

Theorem 7.10. [76] Let G be a connected unicyclic graph of order n with maximum degree A and cycle
length k (A +k < n). Then

AA=3)+4n+6 if A>5
My(G) > 4n + 10 if A=14 (34)

dn 4+ 4 if A=3

where A is the maximum degree in G. Moreover, the equalities hold in (34) if and only if G = C’T’iA,
G=C},orG=D}, G= AL, respectively.

m n,4’

Zhao and Li [153] determined sharp lower and upper bounds for both M; and M5 of n-vertex bicyclic

graphs with k pendent vertices, as well as the corresponding extremal graphs which attain these bounds.

The set of n-vertex bicyclic graphs consists of graphs of two types: graphs whose two independent
cycles have no common edge and graphs whose two independent cycles have at least one edge in com-
mon. The arrangement of cycles contained in a bicyclic graph has three possible cases [45,153], depicted
in Fig. 15, and denoted by B(a,b), B*(a,b,r) and B3(a, b, r), respectively.

Let B, ;. be a set of n vertex bicyclic graphs with & pendent vertices and let B}, , be a subset of B,, ;
consisting of those graphs G whose arrangement of cycles is B?, where B’ is depicted in Fig. 15, for
1=1,2,3.
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B%(3,3,1)(1,1,...,1)
4
n-

Fig. 15. The different types of bicyclic graphs.

Denote by Bi(a,b)(p1,p2,---,pk)s ¢ = 1,2,3, k > 1, the n-vertex bicyclic graphs obtained from
B'(a,b) and B'(a,b,7), i = 2,3, respectively, by attaching k pendent paths of lengths p1, ps, ..., pk
to exactly one vertex of maximum degree in B'(a,b), ie., in B'(a,b,7), i = 2,3, where p; > 1,

j=1,2,... k. Also, let
g

g

V
IN

7

IN

Bz,k = {Bl(avb)(pl7p27"'7pk):pi_271

IN

By = {Bl(a,b)(phpz,...,pk):pi21,1 1

IN

By = B'(3,3)(1,...,1,2,...,2).
~—— ——
2k—n—+5 n—k—>5
The graphs B* € B ,, B° € B and B® = By are depicted in Fig. 15.
Let B, , be a set of graphs G from B ; U B2 ; such that A(G) < 3, each pendent vertex from G is
adjacent to a vertex of degree 3 and every pair of vertices of degree 3 are nonadjacent. Also, let B:Z be
a set of graphs G from B,, ;, such that |d(u) — d(v)| < 1 for all non-pendent vertices u, v € V(G).
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Theorem 7.11. [153] Let G € B, ;, with0 < k < n — 5. Then
Mi(G) < 4n+k* + 5k + 12

with equality attained if and only if G € B,

Theorem 7.12. [153] Let G € B, with0 < k < n — 5. Then

4n +2k* + 10k +20 ifn >2k+5
My(G) <
6n+nk+k+10 ifn <2k+4.

Equalities hold if and only if G € By, ,, forn > 2k + 5, and G = By, forn < 2k + 4.
Theorem 7.13. [153] Let G € B,y with 0 < k <n — 4, d = [222=2] Then
4n 4+ 2k + 10 ifn>2k+2

M (G) > (35)
(—d?> —d+3)n+ (d>+3d+2)k + (4d + 10) ifn <2k +1.

Equalities in (35) hold if and only if G € B:ﬁ;

Theorem 7.14. [153] Let G € B,y with 0 < k <n —4, d = [222-2] Then
My(G) > 4n + 3k + 16.

Equality holds if and only if n > 3k + 3 and G € B ,.

On the basis of Theorems 7.11 and 7.12, Zhao and Li [153] deduced that if 0 < k < n — 5, then each
member G € B}", - and B),_;, respectively, have the maximum first and second Zagreb indices among

graphs from UZ;S B,k and furthermore

M(G)=n?—n+12, for G € B, 5, My(B"_5) =n*+2n+5.

n,n—>5 7
If k =n — 4, then [153]

G = B*(3,3,1)(1,...,1), and My(G) =n®> —n+14, My(G) =n®>+2n+9.
4
Hence, the graph B*(3,3,1)(1,...,1), depicted in Fig. 15, has the maximum M;-value and M-
——

n—4
value among all bicyclic graphs with n vertices, which represents in fact the reproved result of Deng [45].

The same result concerning bicyclic graphs with maximal M; was obtained independently in [27] using
a different approach.

Also, it was easy to deduce [153] that each member in B;# (resp. B} ) has the minimum first (resp.
second) Zagreb index among all n-vertex bicyclic graphs, and in such a way the corresponding results
of Deng [45] were reproved.

The study of optimal graphs in the set of all connected graphs with a given degree sequence = which
satisfy some conditions was continued in the paper [148] and some results that generalize the main
results of the papers [104, 105] were obtained. In addition, some optimal graphs in the set of bicyclic

graphs with a given degree sequence were determined. First, it was proven:
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Theorem 7.15. [148] Let m = (dy,ds, . .. ,d,,) be a degree sequence. If it satisfies the following condi-
tions

(i) > di =2(n+c—1), cis an integer and ¢ > 0,

(ii)dy > dy > c+ 1,

(iii)d3 > dy = ds = -+ - = dcy9, forc > 1,

(iv)d, =1,
then the graph G*, constructed as described in the explanation of Theorem 7.5, is an optimal graph in
I'(7), i.e., for any graph G € T'(x), Ma(G) < My(G*).

The previous theorem implies the results of Theorems 6.9 and 7.5. Also, the corresponding result
for bicyclic graphs was obtained. A bicyclic graph has the so-called bicyclic degree sequence m which
satisfies the condition (33) for ¢ = 2. We will use the notation from [153], introduced previously. By
B?(a,b, 1) we denote a bicyclic graph such that two independent cycles C, and C}, contained in it, have
exactly one edge in common. Also, let B3(a, b, 1) be a bicyclic graph formed by joining two independent
cycles C, and Cj, by an edge (see Fig. 15, where r = 1). Finally, let B, be the set of bicyclic graphs

with a degree sequence 7.

Theorem 7.16. [148] Let m = (dy,ds, . . ., d,) be a bicyclic degree sequence and let k be the number of
pendent vertices of a graph G € B.

(1) If d, = 2 and dy > 3, then My(G) < 4n + 17 with equality if and only if G = B3*(a,b,1) or
G = B*(a,b,1), where a + b= n or a + b — 2 = n, respectively.

(2)If d, = 2 and dy = 2, then My(G) < 4n + 20 with equality if and only if G = B'(a,b), where
a+b—1=n.

(3)Ifd, =1,dy =2and k < (n—5)/2, then My(G) < 4n + 2k? + 10k + 20 with equality if and
only if G € B}, .

(4)Ifd, =1,dy =2and k > (n—5)/2, then M5(G) < kn + 6n + k + 10 with equality if and only
ifG = By

(5)If d,, = 1 and dy > 3, then the graph B*, defined previously (see the explanation of Theorem 6.9),
is an optimal graph in the set B.

Remark. [148] B* is not the unique optimal graph in B, for d,, = 1 and d; > 3, as illustrated by an
example in [148].

Besides, in paper [148], it was proven:

Theorem 7.17. [148] Let w and 7' be two non-increasing bicyclic degree sequences. If T <\ 7', then
My (m) < My(n'), with equality if and only if 7 = 7'.

By Theorem 7.16 (parts (3) and (4)) the results of Theorem 7.12, concerned with bicyclic graphs
with n vertices and k£ pendent vertices whose second Zagreb index is maximum are reproved.

Recall that Goubko (see Theorem 6.16) determined the lower bound for M, of trees with a given
number of pendent vertices. This result was extended in [68] to any connected graph with a given

number of pendents and fixed cyclomatic number.
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Theorem 7.18. [68] Let G be a connected graph with k pendent vertices and cyclomatic number c.
Then,
M, (G) > 9%k + 16(c — 1). (36)

Equality in (36) holds if and only if all non-pendent vertices of G are of degree 4, provided such graphs

exist.

The corresponding result for trees (¢ = 0) is stated in Theorem 6.17, and the result for unicyclic

graphs is stated below.

Theorem 7.19. [68] Let U be a unicyclic graph of order n with k pendent vertices. Then

My(U) > 4n + (n+ k) {n”kJ —(n—k’){nﬁkr.

_n_
n—k

Equality is attained if and only if U consists of k pendent vertices, n, = (n — k) L

degree t = L#J +1,andny =n—(n—k) Lﬁj vertices of degree t + 1.

J — k vertices of

Unicyclic graphs of order n with k pendent vertices and minimal first Zagreb index, of the form
specified in Theorem 7.19, exist for any value of n and k, provided n > 3 and k£ > 0.
Besides, in [68], the result from [153] were reproved, with some additional conditions proposed.

In fact, it was shown in [68] that the extremal n-vertex bicyclic graphs with £ pendent vertices which

attain the minimum value of M, contain additional n, = (n — k) LZ—fZJ — k — 2 vertices of degree
t = LZ—fiJ +1=d+2andn 1 =n+2—(n—k) L%J vertices of degree t + 1 = d + 3, where

d= {%] (cf. Theorem 7.13).

In the paper [132], Tache considered some degree—based topological indices for bicyclic graphs,
including the first Zagreb index. Extremal bicyclic graphs with fixed number of pendents with maximal
value of M; were determined, reproving in such a way the results from [153]. Besides, the results on
extremal bicyclic graphs with fixed girth which attain the maximum value of )M/; were obtained.

Denote by B**(a,b,r) a bicyclic graph B?(a,b,r)(1, ..., 1) obtained by attaching k pendent edges

n—4
to exactly one vertex of maximum degree to the graph B?(a, b, r) from Fig. 15.

Theorem 7.20. [132] Let G be a bicyclic graph of order n and girth g > 3. If G maximizes the index
M, then G = B**(g, g, %) for g an even number and G = B**(g, g, %)forg odd.

Li and Zhao in [90] determined sharp upper bounds for M; and M, of bicyclic graphs with perfect
matchings. Besides, in [90], sharp upper bounds for Zagreb indices of bicyclic graphs with an m-
matching were also obtained.

Denote by B,, ,,, the set of n-vertex bicyclic graphs with an /m-matching, and let B,, ,,,, B, Bs, Bs
and B, be the graphs depicted in Fig. 16.
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B,

Fig. 16. Bicyclic graphs playing role in Theorems 7.21 and 7.22.

Let
filn,m) = (n—m+2)*+n+3m+2
fo(n,m) = (n—m+2)(n+3)+2m+2.
Theorem 7.21. [90] Let G € Boy, m \ {B1, Ba}, where m > 3. Then
M;(G) < fi(2m,m), i=1,2
and for each of the inequalities, the equality holds if and only if G = By, .

As noted in [90], Bg3 has the maximum first Zagreb index in B 3, while B; has the maximum
second Zagreb index in B 3. Also, Bg 4 has the maximum first Zagreb index in Bg 4, while B, has the
maximum second Zagreb index in By 4.

For bicyclic graphs with an m-matching it holds
Theorem 7.22. [90] Let G € B, \ {B1, Ba}, where m > 3. Then

and for each of the inequalities, the equality holds if and only if G = B, ,,,.
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Also, by [90], B7 3 has the maximum first Zagreb index in 873, while B; 3 and B, both have the
maximum second Zagreb index in B7 3. Similarly, By, has the maximum first Zagreb index in Bg 4,
while By 4 and Bs both have the maximum second Zagreb index in Bg 4.

In the paper [44], the first and second maximum values of the first and second Zagreb indices of
n-vertex tricyclic graphs are determined.

Let g,(n1,n2,n3,n4,n5) be a graph obtained from a simple graph G with vertex set V(G) =
{v1,v9,v3, 04,05} and edge set E(G) = {viv;,vv; : 2 < i < 5,3 < j < 5} by adding n; — 1
pendent vertices to vertex v;, 1 < i < 5, such that ny > ny > n3 > ny > ns and n; > 1 (see Fig. 17).

Denote by K, (n1, ng,n3,ny4) a graph obtained from K, by adding n; — 1 pendent vertices to vertex

v;, 1 <4 < 4, such that n; > 1 and ny = max{nq,ns, n3, n4}, see Fig. 17.

V4 V3

(a) (b)

Fig. 17. (a) The graph g, (n1, na, n3, ny, ns) ; (b) The graph K, (n1, no, ng, ny) .

It was concluded in [44] that if the number of non-pendent vertices decreases, then the first and
second Zagreb indices of the graphs under consideration will increase. This implies that the maximum
of Zagreb indices among all tricyclic graphs is attained at graphs with a few number of non-pendent
vertices. By inspecting all possible sets of tricyclic graphs with specified number of non-pendent vertices,

the authors came to the following result.

Theorem 7.23. [44]

(i) Among all n-vertex tricyclic graphs, n > 5, K,,(n — 3,1,1,1) and q,(n — 4,1,1,1,1) have the
maximum values of the first Zagreb index.

(ii) If n = 6,7, then K¢(2,2,1,1) and ¢7(2,2,1,1, 1) have the second—maximum value of the first
Zagreb index. If n > 5, then q,(n—4, 1,1, 1, 1) has the second—maximum value of the first Zagreb index.

(iii) The graph K,,(n — 3,1, 1, 1) has the maximum value of the second Zagreb index.

(iv) For n = 6,7,8, the graph K,,(n — 4,2,1,1) and for n = 5 and n > 9, the graph q,(n —

4,1,1,1, 1) have the second—maximum value of the second Zagreb index.
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This research was continued and in the paper [72], using similar techniques, the first three maximum
values of M; and the first and second maximum values of )/, in the class of n-vertex tetracyclic graphs
with n > 6 was determined. In order to state the obtained results we need few definitions.

Let F5 be a graph obtained from K4 by adding a vertex v; and connecting it to two vertices of K,
whereas the vertices of Fj are labeled so that d(v;) = d(ve) = 4, d(vs) = d(v4) = 3 and d(vs) = 2, as
shown in Fig. 18.

Define F),(ny,nq,n3,n4,n5) as a graph, depicted in Fig. 18, obtained from F; by adding n; — 1
pendent vertices to each v; such that n; > 1, n; > ny > ng > ngy > nz, 1 < ¢ < 5. Notice that

=

Dlimani=n.

Let W5 be the wheel with center v; and construct a graph W, (ny, na, n3, n4, ns) from Ws by adding
n; — 1 pendent vertices to each v; such that Z?zl n; = n, ng = max{n, ng,n3, ny,n5} and n; > 1,
1 <4 < 5 (see Fig. 18).

Next, let Q(6, 3, 3,3, 3) is a tetracyclic graph, depicted in Fig. 18, such that all of its cycles of length
3 have a common edge. Construct the graph Q,,(n1,n2,n3, n4, ns,ng) from Q(6,3, 3,3, 3) by adding
n; — 1 pendent vertices to each v; such that Z?zl n; =n,ny > nyg > ng, ng = max{ns, ny, ns, ng} and
n, >1,1<1<6.

V3 Vs

(a) (b) (c) (d)

Va Va

LN : 1n-6

(e) ®) (9)

Fig. 18. (a) I5; (b) Fn(n17n2,n37n47n5); (©) Ws; (d) Wn(nl,ng,ng,n4,n5); (e Q(6>37373’3) ()
Qn(n17n27n3’ n47n57n6) ; (g) Qn(n - 5’ 17 17 ]-7 17 1) .
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By considering tetracyclic graphs with a few non-pendent vertices, the authors came to the following

conclusions.

Theorem 7.24. [72] The graph Q,(n — 5,1,1,1,1,1) attains the maximum value of the first Zagreb
index among all n-vertex tetracyclic graphs, n > 6. Moreover, M1(Q,,(n—>5,1,1,1,1,1)) = n>—n+36.

Theorem 7.25. Among n-vertex tetracyclic graphs, n > 6, the graphs with the second—maximal M-
values (cases a and b) and third—maximal M, -values (cases c, d, e) are as follows:

a) Fo(n —4,1,1,1,1) with My(F,(n — 4,1,1,1,1)) = n? — n + 34, where n > 6 and n # 8;

b) F5(4,1,1,1,1) and Qs(2,2,1, 1,1, 1) with the first Zagreb index equal to 90;

c) Wr(3,1,1,1,1) and F7(2,2,1,1,1) with the first Zagreb index equal to 74;

d) Wo(5,1,1,1,1) and Qy(3,2,1,1,1, 1) with the first Zagreb index equal to 104;

e) Wo(n —4,1,1,1,1) with Miy(W,(n —4,1,1,1,1)) = n? — n + 32, where n. = 8 or n > 10.

Theorem 7.26. [72] Among n-vertex tetracyclic graphs, n > 6, F,(n —4,1,1,1,1) has the maximum

3 ) ) )

second Zagreb index equal to My(F,(n —4,1,1,1,1)) = n? 4 6n + 34. The second—maximum value of
Mo is as follows:
a) Q,(n —5,1,1,1,1,1) with second Zagreb index n* + n + 33, where n > 6 and n # 7;

b) F7(2,2,1,1,1) and Q7(2,1,1, 1,1, 1) with second Zagreb index 124.

A connected graph is a cactus if any of its cycles have at most one common vertex. In [88], Li et
al. investigated the first and second Zagreb indices of cacti with k£ pendent vertices. If all cycles of the
cactus G have exactly one common vertex, we say that they form a bundle. Denote by C,, ;. the set of all

connected cacti on n vertices with k pendent vertices.

Theorem 7.27. [88] Let G be a graph in C,, .

(i) Ifn —k =1 (mod?2), then M,(G) < n?+2n — 3k — 3 and My(G) < 2n? — (k + 2)n — k, with
equality in both cases if and only if G = C'(n, k), where C'(n, k) is depicted in Fig. 19.

(ii) If n — k = 0 (mod 2), then M,(G) < n? — 3k, with equality if and only if G = C?%*(n, k) or
G = C3(n, k), where C*(n, k) and C*(n, k) are depicted in Fig. I9.

(iii) Ifn—k = 0 (mod2), then My(G) < 2n*—(k+5)n+4, with equality if and only if G = C?(n, k),
where C%(n, k) is depicted in Fig. 19.

—
- - - - - -

(n-k-1)/2 (n-k)/2-1 (n-k)/2-2

Fig. 19. Cacti occurring in Theorem 7.27.
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As a consequence, the n-vertex cacti with maximal Zagreb indices were determined, as well as the

cactus with the perfect matching having maximal Zagreb indices.

Theorem 7.28. [88] Let G be connected cactus on n vertices.

(i) M1(G) < n?+2n — 3 and My(G) < 2n* — 2n, for odd n, and the equality holds in both cases if
and only if G = C}, where C} is the graph depicted in Fig. 20.

(ii) M, (G) < n? + 2n — 6 and Ms(G) < 2n? — 3n — 1, for even n, and the equality holds in both
cases if and only if G = C2, where C? is the graph depicted in Fig. 20.

Cr \/P/ Cn X!/:/

Fig. 20. Cacti occurring in Theorem 7.28.

Theorem 7.29. [88] Let G be 2k-vertex cactus with perfect matching. Then, M;(G) < M;(C%,) for
i = 1,2, and the equality holds if and only if G = C3,.

In addition, in [88], the authors determined sharp lower bounds for M; and M5 of graphs from C,, .
It is assumed that for all G € C,, ;, G contains at least one cycle. Recall that by U;  We denote the set of
unicyclic graphs G with n vertices and k pendent vertices, such that A(G) < 3 and each pendent vertex
of GG is adjacent to another vertex of degree 3 and every pair of vertices of degree 3 are non-adjacent.
Also, denote by u;z the set of unicyclic graphs GG with n vertices and k pendent vertices, such that
A(G) < 3 and the number of vertices of degree 3 is equal to the number of pendent vertices k. Then,

the following statement holds.

Theorem 7.30. [88] Ler G € C,, and 0 < k < n — 3. Then M,(G) > 4n + 2k with equality if and
only if n > 2k and G € W} In addition, My(G) > 4n + 3k with equality if and only if n > 3k and
Gell,.

At the end of this section we mention few results from [45], [15], and [14] which provide a unified
approach to the largest and smallest Zagreb indices of trees and cyclic graphs. In the paper [45], Deng
introduced some transformations that increase (decrease) the Zagreb indices. First, we present two
transformations from [45] which increase Zagreb indices.

Transformation A. Let uv be an edge of G, dg(v) > 2, Ng(u) = {v, wy, wa, ..., w;} and dg(w;) =
1fori=1,2,...,t. Let

G =G —{uw; |1 <i<t}+{vw|1<i<t}

see Fig. 21.
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(c)

(d)

Fig. 21. The transformations A, B, C, and D.

Transformation B. Let u and v be two vertices in G with uy,us, ..., u, being pendent vertices
adjacent to u and vy, vy, . . ., v; being pendent vertices adjacent to v. Let
G = G—{uuy,uug, ..., uu}+ {vuy,vug, ..., vu.}
G" = G—{vv,vve, ..., 0v ) + {uvy, uve, ... uvs}
see Fig. 21.

It has been proven in [45], that for a graph G’ obtained from G by the transformation A it holds
M;(G') > M;(G) i = 1,2. Also, by [45], for the graphs G’ and G” obtained from G by the transforma-
tion B, it holds that either M;(G") > M;(G) or M;(G") > M;(G),i =1, 2.

By using transformations A and B, results from [37, 66], concerning extremal trees with maximal

values of Zagreb indices were reproven. Also, Deng [45] obtained the corresponding results for unicyclic
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and bicyclic graphs with maximal Zagreb indices and in such a way some previously known results
from [103, 146, 150] were reproven.

Deng [45] also presented two transformations which decrease Zagreb indices.

Transformation C. Let G # P, be a connected graph and choose u € V(&). By G is denoted the
graph resulting from identifying v with the vertex vy, of a path vivs ... v,, 1 < k < n. By G, is denoted
the graph obtained from G by deleting v;_1v;, and adding vy,_1v,, (see Fig. 21).

Transformation D. Let u and v be two vertices in a graph G. G denotes the graph that results
from identifying u with the vertex wg of a path ugu; . .. u, and identifying v with the vertex vy of a path
Vo1 . . . v Graph G5 is obtained from G by deleting uu, and adding v,uy (see Fig. 21).

It was proven in [45], that for the graphs G; and G, obtained by transformation C, it holds M;(G;) >
M;(Gs), i = 1,2. Also, for graphs G; and G5, obtained by transformation D, the following statement
holds.

Theorem 7.31. [45] Let Gy and G4 be the graphs depicted in Fig. 21. If dg(u) > dg(v) > 1, r > 1
andt > 0, then

(i) if t > 0, then M1 (G1) > Mi(Gs) and My(Gy) > Ma(Gs);

(ii) ift = 0 and dg(u) > dg(v), then M1(G1) > M1(Gs);

(iii) if t = 0 and 3 o nowy—1o) 46(T) > 22 e g (o) (u) e (Y), then Ma(Gr) > M (Ga).

By using transformations C and D, and the previous theorem, trees, unicyclic and bicyclic graphs
whose Zagreb indices are minimum can be obtained, as shown in [45], and in such a way some earlier
known results for trees and unicyclic graphs have been confirmed [37, 66, 103, 150] and new results on
extremal bicyclic graphs with minimal Zagreb indices, presented in the previous discussions, have been
obtained.

In the papers [14, 15] Bianchi et al. established a unified approach aimed at determining upper and
lower bounds for M; and M, of trees and c-cyclic graphs, 1 < ¢ < 6, by using of a majorization
technique and Schur—convexity introduced in [110]. In fact, in the class of c-cyclic graphs, Bianchi et
al. [14, 15] were interested in finding graphs associated to the maximal (minimal) degree sequence with
respect to the majorization order. Before we present the results of [14, 15], we need few observations.

As mentioned before, the degree sequence 7 = (dy, ds, . .., d,) of c-cyclic graph satisfies the condi-
tion 37", di =2(n+c—1),ie,forshort, 7 € 37, . ;). Letnow F(di,dy, ..., d,) be any topological

index which is a Schur—convex function of its arguments, defined on a subset S C Za, where

n
Z:{X:(‘Tl'/m?v"'?xn)eRn:Il>x2>-~'>xn>0azxi:a}v

a i=1

Since the Schur—convex functions have the order preserving property, it holds
F(z.(S)) < F(dy,ds,...,d,) < F(z*(95))

where z.(S) and 2*(S) are the minimal and maximal elements of .S, respectively, with respect to the

majorization order. Using these arguments, extremal degree sequences of c-cyclic graphs (0 < ¢ < 6)
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were determined and, consequently, extremal c-cyclic graphs with respect to M, were obtained in [14].
In such a way, some existing results mentioned previously [44,66,72,103,105,150,153] for 0 < c < 4
were recovered and some new results were obtained as well. Here we mention only the new ones.

Since the upper and lower bounds for M; and corresponding extremal trees, unicyclic, and bicyclic
graphs have already been presented, we start with tricyclic graphs.

Tricyclic graphs. The upper bounds for M; of tricyclic graphs and the corresponding extremal
graphs have earlier been outlined (Theorem 7.23). Thus we present here only the lower bounds arising
from considerations in the paper [14].

(i) For n = 4, there is only one tricyclic graph associated to the sequence (3,3, 3,3), and thus
M, = 36.

(1) For n > 5, there is one minimal degree sequence (3,...,3,2,...,2), corresponding to the graph

4 n—4
(a) in Fig. 22, for n = 8, hence M; > 4n + 20.

a) b)
c) d)
e) Jil

Fig. 22. Tricyclic and higher-cyclic graphs with minimal M, according to [14].

Tetracyclic graphs. Similarly to the previous case, we present only the lower bounds for M; of
tetracyclic graphs, since the upper bounds and the corresponding extremal graphs have been presented
in Theorem 7.24.

(1) For n = 5, the maximal degree sequence is (4,4, 3,3,2) and the minimal one is (4,3, 3, 3, 3),
hence 52 < M; < 54.

(77) For n > 6 there is one minimal degree sequence (3,...,3,2,...,2) corresponding to the graph

6 n—6

(b) in Fig. 22 for n = 8, hence M; > 4n + 30.
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Pentacyclic graphs.

(7) For n = 5, there is only one pentacyclic graph with the degree sequence (4,4, 4,3, 3), hence
M; = 66.

(#4) For n = 6, there exist two maximal incomparable degree sequences (5,5, 3,3,2,2) and (5, 4,4,
3,3,1), and one minimal degree sequence (4,4, 3,3, 3,3). As suggested in [14], when more maximal
(or minimal) elements are identified, the best one depends on the topological index under consideration.
Hence, for M, it can easily be deduced that 68 < M; < 76.

(¢4i) For n = 7, the minimal degree sequence is (4, 3,. .., 3), whereas for n > 8, the minimal one is

e
(3,...,3,2,...,2).

—— ——
8 n—=_8

For n > 7, there are three incomparable maximal degree sequences

(n—1,6,2,...,2,1,...,1), (n—1,5,3,3,2,2,1,...,1), (n—1,4,4,3,3,1,...,1).
5 -7 —6 -5

Thus, it is easily deduced that for n = 7 it holds 70 < M; < 92 and for n > 8 we have 4n + 40 <
M; < n? —n + 50, wherein the graphs (c) and (d) in Fig. 22 achieve, for n = 9, the latter lower and

upper bounds, respectively.

Hexacyclic graphs.
(7) For n = 5, there is only one hexacyclic graph associated to the degree sequence (4, . .., 4), hence
M, = 80. ’

(#4) For n = 6, we have two incomparable maximal degree sequences (5, 5,4, 3,3, 2) and (5, 4,4, 4,
4,1), and one minimal degree sequence (4,4, 4,4, 3, 3). Simple calculation yields 82 < M; < 90.

(74i) For n = 7, there exist three maximal incomparable degree sequences
(6,6,3,3,2,2,2), (6,5,4,3,3,2,1), and (6,4,4,4,4,1,1), and one minimal degree sequence (4,4, 4, 3,
3,3,3), from which one concludes that 84 < M; < 102.

(iv) For n = 8 and n = 9, the minimal degree sequences are (4,4,3,...,3) and (4,3,...,3),
—— ——

6 8
respectively, whereas for n > 10, the minimal one is (3,...,3,2,...,2). Thus, for n = 8 and 9, the the
N N —

10 n—10
lower bounds for M are 86 and 88, respectively, whereas for n > 10 it holds M; > 4n + 50, wherein

the graph (e) in Fig. 22 achieves, for n = 11, the lower bound.

For n > 8§, there are four incomparable maximal degree sequences

(n—1,7.2,....2,1,....,1) , (n—1,6,3,3,2,221,...,1)
~—— ——

——
6 n—=_8 n—T
(n—1,5,4,3,3,2,1,...,1) , (n—1,4,...,4,1,...,1)
—6 4 =5

and hence, by a simple calculation, it holds M; < n? — n + 66 and the graph (f) in Fig. 22, achieves,
for n = 11, this upper bound.
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It was suggested in [14] that this approach can be extended to other topological indices whenever
they can be expressed as Schur—convex or Schur—concave functions of the degree sequence of the graph.
An analogous approach was applied in the paper [15] where an analysis was presented aimed at es-
tablishing maximal and minimal vectors with respect to the majorization order under sharper constraints
than those obtained by Marshall and Olkin [110]. This methodology was applied to the calculation of
bounds for M5 and it was shown that the bounds obtained by this technique are often sharper than those

earlier communicated [39, 146, 153].

8. Zagreb coindices of graphs

In the paper [46], bearing in mind Eq. (2), Dosli¢ introduced the Zagreb coindices, opposities to the
Zagreb indices, defined by

M(G)= ) (di+dy) , My(G) = ) did;.
viv; EE viv; ¢ E

The Zagreb coindices are closely related to the Zagreb indices [9]:

Mi(G) = 2m(n—1)— M(G) 37

My(G) = 2m? — My(G) — %MI(G) : (38)

The Zagreb coindices of G are not the Zagreb indices of G, since the defining sums run over E(G),
but the degrees are with respect to G. Still, those quantities are closely related. If we denote by 7 the
number of edges in G, then it holds, by [9],

implying, as noted in [9], that
1(G) = T (G).
Also, by [9], for the second Zagreb coindex we have
My(G) = My(G) — (n — 1)M(G) +m(n —1)%.

By (37), for trees, the sum M, (G) + M,(G) = 2(n — 1)? is constant for fixed n, implying that the
problem of determining the minimum (maximum) first Zagreb coindex is equivalent to the problem of

determining the maximum (minimum) first Zagreb index, which yields

Theorem 8.1. [10] If T is an n-vertex tree, then M (K, ,,_1) < M(T) < M,(P,) and Mo(K;,,_1) <
M, (T) < M,(P,).
By Corollary 4.1 and Theorem 6.6, the following result concerning chemical trees, obtained in [56]
by Fonseca and Stevanovi¢, is immediately deduced.
6n — 10 if n =2 (mod3)

M (T) > 2(n—1)* —
6n — 12 otherwise
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with equality as stated in Corollary 4.1.
Also, by relation (38) and Theorem 6.6, the lower bound for the second Zagreb coindex over chemical
trees was obtained in [56] as follows
11n —29 if n=2(mod3)
Mo(T) > 2(n — 1) -
11n — 32 otherwise
with equality if and only if either (i) every vertex of T is of degree 1 or 4 (in which case n = 2 (mod 3)),
or (ii) one vertex of 7" has degree 2 or 3 and it is adjacent to a single vertex of degree 4, while all other
vertices are of degree 1 or 4.

In [10] the following results on Zagreb coindices of unicyclic and bicyclic graphs were obtained.

Theorem 8.2. [10] If G is an n-vertex unicyclic graph, then (n + 2)(n — 3) < M;(G) < 2n(n —
3). Moreover, the left and right equalities hold if and only if G is isomorphic to K ,_1 + e and C,,

respectively.

Theorem 8.3. [10] If G is an n-vertex bicyclic graph, then n> +n — 16 < M,(G) < 2n? — 4n — 12.
The left equality is satisfied if and only if G is isomorphic to K ,_1 + e+ f, where e and f are two edges
with a common vertex forming two adjacent triangles in K, ,,_y. The right equality holds if and only if
G is isomorphic to a graph constructed from C, and C, joined by a path P,_,_,, 3 < p,q < n — 3 (see
Fig. 23).

K pnite+f

Fig. 23. Extremal graphs mentioned in Theorem 8.3.

Theorem 8.4. [10] Suppose that G is a triangle— and quadrangle—free connected graph with n vertices,
m edges and radius r. Then M»(G) > 2m? — (n+ 1 — r)(m + in) with equality if and only if G is a
Moore graph of diameter 2 or G = Cs.

In addition, by [10], for a connected graph G it holds

My(G) < 2m? — % Z d(v)[d(v) + na(v)] — % Z [d(v) + na(v)] .

veV(G) veV(G)
The equality holds if and only if G is a triangle— and quadrangle—free connected graph.
Recently, Das et al. [41], by using the relation (37) and Theorem 4.4 obtained the following lower
bound for M in terms of n, m and A.
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Theorem 8.5. [41] Let G be an (n, m)-graph with maximum degree A. Then

— 2(m — A)?
T1(G) > (n—3)m + Aln — A) — (”;7_2)
with equality holding if and only if G = K3, 5 or G = K,, or G = Kip 1.

Besides, in the paper [41], some upper and lower bounds on the second Zagreb coindex in terms of

n, m, 0, A\, and A, were established.

Theorem 8.6. citedasnum Let G be an (n, m)-graph with minimal degree 5, maximum degree A and

second-maximal degree Ns. Then
(i)
5(m — A)?

M >
My(G) > —

(n— 3)mé + %5A(n —A) -

N | —

with equality if and only if G = K3, _, or G = K,,;
(ii)
A@2m —A)?  A(n-2)

20n—1)  (n—1)? (A2 =0)

_ 1 ..
My(G) <m(n—1)A — §A5 -
with equality if and only if G is a regular graph.
The lower bounds for Zagreb coindices of series—parallel graphs were determined in [10].

Theorem 8.7. [10] Suppose that G is an (n, m)-series—parallel graph without isolated vertices. Then
M(G) > m(n —4) +nand My(G) > (m —n)(m — 1). The equality holds if and only if G = K, or
G=Kiin o

In [82], two estimations on Zagreb coindices of connected graphs involving the number of pendent

vertices were given.

Theorem 8.8. [82] Let G be a connected graph of order n with ny pendent vertices. Then

Mi(G) > —2n3+3nn; —4n,

— 3 5
My(G) > —§nf —5M +2nn;.

As suggested in [82], when n; = 0, the complete graph K,, and the graph K, attain both bounds.

When n, = 2, the 4-vertex path P, attains both bounds in the previous theorem.

9. Nordhaus-Gaddum type of inequalities for
Zagreb indices

In 1956, Nordhaus and Gaddum [117] established inequalities involving the chromatic number x(G) of

a graph G and its complement. Motivated by this result, different inequalities of that kind, known as
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Nordhaus—Gaddum type inequalities, have been communicated in the literature. Here we present those
pertaining to the first and second Zagreb indices.
Zhang and Wu in [149] established the following lower and upper bounds on M, (G) + M, (G) and

M5 (G) + My(G), respectively, in terms of n only.

Theorem 9.1. [149] Let G be a graph of order n, then

n(n — 1)
2

n n—1\>
2 2
In both inequalities the left—hand-side equalities are attained if and only if G = K,, and the right—hand—

side equalities hold if and only if G is a (";1)—regular graph, withn =4k +1, k > 1.

IN

M(G) + My(G) <n(n—1)2

IN

My(G) + My(G) < (Z) (n—1)7.

In the paper [39], Das et al. obtained the following upper bounds on M; (G)+M;(G) (resp. My(G)+
My(G)), in terms of n, m, 0, A, and A, by using Theorem 4.15.

Theorem 9.2. [39] Let G be a graph with n vertices, m edges, maximum degree [\, second—maximum

degree Ay and minimum degree 9. Then
[n(n—2) —2m+ 6 +1)°
n—1

[(A = 6)* + (Ay = 0)?]

M(G)+ M (G) <

+ A%+ (n—1-90)*

n—1
4
with equality if and only if G is the path Ps or G is a regular graph.
In addition,

My(G) + My(G) < n(ﬂT_l)g +2m? — 3m(n — 1)?

3\ [(2m — A)? , n—1 )

with equality if and only if G is isomorphic to a graph H, such that do(Hy) = d3(Hy) = -+ =
d,(Hy) = 0 or G is isomorphic to a graph Hy such that do(Hy) = d3(Hs) = - -+ = dp1(Ha) = Ay and
dpyo(Hy) = dpi3(Hy) = - = dopy1(Hy) = 0, n = 2p + 1.

Recently, Das et al. in [41] established new lower and upper bounds on M;(G) + M;(G) (resp.
My(G) + My(G)) in terms of n, m, 6, A, and A,.

Theorem 9.3. [41] Let G be a graph with n vertices, m edges, maximum degree A, second—maximum
degree Ao, and minimum degree 9. Then
(i) _
Mi(G) + Mi(G) > n(n—1)%—4(n—1)m
(2m —46)*  2(n—2)

2 |A?
* * n—1 (n—1)2

(Ay —0)°




137

with equality if and only if G is a regular graph or G is isomorphic to a graph H, such that dy(H) =
ds(H)=---=d,(H) =0;
(ii)
2(m — A)?
n—2
with equality if and only if G = K, or G =2 K3, 5 0or G = Kiy 1.

M (G) + My(G) < n(n—1)% —2(n — 3)m +2 —A(n—A)

Theorem 9.4. [41] Let G be a graph with n vertices, m edges, maximum degree A, second—maximum

degree s, and minimum degree §. Then

(i)
_1)3
M(G) + Mp(@) > w +2m? — 3m(n — 1)2
3 (2m — A 2(n—2)
n—2) A2 Ay —6)?
* (” 2) [ Tt Ty B
with equality if and only if G is a regular graph or G is isomorphic to a graph H, such that dy(H) =
ds(H)=---=d,(H) =0;
(ii)
— n(n —1)3 5 )
My(G) + My(G) < — 2m* — 3m(n — 1)

2(m — A)?

s

with equality if and only if G = K, or G = K3, 5 or G = Kiy 1.

In [82], several Nordhaus—Gaddum type bounds for the first Zagreb coindex were given. Let

even(n) = 1if n is even, and 0 otherwise.

Theorem 9.5. [82] (i) If G is a graph with n > 2 vertices and m edges, then

4m?

n —

with equality if and only if G = Ky, or G = K,,.
(ii) If G is a connected K, -free graph, 2 < r <n — 1, then

M(G) + M1(G) > 4m — (72 - 1)

with equality if and only if G is a bipartite graph for r = 2 and regular complete r-partite graph for
r>3.
(iii) If G is a connected quadrangle—free graph, then

M, (G) + M (G) > 4mn — 2n* + 2n — 8m + 4 even(n)

with equality if and only if G is a graph obtained from the star K ,,_ by adding | (n—1)/2] independent
edges.
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(iv) If G is a connected triangle— and quadrangle—free graph, then
Vi(G) + T1(@) > 2(n — 1)(2m — n)
with equality if and only if G = K, ,,_1 or a Moore graph of diameter 2.

The corresponding Nordhaus—Gaddum type bounds for the second Zagreb coindices were determined
in [79].

Theorem 9.6. [79] Let G be a graph of order n containing m edges. Then

Ms(G) + Ma(G) > 2(m? + %) — <Z> (n—1)%— "(%_1)2 (39)
and
Ms(G) + Mo (G) < 2(m? + ) — (72L> <n2 1) B TL(n; 1) ‘ (40)

The equality in (39) is satisfied if and only if G is isomorphic to the complete graph K,,. The equality in
(40) is satisfied if and only if n = 1 (mod 4) and G is "T’l-regular.

10. Relations between Zagreb indices

Recently, there has been much interest in comparing the values taken by the Zagreb indices M; and M,
on the same graphs. Let
AM(G) = My(G) — My (G)

and define the set ®(z), for z € Z, as
®(z) = {G: G isconnected and AM(G) = z}.

If G € ®(z), itis said [111] that G is z-Zagreb-balanced.
Direct approaches to comparing Zagreb indices were used in [26, 136]. The case of trees was studied
in [136]. The main result is that
M, — M, <d, 41)

where v is a vertex of degree d, > 2. Thus, for a tree T, the difference M; — M, is bounded by the
smallest degree of a non-pendent vertex of 7.

In the paper [26], lower bounds on AM (G) = M, — M for cyclic graphs were studied.

Theorem 10.1. [26] Let G be a simple and connected graph with n vertices and m edges.

a) If m < 6n/5, then AM(G) > 6(m — n), with equality attained if and only if G is a graph with
vertices of degree 2 and 3 only, and the vertices of degree 3 form an independent set.

b) If m > n, then AM(G) > 11m — 12n, with equality attained if and only if G is a graph with

vertices of degree 2 and 3 only and, when m > 6n/5, no pair of vertices of degree 2 are adjacent.
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From Theorem 10.1, the following result of Liu [98] can be deduced.

Theorem 10.2. [98] Let G be a simple, connected and unicyclic graph. Then My < My with equality if
and only if G is a cycle.

In paper [111], two examples were provided showing that ®(z) is non-empty for each z € Z. First,
for a star K., z > 1, it holds AM(K;,) = —=z. Next, for z > 0, let PC(z) be a tree on 3z + 3
vertices obtained from the path Ps, 5 with vertex set {vy, ..., v, 3} by adding a pendent edge to vertices
V3, Us, . .., U2,41. Then, AM(PC(z)) = z — 2.

Hence, ®(z) contains a star K _, for 2 < —1, and atree PC(z+2) for z > —2. Besides, two simple
constructions of new elements of ®(z) from the existing ones by adding an arbitrary number of new
vertices were presented in [111]. Both of these constructions can be applied to the graph PC(z + 2) €
®(z) for z > —2, provided that each set ®(z), z > —2, is infinite.

Unlike the case z > —2, it was proven in [111] that ®(z) contains only the star K _, for z < —2. In
fact, it was proven that for a connected graph G, different from the star,

AM(G) > —2.

Obviously, the previous inequality improves the inequality (41).

By considerations in [111], the first non-trivial sets ®(z) are (—2), &(—1) and (0) and these have
the property that all of their elements are trees, with exception of the cycles C;, which are the only non-
tree elements of ®(0). Also, it was proven in [111] that for a connected graph G which is neither a tree
nor a cycle, it holds that AM (G) > 1.

In order to present some further results on AM(G), recall that by the relations (1) and (2) it holds
that [57]

AM(G)= > (di—=1)(d;—1)—m
viv; €E(G)
ie.,

AM(G) = RMy(G) —m
where RM,(G) is a vertex-degree-based graph invariant, introduced in [57] by
RMy(G)= Y (di—1)(d;—1)
viv; €E(G)

and called reduced second Zagreb index.

Theorem 10.3. [57] For almost all graphs and almost all edges e € E(G), the condition RMy(G) —
RMy(G —e) —1>0,ie, AM(G) — AM(G — e) is satisfied. Exceptionally:

(a) AM(G) = AM(G — e) holds if e is an edge between a pendent vertex u and a vertex v of degree
two, and the other neighbor of v is also a vertex of degree two.

(b) AM(G) = AM(G — e) holds if the graph G has a component which is a 4-vertex path, and e is
the central edge of this path.

(¢) AM(G) < AM(G — e) holds if the graph G has a component which is a star, and e is an edge
of this star.
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Extremal trees of order n with maximal AM (G) were determined in [57].

Let n and k be fixed integers, n > 4, 2 < k < n — 2. Construct the set T(n, k) of n-vertex trees by
attaching (in any possible way) n — k — 1 pendent vertices to the pendent vertices of the star K, ; on
k + 1 vertices.

Theorem 10.4. [S7] If T is a tree of order n, n > 4, then

AM(G) < {"gQJ {”;ﬂ +1-n.

Equality holds if and only if T € %(,n/2) for evenn, and T € T(n, [n/2]) U % (n, [n/2]) for odd n.

Let C’,jy A be the unicyclic graph specified in connection with Theorem 7.10. Denote by Ca the set
{Ck A |3 <k <n—A—1}. The following lower bound on M, — Mj is obtained in [76]:

Theorem 10.5. [76] Let G be a unicyclic graph of order n with maximum degree /. Then

A—=2 if d=0
My(G) = My(G) = { A if d=1 (42)
2 if d>1

where d is the length of the shortest path from the maximum degree vertex u to the cycle C(G) (The
cycle of a graph G is denoted by C(G).) The equalities hold in (42) if and only if G = BF, G = Cﬁ,A
(A +k=mn), and G € Cx, respectively.

For general graphs, the order of magnitude of M; is O(n®) whereas for M, is O(mn?), implying
that M, /n and M,/m have the same orders of magnitude O(n?). This implies that is more convenient
to compare M /n and My /m instead of M; with M,. By using the AutoGraphiX conjecture—generating

system [8,24,25] the following conjecture was obtained.

Conjecture 10.1. [8,24,25] For all simple connected graphs with n vertices and m edges,

M, M (43)

n m
with equality for complete graphs, among others.

The relation (43) is referred to as the Zagreb indices inequality. In 2007, Hansen and Vukicevic [74]

showed that this conjecture does not hold for general graphs but it is true for chemical graphs.

Theorem 10.6. [74] For all chemical graphs G with n vertices and m edges, inequality (43) holds.
Moreover, the bound is tight if and only if all edges uv have the same pair (d,,d,) of degrees or if
the graph is composed of disjoint stars K 4 and cycles C,,, Cy, ... of any length.
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Besides, Hansen and VukiCevi¢ [74] presented a non-connected counterexample (a star K 5 together
with a cycle C3) and a complicated connected counterexample with 46 vertices and 110 edges to Con-
jecture 10.1.

On the other hand, it was proven that there are some other classes of graphs for which the conjecture
is true. Vukicevi¢ and Graovac in [136] first showed that relation (43) holds for all trees, with stars
as extremal trees. Later, new proofs were given in [7, 127]. In the paper [98], it was shown that the
conjecture is true for unicyclic graphs and the bound is tight with cycles as extremal graphs. In fact, as
m = n for unicyclic graphs, the relation (43) follows from Theorem 10.2.

Sun et al. [129] showed that the inequality (43) holds for bicyclic graphs except one class and char-
acterized extremal graphs as well. Besides, counterexamples of bicyclic graphs were obtained from the
excluded class. Using AutoGraphiX, Caporossi et al. [26] investigated the cases of bicyclic and tricyclic
graphs and constructed counterexamples to Conjecture 10.1 in both cases. Also, in [26], an infinite fam-
ily of counterexamples of c-cyclic graphs, for all ¢ > 2 is obtained, which are constructed by joining
complete bipartite graph K., and a star K ;, by an edge from a pendent vertex of K, to a vertex of

the smallest side of K5 .11, see Fig. 24.

c+1

Fig. 24. An infinite family of counterexamples to Conjecture 10.1.

For other results concerning the validity or non-validity of (43) for various classes of graphs the
reader is referred to [5,6,17,73,77,85, 125,130, 158]. These studies are summarized in two surveys
[101,102]. In addition, the equality case in (43) was also studied in [1, 137].

In the sequel, we present a few other results concerning the relations between M and Ms.

For a connected graph G it was proven [37] that
My + 2M, < 4m?
with equality if and only if G is the complete graph K,,. Also, it was shown that [37]
My (G) < 2m? — (n — 1)mé + %(5 — )M (G)

with equality if and only if G is isomorphic to K7, or K.

In [123], Réti presented some new inequalities related to the first and second Zagreb indices.
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Theorem 10.7. [123] If G is a simple connected graph, then

M,(G)

My (6) = =4

+om

with equality if G is regular.

Theorem 10.8. [123] If G is a simple connected graph, then

@) < 29 g, (44)
and My(G
M(G) < 2A( ) 4 Am. 45)

Equality in both cases holds if and only if G is a regular or bidgreed (biregular) graph with no adjacent

vertices of the same degree.
From (44) and (45), the following relations were deduced [123].

Corollary 10.1. [123] For a connected (n, m)-graph G with maximum degree A and minimum degree

J,
M- 2m?
My(q) < M) 2
) n
and MG
My(c) < MG LA,
2m

with equality in both cases if G is regular.

Corollary 10.2. [123] For a connected graph G it holds

M(G) < ¥ (1\42(5@) + m)

and

w102 (2D o) (4D o)

Equality in both cases hold if G is regular or bidgreed (biregular) with no adjacent vertices of the same

degree.

It was proven in [50] that for an arbitrary simple graph G it holds M;(G) < 2M,(G) with equality if
and only if G is an empty graph or the complete graph with two vertices.

The following results were also obtained in [50].

Theorem 10.9. [50]

A A?
M (G) < 0 + e +2M5(G) + 4m(m — 1)A?

with equality if and only if G is A-regular.
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Theorem 10.10. [50]

2
M (G) > g + % +2My(G) + 4m(m — 1)62

with equality if and only if G is 0-regular.
In the papers [40,41], Das et al. established some new relations between the Zagreb indices.

Theorem 10.11. [40,41] Let G be a connected (n, m)-graph with maximum degree A and minimum
degree o. Then
M (G)(A —1) —2My(G) < 2m][(n — 1)A — 2m]

and

) (n — 1)(M(G) — A?)?
2M5(G) — A% > (2m — 0)(n— 1) + (A —5) [n(n —-1) - Qm} .

Equality in both inequalities hold if and only if G is a regular graph.

(46)

Besides, in the same paper [41], a result better than (46) was obtained:

Corollary 10.3. [41] Let G be a connected (n, m)-graph with maximum degree A\ and minimum degree
0. Then

- —1)(M _ 2
2M,y(G) — A% > (n—1)(M1(G) — AAy) .
T (2m—5)(n—1)+(A—5)[n(n—1)—2m}
he above equality holds if and only if G = Ky, 1 or G is a regular graph.

11. An exceptional property of first Zagreb index

The generalized version of the first Zagreb index, namely
Zy = Z,(G) = Z d;
v;€V(G)
where p is some real number, was first considered by Li et al. [94,95], and the name first general Zagreb
index was proposed for Z,, in [95]. Thus, the ordinary Zagreb index M is the special case of Z,, for
p = 2. If we denote by n;, the number of vertices of GG having degree equal to k, then
Zy(G) = K. (47)
k>1
In what follows, it will be assumed, as in [64], that the exponent p in Eq. (47) is a positive integer.
Since the case p = 1 is trivial (Z;(G) = 2m), we assume that p > 2. Then, the following interesting

result is obtained.

Theorem 11.1. [64] Let G be a graph with n vertices, m edges, and n, vertices of degree {, { #+ 3.
Then, forp > 3,

Zy(G)>2-3P (m—n)+ 0,({) ny (48)
where ©,(() = 7 — 3P {4+ 2 - 3" is a polynomial of degree p in the variable (. Equality is attained if and

only if all the remaining n — ny vertices of G are of degree 3.
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The equality case in (48) pertains to (n, m)-graphs with a fixed number of vertices of degree ¢ whose
Zy,-value is minimal. The same graphs have minimal Z,-values for all p > 3. If we focus to the case
¢ =1, then it holds:

Theorem 11.2. [64] Let G be a graph with n vertices, m edges, and n, pendent vertices. Then, for
p=3
Zy(G)>2-3?(m—n)+ (3 + 1)n; . (49)

Equality is attained if and only if all the remaining n — ny vertices of G are of degree 3.

This equality case pertains to (n, m)-graphs with a fixed number of pendent vertices whose Z,,-value
is minimal and the same graphs have minimal Z,-values for all p > 3.
The case p = 2, i.e., Zo = M, is significantly different, as shown in [64], implying that the original

first Zagreb index is a kind of exception in the class of its generalized counterparts.

Theorem 11.3. [64] Let G be a graph with n vertices, m edges, and n, pendent vertices. Then, for
P=2
Z,(G) = Mi(G) > 16(m —n) + 9n, .

Equality is attained if and only if the number of pendent vertices is even, and all the remaining n — n,

vertices of G are of degree 4.

This equality case pertains to (n, m)-graphs with a fixed number of pendent vertices whose first

Zagreb index is minimal; for illustrations see Fig. 25.

Siata s
o B

Fig. 25. Examples of trees (73, 7}), unicyclic graphs (Us, Uy), and bicyclic graphs (Bs, B4) with 10
pendent vertices, having minimal first Zagreb indices, but not minimal Z,-values for p = 2.
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The special case of Theorem 11.3 for trees was proven earlier by Goubko [59], who also characterized
the trees with odd n; and minimal M;-value (see also [67]). Analogous, but much more difficult results
were obtained also for the second Zagreb index [59-61].

Ismailescu and Stefanica [86] characterized the graph with smallest Z,(G)-values, 0 < p < 1/2.

Theorem 11.4. [86] Let G be a graph of order n with m edges, and let 0 < p < 1/2. Let k be the unique
positive integer such that (kgl) <m < (’;) If Z,(G) is minimum, then G is isomorphic to the graph
with n — k isolated vertices, a complete subgraph K;,_1, and one vertex of degree m — (kgl) connected

to vertices of the complete subgraph.

In the same paper immediately after Theorem 11.4, the authors mentioned the following problem:
An interesting open question is to decide what happens if & € (1/2,1). Numerical computations

strongly suggest that the result in Theorem 11.4 remains true.
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Abstract

In this chapter, we present a survey of extremal results for two closely related quantities: the Merri-
field-Simmons index (number of independent sets) and the Hosoya index (number of matchings).
Maxima and minima are given for many different classes of graphs, including general graphs with
different restrictions, various classes of trees, unicyclic and bicyclic graphs. We also present common
auxiliary results and techniques in this context.
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1. Introduction

This chapter is devoted to two very similar quantities associated with a graph: the Merrifield-Simmons
index and the Hosoya index. The former is the total number of independent sets of a graph, while the
latter is the total number of matchings. Not only their definitions are very similar: as we will see in the

following, they also have similar properties.

The Hosoya index was the first graph invariant to be called fopological index, a term that is now com-
monly used to refer to many other invariants in the context of chemical graph theory. This name was
introduced in Hosoya’s seminal paper [50] in 1971. In this and subsequent work (see e.g. [51,52]), he
showed that certain physico—chemical properties of alkanes correlate well with the number of match-
ings in the associated molecular graph. Similar observations were made by Merrifield and Simmons,
who investigated the number of independent sets in molecular graphs as part of a topological formalism,
see [86—89] and in particular their book [90].

Merrifield-Simmons index and Hosoya index can also be seen as special values of two important graph
polynomials. Let us first recall their definitions: denote by (G, k) the number of independent sets of
cardinality k in a graph G (i.e., the number of ways to choose k pairwise non-adjacent vertices of ), and
denote by m(G, k) the number of matchings of cardinality & in G (i.e., the number of ways to choose &

pairwise non-adjacent edges of ). The independence polynomial of G is given by

I(G,x) =) i(G, k)z".

k>0

The matching polynomial of a graph is usually defined by

(G x) = (=1) m(G, ka2,

£>0

where n is the number of vertices of G. It is closely related to the matching generating polynomial

M(G,z) = Zm(G, )k,
k>0
Indeed, it is easy to see that u(G,r) = "M (—z~2). The matching polynomial has the remarkable
property that its zeros are always real; for this and other interesting properties of the matching polynomial

and the independence polynomial, we refer the interested reader to [30, 35, 64].

The Merrifield-Simmons index and the Hosoya index of a graph G can now be written as

o(G) = i(G. k) = 1(G,1)
and

Z(G) = _m(G, k) = M(G,1) =i "u(G, ).

£>0
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Remarkably, the graphs that maximize or minimize o(G) or Z(G) are often even coefficient-wise ex-
tremal, i.e. they maximize or minimize i(G, k) (m(G, k), respectively) for every k. This is one of the

motivations to consider poset structures on graphs in the following way (see [37,39] for early instances):
G-, H < i(G,k) > i(H, k) for all k,

and
G, H < m(G, k) > m(H, k) for all k.

A greatest (least) element with respect to >; in a given set of graphs thus maximizes (minimizes) i(G, k)
for all k, and consequently maximizes (minimizes) o(G). An analogous statement holds for >,,. While
a given set of graphs does not necessarily have to have a greatest or least element with respect to >, or
>m. it is indeed often the case that there are such elements, e.g. for trees of given size. However, we
will focus on the total number of independent sets and matchings in this survey, even though many of

the results listed in the following have stronger versions involving the partial orders >; and >,.

The connection to the matching polynomial is relevant for another reason. It is well known that the
matching polynomial of acyclic graphs (thus in particular trees) coincides with the characteristic poly-

nomial ¢(G, x) of the adjacency matrix A(G):
8(G, z) = det(x] — A(G)) = p(G, )

The sum of the absolute values of the eigenvalues of a graph is known as the energy [36,41], see [73]
for a comprehensive treatment. The eigenvalues are the zeros of the characteristic polynomial, and the
celebrated Coulson formula relates the energy F/(G) of a graph G with the characteristic polynomial.

This formula can be written in several different ways, for instance as

EG) = Q/Ooox_Q In (z"|¢(G, i/z)|) dx .

™

In view of the aforementioned identity between the characteristic polynomial and the matching polyno-

mial, this becomes
2

E(T) = — /OOO 7% In M(T, 2?) dx (1)
if T"is a tree. It is therefore not surprising that trees which maximize or minimize the Hosoya index also
maximize/minimize the graph energy, and vice versa (see [66,94, 142, 143] for some examples). This is
even the case for some other classes of graphs, see [53]. For arbitrary graphs (not necessarily trees), the
integral in (1) represents the matching energy that was recently introduced in [45]. Not surprisingly, the
graphs that are extremal for the Hosoya index are also typically extremal with respect to the matching

energy.

The Merrifield-Simmons index and the Hosoya index are connected in several ways: first of all, since
the matchings of a graph G are precisely the independent sets of its line graph L(G), we have the trivial
relation

Z(G) = o(L(G)) .
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A different kind of relation is somewhat more complicated. It turns out that the graphs that maximize the
Merrifield-Simmons index in a particular class of graphs are often also those that minimize the Hosoya
index, and vice versa. However, it is generally not the case that 0(G) > o(H) implies Z(G) < Z(H)
or the other way around (see [121] for explicit counterexamples). It was also shown that the two indices

are quite closely correlated for trees, see [120].

Early mathematical results on the Merrifield-Simmons index and the Hosoya index in the 1980s include
the characterization of extremal graphs for the classes of trees, unicyclic graphs and bicyclic graphs.
Some results were obtained independently by different (groups of) researchers, which is partly due to
the fact that different names were sometimes used for the same concept. In the earliest occurrence of
the Merrifield-Simmons index in the mathematical literature [101], it was dubbed Fibonacci number of a

graph, which is due to the fact that the Merrifield-Simmons index of a path is always a Fibonacci number.

After a period of comparatively little activity, the topic has garnered considerable attention over the past
ten years, with many new results. The survey paper [123] collected many of them, but the field has seen
many interesting new developments since its publication. In this chapter, we will provide an updated
survey including some recent results, without aiming to provide a comprehensive list of all theorems
that can be found in the references listed at the end. In addition, this chapter provides selected proofs
of central results in order to give an indication how bounds for the Merrifield-Simmons index and the

Hosoya index are obtained.

2. Basic results: graphs and trees

In this section, we consider the most basic bounds for the Merrifield-Simmons index and the Hosoya
index. Let us start with arbitrary graphs: it is obvious that adding edges decreases the number of in-
dependent sets and increases the number of matchings, while removing edges increases the number
of independent sets and decreases the number of matchings. Hence the following elementary result is

immediate:
Theorem 1 For every graph G with n vertices, we have
n+1<o(G)<2",

with equality only for the complete graph K,, and the empty graph F,, respectively.

Moreover, we have

n n!
1< 7 < 2k — DIl = —_
<2(6) < Z <2k>( ) Z (n — 2k)kI2k
0<k<n/2 0<k<n/2

with equality only for the empty and the complete graph respectively.

The values for the empty and the complete graph are trivial, perhaps with the exception of the Hosoya

index of the complete graph: note here that (21) is the number of ways to choose the 2k vertices involved



159

in the matching, while (2k — 1)!! = (2k — 1) - (2k — 3) ---3 - 1 is the number of ways to form & pairs

from 2k vertices.

The bounds that are attained by the empty graph can be improved if we assume the graph to be connected.
The argument that removing edges decreases the Hosoya index while increasing the Merrifield-Simmons

index shows that the extremal values must be attained for a tree. We have the following theorem:
Theorem 2 For every connected graph GG with n vertices, we have

o(G)<2"'+1 and Z(G)>n,
with equality only for the star S, in both cases.

Proof: For the Hosoya index, the bound is essentially trivial: note that every connected graph with n
vertices has at least n — 1 edges (exactly n — 1 if the graph is a tree), thus at least n matchings: the empty
set, and each single edge. Since the star is the only tree that has no other matchings because its edges are

pairwise adjacent, it is the only connected graph with n vertices for which Z(G) = n.

The bound for the Merrifield-Simmons index is slightly more difficult to prove. As mentioned before,
we can assume that the graph is a tree, so it suffices to prove the statement for trees, which is done by
induction on n. The initial case n = 1 is trivial. For the induction step, consider a tree 1" with n vertices,
and let v be a leaf of T'. We denote its unique neighbor by w. There are two types of independent sets:
those that contain v and those that do not. The number of independent sets that do not contain v is exactly
the number of independent sets of 7'\ v. If v is contained in an independent set, then w is not, and the

remaining vertices form an independent set of 7'\ {v, w}. Hence we have
o(T)=0o(T\v)+o(T\ {v,w}).

By the induction hypothesis, we have o (T \ v) < 2"~2 4 1 (with equality only if 7"\ v is a star), and
Theorem 1 gives us o(T\{v, w}) < 2"~2, with equality only if 7'\ {v, w} is the empty graph. Combining
the two gives us

o(T) <2 ' +1,

with equality if and only if 7' is a star. This completes the proof. |

The induction step in the proof of Theorem 2 exhibits a special case of a formula that allows for the
recursive calculation of the Merrifield-Simmons index. This (folklore) formula is given in the following
lemma, along with an analogous formula for the Hosoya index. Here and in the following, we denote the
(open) neighborhood of a vertex v, i.e., the set of all neighbors of v, by N (v) and the closed neighborhood
that also includes v itself by N[v] = N(v) U {v}.

Lemma 3 For every graph G and every vertex v of G, we have

0(G) = o(G\v) +o(G\ N[vl)
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and
Z(G)=Z(G\v)+ > Z(G\{v,w}).
wEN (v)

Proof: For the first formula, we only need to split the set of all independent sets into those that do not
contain v and those that do (and therefore do not contain any neighbor). The argument that gives us the
second formula is similar: a matching either does not contain any of the edges incident with v, or exactly
one of them. If the edge between v and w is contained in a matching, then the remaining edges must
form a matching of G \ {v, w}. u

In a similar way, one obtains the following theorem:

Lemma 4 For every graph G and every edge e = vw of GG, we have
0(G) = o(G\e) —o(G\ (N[v] U Nw])),

and

2(G) = Z(G\ e) + Z(G\ {v,w}) .

Proof: For the first formula, note that all independent sets of G'\ e are also independent sets of G, except
for those that contain both v and w. If both v and w are contained in an independent set, then no vertex of
N(v) or N(w) is, so the number of these independent sets is (G \ (N[v] U N[w])). The second formula
is obtained in a similar way, by distinguishing between matchings that contain e and those that do not.
|

Finally, the following lemma is trivial:

Lemma 5 Let Gy, G, . . ., Gy be the connected components of a graph G. We have
k k
o(G)=[]e(G) and z(G)=]]2(G)).
j=1 j=1

Among many other things, these formulas are useful in proving that the path is extremal for the family
of all trees, as we will see in the following. Fibonacci numbers play an important role in this context: we
define them by Fyp =0, Fy = land F,, = F,,_; + F,,_o forn > 2.

Theorem 6 For every forest T" with n vertices and in particular every tree, we have
o(T)> F,y2 and Z(T) < Foyi,
with equality only for the path P, in both cases.

Proof:  Both inequalities are proven by means of a simple induction. They are easily verified for
n = 1 and n = 2. For the induction step, we can assume that 7" is a tree, since adding edges decreases
the Merrifield-Simmons index and increases the Hosoya index. Let v be a leaf of T" and w its unique
neighbor. Lemma 3 yields

o(T) = o(T\v) +o(T\ {v,w})
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and
Z(T)=Z(T \v)+ Z(T\ {v,w}) .

Note that 7'\ v and 7'\ {v, w} are both forests, so we can apply the induction hypothesis to both of them.
In view of the definition of the Fibonacci numbers, we obtain the desired inequalities immediately.
Equality can only hold if both 7'\ v and T'\ {v, w} are paths, which is only possible if 7" itself is a path.

]

Theorem 2 and Theorem 6 belong to the oldest results concerning the Merrifield-Simmons index, see
[37,39,44,101]. Tree-like classes such as unicyclic graphs were also already considered early — see
Section 4. Before we discuss these results, let us consider some useful graph transformations that are

known to decrease or increase the Merrifield-Simmons index and the Hosoya index.

3. Important transformations

In view of Theorem 2 and Theorem 6, it is perhaps not surprising that replacing a tree as part of a graph
by a star of the same size increases the Merrifield-Simmons index and decreases the Hosoya index,
while replacing a tree by a path of the same size decreases the Merrifield-Simmons index and increases

the Hosoya index. Let us formulate this explicitly:

Lemma 7 Let G be a connected graph, let T be an induced subgraph of G that is a tree, and assume
that 7" only shares a cutvertex v with the rest of the graph. Let (G; and G5 be the graphs that result from

replacing T by a star (centred at v) and a path (with one end at v) respectively. The inequalities
o(Gh) 2 o(GQ) > a(Gs)

and
Z(Gh) £ Z(G) < Z(Go)

hold. Both inequalities are strict unless G is isomorphic to either G; or Gbs.

Proof: Let H be the “rest” of the graph G, i.e. G without the tree T, including the cutvertex v. By
Lemma 3 and Lemma 5, we have

0(G) = o(H \v)o(T'\v)+o(H \ N[v])o(T \ N[v])
o(H\ N[e))o(T) + (o(H \ v) = o(H \ N[]))o(T \ v)

In view of Theorem 1, Theorem 2 and Theorem 6, the terms o(T") and o(7"\ v) both attain their maximum
when T’ is a star (centred at v), and they attain their minimum when 7" is a path (with v as one of its

endpoints). The inequalities for the Merrifield-Simmons index follow immediately.

In a similar way, we get

2(G) = Z(H\0)Z(T) + (Z(H) = Z(H\ 0)) Z(T \ v),
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and Z(T') and Z(T \ v) are both maximized when T is a path and both minimized when T is a star,

centred at v. [ |

G

G2 H v

Figure 1. The transformations of Lemma 7.

The following lemma, which we provide without proof, deals with the operation of moving part of a

graph from one place to another:

Lemma 8 Let GG be a connected graph, and assume that H; and H, are induced subgraphs of G with
at least two vertices, each of which only shares a cutvertex with the rest of the graph. Denote these
cutvertices by vy and vy. Let G be the graph that is obtained by moving H; from v; to vy, and let G5 be
the graph that results from moving Hs from vs to v;. The following two statements hold:

e Either 0(G;) > 0(G) or 0(Gs) > o(G).

e Either Z(G1) < Z(G) or Z(Gs) < Z(G).
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G

G

Figure 2. The transformations of Lemma 8.

A more general lemma of a similar nature that was specifically geared towards trees with degree restric-
tions can be found in [2,47,119].

The transformations of Lemma 7 and Lemma 8 apply not only to the Merrifield-Simmons index and the
Hosoya index, but are useful in the study of many other graph invariants as well. Lemma 10 that follows
below, on the other hand, is quite specific for Merrifield-Simmons index and Hosoya index. We first

need a property of the Fibonacci numbers.

Lemma 9 For every integer n > 2, we have

FiFy > F3Fy 32 F5Fy 52 - 2 Fluyo o 2 - 2 Foln6 > Fuly 4 > FoFy o .

B

Proof: Let ¢ = ”—2‘/5 be the golden ratio, and ¢ = =% Binet’s formula

_1_
5=
1

Fa= (0= 4")

is well known. We also need the Lucas numbers L,, = ¢ + ¢™. It is easy to verify that
1 k
FoFo = 5(-[/77. —(-1) Ln—2k) .

Since the Lucas numbers L,,_o;, are decreasing in k for k < n/2, the statement of the lemma follows

immediately. ]

The following lemma is central for many results regarding the Merrifield-Simmons index and the Hosoya
index, and it appears in different variants, see [46, 83,121,124, 144,153, 163].



164

Lemma 10 Let G be a connected graph with at least two vertices, and choose a vertex u € V(G). Let
P(n, k, G, u) denote the graph that results from identifying v with the k-th vertex vy, of an n-vertex path
(see Figure 3). Write nasn = 4m + 4,4 € {1,2,3,4}, m > 0. Then the inequalities
o(P(n,2,G,u)) > o(P(n,4,G,u)) > ...>c(P(n,2m+2l,G,u)) >
o(P(n,2m+1,G,u)) >...>c(P(n,3,G,u)) > o(P(n,1,G,u)),
and
Z(P(n,2,G,u)) < Z(P(n,4,G,u)) < ... < Z(P(n,2m +21,G,u)) <
Z(P(n,2m+1,G,u)) <...< Z(P(n,3,G,u)) < Z(P(n,1,G,u))
hold, where [ = [51].

Proof: Applying Lemma 3 to the common vertex u = vy, we obtain
o(P(n,k,G,u)) = 0(Py-1)0(Po—k)o(G\ u) + 0(Pr—2)0(Ppr_-1)o(G \ N[u])
= 0(P.)o(G\ N[u]) + o(Pe-1)o(Pai) (0(G \ v) — o(G\ N[u)))
= Fr20(G\ N[u]) + Fir Fuan (oG \ ) = o(G\ N[ul)).

By our assumptions on G, we have o(G \ u) — o(G \ N[u]) > 0. Therefore, the first set of inequalities

follows easily from the previous lemma. The proof for the Hosoya index is similar. |

1 U= vy Up

Figure 3. The graph P(n, k, G, u) in Lemma 10.

The following lemma is of a similar nature; it was used specifically in connection with bicyclic graphs,
see [18,20,21]:

Lemma 11 Let G be a connected graph with at least three vertices, and let uy, us be non-adjacent ver-
tices of G. Let P(n,k, [, G,uq,uy) denote the graph that is obtained by identifying u; with the vertex
vy, and uy with the vertex v; of an n-vertex path with vertices vy, . .., v, (Figure 4). For every pair (k, ()
with 1 < k < [ < n, at least one of the inequalities

o(P(n,k,1,G u,u3)) > o(P(n, 1,1 —k+1,G,uy,us)),
o(P(n,k,1,G u1,uq)) > o(P(n,n+k—1,n, G up,ug))
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holds. Likewise, at least one of the inequalities

Z(P(TLJCJ,G,’UQ,UQ)) < Z(P(nalvl —k+ 1,G,’U,17U2)),
Z(P(nvkvlanuhu?)) < Z(P(n7n+ k— l7n7G>ul7u2))

holds.

U1 Uy = Vg Uz = Uy Un
Figure 4. The graph P(n, k,l, G, u1,us) in Lemma 11.
The transformations presented in this section provide a “standard toolkit” that is useful for many different

problems, not just concerning Merrifield-Simmons index or Hosoya index, but often also others. See

[75,79, 80] for some instances of a “unified” approach.

4. Tree-like classes of graphs

The transformations presented in the previous section are mostly geared towards graphs that are similar
to trees in some sense. Once bounds for trees have been determined, a natural next step is to consider
unicyclic graphs, which have exactly one cycle. These graphs will be the first topic in the following

section.

4.1 Fixed cyclomatic number

Let G be a connected graph with n vertices and m edges. The cyclomatic number of G is m — n +
1. In particular, a tree has cyclomatic number 0. A connected graph with cyclomatic number 1 is
called unicyclic, a connected graph with cyclomatic number 2 bicyclic, etc. The following bounds were
obtained by several different authors in various versions, see [21,37,39,93,95,98, 144]:

Theorem 12 For every unicyclic graph G with n vertices (n > 3), we have the inequalities
o(G)<3-2"%4+1 and Z(G)>2n-2,
both with equality for the graph that results from adding an additional edge to a star. Moreover, we have
o(G)>L, and Z(G)< L,,

both with equality if G is a cycle. In the case of the Hosoya index, the cycle is the unique graph that
attains the bound L,,. In the case of the Merrifield-Simmons index, there is a second graph for which

equality holds, consisting of a triangle with a path of length n — 3 attached to it.
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Figure 5. Extremal unicyclic graphs of order 8.

Similar results have been obtained for bicyclic graphs; for the maximum of the Merrifield-Simmons

index and the minimum of the Hosoya index, we have the following theorem:
Theorem 13 ( [19,22]) For every bicyclic graph G with n vertices (n > 4), we have the inequalities
o(G)<5-2""+1 and Z(G)>3n—4,

both with equality for the graph that results from adding two additional edges (with a common endvertex)

to a star.

Figure 6. The graph of Theorem 13 (for n = 9).

It is noteworthy, however, that the minimum of the Merrifield-Simmons index and the maximum of the

Hosoya index are not attained by the same graphs any longer:
Theorem 14 ( [20,38,106]) For every bicyclic graph G with n vertices (n > 5), we have the inequality
U(G) Z 5Fn72>

with equality if and only if G is a graph consisting of two triangles that are connected by a path of length
n — 5. On the other hand, for every bicyclic graph G with n vertices (n > 10), we have

Z(G) < 7Lnf4 + 3Fn747

with equality if and only if G’ consists of a cycle of length 4 and a cycle of length n — 4, connected by

an edge.
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Figure 7. The graphs of Theorem 14 (for n = 10).

The second part of Theorem 14 above has an interesting history: it was given in [38], in fact in a stronger
version involving the partial order >,, mentioned in the introduction, correcting a wrong claim that was
made in [37]. The problem was considered again in [18], but the extremal graphs determined there are

incorrect, as one can verify easily by comparing them with those described in Theorem 14.

Tricyclic graphs have been investigated as well, and again the results are somewhat similar [24, 25,43,
82,169]. For general cyclomatic numbers (equivalently, for given number of vertices and edges), only
partial results are available, and it is probably not feasible to characterise the extremal graphs in all

possible cases. For small values of m, we have the following theorem:

Theorem 15 ( [96,113,164]) For every connected graph G with n vertices and m edges, where n — 1 <

m < 2n — 3, we have the inequality
O'(G) S 2’!L—2 + 22n—3—m + 1.

Equality holds if and only if G is the graph that consists of m — n + 1 triangles that share a common
edge and 2n — m — 3 edges attached to one of the two endpoints of this edge, except when m = 2n — 4,
in which case there is another graph that also attains the bound.
Likewise, for every connected graph with n vertices and m edges, where n — 1 < m < 2n — 3, we have
the inequality

Z(G) > mn —n®+4n —2m — 2.

Equality holds for the same graph as described above for o(G), except when m = n + 2, in which case

there is another graph as well.

T

Figure 8. The graph of Theorem 15 (for n = 8 and m = 10).

In [113], a similar result is also given for the Hosoya index of graphs with “large” cyclomatic number
(close to complete graphs). On the other hand, the following result of an asymptotic nature can be found
in [122]:
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Theorem 16 Let k be a fixed positive integer. For a graph G with n vertices and cyclomatic number £k,

we have
1 5
nlog +2\[ +0(1) <logo(G) <nlog2+ O(1).
Both O-constants only depend on k. Likewise, we have
1
logn + O(1) <log Z(G) < nlog +2\/5 +0(1),

again with both O-constants only depending on k.

4.2 Forests

Since most research focusses on connected graphs, there is little literature on forests. However, since
the connected components of forests are trees, bounds for trees generally imply bounds for forests as
well. In [76], all n-vertex forests with Merrifield-Simmons index of at least > 2"~! + 1 are determined:
they either consist of a star and an arbitrary number of isolated vertices, or of two isolated edges and a
number of isolated vertices. Since every graph that contains a cycle has Merrifield-Simmons index of
at most 2”1, these forests are in fact the only graphs whose Merrifield-Simmons index is greater than
2n—L,

4.3 Quasi-trees

A quasi-tree is a graph with the property that one can remove one vertex to obtain a tree. Quasi-trees are

considered in [69], where the following result is proved:

Theorem 17 For every quasi-tree G with n vertices (n > 2), we have the inequalities
o(G) > Fpy1 +1

and

(n+4)F, + 2nF,

5
Equality holds in both inequalities if and only if G is a fan, consisting of a path and an additional vertex

Z(G) <

connected to all vertices of the path by an edge.

Figure 9. The fan (for n = 8).

The maximum of the Merrifield-Simmons index and the minimum of the Hosoya index are both essen-

tially trivial: they are attained by the star.

Let us finally mention that quasi-unicyclic graphs have been considered as well, see [27].
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5. Graphs with additional restrictions

5.1 General graphs

Let us now consider graphs with additional restrictions on various parameters. First of all, we consider
graphs of given connectivity: recall that a graph is k-connected if one needs to remove at least k vertices
to render it disconnected. A lower bound for the Merrifield-Simmons index and an upper bound for the

Hosoya index have been provided in [138, 170]:

Theorem 18 ([138,170]) Let GG be a graph with n vertices and vertex connectivity (at most) k. The
inequalities
o(G)>2n—k and Z(G)< Z(K,1)+kZ(K, )

hold. Equality holds in both cases if and only if G is a graph obtained from a complete graph K, by
removing n — k — 1 edges with a common endvertex (equivalently, obtained from a complete graph K,,_;

by adding a vertex and connecting it to k of the vertices of the complete graph).

Making use of the fact that the edge connectivity of a graph (the minimum number of edges that needs to
be removed to render the graph disconnected) is always greater or equal to the vertex connectivity, one

finds that Theorem 18 also holds if “vertex connectivity” is replaced by “edge connectivity”.

Another very natural restriction is to include the independence number (greatest cardinality of an inde-
pendent set) or the matching number (greatest cardinality of a matching). Since independent sets of a
graph correspond to complete subgraphs in the complement, the following is a direct consequence of a
theorem that was proved by Erdds [28,29] (and rediscovered by Sauer [110] and Roman [109]): among
graphs of order n without a complete subgraph of k vertices, the complete (k — 1)-partite graph with the
property that its partite sets are as equal in size as possible (any two only differ by at most one) has the

greatest number of complete subgraphs, in fact of any order less than k.
Theorem 19 For every graph GG with n vertices whose independence number is k, we have

o(G) < Q%J N l)k(Ln/kHl)fn([%J N Q)nfk\_n/kj.

Equality holds if and only if G consists of k(|n/k] + 1) — n complete graphs with [n/k] vertices and
n — k|n/k]| complete graphs with |n/k]| + 1 vertices.

The lower bound is somewhat simpler, see [99]:
Theorem 20 For every G with n vertices whose independence number is &, we have
o(G) > 2" (n -k +2).

Equality holds if and only if G consists of a complete graph with n — k + 1 vertices and k& — 1 isolated

vertices.
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Bruyere and Mélot in [6] consider the same problem also for connected graphs (in addition to providing
a proof of Theorem 19): they show that the extremal graphs in this case are quite similar to those in
Theorem 19, with additional edges going out from one vertex of one of the larger components to one
vertex of each other component. Moreover, the minimisation problem for trees with given independence

number is studied in [5].

In the same vein, graphs with given matching number have been considered as well. In order to obtain
an upper bound on the Merrifield-Simmons index or a lower bound on the Hosoya index under this
condition, it suffices to look at trees (assuming that the graph is connected). This is because a maximum
matching of any connected graph can be extended to a spanning tree that still has the same matching
number. It has already been observed that removing edges always decreases the Hosoya index and
increases the Merrifield-Simmons index, so one can simply consider the aforementioned spanning tree.
The following theorem can then be obtained (see [54,61, 154]):

Theorem 21 For every connected graph GG with n vertices and matching number m, we have
o(G) < gmton=2mtl L om=1 and  Z(G) > 2™ 2*(2n — 3m + 3).

Equality holds if and only if G is an extended star (see Figure 10), consisting of m — 1 paths of length 2

and n — 2m + 1 single edges, all joined at a common endpoint.

Figure 10. The extended star with 7 vertices and matching number 3.

Yu and Tian [154] even consider the more general situation where the cyclomatic number (equivalently,
the number of edges) is prescribed in addition to the number of vertices and the matching number.
The minimum of the Merrifield-Simmons index and the maximum of the Hosoya index, on the other

hand, have been determined in [170]. For the former, we have the following theorem:

Theorem 22 ([170]) Let G be a connected graph with n vertices and matching number m. If m =

[n/2], then o(G) > n + 1, with equality if and only if G is a complete graph. Otherwise, we have
O’(G) >m- 2n+172m 4 17

with equality if and only if G consists of a complete graph K, and a star with n — 2m + 1 vertices,

whose centre is identified with one of the vertices of the complete graph.

The situation for the Hosoya index is somewhat more complicated. Here, there are two different types

of extremal graphs.
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Theorem 23 ([170]) Let n and m be positive integers with n > 2m, and let G1(n,m) be the graph
described in Theorem 22, consisting of a complete graph K, and a star .S,,_s,,11 Whose centre is
identified with one of the vertices of the complete graph. Moreover, let G»(n, m) be the graph obtained
by connecting a complete graph K, and an empty graph E,,_,, by all possible m(n — m) edges. For

every graph G with n vertices and matching number m, we have
Z(G) < max (Z(G1(n,m)), Z(G2(n,m))).

Equality holds if and only if G is isomorphic to G1(n, m) or G(n, m), whichever has the greater Hosoya

index.

Figure 11. The graphs G1(7,2) and G2(7, 2).

It was also shown in [170] that there exists a unique value mgy depending on n such that G(n, m) has
greater Hosoya index when m > my, and G3(n, m) has greater Hosoya index otherwise. The asymptotic
behaviour of mg as a function of n was considered as well. Let us also remark that upper bounds for
the Hosoya index in terms of the number of edges and the matching number were also already provided
in [42,85].

Let us also mention results on graphs with given chromatic number, which were investigated in [140]:
among graphs with given number of vertices and chromatic number k, the minimum of the Merrifield-
Simmons index and the maximum of the Hosoya index are both obtained for a complete k-partite graph
whose partite sets are as equal as possible (known as a Turdn graph, which is also the complement of
the graph occurring in Theorem 19). The bipartite and tripartite graphs that yield the minimum of the
Hosoya index and the maximum of the Merrifield-Simmons index are given in [140] as well (the bipartite
case is also considered in [99]; if we assume connectedness, the star is the extremal bipartite graph).
We conclude this subsection with work on miscellaneous restrictions: here, one can mention Xu [135],
who considers graphs with given clique number, Hua and Zhang [60], who are studying graphs with
given number of cutvertices, a paper of Li and Zhang [65] on graphs with given minimum degree, and
Wang’s paper [130] on graphs with a perfect matching.

5.2 Trees

Trees are perhaps the class of graphs that has been studied most thoroughly, and several different re-
strictions have been considered. It is a recurring phenomenon that we have already observed in other
instances that the extremal trees with respect to the Merrifield-Simmons index and the Hosoya index
often coincide. Let us start with a result on trees with given diameter: recall that a broom B, j, is a tree

that is obtained by appending a path of length n — k to a star with k vertices.
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Theorem 24 ( [16,63,74,97,100,143]) For a tree with n vertices and diameter d, we have the inequali-
ties
o(T) < 2" Fyy1 + Fy and Z(T) > (n—d)Fy+ Fyyy.

Equality holds in both inequalities if and only if 7" is the broom B,, ;,_q+1.

AN
>

Figure 12. The broom Bg 4.

This result can be found in several papers by different authors: for the Merrifield-Simmons index in
[63,74,100], and for the Hosoya index in [16,97,143]). In [63] (Merrifield-Simmons index), it is mainly
shown as an auxiliary result, while in [143] (Hosoya index), it is actually a byproduct of a stronger
statement that also establishes minimality of the energy. Liu et al. [81] even study the question in greater

detail and also determine the second-largest/smallest value and more.

On the other hand, it seems that the analogous problem to find the minimum of the Merrifield-Simmons
index and the maximum of the Hosoya index for trees with given number of vertices and diameter is
considerably harder, and only partial results for very small diameter (up to 5) are known — see [33, 63,
78,94].

The number of leaves is another very natural additional parameter. It turns out that the broom occurs

once again as extremal tree:

Theorem 25 ( [97,153]) For a tree with n vertices and k leaves, we have the inequalities
o(T) <2 'y pyo+ Fypyr and  Z(T) > kFy_ i1+ Fp.

Equality holds in both inequalities if and only if 7" is the broom B, .

Just like Theorem 24, this result was obtained independently in different papers, and it was also extended
further, see [83, 129]. As before, it also appears to be much harder to determine the minimum of the
Merrifield-Simmons index or the maximum of the Hosoya index. Here, only partial results are known if
the number of leaves is either very small (up to 6, see [34, 127, 148]) or very large (more than half the
vertices), see [23, 142].

The situation is quite different under another restriction: the maximum degree. Here, the minimum of
the Merrifield-Simmons index and the maximum of the Merrifield-Simmons index can be obtained by a

relatively straightforward application of Lemma 7 and Lemma 10. The final result reads as follows:

Theorem 26 ( [121]) Let T be a tree with n vertices and maximum degree A. We have the inequalities

n—A—-192A—n+1 n—A—1 > n-l1
I 42 Az,
32 1E, onis + 227 F, _oaio otherwise.
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and

2 A23A —n 43 Ao
2872((A+1)F,_ont2 + 2F,_oa4+1) otherwise.

For A > ”T_l, equality holds in both cases if and only if 7" is an extended star consisting of n — A — 1
paths of length 2 and 2A — n + 1 paths of length 1 sharing a common endpoint (see also Figure 10).
Otherwise, equality holds if and only if T is an extended star consisting of A — 1 paths of length 2 and

a path of length n — 2A + 1, again sharing a common endpoint.

The description of the trees with given number of vertices and maximum degree that maximize the
Merrifield-Simmons index and minimize the Hosoya index is rather more involved. However, the ex-
tremal trees coincide again, as was shown in [47] (see also [31,48]). They can be obtained as a special

case of those trees that are extremal for a given degree sequence, so we will return to them later.

Fixing the maximum degree or the number of leaves are two instances of restricting the degree sequence.
Andriantiana [2] studies the more general (and also more difficult) problem of prescribing the degree
sequence of a tree completely. As it turns out, it is possible to characterise the trees that maximize the
Merrifield-Simmons index and minimize the Hosoya index (once again, these are the same trees). The

full characterisation is quite complicated (as is the somewhat technical proof):

Definition 1 ([2]) Let (dy,do, ..., dx,1,1,...,1) be a degree sequence of a tree in non-increasing order
(dy, > 2). We define a tree M(dy,ds, ..., dg, 1,1,...,1) associated with this sequence by the following
recursive construction: if k < dj, + 1, then the tree M(dy,ds, ..., dy, 1,1,...,1) is obtained from a star
Sa,.+1 With dj, leaves by identifying k — 1 of its leaves with the centres of k — 1 stars Sg,, Sy, ..., Sa,_,-
The non-leaves of this tree are assigned labels vy, . .., v, in such a way that the degree of v; is d; for all

1 (in particular, vy, is the centre of the star Sy, 1; that started the construction).

If k > di + 2, then the tree M(dy,da, ..., dg, 1,1,...,1) is obtained as follows: let [ be the greatest
integer such that v; is a label in M(dy,, ..., dx—1,1,1,...,1), and let s be the smallest integer such that
vs i adjacent to a leaf in M(dy,,...,dg-1,1,1,...,1). Now M(dy,ds,...,dg,1,1,...,1) is obtained
from M(dg,,...,dr-1,1,1,...,1) by connecting a leaf that is adjacent to v to the centres of dy —
1 disjoint stars Sg,, Sa,, - -, S4 1 The centres of these stars receive the labels vj41, ..., vU4q,—1, In

increasing order of degree.
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Figure 13. Construction of the tree M(5,4,4,4,4,3,3,2,2,2,2,2/1,1,...,1).

Figure 13 shows an example of the construction described above.

The central result of [2] reads as follows:

Theorem 27 ([2]) Let T be a tree with degree sequence (dy, ds, . . ., d,,). We have the inequalities
J(T) S J(M(d17 d’27 s adn))

and
Z(T) > Z(M(dy,ds, ..., dy)).

Equality holds in both cases if and only if 7" is isomorphic to M(dy,ds, . .., d,).

What makes this theorem particularly powerful is the concept of majorisation: we say that a degree

sequence (dy, ds, . .., d,) majorises the degree sequence (by, bs, . .., b,) if we have
di+dy+--+dpg >bi+by+ -+ by
for all k. It was shown in [2] that
o(M(di,ds, ... ,dy)) > 0 (M(b,bs, .., b))

and
Z(M(dl,dg, .. .,dn)) < Z(./\/l(bl,bg7 . ,bn))

if (d1,ds, . ..,d,) majorises (b1, bs, ..., by,), and it turns out that Theorem 24 and Theorem 25 follow as
corollaries, as do the results of [47] (see also [84] for a less general result) on trees with given maximum
degree: for given order n and maximum degree A, the tree that maximizes the Merrifield-Simmons index
and minimizes the Hosoya index is M(A, A, ..., A, d,1,1,...,1) (thevalueof d € {1,2,... , A—1}is

uniquely determined by n and A). The results of [77] on trees with a given number of vertices of degree

2 can be obtained from Theorem 27 as well.

Unfortunately, there is no simple formula for the Merrifield-Simmons index or the Hosoya index of
M(dy,ds, ..., d,) in general. In [49], an asymptotic result is provided in the special case that only the

maximum degree is prescribed.
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It is not known whether the trees with given degree sequence that minimize the Merrifield-Simmons
index or maximize the Hosoya index can be characterised as well. Little is known in general, but a
complete solution is given in [3] for the case that the vertices of the tree can only have two different
degrees (1 and another value d). Under this condition, caterpillar trees turn out to be extremal. Let us
also mention in this context that [67] provides a somewhat complicated upper bound for the Hosoya

index in terms of the degrees and the 2-degrees (sum of degrees of all neighbors).

Other restrictions on trees that have been considered in the literature include trees without a perfect
matching [57,80,92] and trees with a given bipartition (sizes of the two sets in the unique 2-colouring)
[150].

5.3 Unicyclic graphs

Several different restrictions have been considered for unicyclic graphs (as well as bicyclic graphs). The
most natural condition is perhaps to fix the girth, i.e. the length of the unique cycle. We have the

following bounds:

Theorem 28 ( [21,93,95,98,124,126,151]) Let G be a unicyclic graph with n vertices and girth k (3 <
k < n). We have
BFyi1Fopio + By1 Fyjn < 0(G) < 2" " Fiq + Fia.

The first inequality holds with equality for the graph that consists of a cycle of length k and a path of
length n — k attached to it. The second inequality holds with equality for the graph that consists of a

cycle of length k and n — k pendant edges attached to one of its vertices.

Likewise, we have

The first inequality holds with equality for the graph that consists of a cycle of length k and a path of
length n — k attached to it. The second inequality holds with equality for the graph that consists of a

cycle of length k and n — k pendant edges attached to one of its vertices.

Figure 14. The extremal unicyclic graphs with 7 vertices and girth 4.

Of course, several other restrictions and additional conditions have been considered for unicyclic graphs
as well: we mention the diameter [71], maximum degree [139], matching number or existence of a
perfect matching [8, 166], number of pendant vertices [55, 58, 168] or the number of cutvertices [59].
Fully loaded unicyclic graphs, which are characterised by the property that each vertex on the cycle has
degree at least 3, have been studied in [10, 56, 155]. [131] studies unicyclic Hiickel graphs, which are

characterised by the additional properties of having a perfect matching and maximum degree at most 3.
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There are also several results on restricted bicyclic graphs. We mention in particular bicyclic graphs
with given girth [115], diameter [72,136], matching number or existence of a perfect matching [26, 167],
maximum degree [137], and number of pendant vertices [152]. Moreover, bicyclic graphs with two

elementary (disjoint) cycles are studied in [114].

We also remark that in many instances (in this and previous sections), more than the maximum and
minimum for the respective class and index have been determined, but also second-largest/smallest,
third-largest/smallest values, etc. See [62,70, 118, 125,129, 132, 141, 145-147, 149] for some notable
examples of papers devoted to this task.

6. Other types of graphs

6.1 Hexagonal and other chains

Since hexagonal systems play an important role in mathematical chemistry (as representations of ben-
zenoid hydrocarbons), they have been considered in the literature at quite an early stage. A hexagonal
chain is obtained by starting with a single hexagon (6-cycle) and repeatedly attaching a new hexagon to

the previous hexagon along an edge. The first important result on hexagonal chains reads as follows:

Theorem 29 ( [40]) Let L, be the linear hexagonal chain consisting of n hexagons, see Figure 15. For

every hexagonal chain I consisting of n hexagons, we have

o(H)<o(L,) and Z(H)> Z(L,).

Figure 15. The linear hexagonal chain with 5 hexagons.
The following dual result was conjectured in [40] and finally proven in [159]:

Theorem 30 ([159]) Let Z,, be the zigzag hexagonal chain consisting of n hexagons, see Figure 16.

For every hexagonal chain H consisting of n hexagons, we have

o(H) > 0(Z,) and Z(H) > Z(Z,).
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Figure 16. The zigzag hexagonal chain with 5 hexagons.

These theorems were further extended in many different ways, see [160—162], and many variants of
hexagonal chains were studied, involving other types of polygons such as squares, pentagons and oc-
tagons as well. We refer the reader to [4,7,11-15,68,102-105,111,112,117,156, 157].

6.2 QOuterplanar graphs

An outerplanar graph is a planar graph with the additional property that all its vertices lie on the outer face
of some planar embedding. Alameddine [1] studies maximal outerplanar graphs, which are equivalent to

triangulations of polygons. For these graphs, we have the following bounds:
Theorem 31 For every maximal outerplanar graph G with n vertices (n > 3), we have the bounds
an <0o(G) < Fp+1,

where the sequence a,, is defined recursively by ag = 1, a; = 2, a = 3 and a, = a,—1 + a,_3 for
n > 3. Equality for the lower bound holds if and only if G is the “zigzag” graph shown in Figure 17,
while equality for the upper bound holds if and only if G is a fan (see Figure 9).

Figure 17. The (maximal) outerplanar graph with minimum Merrifield-Simmons index (for n = 8).

We remark that the lower bound is automatically also a lower bound for all outerplanar graphs (not
necessarily maximal), since every outerplanar graph can be turned into a maximal outerplanar graph by
adding edges. It is also noteworthy that the fan attains the maximum, while it also yields the minimum for
quasi-trees, see Theorem 17. It would be very interesting to determine similar bounds for planar graphs,

which appears to be more difficult.

6.3 Other special families

Theta graphs are graphs with two vertices that are connected by three pairwise edge-disjoint paths. They
occur very naturally in the study of bicyclic graphs, but they have also been studied on their own right,

as have generalisations [9,91, 116].
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Cacti, which are graphs with the property that each block (maximal 2-connected subgraph) is either a

single edge or a cycle, have been the subject of investigation in [79, 128].

Many other parametrised special families consisting of suitable combinations of paths, cycles and stars
have been investigated, see for instance [17,107,108, 134,158, 165].

7. An inequality involving Merrifield-Simmons index and Hosoya
index

Let us conclude this chapter with an inequality due to Fischermann, Volkmann and Rautenbach [32],

which involves both the Merrifield-Simmons index and the Hosoya index.

Theorem 32 Let T be a tree with maximum degree A. We have

2 A=1,
20 s A=2,
o(T) 241 A>3
G T =

These inequalities are sharp: equality holds for the paths P, and P, and for all subdivided stars (obtained

from a star by subdividing each edge into two edges).

We have seen many instances in this chapter where the extremal graphs with respect to the two indices
were the same. It is therefore natural to assume that there is a strong correlation between the two, which
also indicates that there might be many other interesting inequalities that the two quantities satisfy. One
can also expect many similar results connecting Merrifield-Simmons index and Hosoya index to other

graph invariants — see [133] for a recent effort in this direction.
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96236).

References

[1] A. F. Alameddine, Bounds on the Fibonacci number of a maximal outerplanar graph, Fibonacci
Quart. 36 (1998) 206-210.

[2] E. O. D. Andriantiana, Energy, Hosoya index and Merrifield—Simmons index of trees with pre-
scribed degree sequence, Discr. Appl. Math. 161 (2013) 724-741.

[3] E. O. D. Andriantiana, S. Wagner, On the number of independent subsets in trees with restricted
degrees, Math. Comput. Model. 53 (2011) 678-683.

[4] Y. Bai, B. Zhao, P. Zhao, Extremal Merrifield—Simmons index and Hosoya index of polyphenyl
chains, MATCH Commun. Math. Comput. Chem. 62 (2009) 649-656.

[5] V. Bruyere, G. Joret, H. Mélot, Trees with given stability number and minimum number of stable
sets, Graphs Comb. 28 (2012) 167-187.



179

[6] V. Bruyere, H. Mélot, Fibonacci index and stability number of graphs: a polyhedral study, J.
Comb. Opt. 18 (2009) 207-228.

[7] Y. Cao, F. Zhang, Extremal polygonal chains on k-matchings, MATCH Commun. Math. Comput.
Chem. 60 (2008) 217-235.

[8] G. Chen, Z. Zhu, The number of independent sets of unicyclic graphs with given matching num-
ber, Discr. Appl. Math. 160 (2012) 108-115.

[9] S. Chen, W. Liu, Extremal multi-bridge graphs with respect to Merrifield—-Simmons index, Ars
Comb. 102 (2011) 161-172.

[10] S. Chen, W. Liu, Merrifield—Simmons index of a class of unicyclic graphs, Util. Math. 89 (2012)
319-329.

[11] X. Chen, B. Zhao, P. Zhao, Six-membered ring spiro chains with extremal Merrifield—-Simmons
index and Hosoya index, MATCH Commun. Math. Comput. Chem. 62 (2009) 657-665.

[12] X. L. Chen, Y. L. Bai, Hosoya index of polyphenyl chains, J. Inn. Mong. Norm. Univ. Nat. Sci. 42
(2013) 400—404.

[13] X. L. Chen, Y. L. Bai, G. F. Su, Extremal values of the Merrifield—Simmons index of even polyg-
onal joint chains, J. Shaanxi Normal Univ. Nat. Sci. Ed. 41 (2013) 19-23.

[14] X. L. Chen, Y. L. Bai, B. Zhao, Extremal problem on the Hosoya index for polygonal spirocyclic
chains, Math. Pract. Theory 42 (2012) 149-156.

[15] X.L. Chen, S.Li, Polygonal spirocyclic chains with extremal Merrifield—Simmons index, J. Shan-
dong Univ. Nat. Sci. 47 (2012) 47-52.

[16] Y. Chen, S. Wen, On the total number of matchings of trees with prescribed diameter, Int. J.
Nonlin. Sci. 4 (2007) 37-43.

[17] S. Dai, R. Zhang, The Merrifield-Simmons index and Hosoya index of C'(n, k, A) graphs, J. Appl.
Math. (2012) #520156.

[18] H. Deng, The largest Hosoya index of (n,n + 1)-graphs, Comput. Math. Appl. 56 (2008)
2499-2506.

[19] H. Deng, The smallest Hosoya index in (n,n + 1)-graphs, J. Math. Chem. 43 (2008) 119-133.

[20] H. Deng, The smallest Merrifield-Simmons index of (n, n + 1)-graphs, Math. Comput. Model. 49
(2009) 320-326.

[21] H. Deng, S. Chen, The extremal unicyclic graphs with respect to Hosoya index and Merrifield—
Simmons index, MATCH Commun. Math. Comput. Chem. 59 (2008) 171-190.

[22] H. Deng, S. Chen, J. Zhang, The Merrifield-Simmons index in (n, n + 1)-graphs, J. Math. Chem.
43 (2008) 75-91.

[23] H. Deng, Q. Guo, On the minimal Merrifield—Simmons index of trees of order n with at least
[n/2] + 1 pendent vertices, MATCH Commun. Math. Comput. Chem. 60 (2008) 601-608.

[24] A. Dolati, S. Golalizadeh, The tight upper bound for the number of matchings of tricyclic graphs,
El J. Comb. 19 (2012) #609.



180

[25] A. Dolati, M. Haghighat, S. Golalizadeh, M. Safari, The smallest Hosoya index of connected
tricyclic graphs, MATCH Commun. Math. Comput. Chem. 65 (2011) 57-70.

[26] S.Duan, Z. Zhu, Extremal bicyclic graph with perfect matching for different indices, Bull. Malays.
Math. Sci. Soc. 36 (2013) 733-745.

[27] S. Duan, Z. Zhu, On the extremal Merrifield-Simmons index of quasi—unicyclic graphs, Ars
Comb. 125 (2016) 63-74.

[28] P. Erdés, On the number of complete subgraphs contained in certain graphs, Magyar Tud. Akad.
Mat. Kutato Int. Kozl. 7 (1962) 459-464.

[29] P. Erd6s, On the number of complete subgraphs and circuits contained in graphs, Casopis Pést.
Mat. 94 (1969) 290-296.

[30] E. J. Farrell, An introduction to matching polynomials, J. Comb. Theory B 27 (1979) 75-86.

[31] M. Fischermann, I. Gutman, A. Hoffmann, D. Rautenbach, D. Vidovié¢, L. Volkmann, Extremal
chemical trees, Z. Naturforsch. 57a (2002) 49-52.

[32] M. Fischermann, L. Volkmann, D. Rautenbach, A note on the number of matchings and indepen-
dent sets in trees, Discr. Appl. Math. 145 (2005) 483—-489.

[33] A. Frendrup, A. S. Pedersen, A. A. Sapozhenko, P. D. Vestergaard, Merrifield—-Simmons index
and minimum number of independent sets in short trees, Ars Comb. 111 (2013) 85-95.

[34] Y. FE. Gao, X. L. Wei, Extremal Merrifield-Simmons index of trees having given number of end-
vertices, J. Shandong Univ. Nat. Sci. 44 (2009) 16-20.

[35] C. D. Godsil, I. Gutman, On the theory of the matching polynomial, J. Graph Theory 5 (1981)
137-144.

[36] I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forsch. Graz 103 (1978) 1-22.

[37] L. Gutman, Graphs with greatest number of matchings, Publ. Inst. Math. (Beograd) 41 (1980)
67-76.

[38] I. Gutman, Correction of: “Graphs with greatest number of matchings”, Publ. Inst. Math.
(Beograd) 46 (1982) 61-63.

[39] I. Gutman, Graphs with maximum and minimum independence numbers, Publ. Inst. Math.
(Beograd) 48 (1983) 73-79.

[40] I. Gutman, Extremal hexagonal chains, J. Math. Chem. 12 (1993) 197-210.

[41] I. Gutman, The energy of a graph: old and new results, in: A. Betten, A. Kohnert, R. Laue,
A. Wassermann (Eds.), Algebraic Combinatorics and Applications, Springer, Berlin, 2001, pp.
196-211.

[42] 1. Gutman, J. Cioslowski, Bounds for the Hosoya index, Z. Naturforsch. 42a (1987) 438—440.

[43] I. Gutman, D. Cvetkovié, Finding tricyclic graphs with a maximal number of matchings — Another
example of computer aided research in graph theory, Publ. Inst. Math. (Beograd) 49 (1984) 33-40.



181

[44] 1. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry, Springer—Verlag,
Berlin, 1986.

[45] L. Gutman, S. Wagner, The matching energy of a graph, Discr. Appl. Math. 160 (2012) 2177-2187.

[46] 1. Gutman, F. J. Zhang, On the ordering of graphs with respect to their matching numbers, Discr.
Appl. Math. 15 (1986) 25-33.

[47] C.Heuberger, S. Wagner, Maximizing the number of independent subsets over trees with bounded
degree, J. Graph Theory 58 (2008) 49-68.

[48] C. Heuberger, S. Wagner, On a class of extremal trees for various indices, MATCH Commun.
Math. Comput. Chem. 62 (2009) 437-464.

[49] C. Heuberger, S. Wagner, Asymptotics of the extremal values of certain graph parameters in trees
with bounded degree, Publ. Math. Debrecen 77 (2010) 347-367.

[50] H. Hosoya, Topological index. A newly proposed quantity characterizing the topological nature
of structural isomers of saturated hydrocarbons, Bull. Chem. Soc. Jpn. 44 (1971) 2332-2339.

[51] H. Hosoya, Topological index as a common tool for quantum chemistry, statistical mechanics, and
graph theory, in: N. Trinajsti¢ (Ed.), Mathematical and Computational Concepts in Chemistry,
Ellis Horwood, Chichester, 1986, pp. 110-123.

[52] H. Hosoya, The topological index Z before and after 1971, Int. El. J. Mol. Des. 1 (2002) 428-442.
[53] Y. Hou, Unicyclic graphs with minimal energy, J. Math. Chem. 29 (2001) 163-168.
[54] Y. Hou, On acyclic systems with minimal Hosoya index, Discr. Appl. Math. 119 (2002) 251-257.

[55] H. Hua, Hosoya index of unicyclic graphs with prescribed pendent vertices, J. Math. Chem. 43
(2008) 831-844.

[56] H.Hua, Minimizing a class of unicyclic graphs by means of Hosoya index, Math. Comput. Model.
48 (2008) 940-948.

[57] H.Hua, On maximal energy and Hosoya index of trees without perfect matching, Bull. Aust. Math.
Soc. 81 (2010) 47-57.

[58] H. Hua, On maximum Merrifield—-Simmons index of unicyclic graphs with prescribed pendent
vertices, Ars Comb. 100 (2011) 365-379.

[59] H. Hua, X. Xu, H. Wang, Unicyclic graphs with given number of cut vertices and the maximal
Merrifield-Simmons index, Filomat 28 (2014) 451-461.

[60] H. Hua, S. Zhang, Graphs with given number of cut vertices and extremal Merrifield-Simmons
index, Discr. Appl. Math. 159 (2011) 971-980.

[61] Z.Huang, S. Chen, H. Deng, X. Wan, The Merrifield-Simmons index of acyclic molecular graphs,
MATCH Commun. Math. Comput. Chem. 66 (2011) 825-836.

[62] M.-J. Jou, Connected graphs with a large number of independent sets, Taiwanese J. Math. 17
(2013) 2011-2017.



182

[63] A. Knopfmacher, R. F. Tichy, S. Wagner, V. Ziegler, Graphs, partitions and Fibonacci numbers,
Discr. Appl. Math. 155 (2007) 1175-1187.

[64] V.E.Levit, E. Mandrescu, The independence polynomial of a graph — A survey, in: S. Bozapalidis,
A. Kalampakas, G. Rahonis (Eds.), Proceedings of the 1st International Conference on Algebraic
Informatics, Aristotle Univ. Thessaloniki, Thessaloniki, 2005, pp. 233-254.

[65] G. Li, Q. Zhang, A note on the Merrifield—Simmons index of connected graphs, Ars Comb. 104
(2012) 281-287.

[66] N.Li,S.Li, On the extremal energies of trees, MATCH Commun. Math. Comput. Chem. 59 (2008)
291-314.

[67] R.Li, An upper bound for the Hosoya index of trees, Appl. Math. Sci. (Ruse) 3 (2009) 1171-1176.

[68] S. Li, H. Bian, F. Zhang, G. Wang, Extremal polyphenyl chains concerning k-matchings and
k-independent sets, Ars Comb. 96 (2010) 97-103.

[69] S.Li, X.Li, W. Jing, On the extremal Merrifield—Simmons index and Hosoya index of quasi-tree
graphs, Discr. Appl. Math. 157 (2009) 2877-2885.

[70] S.Li, X.Li, Z. Zhu, On minimal energy and Hosoya index of unicyclic graphs, MATCH Commun.
Math. Comput. Chem. 61 (2009) 325-339.

[71] S. Li, Z. Zhu, The number of independent sets in unicyclic graphs with a given diameter, Discr.
Appl. Math. 157 (2009) 1387-1395.

[72] S. Li, Z. Zhu, On the Hosoya index of unicyclic graphs with a given diameter, Ars Comb. 114
(2014) 111-128.

[73] X.Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2012.

[74] X. Li, H. Zhao, I. Gutman, On the Merrifield-Simmons index of trees, MATCH Commun. Math.
Comput. Chem. 54 (2005) 389-402.

[75] X.Li, J. Zheng, A unified approach to the extremal trees for different indices, MATCH Commun.
Math. Comput. Chem. 54 (2005) 195-208.

[76] S. B.Lin, C. Lin, Trees and forests with large and small independent indices, Chinese J. Math. 23
(1995) 199-210.

[77] X. Lin, X. Guo, On the minimal energy of trees with a given number of vertices of degree two,
MATCH Commun. Math. Comput. Chem. 62 (2009) 473-480.

[78] H. Liu, The proof of a conjecture concerning acyclic molecular graphs with maximal Hosoya
index and diameter 4, J. Math. Chem. 43 (2008) 1199-1206.

[79] H.Liu, M. Lu, A unified approach to extremal cacti for different indices, MATCH Commun. Math.
Comput. Chem. 58 (2007) 183-194.

[80] H. Liu, M. Lu, A unified approach to the extremal trees without perfect matching for different
indices, Ars Comb. 103 (2012) 505-518.

[81] H. Liu, X. Yan, Z. Yan, On the Merrifield-Simmons indices and Hosoya indices of trees with a
prescribed diameter, MATCH Commun. Math. Comput. Chem. 57 (2007) 371-384.



183

[82] Y. Liu, W. Zhuang, Z. Liang, Largest Hosoya index and smallest Merrifield—-Simmons index in
tricyclic graphs, MATCH Commun. Math. Comput. Chem. 73 (2015) 195-224.

[83] X. Lv, Y. Yan, A. Yu, J. Zhang, Ordering trees with given pendent vertices with respect to
Merrifield—Simmons indices and Hosoya indices, J. Math. Chem. 47 (2010) 11-20.

[84] X.Lv, A. Yu, The Merrifield—Simmons indices and Hosoya indices of trees with a given maximum
degree, MATCH Commun. Math. Comput. Chem. 56 (2006) 605-616.

[85] Z. Machnicka, A. Wtoch, I. Wtoch, Bounds of the Hosoya index in graphs, AKCE Int. J. Graphs
Comb. 5 (2008) 181-187.

[86] R. E. Merrifield, H. E. Simmons, The structure of molecular topological spaces, Theor. Chim.
Acta 55 (1980) 55-75.

[87] R. E. Merrifield, H. E. Simmons, Enumeration of structure—sensitive graphical subsets: Calcula-
tions, Proc. Natl. Acad. Sci. USA 78 (1981) 1329-1332.

[88] R. E. Merrifield, H. E. Simmons, Enumeration of structure—sensitive graphical subsets: Theory,
Proc. Natl. Acad. Sci. USA 78 (1981) 692—-695.

[89] R. E. Merrifield, H. E. Simmons, Topology of bonding in 7-electron systems, Proc. Natl. Acad.
Sci. USA 82 (1985) 1-3.

[90] R. E. Merrifield, H. E. Simmons, Topological Methods in Chemistry, Wiley, New York, 1989.

[91] G. Ou, Z. Zhu, The extremal generalized 0-graphs with respect to Hosoya index, Ars Comb. 122
(2015) 129-148.

[92] J. Ou, Maximal Hosoya index and extremal acyclic molecular graphs without perfect matching,
Appl. Math. Lett. 19 (2006) 652-656.

[93] J. Ou, On extremal unicyclic molecular graphs with prescribed girth and minimal Hosoya index,
J. Math. Chem. 42 (2007) 423-432.

[94] J. Ou, On acyclic molecular graphs with maximal Hosoya index, energy, and short diameter, J.
Math. Chem. 43 (2008) 328-337.

[95] J. Ou, On extremal unicyclic molecular graphs with maximal Hosoya index, Discr. Appl. Math.
157 (2009) 391-397.

[96] X. F. Pan, Z. R. Sun, The (n, m)-graphs of minimum Hosoya index, MATCH Commun. Math.
Comput. Chem. 64 (2010) 811-820.

[97] X. F. Pan, J. M. Xu, C. Yang, M. J. Zhou, Some graphs with minimum Hosoya index and maxi-
mum Merrifield-Simmons index, MATCH Commun. Math. Comput. Chem. 57 (2007) 235-242.

[98] A. S. Pedersen, P. D. Vestergaard, The number of independent sets in unicyclic graphs, Discr.
Appl. Math. 152 (2005) 246-256.

[99] A. S. Pedersen, P. D. Vestergaard, Bounds on the number of vertex independent sets in a graph,
Taiwanese J. Math. 10 (2006) 1575-1587.

[100] A. S. Pedersen, P. D. Vestergaard, An upper bound on the number of independent sets in a tree,
Ars Comb. 84 (2007) 85-96.



184

[101] H. Prodinger, R. F. Tichy, Fibonacci numbers of graphs, Fibonacci Quart. 20 (1982) 16-21.

[102] Y. F. Qiao, F. Q. Zhan, Ordering polygonal chains with respect to Hosoya index, Appl. Math. J.
Chinese Univ. B 27 (2012) 305-319.

[103] H.Ren, F. Zhang, Double hexagonal chains with maximal Hosoya index and minimal Merrifield—
Simmons index, J. Math. Chem. 42 (2007) 679—690.

[104] H. Ren, F. Zhang, Extremal double hexagonal chains with respect to k-matchings and k-
independent sets, Discr. Appl. Math. 155 (2007) 2269-2281.

[105] S. Ren, Merrifield-Simmons index of tree-type hexagonal systems, MATCH Commun. Math.
Comput. Chem. 66 (2011) 837-848.

[106] S.Ren, W. He, The Merrifield-Simmons index in (n, n + 1)-graphs, Sci. Magna 5 (2009) 6-14.

[107] S. Z. Ren, F. A. Deng, X. Y. Xu, K. Li, P. Shan, The largest Hosoya index of k-th
Q(Cs,, Py, Cs,,s . .., Py, Cs,) graphs, J. Dalian Univ. Techn. 55 (2015) 657-660.

[108] S. Z. Ren, G. B. Zheng, The largest Merrifield—Simmons index of two families of graphs
Q(Ck; Csy, Csy,y ..., Cs, ) and Q(Wy; Cs,, Cs,, ..., Cs, ), Acta Sci. Natur. Univ. Sunyatseni 52
(2013) 64-67.

[109] S.Roman, The maximum number of ¢-cliques in a graph with no p-clique, Discr. Math. 14 (1976)
365-371.

[110] N. Sauer, A generalization of a theorem of Turan, J. Comb. Theory B 10 (1971) 109-112.

[111] W. C. Shiu, Extremal Hosoya index and Merrifield—Simmons index of hexagonal spiders, Discr:
Appl. Math. 156 (2008) 2978-2985.

[112] W. C. Shiu, P. C. B. Lam, L. Z. Zhang, Extremal k*-cycle resonant hexagonal chains, J. Math.
Chem. 33 (2003) 17-28.

[113] W. So, W. H. Wang, Finding the least element of the ordering of graphs with respect to their
matching numbers, MATCH Commun. Math. Comput. Chem. 73 (2015) 225-238.

[114] M. Startek, A. Wioch, I. Wtoch, Fibonacci numbers and lucas numbers in graphs, Discr. Appl.
Math. 157 (2009) 864-868.

[115] R. Sun, Z. Zhu, L. Tan, On the Merrifield—Simmons index and Hosoya index of bicyclic graphs
with a given girth, Ars Comb. 103 (2012) 465-478.

[116] L. Tan, Z. Zhu, The extremal §-graphs with respect to Hosoya index and Merrifield—Simmons
index, MATCH Commun. Math. Comput. Chem. 63 (2010) 789-798.

[117] W. Tian, S. Tian, X. He, Y. Wang, Extremal problem with respect to Merrifield—Simmons index
and Hosoya index of a class of polygonal chains, Wuhan Univ. J. Nat. Sci. 19 (2014) 295-300.

[118] R. Tichy, S. Wagner, Extremal problems for topological indices in combinatorial chemistry, J.
Comput. Biol. 12 (2005) 1004-1013.

[119] R. F. Tichy, S. Wagner, Algorithmic generation of molecular graphs with large Merrifield—
Simmons index, MATCH Commun. Math. Comput. Chem. 59 (2008) 239-252.



185

[120] S. Wagner, Correlation of graph-theoretical indices, SIAM J. Discr. Math. 21 (2007) 33—-46.

[121] S. Wagner, Extremal trees with respect to Hosoya index and Merrifield—Simmons index, MATCH
Commun. Math. Comput. Chem. 57 (2007) 221-233.

[122] S. Wagner, Energy bounds for graphs with fixed cyclomatic number, MATCH Commun. Math.
Comput. Chem. 68 (2012) 661-674.

[123] S. Wagner, 1. Gutman, Maxima and minima of the Hosoya index and the Merrifield—Simmons
index: A survey of results and techniques, Acta Appl. Math. 112 (2010) 323-346.

[124] B. Wang, C. Ye, H. Zhao, Extremal unicyclic graphs with respect to Merrifield—Simmons index,
MATCH Commun. Math. Comput. Chem. 59 (2008) 203-216.

[125] B. Wang, C. F. Ye, L. Y. Yan, On the Hosoya index of graphs, Appl. Math. J. Chinese Univ. B 25
(2010) 155-161.

[126] H. Wang, H. Hua, Unicycle graphs with extremal Merrifield—Simmons index, J. Math. Chem. 43
(2008) 202-209.

[127] L. Wang, X. Zhou, The smallest Merrifield-Simmons index of trees with exactly six leaves, Ars
Comb. 124 (2016) 129-151.

[128] M. Wang, Cacti with the maximum Merrifield—Simmons index and given number of cut edges,
Appl. Math. Lett. 23 (2010) 1416-1420.

[129] M. Wang, H. Hua, D. Wang, The first and second largest Merrifield-Simmons indices of trees
with prescribed pendent vertices, J. Math. Chem. 43 (2008) 727-736.

[130] W.-H. Wang, Minimizing the (2n, ¢)-graphs with perfect matchings in terms of the Hosoya index,
MATCH Commun. Math. Comput. Chem. 68 (2012) 855-870.

[131] W.-H. Wang, Ordering of Hosoya indices for unicyclic Hiickel graphs, Math. Comput. Model. 55
(2012) 929-938.

[132] W. H. Wang, L. Y. Kang, Ordering of unicyclic graphs by minimal energies and Hosoya indices,
Util. Math. 97 (2015) 137-160.

[133] S. Wen, Z. Yu, Bounds on Hosoya index involving some other topological indices, Ars Comb. 110
(2013) 87-96.

[134] J. C. Wu, H. Y. Deng, Q. Jiang, Ordering of starlike trees with respect to Merrifield—Simmons
indices, J. Nat. Sci. Hunan Norm. Univ. 31 (2008) 30-33.

[135] K. Xu, On the Hosoya index and the Merrifield-Simmons index of graphs with a given clique
number, Appl. Math. Lett. 23 (2010) 395-398.

[136] K. Xu, The smallest Hosoya index of unicyclic graphs with given diameter, Math. Commun. 17
(2012) 221-2309.

[137] K. Xu, I. Gutman, The greatest Hosoya index of bicyclic graphs with given maximum degree,
MATCH Commun. Math. Comput. Chem. 66 (2011) 795-824.

[138] K. Xu, J. Li, L. Zhong, The Hosoya indices and Merrifield—-Simmons indices of graphs with
connectivity at most k, Appl. Math. Lett. 25 (2012) 476-480.



186

[139] K. Xu, B. Xu, Some extremal unicyclic graphs with respect to Hosoya index and Merrifield—
Simmons index, MATCH Commun. Math. Comput. Chem. 62 (2009) 629-648.

[140] K. Xu, Extremal k-chromatic graphs with respect to the Hosoya index and the Merrifield—
Simmons index, Xiamen Daxue Xuebao Ziran Kexue Ban 49 (2010) 312-315.

[141] L. Xu, The second largest Hosoya index of unicyclic graphs, MATCH Commun. Math. Comput.
Chem. 62 (2009) 621-628.

[142] W. Yan, L. Ye, On the maximal energy and the Hosoya index of a type of trees with many pendant
vertices, MATCH Commun. Math. Comput. Chem. 53 (2005) 449-459.

[143] W. Yan, L. Ye, On the minimal energy of trees with a given diameter, Appl. Math. Lett. 18 (2005)
1046-1052.

[144] Z. Yan, H. Liu, H. Liu, The maximal Merrifield-Simmons indices and minimal Hosoya indices of
unicyclic graphs, MATCH Commun. Math. Comput. Chem. 59 (2008) 157-170.

[145] C. Ye, Z. Hu, On the ordering of trees by the two indices, Bull. Malays. Math. Sci. Soc. 35 (2012)
969-974.

[146] C. Ye, J. Wang, Trees with m-matchings and the fourth and fifth minimal Hosoya index, Comput.
Math. Appl. 56 (2008) 387-399.

[147] C. Ye, J. Wang, H. Zhao, Trees with m-matchings and the third minimal Hosoya index, MATCH
Commun. Math. Comput. Chem. 56 (2006) 593—-604.

[148] C.F. Ye, The extremal Hosoya index with respect to trees with given number of pendent vertices,
Dongbei Shida Xuebao 43 (2011) 34-39.

[149] C.F. Ye, J. Yin, The extremal Hosoya index of the trees with a given diameter, J. Shandong Univ.
Nat. Sci. 43(8) (2008) #14.

[150] L. Ye, R. S. Chen, Ordering of trees with a given bipartition by their energies and Hosoya indices,
MATCH Commun. Math. Comput. Chem. 52 (2004) 193-208.

[151] Y. Ye, X.-F. Pan, H. Liu, Ordering unicyclic graphs with respect to Hosoya indices and Merrifield—
Simmons indices, MATCH Commun. Math. Comput. Chem. 59 (2008) 191-202.

[152] L. You, C. Wei, Z. You, The smallest Hosoya index of bicyclic graphs with given pendent vertices,
J. Math. Res. Appl. 34 (2014) 12-32.

[153] A. Yu, X. Lv, The Merrifield-Simmons indices and Hosoya indices of trees with k pendant ver-
tices, J. Math. Chem. 41 (2007) 33-43.

[154] A. Yu, F. Tian, A kind of graphs with minimal Hosoya indices and maximal Merrifield—Simmons
indices, MATCH Commun. Math. Comput. Chem. 55 (2006) 103-118.

[155] Q. Yu, Z. Zhu, The extremal fully loaded graphs with respect to Merrifield—Simmons index, Ars
Comb. 122 (2015) 399-4009.

[156] Y. Zeng, The bounds of Hosoya index and Merrifield—-Simmons index for polyomino chains, J.
Math. Study 41 (2008) 256-263.



187

[157] Y. Zeng, F. Zhang, Extremal polyomino chains on k-matchings and k-independent sets, J. Math.
Chem. 42 (2007) 125-140.

[158] H. Zhang, R. Lin, The Hosoya index order of three type of special graphs, J. Comb. Math. Comb.
Comput. 81 (2012) 225-232.

[159] L.-Z. Zhang, The proof of Gutman’s conjectures concerning extremal hexagonal chains, J. Sys.
Sci. Math. Sci. 18 (1998) 460—465.

[160] L.-Z. Zhang, On the ordering of a class of hexagonal chains with respect to Merrifield—Simmons
index, Sys. Sci. Math. Sci. 13 (2000) 219-224.

[161] L.-Z.Zhang, F. Tian, Extremal catacondensed benzenoids, J. Math. Chem. 34 (2003) 111-122.

[162] L. Z. Zhang, F. J. Zhang, Extremal hexagonal chains concerning k-matchings and k-independent
sets, J. Math. Chem. 27 (2000) 319-329.

[163] H. Zhao, X. Li, On the Fibonacci numbers of trees, Fibonacci Quart. 44 (2006) 32-38.

[164] H. Zhao, R. Liu, On the Merrifield-Simmons index of graphs, MATCH Commun. Math. Comput.
Chem. 56 (2006) 617-624.

[165] X. R. Zhou, L. G. Wang, Orderings of a class of bicyclic graphs with respect to two kinds of
indices, J. Shandong Univ. Nat. Sci. 46 (2011) 44—47.

[166] Z. Zhu, The extremal unicyclic graphs with perfect matching with respect to Hosoya index and
Merrifield—-Simmons index, Ars Comb. 124 (2016) 277-287.

[167] Z. Zhu, On the Hosoya index and the Merrifield-Simmons index of bicyclic graphs with given
matching number, Ars Comb. 128 (2016) 117-126.

[168] Z. Zhu, G. Chen, On Merrifield-Simmons index of unicyclic graphs with given girth and pre-
scribed pendent vertices, Australas. J. Comb. 50 (2011) 87-95.

[169] Z. Zhu, S. Li, L. Tan, Tricyclic graphs with maximum Merrifield—Simmons index, Discr. Appl.
Math. 158 (2010) 204-212.

[170] Z. Zhu, C. Yuan, E. O. D. Andriantiana, S. Wagner, Graphs with maximal Hosoya index and
minimal Merrifield—-Simmons index, Discr. Math. 329 (2014) 77-87.






I. Gutman, B. Furtula, K. C. Das, E. Milovanovi¢, 1. Milovanovié¢ (Eds.),
M c M 19 Bounds in Chemical Graph Theory — Basics, Univ. Kragujevac, Kragujevac,
2017, pp. 189-200.

Some Bounds on Balaban Index

Martin Knor?, Riste Skrekovski’, Aleksandra Tepeh®

*Slovak University of Technology in Bratislava, Faculty of Civil Engineering, Department of
Mathematics, Bratislava, Slovakia

bFaculty of Information Studies, Novo mesto & FMF, University of Ljubljana & FAMNIT, University of

Primorska, Slovenia
°Faculty of Information Studies, Novo mesto & Faculty of Electrical Engineering and Computer
Science, University of Maribor, Slovenia
knor@math.sk, skrekovski@gmail.com, aleksandra.tepeh@gmail.com

Abstract

In this chapter we survey our recent results on Balaban index. First, we consider this index on
r-regular graphs, for which we show that the Balaban index tends to zero as the number of vertices
increases. We also present stronger results for cubic graphs, and in particular for fullerene graphs,
and for nanotubical structures. The minimum value of Balaban index and corresponding extremal
graphs are still unknown. Regarding this problem, we have shown that this value is of order ©(n=1),
and that in the class of balanced dumbbell graphs those with clique sizes {/7/2/n + o(y/n) have
asymptotically the smallest value. We introduced dumbbell-like graphs which are probably the ex-
tremal graphs for Balaban index. Various open problems and conjectures are proposed.
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1. Introduction

In this chapter we consider simple and connected graphs. For a graph G, by V(G) and E(G) we denote
the vertex and edge sets of a graph G, respectively. Let n = |V(G)| and m = |E(G)|. For vertices
u,v € V(G), by distg(u,v) we denote the distance from « to v in G. The Balaban index, J(G), of a
graph G is defined as

m 1
J(G) - m—n -+ 2 ;;U A /w(u) . w(v)’

where the sum is taken over all edges e = uv of G and forz € V(G), wehave w(z) = > distg(z,y).
yeV(G)
Balaban index is a topological index introduced by Alexandru T. Balaban near to 30 years ago [8,9].

This topological index was used successfully in QSAR/QSPR modeling [20,36]. Several recent uses can
be found in [10,25,27]. In [11] two different approaches were presented for the calculation of Balaban
index by taking into account the chemical nature of elements. In [12], Balaban index is compared with
Wiener index regarding the alkanes, and it was obtained that Balaban index reduces the degeneracy of
the later index and provides much higher discriminating ability. Therefore Balaban index is also called
“sharpened Wiener index”. See [13] for another reference that involves these two indicies and infinite
polymers.

On other hand, mathematical properties of Balaban index are still not studied extensively. In Balaban,
Tonescu-Pallas, Balaban [15], the behavior of J for various infinite families of graphs is discussed. In
many of these cases, .J tends to a constant finite value. For the study of this index over fullerene graphs
see [16,23,26].

In [21] Dong and Guo considered extremal values of Balaban index in the class of connected graphs
on n vertices. They stated that the path on n vertices attains the lower bound. Unfortunately, this
statement turned out to be false as shown by Aouchiche, Caporossi and Hansen [5]. Thus the following

problem from Dong and Guo [21,22] remains open:
Problem 1.1. Among n-vertex graphs, find those with the minimum Balaban index.

Among graphs on n > 8 vertices, Balaban index attains its maximum for the star S,,, where
(n—1)°
2n—3 7

and for graphs on n < 7 vertices, Balaban index attains its maximum for the complete graph K, where

J(Sn) =

nd—n

2(n?2—3n+4)’

J<Kn) = :

see [22] and [31]. However, if we consider n-vertex trees, then the Balaban index attains its minimum
for the path on n vertices P,, see [17,35], and lim,,_,, J(P,) = 7, see [15]. One may expect that, if G
is an n-vertex r-regular graph, then J(P,) < J(G) < J(S,,) for large n. As we will see later, this is not
the case.

In this chapter, we survey our recent results on Balaban index. First, we consider this index on

r-regular graphs, for which we show that the Balaban index tends to zero as the number of vertices
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increases. In other words, zero is also an accumulation point for Balaban index. This was derived from
an upper bound for Balaban index of r-regular graphs on n vertices from [29]. Even better upper bound
was obtained for fullerene graphs. We evaluate the Balaban index for nanotubical structures in [4].
Although the Balaban index was introduced 30 years ago, its minimum value and corresponding
extremal graphs are still unknown. We have shown that this value is of order ©(n '), and also that in
the class of balanced dumbbell graphs those with clique sizes {‘/m\/ﬁ + o(y/n) and the path length
n — o(n) have asymptotically the smallest value. Next, we introduced dumbbell-like graphs, which are
the graphs with the smallest Balaban index value known to us. We conclude the chapter with various

open problems and conjectures.

2. Balaban index of regular graphs

In this section we concentrate on r-regular graphs with » > 3. A result from [29] gives a surprising

upper bound for J(G) for these graphs.

Theorem 2.1. Let G be an r-regular graph on n vertices with v > 3. Then
r?(r —1)?
2(r — 2)? |log, _, ©=22|

This result implies the following interesting consequence.

J(G) <

Corollary 2.1. For r-regular graphs G on n vertices, where v > 3, it holds

lim J(G)=0.

n—oo
In other words, Balaban index of regular graphs which are really big in the number of vertices, is close
to 0. The number of such graphs is enormously large, and we conclude that the Balaban index does not

distinguish them well.

Conclusion 2.2. Balaban index does not distinguish well r-regular graphs on n vertices for r > 2 and

large n.

2.1 Fullerene graphs

Fullerenes [34] are polyhedral molecules made of carbon atoms arranged in pentagonal and hexagonal
faces, and their corresponding graphs, fullerene graphs, are 3-connected, cubic planar graphs with only
pentagonal and hexagonal faces.

By Corollary 2.1, if G is the class of fullerenes, then
lim {J(G); G € Gand |V(G)| =n} =0.
n—oo

We remark that the upper bound given in Theorem 2.1 is very rough. For instance, if G is the well-known
Buckminster fullerene, then our bound with r = 3 gives J(G) < W = 4.5, while J(G) = 0.91.
Nevertheless, in [29] we give a better upper bound for the Balaban index of fullerene graphs, which

tends to 0 for n — oo much faster than 18/|log,(n + 2)/3].
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Theorem 2.3. Let G be a fullerene graph on n > 60 vertices. Then
25
<

2.2 Cubic graphs with small value of Balaban index

There are cubic graphs for which the Balaban index tends to 0 even faster than for the fullerene graphs.

-1/2

While for fullerene graphs Balaban index is bounded by 25n 7"/, these cubic graphs have Balaban index

32n~! and even less.

Figure 1. The graph Hig.

Let H,, be a graph obtained from n/4 copies of K, — e (i.e., K, without one edge) which are joined
by /4 extra edges to form a connected cubic graph. Obviously, H,, has n vertices, see Figure 1 for Hyg.

We have the following statement in [29].

Proposition 2.4. For positive n divisible by 4, it holds

32
J(H,) < —.
(Ha) <=

The last result means that if n approaches to oo, then J(H,,) approaches to 0 quite fast. However,
among cubic graphs on n vertices H,, does not have the smallest value of Balaban index. We introduce
a class of graphs L,, with J(L,) < J(H,). Since it seems to be difficult to find a good upper bound for
J(Ly,), in Table 1 below we present the values of J(L,,) and J(H,) for a few small values of n divisible
by 4, and the bound 3;1—2

X<

Figure 2. The graph Lig.

Let n be even and n > 10. If 4 t n, then L,, is obtained from (n — 10)/4 copies of K4 — e joined into
a path by edges connecting the vertices of degree 2, to which at the ends we attach two pendant blocks,
each on 5 vertices, see Figure 2 for Lis. On the other hand, if 4 | n, then L,, is obtained from (n — 12)/4
copies of Ky — e, joined into a path by edges connecting the vertices of degree 2, to which ends we attach
two pendant blocks, one on 5 vertices and the other on 7 vertices, see Figure 3 for Lo.

Figure 3. The graph Log.
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n 12 716 | 20 | 24 | 28
32/n | 268 | 2 |1.60]1.33]1.14
J(H,) | 1.50 | 1.19 | 1.00 | 0.85 | 0.75
J(L,) | 1.36 | 1.03 | 0.83 | 0.70 | 0.61

Table 1. Balaban index for H,, and L,, for small number of vertices.

We conclude the section with a conjecture about L,, from [29].

Conjecture 2.1. Among n-vertex cubic graphs, L, has the smallest Balaban index.

2.3 Nanotubical structures

Here we consider graphs which are almost regular, namely the nanotubical graphs. These graphs are
obtained by wrapping a long hexagonal grid into a tube so that hexagons with coodrinates (x,y) and
(z+ k,y+1) are identified, and then possibly by closing the tube with patches (also called caps) see [4].
It is important to remark that from a mathematical point of view, nanotubical fullerenes are not well

defined as the term “long” is not precise enough. In practice, the ratio

length of the cylindrical part : circumference of the cylindrical part

can be of order 100000000:1. It is a well known fact that in a nanotubical fullerene of type (k, () on
n vertices, the circumference of the cylindrical part is (k + [) and the diameter of the cylindrical part
is approximately n/(k + ), since when n is large enough comparing to k + [, the caps are negligible

small [2]. This encourages us to assume that nanotubical fullerenes of type (k, 1) on n vertices satisfy

k+1¢€o(n).

In [4], infinite open nanotubes are considered. We have there the following result.

Theorem 2.5. Let v be an arbitrary vertex in an infinite open (k, l)-nanotube. Denote by n; the number

of vertices at distance 1 from v. Then

3, i<kl

3i— (I+1), =kt

ni(v) =4 3i—2(l+2q), i=k+1+g,
1<qg<k~1

2k +1), i > 2k.

Moreover, if i > 2k, then at each side of the nanotube there are exactly k + [ vertices at distance 1 from

.

Using the above theorem we determined asymptotics for the Balaban index for nanotubical graphs.
The leading term depends on the circumference of the cylindrical part of the nanotubical graph, but not

on its specific type.



194
Theorem 2.6. Let G be a nanotubical graph (open or not) of type (k,1) on n vertices. Then
9 (k +1)

J(G) ~ —on

3. Lower bounds

We start with a simple lower bound for the Balaban index in the class of graphs on n vertices from [28].

Theorem 3.1. Let G be a graph on n > 4 vertices. Then

A direct consequence of Theorem 3.1 and Proposition 2.4 is the following corollary.

Corollary 3.1. As n increases, the minimum value of Balaban index in the class of graphs on n vertices

tends to zero. More precisely, this value is of order ©(n™!).

Using more involved argument, we have proved the following lower bound in [28], which is for large

n roughly twice the bound of Theorem 3.1.

Theorem 3.2. Let G be a graph on n vertices, where n is big enough. Then

By Theorem 3.2, the asymptotic lower bound for J(G) is 8/n. Let us also mention that nanotubes
of type (k,l) (regardless if they are open or not) have asymptotic value of Balaban index W by
Theorem 2.6. Hence, nanotubes of specific type have also the minimum possible asymptotic value of
Balaban index up to a multiplicative constant. However, in the sequel we show that there are graphs with

even smaller value of Balaban index.

By the results and arguments from [28], one would expect that a graph with the minimum Balaban
index will have ©(n) edges, and vertices v with big value of w(v). For small values of n we determined
the extremal graphs and observed that they are either dumbbell graphs (i.e. graphs obtained from a
path and two complete graphs, which are attached to the end-vertices of the path) or graphs similar to
dumbbell graphs, see Figure 4. Motivated by this we studied the Balaban index of dumbbell graphs and
graphs alike.
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Figure 4. Graphs with the smallest value of Balaban index for n € {3,4,...,10}. The case n = 11
was verified only for graphs with at most 22 edges in order to avoid the huge realm of
graphs.

4. Bounds for balanced dumbbell graphs

First we define dumbbell graphs more precisely. Let K, and K, be two disjoint complete graphs on a
and o’ vertices, respectively, and let P, be a path on b vertices (v, v1, . . ., Up_1) disjoint from the cliques.
The dumbbell graph D, . is obtained from K, U P, U K, by joining all vertices of K, with v, and all
vertices of K/, with vp_;. Thus, Dg . has a 4+ b + o' vertices. In the literature, it is often assumed that
a = ', here we call such graphs balanced dumbbell graphs. In what follows, we always assume a < a'.

Considering small values of n (up to 200), our computer tests show that among dumbbell graphs

Dg .« on n vertices, the minimum value of Balaban index is achieved for those with
d=a or d=a+1. )]
We strongly believe this is true in general, and henceforth, we state it as a conjecture.

Conjecture 4.1. Among all dumbbell graphs D, ; . on n vertices, the minimum value of Balaban index

is achieved for those with a' = a or ' = a + 1.

The rest of this section is devoted to determining the sizes of a and b for the optimal dumbbell graphs.
When dealing with large graphs, there is not much difference between the cases ¢’ = aanda’ = a+1, so
for the sake of simplicity, we restrict ourselves to balanced dumbbell graphs. We denote such dumbbell
graphs by D, ;. Thus, D, stands for D, , and it has 2a + b vertices. In [29] we proved the following

statement:

Theorem 4.1. Let D, be a balanced dumbbell graph on n vertices, where n is big enough, with the
smallest possible value of Balaban index. Then a and b are asymprotically equal to /7 /2+/n and n,

respectively. That is, a = /7 /2+y/n + o(y/n) and b = n — o(n).

Observe that 7 appears in Theorem 4.1 naturally, since the extremal balanced dumbbell graphs con-

tain a very long path. Theorem 4.1 yields the following consequence.
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Corollary 4.1. Let D be a balanced dumbbell graph on n vertices, where n is big enough, with the

minimum value of Balaban index. Then

10.15 15
J(D) ~ 7[7r+2\/ +2} :
Comparing Corollary 4.1 with the lower bound presented in Theorem 3.2, we see that the asymptotic
value of Balaban index for optimum balanced dumbbell graph is only about 1.27 times higher than our
lower bound. Our expectation is that the optimal balanced dumbbell graph is not much different from

the optimal dumbbell graph. Guided by this we present an alternative version of Conjecture 4.1.

Conjecture 4.2. Among all dumbbell graphs D, ., on n vertices, the minimum is achieved for one with
a=y/7/2y/n+o(y/n), d = Y/7/2y/n+ o(y/n) andb =n — o(n).

Observe that Conjecture 4.1 and Theorem 4.1 imply Conjecture 4.2.

5. Bounds for dumbbell-like graphs

Dumbbell-like graphs are obtained from dumbbell graphs by deleting edges connecting the last vertex of
the path with the vertices of the clique. More precisely, let D, . be a dumbbell graph and let k satisfy
0 < k < d. Recall that a < o' and all vertices of K, are connected to vy_1. The dumbbell-like graph
Da ]1: o 1s obtained from D, s by deleting k edges which connect v,_; with k vertices of K. Hence,
the extremal graphs for n = 9 and n = 11 are dumbbell-like graphs D ig and Dy 51,73, respectively, see
Figure 4.

We have the following conjecture which is supported by our computer experiments.

Conjecture 5.1. Dumbbell-like graphs attain the minimum value of Balaban index among graphs on n

vertices.

As mentioned above, it seems that among dumbbell graphs, those with the minimum Balaban index
have cliques, sizes of which differ by at most one. Hence, they have a “balanced” form. One would
therefore expect that, at least in the case when a = a/, extremal graphs can be obtained when we remove
edges from both sides of dumbbell graph in a balanced way. That is, if we remove from D, ,» some
edges connecting vy with vertices of K, and some edges connecting v,_; with vertices of K,,. However,
our computer experiments indicate that this is not the case and the minimum is obtained when we remove
edges only from one side, i.e., by dumbbell-like graphs.

Now we modify the notation of dumbbell-like graphs slightly. The reason for this is that if we
remove too many edges from D, ./, the dumbbell-like graph Da bat
Dgpti1,ar—1. Infact, D3 fl is the dumbbell graph D, 4.1 1. Therefore, if & > "/’1 , instead of D_F

a, b a ab,a’
we use the notation Da bl a, Lifd > aand Da,’i bfl , if @’ = a. Observe that the upper index is

, looks more like the dumbbell graph

positive in this modified notation. If o’ satisfies a < a’ < a + 1, the dumbbell-like graph D¥, , may be

a,b,a

viewed as obtained from the dumbbell graph D, ., by adding k£ edges joining v; (the second vertex of
the path) with & vertices of K.
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a'—1

5 This notation

In fact, the modified notation does not need to be restricted to the case k >

suggests the following conjecture.

Conjecture 5.2. Among dumbbell graphs on n vertices, let D,y o be one with the minimum Balaban
index. Then there is (possibly negative) ¢ such that among dumbbell-like graphs on n vertices Dﬁ,b,a’ has

the minimum value of Balaban index.

We remark that Conjecture 5.2 was verified by computer for some values of n. Conjectures 4.1, 5.1

and 5.2 suggest a two-step process for finding graphs with the minimum Balaban index for given n:

(¢) Find parameters a, b, a’, where a < o’ < a+1and a+b+a’ = n, such that D, .- has the smallest

Balaban index.

(#7) Find ¢ such that Dﬁ’bya, has the smallest value of Balaban index.
Moreover, we believe the following conjecture holds.

Conjecture 5.3. Dumbbell graphs asymptotically attain the minimum value of Balaban index among

graphs on n vertices.

6. Conclusion and further work

Using computers, for n < 11 we found graphs with the minimum value of Balaban index. All these
graphs but two are dumbbell graphs and the remaining two are dumbbell-like graphs. We found asymp-
totic lower and upper bounds for the minimum value of Balaban index and we have shown that they
differ by a multiplicative constant 1.27. Finally, we studied dumbbell-like graphs.

Since we expect that balanced dumbbell graphs are asymptotically the best ones, we pose the follow-

ing problem:

Problem 6.1. Find a tighter lower bound for the minimum value of Balaban index among graphs on n

vertices.

As regards upper bounds for the smallest value of Balaban index, the following problems are inter-
esting:
Problem 6.2. Find a, b and o' such that among dumbbell graphs on n vertices Dqp, o has the smallest

value of Balaban index.

Problem 6.3. Find a, b, o' and { such that among dumbbell-like graphs on n vertices Dibﬂ’ has the

smallest value of Balaban index.

Finally, the main problem still remains open although we believe that dumbbell-like graphs are the

optimum ones:
Problem 6.4. Among the graphs on n vertices, find those with the minimum value of Balaban index.

Beside the above conjectures one can study some more related problems. As a diversity of the
Balaban index J, further indices were developed omitting the fraction factor m/(m — n + 2) in front of

the sum, and it would be interesting to explore similar bounds for indices introduced in [14].
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6.1 On sum-Balaban index

A derived measure, so called sum-Balaban index, is defined as:

SIG) =" 3 S

m—n+2 weE(Q) ’U)(U) + U)(U)

Regarding this index we obtained some results where some of them are the counterparts of Theorems 2.6,
3.1, 3.2, and 4.1 for this index, [4,31-33].
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1. Introduction

The topological index, also known as molecular descriptor, is a single number that can be used to char-
acterize some property of the graph of a molecule [26,27]. In 1947, Harold Wiener [31] introduced the
Wiener index for calculating the boiling point of alkanes. Wiener index of a graph is defined as the sum
of the distances between all unordered pairs of vertices of a graph. Probably, Wiener index is the first
topological index used in Mathematical Chemistry.

Twenty five years ago, D. Plavsi¢ et al. [22] introduced a topological index, which was named the
Harary index in honour of Professor Frank Harary and presented in the Symposium held at the University
of Saskatchewan, Saskatoon, Canada from September 12 to 14, 1991 to celebrate the 70th birthday of
Prof. Frank Harary. At the same time the same topological index with different name called as reciprocal
distance sum index was independently introduced by O. Ivanciuc et al. [14]. However the term Harary
index nowdays is generally accepted for this molecular descriptor. Harary index of a graph is defined as

the sum of the reciprocal of the distances between all unordered pairs of vertices of a graph.

201
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Let G be a graph with vertex set V(G) = {v1, vq, ..., v, } and edge set E(G). The order of a graph
G is the number of its vertices and the size of G is its number of edges. A graph G is said to be connected
if every pair of vertices of G is joined by some path. The distance between the vertices v; and v; is the
length of a shortest path joining them and is denoted by d¢(v;, v;). The maximum distance between any
two vertices is called the diameter of G and is denoted by diam(G) [1]. The degree of a vertex v is the
number of edges incident to it in G and is denoted by dg(v). A graph G is said to be regular if all its
vertices have same degree. If G; and G5 are isomorphic then it can be written as G; = (5. As usual, we
denote the complete graph by K,,, the cycle by C,,, the path by P, the complete bipartite graph by K, ,
where p + ¢ = n and the star by S,, = K7 ,_; on n vertices.

The Wiener index W (G) of a connected graph G is defined as [31]

WG = > dalvivy).

1<i<j<n

The Harary index of a connected graph G, denoted by H(G), is defined as [14,22]

H(G) = Z #

1<i<j<n da(vi; v;)

Uy
U2
U3 Vg
Figure 1. Graph G.

For a graph G giveninFig. 1, H(G) =14+ 3+ 14+ 1+1+1=5and W(G) = 8.
For any connected graph G, H(G) < W(G) with equality holds if and only if G & K. It is easy to

see that

n(n—1)
H(Kn) = Tv
pp—1) qlg—1
H(Kp,q) = (4 )+ (4 )JFP(E
n+2)(n—1
H(Sh) (n+2n-1) )4( );
71711
H(P,) = 1+7LZE;
k=2
n—2
1+nY 4, ifniseven
H(C,) = e
ny 1 if n is odd.
k=1

Harary index can be viewed as a graph invariant based on the reciprocal distance matrix of G [16,

19]. The important use of Harary index in Mathematical Chemistry is in the nonempirical quantitative
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structure-property relationships (QSPR) and quantitative structure-activity relationships (QSAR) [22,26,
27].

A review of the Harary index and its applications can be found in [36]. In this chapter we focus on
the bounds on the Harary index and extremal values.

One can easily observe that any edge addition will increase the Harary index and edge deletion
decrease the Harary index. Thus if u and v are nonadjacent vertices of a connected graph GG and e €
E(G), then [33,37]

H(G+uw) > H(G) and H(G-e)< H(G).

By above expressions, it easily follows that for any connected graph of order n, H(G) < H(K,) =
n(n—1) . . . ~
~—, with equlaity holds if and only G = K,,.

Let d = diam(G). For any two vertices u and v of a connected graph G, d¢(u,v) > 1 and dg(u,v) <
d. Hence for any connected graph G of order n > 2 and having diameter d,

n(n—1) n(n—1)
— < HG) < ———,
TR (GRS
with equality on both sides holds if and only if G = K,,.

In a connected graph GG on n vertices and with m edges, there are m pairs of vertices which are at
distance 1 and the remaining (1) — m pairs of vertices are at distance at least 2. Similarly (%;) — m pairs
of vertices are at distance at most d = diam(G). Hence for any connected graph G of order n > 2 and
with m edges and diameter d,

n(n—1)

nn—1 m
2d 2’

+m<1—;>§H(G)§4+

with equality on both sides holds if and only if diam(G) < 2.

2. Harary index of trees
Following theorem gives the lower and upper bounds for the Harary index of trees.

Theorem 2.1. [10] Let T be a tree on n vertices. Then

—

=

n—

e (2 -1)

< H(T) < 1

=~
||

2

with left equality holds if and only if T = P, and right equality holds if and only if T = S,,.

The Harary index increases by adding edges. Hence among all connected graphs, the extremal graph

with the minimal Harary index must be tree. Thus, next Corollary follows from Theorem 2.1.

Corollary 2.1. [39] Let G be a connected graph of order n. Then H(G) > H(P,), with equality holds
if and only if G = P,.
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A vertex v of a tree T is called a branching point if dr(v) > 3. Let Tp,(ny, na, ..., ng) be a star like
tree of order n obtained by inserting n; — 1,ne — 1,...,ng — 1 vertices into k edges of the star Sy,
respectively, where ny + ny + - - - + np = n — 1. Note that any tree with exactly one branching point is
a star like tree. Assume that 7" is any tree of order n with exactly two branching points v; and v, with
dr(v1) = rand dr(vy) = t. The orders of r—1 components which are paths of T'—v; are py, pa, . . . , Pr_1,
the order of the component which is not a path of 7' — vy isp, = n —p; —ps — -+ — p.—1 — 1. The
orders of ¢ — 1 components which are paths of T' — v, are ¢y, qo, . . ., ¢:—1, the order of the component
which isnotapathof T —wvyisq¢ = n —q — g2 — -+ — -1 — 1. We denote the tree 7" with two
branching points as T' = T,,(p1, P2, - - -, Pr—1;41, G2, - - -, i—1) Where r < ¢, p; > pg > -+ > p,_1 and
q1 > q2 > --+ > q;1. For convenience we use the symbol p}, to indicate that the number py, is [ times.
For example T14(2,2,3,3,5) = Ti6(22, 3%,5).

The ordering of trees with respect to Harary index has been given by K. Xu [32].

Theorem 2.2. [32] Suppose that T is a tree of order n > 16. Then
H(P,) < H(T,(n —3,1%)) < H(T,,(n — 4,2,1)) < H(T,(1%1%))
< H(T,(n —5,3,1)) < H(T,,(1%;2,1)) < H(T,(n — 4,1%)) < H(T).

Let 75, T3, . .., Tg be the trees of order n > 14 as shown in Fig. 2.

13

Figure 2.
Theorem 2.3. [32] Suppose T is a tree of order n > 16 and T ¢ {S,,, T2, T3, ..., Ts}. Then

H(T) < H(Ty) < H(T7) < H(Ts) < H(T5) < H(Ty) < H(T3) < H(Ty) < H(Sy).

A vertex having degree equal to 1 is called a pendent vertex. A set of vertices is independent if no
two of them are adjacent. The largest number of vertices in such a set is called the point independence
number of G. An independent set of edges of G has no two of its edges adjacent and the maximum

cardinality of such a set is the line independence number or matching number of G.



205

Theorem 2.4. [13] Let T be a tree with n vertices and k pendent vertices, where 2 < k < n — 2 and

0<r <k Then ) o
mny<a (1 (12 [2)7)),

with equality holds if and only if T = T, (71", []").
The matching number of a tree 7},(2°~1, 1"=25+1) is 3.

Theorem 2.5. [5,13] Let T be a tree with n vertices and matching number (3, where 2 < < |n/2|.
Then
H(T) < H(T,(27 1, 1727,

with equality holds if and only if T = T, (201, 1n=25+1),

Corollary 2.2. [5,13] Let T' be a tree with n vertices and point independence number o. Then
H(T) < H(T, (27 1%m)),

with equality holds if and only if T = T, (2"~ 120+,

The complete A-ary tree, denoted by V), a, is defined as follows. Start with the root having A
children. Every vertex different from root, which is not in one of the last two levels, has exactly A —
1 children. In the last level, while not all nodes have to exist, the nodes that do exist fill the level
consecutively. Thus, at most one vertex on the level second to last has its degree different from A and 1.

The complete A-ary tree is called Volkmann tree [9, 18].
Theorem 2.6. [8,12,13,28] Let T be a tree with n vertices and maximum degree A > 3. Then
H(T,(n— A, 147Y) < H(T) < H(V,, ),

with left equality holds if and only if T = T,(n — A,1%7Y) and right equality holds if and only if
T=V,A.

The right hand side of Theorem 2.8 was conjectured in [13].

By Theorem 2.8, the following corollary can be easily obtained.
Corollary 2.3. [12] Let G be a connected graph of order n and with maximum degree A. Then
H(G) 2 H(T,(n — A 1871)),
with equality holds if and only if G = T, (n — A, 1471).

Theorem 2.7. [12,13] Let T’ be a tree with n vertices and diameter d, where 2 < d < n — 2. Then

wnn(i (9 )

with equality holds if and only if T = T, ([%] , |2],17~471).
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The reciprocal complementary Wiener index RCW (G) of a graph G is defined as [15]

1
RCW(G) - Z d + 1 — dG(Ui>

)
U;
1<i<j<n J)

where d is the diameter of G.
Obviously H(S,) < RCW(S,) and H(P,) > RCW(P,).
Denote by DS,,, », a double star obtained by adding a new edge between two central vertices of stars

Sn1+1 and Sn2+1.

Figure 3. DS3.

Das, Zhou and Trinajsti¢ [6] obtained the bounds for the Harary index of double star.

Theorem 2.8. [6] Let DS, ,,, be a double star with ny > 3 and ny > 2. Then
H(DS,, n,) < RCW(DSp, ),
with equality holds if and only if ny = 3 and ny = 2.
A subdivision graph S(G) of a graph G is obtained by inserting new vertex on each edge of G.

Theorem 2.9. [6] Let DS, ,, be a double star with ny > 8ny. Then
H(S(DSn,ny)) 2 ROW(S(D S, ny))-

Let v be a vertex of a tree 7' and dr(v) = k + 1. Suppose that P P2 P®) are pendent
paths incident at v, with the starting points of paths vy, v, ..., vy respectively and length n; > 1 (i =
1,2,...,k). Let w be the neighbor of v distinct from v;. Let 7" = §(T, v) be a tree obtained from T’
by removing the edges vvy, vvg, . .., vv,_1 and adding edges wvy, wuy, ..., wv,_1. We say that T" is a
d-transform of 7.

U1 U1

v ) )

Vi1 Vk—1
Vk v Vi

Figure 4. /-transfromation on the vertex v.

1li¢, Yu and Feng [13] obtained several results on the Harary index of trees.
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Theorem 2.10. [13] Let T be a tree rooted at the center vertex u with at least two vertices of degree 3.
Letv € {z | dr(z) > 3,z # u} be a vertex with the largest distance dr(u,v) from the center vertex.
Then for the 0-transform tree T' = §(T,v), H(T') > H(T).

If v is the branching vertex of a star like tree T,(nq,no,...,ny) then T,,(ny,ng, ..., ng) — v =
P, UP,U---UP,, ,wheren; >ng > --- >mn, > 1.

The star like tree BT, ;, = T,(n1,no, ..., ny) is balanced if all paths have almost equal length, that
is|n;—ny| <lforl<i<j<k.

The broom B, }, is a tree consisting of a star Si4; and a path of length n — £ — 1 attached to an
arbitrary pendent vertex of the star.

Let x = (z1,9,...,2,) and y = (y1,¥2, - - -, Yn) be two integer arrays of length n. We say that x

majorizes y and write x > y if the elements of these arrays satisfy following conditions.

() v1>2x>-->xandy; > yo > -+ > Yne
(i) 21 +xo+ -+ 2 Zy1 +y2+ - +ypforevery 1 <k <n.

Theorem 2.11. [13] Let p = (p1,p2,.--,0k) and ¢ = (q1, G2, - - -, Q) be two arrays of length k > 2,
suchthatp < qandn=py+ps+---+pr=q +q + -+ qx. Then

H(ﬂl(p17p27 e 7pk')) 2 H(ﬂl((ha q2, .. 7q’€))‘

Corollary 2.4. [13] Let T' = T,,(n1,na, . .., ny,) be a star like tree with n vertices and k pendent paths.
Then

H(Byx) < HT) < HBT,)-
Moreover, the left equality holds if and only T' = B, , and the right equality holds if and only if T =
BT, .

Theorem 2.12. [13] Among all the trees on n vertices with k pendent vertices (3 < k <n —2), BT, ;,

is the unique tree having maximal Harary index.
Note that
H(P,) = H(BT,2) < H(BT,3) < -+ < H(BT, 1) = H(S,).

If ”;1 < k < n — 1, then the spur tree A,, ;, is obtained from the star Sy, by adding a pendent edge

to each of n — k — 1 pendent vertices of the star S;1; (see Fig. 5). Note that A,, , = BT, .

Figure 5. The spur tree A3 7.
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Theorem 2.13. [13] Let T be a tree on n vertices with matching number 3. Then

<1

H(T) < 5

(6n? — 4Bn + B2 + 98 + 10n — 22),
with equality holds if and only T = A, ,,_g.
Corollary 2.5. [13] Let T' be a tree on n vertices with perfect matching. Then

H(T) < —(17n* + 58n — 88),

MH

with equality holds if and only T = A, 5.

Theorem 2.14. [13,28] Let T' be a tree on n vertices with point independence number o. Then

<1

H(T) < 51

(3n? + 2an + a® — 9a + 19n — 22),
with equality holds if and only T = A, ,

Let Cy x(p1,p2,--.,Pk—1) be a caterpillar on n vertices from a path Pyyy = vovy - - Ug—10) by
attaching p; > 0 pendent vertices to v;, 1 < @ < k — 1, where n = k£ + 1 + ZZ 1 pi. Denote
Chgi=Cri(0,0,...,0,n —k—1,0,0,...,0). Obviously C, x; = Cy n—i-

i—1
Theorem 2.15. [13] Among all trees on n vertices and diameter d, Cy, 4q/2) is the unique tree having

maximal Harary index.

Corollary 2.6. [13] Let T be a tree on n vertices with radius r > 2 and diameter d. Then
H(T) < H(Cypor-1,1d/2));
with equality holds if and only if T' = C), 2,_1,|a/2)-

Note that H(Pn) = H(Cn,n—l,L(n—l)/?j) < <K H(Cn7371) < H(CmQJ) = H(Sn)

Among all trees with n vertices, C,, 31 has the second maximal Harary index [13].

Theorem 2.16. [13] Let T be a tree on n vertices with the maximum degree A. Then H(T) < H(By,a),
with equality holds if and only if T'= B, A, a broom.

Note that H(S,,) = H(Bpn-1) > H(Bpn—2) > -+ > H(B,3) > H(Bpn2) = H(P,).

Among all trees with n vertices, B,, 3 has the second minimum Harary index [13].

A branching point v of a tree T is said to be an out branching point if at most one of the components
of T' — v is not a path, otherwise, v is an in branching point of T'.

Consider the transformation ' — T4 — Tz — T as shown in the Fig. 6, where 7T’ is a tree of order
n and v is an out branching point of 7" with dr(v) = k and all the components 71, 15, ..., Ty of T — v

except T} are paths.
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z
@ZL_‘ u
Ts Tc
Figure 6.

Theorem 2.17. [32] Let T be a tree of order n with v as its out branching point and dr(v) = k > 3.
Suppose that all components of T — v except Ty are paths. Then H(T) > H(Tx) > H(Tg) > H(T¢)
with H(T) = H(T) (or H(T) = H(Tg)) ifand only if T = T (or T = Tp).

The tree 7}, ; is obtained from ¢ paths of order ¢ + 2 and s — ¢ paths of order ¢ + 1 by identifying one
end of each of the s paths. Heren — 1 =sq¢+1¢,0 <t < s.
Theorem 2.18. [13] Let T be a tree of order n with s pendent vertices. Then
2q+1 q+1

HIO)<HT) = -1 (n-143) Yt -2 -1-9 3

i=1 i=1
+S<3—3_ >+t(t—1)
o )T aqry

with equality holds if and only if T = T} ..

3. Harary index of unicyclic and bicyclic graphs

A unicyclic graph is connected graph of order n and with n edges. A bicyclic graph is a connected graph
with n vertices and n + 1 edges.

Denote by Ck.(nlf7 nl;, . ,nff), the unicyclic graph obtained by attaching /; paths of length n;, ¢ =
1,2,...,t to one vertex of a cycle Cy, where ny > ny > - -+ > n,. For example, the graph C5(4', 3!, 2%)

is shown in the Fig. 7.

Figure 7. C5(4!, 31, 2?).
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There are exactly two unicyclic graphs C; and C5(1') of order 4 with H(Cy) = H(C5(1%)).
Xu and Das [34] obtained the bounds for the Harary index of unicyclic graphs and bicyclic graphs.

Theorem 3.1. [34] Let G be a unicyclic graph with n > 5 vertices. Then

n—3
2 1 n?+n
44+ —— - < H(G) <
+TL—2+n;i_ ()_ 4

with the left equality holds if and only if G = C3((n — 3)') and the right equality holds if and only if
G = C3(1"73) forn > 6 and G = C3(1"3) or G = Cs forn > 5.

The left equality of Theorem 3.1 was conjectured by Chen [2], as the extremal graph among all
unicyclic graphs with minimal Harary index is a graph C3((n — 3)'). The right hand side of Theorem
3.1 was also proved in [2].

Forn = 5 and 3 = 2, there are only two graphs C5 and C3(1%) which have the maximal Harary index
among all unicyclic graphs of order 5 with matching number 2 [34].

In [7], Diudea et al. showed that the unique graph C3(1"?) has the maximal Harary index among
all unicyclic graphs of order n and with matching number 2.

The Theorem 3.2 gives extremal unicyclic graphs with maximal Harary index among all the unicyclic

graphs with n vertices and matching number 5 > 3.
Theorem 3.2. [35] Let G be a unicyclic graph withn > 9 vertices and matching number > 3. Then
H(G) < H(C3(2°72, 120,

with equality holds if and only if G = C3(2°~2 1725+1),

U1 U1
V2 U2
. o—e .
U1 V2 Up-5 Un—yg Vs Un_s
n— n—
0 1 2
By By BY
(%] (%) V-1
Uy Uz Up—1
w1 w2 Vt—1
Or1t
Figure 8.

Let BY, BT(LI), BY and 01,1+ be the graphs as shown in the Fig. 8.
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Theorem 3.3. [34] Let G be a bicyclic graph with n > 5 vertices and i € {1,2,}. Then

2
2
H(G) < %7

with equality holds if and only if G = Bff)for n>7and G = BY or G =~ 023 forn = 6 and G = BY

orG=0y,30rG= Kysforn = 5.

Theorem 3.4. [34] Let G be a bicyclic graph of order n > 5. Then
n—4 n—4
1 19 3 2 1
HG) 20+ —n+ = - (—-)
! i=1
with equality holds if and only if G = BY.

4. Harary index interms of graph parameters

Theorem 4.1. [25] Let G be a connected graph of order n and maximum dgree A(G) > k > 2. Then

n—k

1(k—1 k-1 1

HG) >kt~ . -,
(@) 2 +2< 2 >+n—k+1+”;r

with equality holds if and only if G = B,, j, a broom.

Denote G* a graph with diameter d (3 < d < 4) and |V (G*)| > d + 2, such that for any two distinct
vertices u € V(G*) \ V(Py1) and v € V(G*), dg+(u,v) = 1 or 2.

Figure 9. Example of G*-type graph.

Theorem 4.2. [6] Let G be a connected graph of order n with m edges and diameter d. Then

nn—1)+2m—-d)(d-1) d+1

>
H(G)—H(Pd+1)+ 2 9

with equality holds if and only if G is a graph with diameter d < 2 or G = P,, Moreover,

n(n—1)+2m d(d+3)

H(G) < H(Pyy) + I 5

with equality holds if and only if G is a graph with diameter d < 2 or G = P, or G is isomorphic to
some G*-type graph.
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Theorems 4.3 and 4.4 gives the bounds for Harary index interms of Wiener index.

Theorem 4.3. [33] Let G be a connected graph with n > 2 vertices, m edges and diameter d. Then

(W(G) —m —d) (H<G>m;) > (”(”2‘”1)

with equality holds if and only if G has diameter at most 2.
Theorem 4.4. [4] Let G # K, be a connected graph of order n, m edges and diameter d. Then

n(n—1) n(n—1) d
() (2 n 1) 143

2(W(G) —m) ’

(n(n;l) _ m>2
- < <
m+ WG —m <HG)<m+

with equality on both sides holds if and only if G has diameter d = 2.

The first and second Zagreb indices of a graph G are defined as [11]

M(G)= Y (de(w)® and My(G)= > (de(u))(d(v)).

ueV(G) weE(Q)

Denote by G** a triangle and quadrangle free graph of diameter 4 and order n > 6 such that, for any
two distinct vertices u,v € V(G*) \ V(Pyy1), dew(u,v) < 3 where Py is a path of order d 4 1 in
G**.

Figure 10. Example of G**-type graph.

Following Theorems gives the Harary index interms of Zagreb indices.

Theorem 4.5. [6] Let G be a triangle and quadrangle free graph with n > 2 vertices, m edges and
diameter d. Then

d—2 1
H(Py1) + W]VII(G) + A < H(G) < H(Py) + EMl(G) + A

where Ay = "(";;)72 + 2 —2(d—1)and A, = % + 32— % —d. Moreover, the left equality holds

if and only G is a graph of diameter at most 3 or a path P, and right equality holds if and only if G is a
graph of diameter at most 3 or a path P, or G is isomorphic to a graph G**-type.

Theorem 4.6. [39] Let G be a triangle and quadrangle free graph with n > 2 vertices, m edges. Then

H(G) < n(n—1) m M(G)

6 2 12 7
with equality holds if and only G is a graph of diameter at most 3.
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Theorem 4.7. [5] Let T be a tree of order n and with diameter d. Then

1 1 1 1 1 1
— — — | My(T — — — | My(T By < H(T) < —My(T — M (T B
<3 d) 2( )+<2d 12) 1(T) 4+ By < H( )_12 2 )+24 |(T) + By,

where By = % + (% — 2—3(1) n -+ é — % and By = %2 + 121—4" — % Moreover, the both equality holds if and

only T is a tree with diameter at most 4.

Zhou and Trinajsti¢ [40] obtained the bound for the Harary index interms of the maximum eigenvalue
of the reciprocal distance matrix.

The reciprocal distance matrix RD(G) = [rc;;] of a graph G is an n x n matrix [16], where

1 . . .
B { Lo if i#y
TCij =

0, otherwise.

Theorem 4.8. [40] Let G be a connected graph of order n and A1 be the maximum eigenvalue of the
reciprocal distance matrix RD(G) of G. Then

H(G) S g)\lv
with equality holds if and only if RD(G) has equal row sum.

Xu and Das [33] obtained the bounds for the Harary index interms of diameter, clique number and

chromatic number.

Theorem 4.9. [33] Let G be a connected graph with n > 2 vertices, m edges and diameter d. If there

exists two nonadjacent vertices u,v € V(Q), then

1 nn=-1)-2m-2/1 1
< + — <1-2= i
HG+w)—-H(G) <1 + 5 (2 ),

N =

with left equality holds if and only if dg(u) = dg(v) = 1 and dg(u,v) = 2 and right equality holds if
and only if G has diameter 2.

Theorem 4.10. [33] Let G be a triangle and quadrangle free graph with n > 2 vertices, m edges and

diameter d. If there exists two nonadjacent vertices u,v € V(G), then

SH(G+uv)—H(G)g1—$+”(”_1)_2Ml(G)‘2 (i‘;)

N =

with left equality holds if and only if dg(u) = dg(v) = 1 and dg(u,v) = 2 and right equality holds if
and only if G has diameter 2.

The kite graph K1, is obtained by identifying one vertex of the complete graph K, with one pendent
vertex of the path P, 1.

The Turdn graph T,,(k) is complete multipartite graph formed by partitioning a set of n vertices into
k subsets, with sizes as equal as possible. That is, it is a complete k-partite graph Koy rny ) ). The

,,,,,
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Turdn graph will have n(mod k) subsets of size [ ] and k& — [ 7] subsets of size | }]. Each vertex has

degree either n — [¢] orn — [7].

The chromatic number of a graph G, denoted by x(G) is the minimum number of colors require to
color the vertices of GG such that no two adjacent vertices have the same color.

A clique of a graph G is the subgraph of G which is complete graph. The clique number of G,
denoted by w((G) is the number of vertices in the largest clique of G.

Let #,, 1 be the set of connected graphs of order n with clique number k. Let 27, be the set of

connected graphs of order n with chromatic number k.

Theorem 4.11. [33] Let G € Z,,, and 0 < r < k. Then

with the equality holds if and only if G = T, (k).

Theorem 4.12. [33] Let G € #;,, and 0 < r < k. Then

with the equality holds if and only if G = T, (k).

Theorem 4.13. [33] Let G € Z,, . Then

kk—1) <X 1
HG) > ——+nY —,
2 £l 41

with the equality holds if and only if G = K, , a kite graph.

Theorem 4.14. [33] Let G € #,, 1. Then

kk—1) &= 1
=1

with the equality holds if and only if G = K1, , a kite graph.

The vertex connectivity of a graph is the minimum number of vertices whose removal yields the
resulting graph disconnected or a trivial. The edge connectivity of a graph is the minimum number of
edges whose removal yields the resulting graph disconnected or a trivial.

Li and Fan [17] obtained the extremal Harary index with respect to vertex connectivity and edge
connectivity.

Let K(n — 1,7) be a graph obtained from K,,_; by adding a vertex together with edges joining this

vertex to r vertices of K,,_1, where 1 <r <n — 2.

Theorem 4.15. [17] For each r = 1,2,...,n — 2 the graph K(n — 1,r) is the unique one with the

maximum Harary index among all graphs of order n and vertex connectivity r.
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Theorem 4.16. [17] For each r = 1,2,...,n — 2 the graph K(n — 1,r) is the unique one with the

maximum Harary index among all graphs of order n and edge connectivity r.

Corollary 4.1. [17] Let G be a graph of order n with vertex or edge connectivity v, where 1 <r < n—2.

Then )
-1
H(G) < W’
with equality holds if and only if G = K(n — 1,7).

The second maximum Harary index among all graphs of order n with vertex connectivity 7 is reported
in [17].

Ramane and Manjalapur [24] obtained the bounds for the Harary index interms of the eccentricities.

The eccentricity of a vertex v in G, denoted by ecc(v), is the maximum distance from it to any other
vertex. That is, ecc(v) = max{dg(u,v) | v € V(G)}. The radius r(G) of a graph G is the minimum
eccentricity of the vertices. A vertex v is called central vertex of G if ecc(v) = r(G). A graph G is said
to be self-centered if every vertex of G is a central vertex. Thus in a self-centered graph, r(G) = d(G).
An eccentric vertex of a vertex v is a vertex farthest from v. An eccentric path P(v) of a vertex v is a
path of length ecc(v), joining v and its eccentric vertex. For a given vertex, there may exists more than

one eccentric paths.

Theorem 4.17. [24] Let G be a connected graph with n vertices, m edges and e; = ecc(v;), i =
1,2,...,n. Then

1 n €; 1 n
H(G) < i [n(n—2)+2m+222j —Zei] )
i=1 j=1 i=1
with equality holds if and only if for every vertex v; of G, if P(v;) is one of the eccentric path of v;, then
for every v; € V(G) which is not on P(v;), da(v;,v;) < 2.

Corollary 4.2. [24] Let G be a self-centered graph with n vertices, m edges and radius r. Then

1 1
H(G)Si ln(n—r—2)+2m+2nz,],

j=1

with equality holds if and only if for every vertex v; of a self-centered graph G, if P(v;) is one of the
eccentric path of v;, then for every v; € V(G) which is not on P(v;), dg(v;,vj) < 2.

Theorem 4.18. [24] Let G be a connected graph with n vertices and e; = ecc(v;), i = 1,2,...,n. Then

n(Tll)JFZZZ;ZIGi]’

i=1 j=1

1
HG) <3

with equality holds if and only if for every vertex v; of G, if P(v;) is one of the eccentric path of v;, then
for every v; € V(G) which is not on P(v;), dg(v;,v;) = 1.



216

Corollary 4.3. [24] Let G be a self-centered graph with n vertices and radius r. Then

H(G) < Zl —r—1+z 1

with equality holds if and only if for every vertex v; of a self-centered graph G, if P(v;) is one of the
eccentric path of v;, then for every v; € V(G) which is not on the eccentric path P(v;), da(v;, v;) = 1.

Theorem 4.19. [24] Let G be a connected graph with n vertices, m edges and diameter d. Let e; =
ecc(v;), i =1,2,...,n. Then

H(G)>21d[( —d) +2m(d —1+di2—26117

i=1 j=1

with equality holds if and only if diameter d < 2.

Corollary 4.4. [24] Let G be a self-centered graph with n vertices and radius r. Then

1 1
H(G) > > [n(n—?r)—l—?m(r—l)—ﬁ—nrzjl ,

j=1

with equality holds if and only if G is self-centered graph with radius r < 2.

5. Harary index of some class of graphs

A graph G is called quasi-tree graph if there exists a vertex v € V(@) such that G — v is a tree. Clearly
any tree is a quasi-tree graph, since the deletion of any pendent vertex will deduce another new tree. A
graph G is called k-generalized quasi-tree graph [38] if there exists a subset V;, C V(G) with |V = k
such that G — V, is a tree but, for any subset V;,_; C V(&) with cardinality k — 1, G — V}_; is not a tree.

For k > 2, we denote by QT (n) the set of k-generalized quasi-tree graphs of order n. Let Oy, ((n —
k)!) be a graph obtained by attaching a path of length n — k to any one vertex of the cycle C}. We denote
by C;g‘r’ (see Fig. 11) a graph obtained by connecting two vertex-disjoint triangles by a path of length

n — 5.
U1 V2  Up—g iI

Figure 11. C§f§5.
Any tree is called a trivial quasi-tree graph and other quasi-tree graphs are called non-trivial quasi-
tree graphs.
Xu, Wang and Liu [38] obtained the Harary index of quasi-tree graphs.
The join of two graphs GG; and G5 is a graph G; V G, obtained from G; and G5 by joining every
vertex of GG to all vertices of Gi. Let G be the complement of G.
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Theorem 5.1. [38] Let G be a non-trivial quasi-tree graph of order n > 4. Then

(n—2)(n+5)

1
4 +1

n—2

1
3+n) - <H(G)<

k=2

with left equality holds if and only if G = C3((n — 3)') and right equality holds if and only if G =
KoV K, o

Theorem 5.2. [38] Let G be a 2-generalized quasi-tree graph of order n > 6. Then

with equality holds if and only if G = 03’155 (Fig. 11).

Theorem 5.3. [38] For any graph G € QT (n) with n > 6,

(n—-1) (+)n—-k-1) k(k+1)
4 + 2 + 4 ’

HG) <™
with equality holds if and only if G = Ky V Ky _g_1.

A graph (G is said to be bipartite if its vertex set V' (G) can be partitioned into two sets V; and V3 such
that every edge of GG has one end in V; and other end in V5.
Cui and Liu [3] obtained the bounds for the Harary index of bipartite graphs.

Theorem 5.4. [3] Let G be a connected bipartite graph of order n with bipartite sets Vi and Vy where
Vil =p,

Vo| =qand p+ q =n. Then
H(G) < g {n—?—&— \/n2+2pq] ,
with equality holds if and only if G = K, ,, a complete bipartite graph.

Theorem 5.5. [3] Let G be a connected bipartite graph of order n with bipartite sets Vi and Vo where
Vil = p,
respectively. Then

Vol = qand p+ q = n. Let Ay and Ay be maximum degrees among vertices in Vy and Vs,

H(G) < %(n -2)+ %\/25 + 9n? + 8pA; + 8qAy + 16A 1Ay — 25n — Hpgq,
with equality holds if and only if G = K, , or G is a semi regular graph with vertex eccentricity equal 3.

The bounds on Harary index among all & power of trees have been reported by Su, Xiong and
Gutman [25].
The k' power of G, denoted by G*, is a graph with vertex set V (G¥) = V/(G) such that two vertices

are adjacent in G* if and only if they are at distance at most k in G' [25].
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Theorem 5.6. [25] For any tree T' of order n,
H(F;) < H(T*) < H(Sy),
with left equality holds if and only if T* = P* and right equality holds if and only if T* = S¥.
Corollary 5.1. [25] Let G be a connected graph of order n. Then
H(P)) < H(G").

Problem 5.7. [25] Characterize the graphs G and G4 of the same order such that H(G1) < H(Gs)
implies H(GY) < H(G%).

A connected graph G is called cactus if each block of G is either an edge or a cycle. Denote by
% (n,r) the set of connected cacti possessing n vertices and r cycles. Let C°(n,r) be the cactus graph

obtained from a star S,, by adding r independent edges between the leaves of .5,,.

Theorem 5.8. [30,41] Let G be any graph in €' (n,r). Then
1
H(G) < i(n—Qr—l)(n—Qr—m —r 4 (n—1(r+1),
with equality holds if and only if G = C°(n, r).

Theorem 5.9. [29] Among all cacti of order 2n and with a perfect matching, the graph C°(2n,n — 1) is

the unique graph having the maximal Harary index.

A cut vertex of a graph is a vertex whose removal increases the number of components of the graph.
An edge is said to be cut edge if its removal increases the number of components of the graph.
Let C;; . be a cactus obtained by identifying the vertex of degree n — 4 of C°(n — 3, 2=5=*) with one

vertex of Cy (see Fig. 12, for an example).

Figure 12. The cactus CY 3.

Theorem 5.10. [29] Among all cacti of order 2n and with k cut edges, the graph C°(n, %) is the
unique graph with maximal Harary index when n — k is odd and Cy, ,, uniquely has the maximal Harary

index if n — k is even.

Theorem 5.11. [29] Among all cacti of order 2n and with k pendent vertices, the graph C°(n, ”’Tk’l)
is the unique graph with maximal Harary index when n — k is odd and C}, ;. uniquely has the maximal

Harary index if n — k is even.
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Denote C'(2n,r) a graph of order 2n obtained by adding n — r — 1 paths of length 2 at the vertex of
maximum degree in C°(2r + 2, 7).

Theorem 5.12. [41] Let G € € (2n, r) with a perfect matching. Then

1
H(G) < ﬂ(n— r—1)(23n+17r —2) +2n +r? — 1,
with equality holds if and only if G = CT(2n,r).

Let 1 < k < n and Kc¥ be the graph obtained by attaching k pendent vertices to one vertex of the
complete graph K, .

Theorem 5.13. [37] Among all connected graphs with n vertices and k cut edges, the graph Kck

uniquely has the maximal Harary index.

The Moore graph [20] is a regular graph of degree r with diameter d and girth 2d + 1, whose order
attains the upper bound

-1
1+r Z(T — )%
=0

Theorem 5.14. [39] Let G be a connected triangle and quadrangle free graph with n > 2 vertices and

m edges. Then

nn—1) m

with equality holds if and only if G is a star or a Moore graph of diameter 2.

Theorem 5.15. [8] Let G be a connected triangle and quadrangle free graph with n > 4 vertices and
matching number 3, where 2 < < |n/2].

() If 8 = |n/2], then H(G) < H(K,) with equality holds if and only if G = K,,.

(i) If 2 < B < |n/2] — 1, then H(G) < H(Ky V (Kas-1 U K, _23)) with equality if and only if
G=E K,V (Kgg_l @] Kn_gg).

i) If2<g8< 27” then H(G) < H(K V K,,_g) with equality if and only if G = Kz V K, _s.

(iv) If B = 22, then H(G) < H(Ks V K,,_5) = H(K1 V (Kap_1 U K,,_33)) with equality if and only
ifG = KB vV Kn—B orGE KV (K25—1 U Kn_gﬁ).

For a vertex v; € V(G), we define

Qov) = ) —atunv)

v, EV(G) 1 + dc;(U,', Uj)
Theorem 5.16. [33] Let G be a connected graph with n vertices and v;v; € E(G). Then
H(G) > H(G - Ui) +n—-—1-— QG,UL(’U]'),

with equality holds if and only if v; is a pendent vertex of G.
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Let G be a graph with v; € V(G). For two integers [ > k > 1, let Gy ; be the graph obtained from G

by attaching at v; two new paths P’ : v;ujug - - - ug and P : vyujul - - - uj of length k and [, respectively,

where uy, U, . .., ug and u}, u), . . ., u; are new distinct vertices.
U1 Ug—1 Vg U1 V-1
wp Wi wy wy  Wi-1 wy Uk

Figure 13. Graphs G; and Gj,—1 141.
Theorem 5.17. [32] Let G # K be a connected graph. If | > k > 1, then

H(Gyrg) > H(Gr-1441)-

Theorem 5.18. [33] Let G # K be a connected graph of order n > 2 and v;, v; be its distinct vertices
with Qg (vi) = Qa(v;). Suppose G, is a graph obtained from G by attaching at v; one path P(v;) :
ViU - - - ug and at v; the other path P(vj) @ vjuuy - --uj. If s >t > 1, then H(GY,) > H(G% ;).

Following Corollary follows from Theorem 5.19.

Corollary 5.2. [33] Let G be a connected graph of order n > 2 and v;, v; be its distinct vertices with
Qc(vi) = Qc(v)). Suppose G7, is a graph obtained from G by attaching at v; one path of length s and
at vj the other path of length t. Let G, be a graph obtained from G by attaching at v; (or v;) a path of
length s +t. Then H(G% ;) > H(Gyy).

Theorem 5.19. [13] Let G be a connected graph and v € V(Gy). Let Gy be the graph obtained from
Gq by attaching a tree T (T # P, and T # Sy) of order k to u, Gy be the graph obtained from G by
identifying u with end vertex of a path Py, G5 is the graph obtained from G by identifying u with the
center of a star Sy. Then H(Gs) < H(G1) < H(G3).

Theorem 5.20. [32] Let Gy and Gy be two graphs of same order and with v; as a pendent vertex of G;

and uv; € E(G;) fori = 1,2, If H(Gy — vy) > H(G1 — v1) and Qgy—v, (U1) = Qay—u, (u2), then

H(Gy) > H(G) with the equality holds if and only if the above two equalities holds simultaneously.
Suppose that G is a graph with v, € V/(G) and v, vs, . . ., vy s are distinct new vertices (notin G). Let

G’ be the graph obtained from G by attaching at v, a new path P : v1v - « - v45. Let My s = G’ + vug

and My 45 = G' + vipiug, where 1 <4 < s and ug is a new vertex not in G.

I—Q ’—I - —0
Uy V41 Ut+s Ut V41 Vtts

M iis Mi14s
Figure 14.
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Theorem 5.21. [32] Let G be a connected graph of order n > 2. Ift > s > 1, then

H(A{t,fr‘rs) > H(Mt+i,t+s)> f()r 1 S Z S S.

Vo

‘ g - ' e@

Figure 15. G and G'.

Theorem 5.22. [37] Let vivy € E(G) be a cut edge in G, and G—vyvy = G1UGy withn; = |V(G;)| > 2
SJori =1,2. Suppose that v; € V(G,;), i = 1,2. Assume that G' is a graph obtained from G by identifying
vertices v1 and vy (the new vertex is labeled as v) and attaching a pendnet vertex v to this identified

vertex v (See Fig. 15). Then H(G) < H(G').

Let G and G5 be two connected graphs with V(G1)NV (Gs) = {v}. Let G1vG> be a new graph with
its vertex set V(G4) U V(G2) and edge set E(G;) U E(G2). By applying Theorem 5.24, the following

result follows.

Corollary 5.3. [32] Let G be graph and Ty, be a tree of order k with V(G) NV (T},) = {v}. Then
H(GuvTy) < H(GuSy), where v is identified with the center of the star Sy in GvSy. Moreover, the
equality holds if and only if T}, = Sj.

Figure 16.

Theorem 5.23. [37] Let G1, G2 and G5 be three connected graphs with disjoint vertex sets. Suppose
that w and v are two vertices of Gy, vy is a vertex of Ga, ug is the vertex of Go. Let G be the graph
obtained from G1, Gy and G5 by identifying v with vy and u with ug respectively. Let G* be the graph
obtained from G1, Gy and G3 by identifying three vertices v, vy and uq (or by identifying the vertices u,
vo and ug) (see Fig. 16). Then H(G*) > H(G).

The line graph of G is a graph L(G) whose vertex set is in one-to-one correspondence with the edge
set of G and two vertices in L(G) are adjacent if and only if the corresponding edges are adjacent in G.

Ramane and Manjalapur [23] obtained the Harary index for the line graphs.
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F1 F2 F3

Figure 17. The graphs F}, F5 and Fj.

Theorem 5.24. [23] Let G be a connected graph with n vertices and m edges. Let dg(v;) be the degree
of a vertex v; in G and L(G) be the line graph of G. Then
H(LG) < | —3m+ 3 (do(v)"|
with equality holds if and only if none of the three graphs F|, F» and F3 of Fig. 17 is an induced subgraph
of G.
Corollary 5.4. [23] If G is a connected regular graph of degree r on n vertices and L(QG) is the line
graph of G, then
H(L(G)) < 1—16[nT(nT +4r —6)],

with equality holds if and only if G is a regular graph of degree r and none of the three graphs Iy, F,
and F3 of Fig. 17 is an induced subgraph of G.

For a vertex v € V(G), denote by N¢(v) the neighborhood of v in G. For a subset W C V(G), let
G — W be the subgraph of GG obtained by deleting the vertices of W together with the edges incident
with them. For a subset E; C E(G), denote by G — E the subgraph of G obtained by deleting the edges
of Ej.
Theorem 5.25. [17] Let G1, G5 and P, be pairwise vertex disjoint connected graphs, where G contains
an edge uv such that N, (u) \ {v} = Ng,(v) \ {u} = {wy,ws,...,wi} (k > 1), Gy contains a shortest
path P, = x1xo -+ -y from x1 to xy, Ps = 2129+ 25, and t > s+ 2. Let G be obtained from G by
identifying u with x1 of Go and identifying v with z; of Py and let G' = G — {vwy,vwy, ..., vw} +
{xowy, Tows, ..., xowy}. Then H(G) < H(G").
Corollary 5.5. [17] Let G be a connected graph containing an edge uv such that Ng(u) \ {v} =
Ng(v) \ {u} # ¢. Let G(t, s) be obtained from G by attaching a path P, at u and a path Py at v. If
t>s+22>3 then HG(t,s)) < HG({t— 1,5+ 1)).

W @ oUs

Wo : g
wq U1

Figure 18. G and G’ of Theorem 5.31.
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The graphs G and G’ of Fig. 18 possess the same number of cut vertices.

Theorem 5.26. [17] Let K,uk, be the graph obtained by identifying one vertex of K, with one vertex
of Kyatw, p > 3, ¢ > 3. Let G be obtained from K,yuK, by attaching a path P, at some vertex
wy € V(K,) \ {u} and a path P, at some vertex vy € V(K,) \ {u} and possibly attaching some
connected graphs at vertices of V(KyuK,) \ {u,v1, w1} where t > s > 1 and let G' be obtained from
G by deleting the edges of K, incident to vy except viu and adding all possible edges between each of
V(K,) \ {v1} and each of V(K,,) (see Fig. 18). Then H(G) < H(G).

Let K P(n, k) be the graph obtained from K, by attaching n — k paths of almost equal lengths to

its vertices respectively.

Theorem 5.27. [17] Among all graphs with n vertices and k cut vertices, where 0 < k < n — 2, the
maximal Harary index is attained uniquely at the graph K P(n, k).

Theorem 5.28. [17]
H(K,)=H(KP(n,0) > HKP(n,1)) >---> H(KP(n,n—2)) = H(P,).

Theorem 5.29. [17] If a graph G of order n > 3 contains cut vertices or cut edges, then H(G) <
H(KP(n,1)), with equality holds if and only if G = K P(n, 1).

Theorem 5.30. [17] Let Gm,n2~,"3 = (KmUKng)\/Kn3~ Ifnl > Up) > 2 and ns > 1, then H(Gnnnz,na) <
H(Gn1+1,7l2*1,n3)'

6. Haray index of graph operations

Das et al. [4] obtained the bounds for the Harary index of corona product and of Cartesian product.

Let (G; be the graph with n; vertices and m; edges. Let G5 be the graph with ny vertices and my
edges. The corona product Gy o G5 of G; and G is obtained by taking one copy of GGy and n; copies
of 9, and then joining i-th vertex of G, to every vertex of i-th copy of G5, ¢ = 1,2, ..., n,. The graph

G1 0 G has ny(ng + 1) vertices and my 4+ nymsg + nyny edges.

Theorem 6.1. [4] Let G; be the graph with n; vertices, m; edges and diameter d;, i = 1,2. Let G| #
K. Then the lower and upper bounds for H(G o Gs) are

1 . -
W(Gh) —mi W(G) — 2m, + "=

H(Gl OGQ) Z

N m3 ni(m—1) ?
W(G1) —3ny +ni(ng — 1) 2 m

2 1 1
+ my (1 + % + 7;2) + 1(7?/2 + 3)ning + §n1m2.
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Moreover,

noec) < (2=t [ (800

2(W(Gy) —m)
a2 (2 mm ) (42 4 )
( (G1) — 2my ”1(n1 1))

(2 (25 1) (5 + 1))

Q(W(Gl) - 3m1 + nl(nl — ].))

+

2 1 1
+ my (1 + % + 7?) + Z(nz + 3)ning + 5”17’”2.

Equality holds in both cases if and only if d; = 2.

The Cartesian product G1 x G4 of graphs G and G5 has the vertex set V(G1 xGs) = V(G1) xV(Gs)
and two vertices (u;, v;) and (uy, v;) are adjacent in G4 x G5 if u; = u;, and v; is adjacent to v; in G or
v; = vy and u, is adjacent to uy, in Gj.

Theorem 6.2. [4] Let G; be the graph with n; vertices, m; edges and diameter d;, i = 1,2. Let

Uy, Usg, . . ., Uy, be the vertices of Gy. Then
H(Gy o) > mH(Go) + naH(Gy) +mans — 1) Y !
1 2) 2 M 2 2 1 2(N2 — R
1<i<k<ny de, (i, k) + dy
and )
H(G, x Gy) <nmH(G H(G -1 -
(G1x Go) < mH(Go) + noH(Gh) + ma(na ) Z de, (ui, ug) + 1
1<i<k<ni
Equality in both cases holds if and only if Gy = K,,,, a complete graph on ns vertices.

Interchanging GG; and G, the Theorem 6.2 holds good, with equality if and only if G; = K,,,.

Theorem 6.3. [4] Let G; be the connected graph with n; vertices, m; edges and diameter d;, i = 1,2.
Let G; # K,,,. Then

na(na—1) 2
ng(ng — 1)m1 n ( ? 22 - m2) ny
do +1 W(Gs) —

H(G1 X Gg) > niMmg + NgMmy +

+

N9 Tlg(ﬂg — 1)
1% + ni(ni—1)
(G1) —m1  W(Gy) + B —dy — (dy + 1)m
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Moreover,

ng(ng — 1)m1
2

() o (852 ) 3+ )

H(Gl X Gg) < nime + Ngmi +

+ 2(W (Ga) — my)
mo (2 (20572 1) (44 2))
+ 2(W(Gy) — my)
| (=) (2+ (52 —mi—1) (52 + %))

2 (W(G) + ™52 — 2my)

(o).

7. Nordhaus—-Gaddum type results

In this section we report the Nordhaus-Gaddum [21] type results with respect to Harary index.

Theorem 7.1. [39] Let G be a connected graph of order n > 5 and its complement G be the connected

graph. Then

(n—
2

3n(n—1)

1
+ 1 ;

1)2+nni%§H(G)+H(é)§

with left equality holds if and only if G = P, or G = P, and with right equality holds if and only if both
G and G have diameter 2.

Theorem 7.2. [6] Let G be a connected graph of order n > 2 with a connected complement G. If the
graph G has diameter d, then

3n(n—1) d(d+3)
44

H(G) + H(G) < H(Pus1) +
with equality holds if and only if both G and G have diameter 2 or G = P,

Since H(P,) < W, for n > 4, the upper bound in Theorem 7.2 is better than that in Theorem
7.1.

Theorem 7.3. [6] Let G be a connected graph of order n > 2 with a connected complement G. Denote
by d and d the diameter of G and G respectively. Then

H(G) + H(G) ZH(Pk-H)er (1+]1f) —3k+;

where k = max{d, d}. Moreover, the equality holds if and only if both G and G have diameter 2.
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Theorem 7.4. [6] Let G be a triangle and quadrangle free graph with n > 2 vertices, m edges and with
a connected complement G. Then
mn—1) nn-12 mm-1)

— 1
H H < -M —
(C)+ H@) < 2Mi(G) + 20— 4 =

with equality holds if and only if both G and G have diameter at most 3.

Recall that the k*® power of a connected graph G is a graph G* with vertex set V (G*) = V(G) such
that two vertices are adjacent in G* if and only if they are at distance at most & in G.

Theorem 7.5. [25] Let G be a connected graph of order n > 9 and a connected complement G. Then

() Z "o = MO+ B < 5G4 + ) < ().
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1. Introduction to the harmonic index

The topological indices based on end-vertex degrees of edges have been used over 40 years. Among
them, several indices are recognized to be useful tools in chemical researches. Probably, the best known
such descriptor is the Randié¢ connectivity index R(G) [75] introduced by the chemist Milan Randi¢ in
1975. There are many papers and a couple of books dealing with this index (see, e.g., [43,57,76] and

the references therein).

During many years, scientists were trying to improve the predictive power of the Randi¢ index. This

led to the introduction of a large number of new topological descriptors that resemble the original Randic¢
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index, which is defined as

weE(G)

where d(u) denotes the degree of a vertex u of the graph G and uv the edge connecting the vertices u and
v. Randi¢ noticed that this index was well correlated with a variety of physico-chemical properties of
alkanes: boiling point, enthalpy of formation, surface area, solubility in water, etc. Eventually, this index
became one of the most successful molecular descriptors in structure property and structure activity re-
lationship studies [40,55,56,72], and scores of its pharmacological and chemical applications have been
reported. Mathematical properties of this descriptor have also been studied extensively, as summarized
Gutman [43,57].

Two of the main successors of the Randi¢ index are the first and second Zagreb indices, denoted by

M, and M,, respectively, and defined as

M(G)= > (dw)+dw) = > du? MG = Y dudw)
weE(G) ueV(G) weE(G)

(see, e.g., [18,42]). The Zagreb indices and their variants have been used to study molecular complexity
and chirality whilst the overall Zagreb indices exhibit a potential applicability for deriving multilinear
regression models. Various researchers also use the Zagreb indices in their QSPR and QSAR studies.
Mathematical properties of the Zagreb indices were also subjects of several studies.

Other indices motivated in studying and predicting the properties of the molecules, are the sum-
connectivity index x(G) and the general sum-connectivity index x,(G), proposed by Zhou and Trinajstié¢
in [107,108], and defined as

—-1/2 a
XG = Y (dw)+dw) " xa(@ = > (dw)+dw)°,
weE(GQ) weE(GQ)
where « is a real number. It has been found that the general sum-connectivity index and the Randi¢ index
correlate well between themselves and with the 7-electronic energy of benzenoid hydrocarbons [64,65].

Some mathematical properties of these indices were given in [30-33, 80, 107, 108].

In 1987 [36], Fajtlowicz introduced the harmonic index H(G) of a graph G, defined as

2
HO) = ) gyvdw)

weE(Q)

(Note that the harmonic index can be viewed as a particular case of the general sumconnectivity index,
since H(G) =2x_,(G).)

Although this quantity was first mentioned in a mathematical paper [36] in 1987, it did not attract
the attention of scholars until quite recently. In the last few years, a remarkably large number of studies
of the properties of the harmonic index have appeared (see, e.g., [24,63,94,95,97,100, 101, 104, 109]).
The chemical applicability of the harmonic index was also recently investigated [39,48]. The harmonic
index has reasonably good correlation abilities; in fact, it gives similar correlations with physical and

chemical properties compared with the well-known Randi¢ index.
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Finding bounds for indices of a given class of graphs, as well as related problem of finding the graphs
with extremal indices, attracted the attention of many researchers, and many results have been obtained.
In particular, estimating bounds for H (G) are of great interest, and many results have been obtained. For
example, Favaron, Mahéo and Saclé [37] considered the relationship between the harmonic index and
the eigenvalues of graphs, and Zhong and Xu [100, 101, 104] determined the minimum and maximum
values of the harmonic index for connected graphs, trees, unicyclic graphs, and bicyclic graphs, and
characterized the corresponding extremal graphs, respectively. It turns out that trees with maximum and

minimum harmonic index are the path P, and the star S,,, respectively.

Ili¢ [53] and Xu [97] independently proved an inequality involving the harmonic index and the first

Zagreb index.
Estrada, Torres and Rodriguez [35] introduced the atom-bond connectivity (ABC') index, which has

been applied up until now to study the stability of alkanes and the strain energy of cycloalkanes. Zhong
and Xu [105] have recently shown a relationship between H(G) and ABC/(G).

Chang and Zhu [13] found the minimum values of the harmonic index for graphs with minimum de-
gree at least two and for triangle-free graphs with minimum degree at least k (k > 1), and characterized
the corresponding extremal graphs. Moreover, Wu, Tang and Deng [94, 95] also considered the relation

between the harmonic index and the girth of a graph.

Deng, Balachandran, Ayyaswamy and Venkatakrishnan considered the relation connecting the har-
monic index H(G) and the chromatic number x*(G) and proved that x*(G) < 2H (G) by using the effect
of removal of a minimum degree vertex on the harmonic index [24]. (This inequality strengthens a result
relating the Randi¢ index and the chromatic number conjectured by the system AutoGraphiX and proved
by Hansen and Vukicevi¢ [51].) The same authors in [25] determined the trees with the second-the sixth
maximum harmonic indices, unicyclic graphs with the second-the fifth maximum harmonic indices, and

bicyclic graphs with the first-the fourth maximum harmonic indices.

Li and Shiu [59] studied the harmonic index subject to perturbations and provided a simpler method
for determining unicyclic graphs with maximum and minimum harmonic index among all unicyclic
graphs. Another important work from the numerical point of view is developed by Lv and Li [66] which
study the relationship between the harmonic index and the matching number for trees, and determine
the trees with minimum harmonic index among trees with a perfect matching. Also they study the same
relationship for unicyclic graphs. The graphs with minimum harmonic index among all unicyclic graphs

with a perfect matching and with a given matching number are determined in [67].

Liu [60] proposed a conjecture concerning the relation between the harmonic index and the diameter
of a connected graph, and showed that the conjecture is true for trees. Likewise Deng, Tang and Zhang
[26] considered the harmonic index H(G) and the radius r(G) and strengthened some results relating
the Randié index and the radius in [61,99].

The two next sections contain bounds for the harmonic index involving other topological indices
and some important parameters of graphs, respectively. The last section deals with some inequalities

involving the natural generalization of the harmonic index: the general sum-connectivity index. We have
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included the results that we believe are the most important. Other results can be found in the bibliography

at the end of the chapter.

Notations. Throughout this work, G = (V(G), E(G)) denotes a (nonoriented) finite simple (without
multiple edges and loops) nontrivial (E(G) # () graph. In many cases, we deal with connected graphs.
Note that the connectivity of GG is not an important restriction, since if G has connected components
Gi,...,Gy, then H(G) = H(G1) + - - - + H(G,). Furthermore, every molecular graph is connected.

We use S,,, P, and K, to denote the star, the path and the complete graph with n vertices, respectively.
K, n, will denote the complete bipartite graph.

If G, and G, are isomorphic graphs, then we write G; = Go.

2. Relations between the harmonic index and other
topological indices

2.1 Inequalities relating the harmonic and the Randi¢ indices

Among the topological indices based on end-vertex degrees of edges, probably, the best known such
descriptor is the Randi¢ connectivity index R(G) [75] introduced by the chemist Milan Randi¢ in 1975.
This index became one of the most successful molecular descriptors in structure property and structure
activity relationship studies [40, 55, 56,72,76], and scores of its pharmacological and chemical applica-
tions have been reported. Mathematical properties of this descriptor have also been studied extensively,
see [43,57].

The following result provides bounds for the harmonic index by using the Randi¢ index [105, Theo-

rem 3.1]. The upper bound was proved before in [97, Theorem 2.1] for the case of connected graphs.

Theorem 2.1. [105, Theorem 3.1] If G is a nontrivial graph with n vertices, then

2vn—1

n

R(G) < H(G) < R(G).

The lower bound is attained if and only if G = S, and the upper bound is attained if and only if all

connected components of G are regular.

Proof. Let us consider the function

2
x+ 2\/Ty
Jawy) = =17 = 20,

with 1 < x <y <n — 1. Since

ofwy) _ Nily-v) . 0y VE@—y) _

or  Vr(v+y?~ oy Vyle+y)? T
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we have f(z,y) is strictly increasing in « and strictly decreasing in y. Hence, the minimum value of
f(z,y) is attained for (z,y) = (1,n — 1), and the maximum value is attained for z = y (for each
1 <z <n—1). Thus,

2v/n—1

—— = fn=1) < flzy) < flwo) =1

Fix wv € E(G). By the symmetry between v and v, we can assume that 1 < d(u) < d(v) < n — 1.

Consequently,
2vn—1 _ H(G) _ L
n - R(G)
with the left equality if and only if (d(u), d(v)) = (1,n — 1) for every uv € E(G), and the right equality

if and only if d(u) = d(v) for every uv € E(G). This proves the theorem. |
The argument in the proof of Theorem 2.1 allows to obtain the following improvement.

Theorem 2.2. If G is a nontrivial graph with maximum degree A and minimum degree 9, then

2V A

ARG < HG) < RO).

The lower bound is attained if and only if one vertex has degree A and the other vertex has degree §
for every edge of G, and the upper bound is attained if and only if all connected components of G are

regular.

2.2 Relations between harmonic and Zagreb indices

Recall that the first Zagreb index [18,42] of a graph G is defined as

M (G) = Z d(v)* = Z (d(u) + d(v)).
veV(G) weE(Q)
The Zagreb indices and their variants have been used to study molecular complexity and chirality whilst
the overall Zagreb indices exhibit a potential applicability for deriving multilinear regression models.
Various researchers also use the Zagreb indices in their QSPR and QSAR studies. Mathematical proper-

ties of the Zagreb indices were also subjects of several studies.

Ili¢ and Xu independently proved the following inequality involving the harmonic and the first Zagreb

indices.

Theorem 2.3. [53] [97, Theorem 2.5] Let G be a graph with m > 1 edges. Then

H(G) = V0 (G)

with equality if and only if d(u) + d(v) is a constant for every uv € E(G).



234

Proof. Using the formula M;(G) = }_,,cpq)(d(u) + d(v)) and the Cauchy-Schwarz inequality, we

have
(Y o) ()= (X ) -w

weE(G) weE(G) weE(Q)

or, equivalently,
2m?

H(G) > A

with equality if and only if d(u) + d(v) is a constant for each uv € E(G). |

Denote by M, (G) = > wgr(c)(d(u) + d(v)) the first Zagreb coindex [5,29]. This invariant was
formally introduced in [29] in the hope that it will improve our ability to quantify the contributions of
pairs of non-adjacent vertices to various properties of molecules. Furthermore, it allowed to obtain more

compact expressions for the vertex-weighted Wiener polynomials of some composite graphs.

Lemma 2.4. [20, Lemma 3] Let G be a nontrivial graph with n vertices and m edges. Then M(G) +
M, (G) =2m(n —1).

Theorem 2.3 and Lemma 2.4 have the following consequence.

Corollary 2.1. [97, Corollary 2.1] Let G be a nontrivial graph with n vertices and m edges. Then

2

2m
H(G) = 2m(n — 1) — M,(G)

with equality if and only if d(u) + d(v) is a constant for each uv € E(Q).

In order to obtain bounds for H(G), we need the following classical result, known as Polya-Szegd

inequality (see [50, p.62]).

Lemma 2.5. If0 <nqy <a; < Nyand 0 <ny <b; < Nyforl < j <k, then

k k
()" () <5 (Vo + e ) (o)

Theorem 2.6. If G is a nontrivial graph with m > 1 edges, maximum degree A and minimum degree 9,

then
< (A +6)*m?

e YN IVALE)

and the equality is attained if G is regular.

Proof. Since
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Lemma 2.5 gives

H(G) Ml(G):< Z 2 )( Z d(u)—i—d(v))

weE(GQ) d(u) + d(U) weE(GQ) 2
A 5 2 (A+94
+ Z 1) = ;6)7,1/2’
weE(Q)
and the inequality holds.
If the graph G is regular (i.e., A = 0), then H(G) = &, M,(G) = 2Am, and we have the equality.
|

2.3 Inequalities relating the harmonic and the sum-connectivity indices

Recall that the sum-connectivity index x(G) is defined as
M@= D7 (dw) +dw) ",
weE(Q)
It has been found that the sum-connectivity index correlates well with the m-electronic energy of ben-
zenoid hydrocarbons [64,65]. Some mathematical properties of this index were given in [30-32,80,107].
In this section, we present some inequalities relating the harmonic index and the sumconnectivity

index.

Theorem 2.7. [105, Theorem 4.1] If G is a connected graph with n > 3 vertices, then

\/ZX(G) <H(G) < %X(G).

The lower bound is attained if and only if G = K,, and the upper bound is attained if and only if
G =P

Proof. Let us define the function

2
T+ 2
VT+y

withl <z <y <n-—1andy > 2. Since f(z,y) is strictly decreasing in both x and y, the minimum
value of f(z,y)is f(n —1,n — 1), and the maximum value of f(z,y)is f(1,2). Hence,

L= == 1) < ) < F0.2) =

Fix uv € E(G). By symmetry, we can assume that 1 < d(u) < d(v) < n — 1. Since G is a connected

n—1

graph with n > 3 vertices, we have d(v) > 2. Thus,

L 1o 2
n—17x(G) = V3

The left equality holds if and only if (d(u), d(v)) (n—1,n —1) for every uv € E(G), and the right

equality holds if and only if (d(u), d(v)) = (1, 2) for every uv € E(G). This finishes the proof. |
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If the graph GG has minimum degree § > 2, then we can improve the upper bound in Theorem 2.7.

Corollary 2.2. [105, Corollary 4.2] Let G be a connected graph with minimum degree at least k > 2.

Then
H(G) < \/EX(G)

with equality if and only if G is a k-regular graph.
Theorem 2.7 and Corollary 2.2 can be generalized as follows.

Corollary 2.3. Let G be a graph with maximum degree A and minimum degree § > 2. Then

2 2

—x(G) < H(G) <4/ =x(G).

S X(6) £ H(G) <4/ X(6)
Each bound is attained if and only if G is a regular graph.

Let G be any nontrivial graph. Denote by m; ; the number of edges connecting a vertex of degree ¢
with a vertex of degree j in G. If f(x,y) is a symmetric function, then the vertex-degree based topolog-
ical index

@)= S fld(u),d(v))
weE(G)

can be written as

F(@)= > [f(i.5)mi

1<i<j<n—1
If the equality m, » = 0 holds for a graph G, then we can improve the upper bound in Theorem 2.7

in the following way.

Theorem 2.8. [82, Corollary 4] Let G be a connected graph with n > 3 vertices and my o = 0. Then

H(G) < x(G)

with equality if and only if G = Sy or G = C,,.

Proof. We can write

2m; ; m
HG) = > 2 x@= ) ==
1<i<j<n—1 ] 1<i<j<n—1 vt

and so ) )
1932@4 G Vi+J

Since m;,; = my 2 = 0, it suffices to consider 1 <7 < j <n — 1 withi+ 5 > 4. We have

2 1 L
- <0 & i+j>4

i+ it

Hence, H(G) < x(G) with equality if and only if G = S; or G = C,,. |
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The argument in the proof of Theorem 2.8 has the following consequence.

Corollary 2.4. [82, Corollary 6] Let G be a connected graph with n. > 3 vertices and d(u) + d(v) < 4
for any uwv € E(G). Then
H(G) = x(G)

with equality if and only if G = S, or G = C,,.

2.4 Inequalities relating the harmonic and the ABC indices

The atom-bond connectivity index of a nontrivial graph G, denoted by ABC(G), is defined [17,23,45,
46,96] as
d(u) +d(v) — 2
ABC(G) = MGXE%G) )
In the paper [48], the atom-bond connectivity index appears as the second-best vertex-degree-based
molecular structure-descriptor. Consequently, this index is useful in designing quantitative structureprop-

erty relations.

Theorem 2.9. [49, Proposition 1] Let G be a graph with n > 3 vertices. Then

2
?’ZTTH(G) < ABC(G) < H(G),
where
vV2n—4 if 3<n<6,
v = n n—2
S\ 1 if n>7

The lower bound is attained if and only if every connected component of G is isomorphic to P3. If
3 < n < 6 (respectively, n > 7), then the equality in the upper bound holds if and only if G = K,
(respectively, G = S,,).

Proof. Fix uv € E(G). By symmetry, we may assume that 1 < d(u) < d(v) < n — 1. Since G is a

connected graph with n > 3 vertices, we have d(v) > 2.

r+y—2
Ty r+y jx+y—2

Tty

Let us define the function

with1l <x <y <n-—1landy > 2. Since

0Q(x,y)  x(y+2)+y* —2*+yly—2) -

dy dy/xy(z +y —2)

0,

Q(z,y) is strictly increasing in y. Hence, the minimum value of Q(x, y) is either Q(1,2) or Q(2,2), and
its maximum value is Q(xz,n — 1) for some 1 < z < n — 1, which still needs to be determined.
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Since A
3V2
ABC(G) 3V2
HG) — 4
if (d(u),d(v)) = (1, 2) for every uv € E(G), i.e., every connected component of G is isomorphic to Ps.

@ attains its minimum value for (z,y) = (1, 2). Therefore, with equality if and only

Let us consider the function

r4+n—1 [z+n—3
rn—1)=

Thus,

dQ(z,n—1) 22?4 (n—3)x — (n—1)(n—3)
dx dry/(n —Da(xr+n—3)
Note that the roots of 222 + (n — 3)z — (n — 1)(n — 3) = 0 are

- —(n—=3)x/(n—3)(9n —11)

4

dQ(z,n — 1)
dx
in z, and the maximum value of Q(z,y)is Q(n — 1,n — 1) = /2n — 4. If n > 5, then Q(z,n — 1) is

strictly decreasing in

If n = 3 orn = 4, then > 0 for z € (1,n — 1]. Hence, Q(z,n — 1) is strictly increasing

—(n—3)++/(n—3)(9n —11)
n ;

1<z <
and strictly increasing in

—(n=3)4+/(n—3)(9n —11)
4

<z<n-1

Then the maximum value of Q(z,n — 1) is

, — 2
max{Q(l,n—l%Q(n—l,n—l)} :max{g %,\/271—4}
vV2n—4 if n=5,6,

= =2
noR if n>T7.

2Vn—1

ABC(G)

Therefore, if 3 < n < 6, then < v2n — 4 with equality if and only if (d(u),d(v)) =

H(G)  —
(n—1,n—1)forevery uv € E(G),ie.,G = K,.If n > 7, then
ABC(G) o n= 2
HG) —2Vn-1
with equality if and only if (d(u), d(v)) = (1,n — 1) for every uv € E(G),i.e.,G = S,,. |

Similarly, we can improve the lower bound in Theorem 2.9 by Corollary 2.2 and [105, Corollary
6.2].
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Corollary 2.5. [105, Corollary 7.2] Let G be a connected graph with minimum degree at least k > 2.
Then

V2k —2 H(G) < ABC(G)

with equality if and only if G is a k-regular graph.

Molecular graphs

A nontrivial connected graph with maximum degree at most four is a molecular graph representing
hydrocarbons [90].

Let us recall the definition of the function

rT4+y—2
e _2
Q= by TH [TEVCR n

2

r+y

In the case of molecular graphs, the analysis of the relation between the harmonic and ABC' indices
is much simpler, since in these graphs we have just nine different types of edges. The respective ()-values

are given in Table L.

The argument in the proof of Theorem 2.9 and the values from Table I allow to obtain the following

result.

Proposition 2.10. [49, Proposition 2] Let G be any molecular graph with n > 2 vertices. Then
Q(L,2)H(G) < ABC(G) < Q(4,4)H(G),

where the values of Q(i, j) are given in Table I. The equality ABC(G) = Q(1,2)H(G) occurs if and
only if G is the molecular graph of propane. In the case of ordinary molecular graphs, the equality
ABC(G) = Q(4,4)H(G) is not possible, but could be satisfied if G is the graph representation of a

diamond-like nanostructure [27, 28].

For benzenoid systems, in which only (2,2)-, (2,3)- and (3,3)-type edges occur (i.e., the only non-zero

multipliers are mg 2, Mo 3, M3 3) [15,44,73,74], the following special case of Proposition 2.10 holds.

Proposition 2.11. [49, Proposition 3] Let G be the molecular graph of a benzenoid system. Then
Q(2,2)H(G) < ABC(G) < Q(3,3)H(G),

where the values of Q(i, j) are given in Table 1. The equality ABC(G) = Q(2,2)H(G) occurs if and
only if G is the molecular graph of benzene. The equality ABC(G) = Q(3,3)H(G) occurs in the cases

of nanotubes and nanotoruses, as well as fullerenes [27, 28].

TABLE 1. The values of the auxiliary function @ in (1), for all possible edge-types that may occur

in molecular graphs; 7, j are the degrees of the end-vertices of the respective edges.
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1.7 | QG.J)
1,2 | 1.061
1,3 ] 1.633
1,4 ] 2.165
221 1414
2,31 1.768
241 2.121
3,3 | 2.000
3,4 | 2.259
4,4 | 2.449

2.5 Relations between harmonic and geometric—arithmetic indices

The first geometric-arithmetic index G A; was introduced by Vukicevi¢ and Furtula in [92] as

GA(G) = > lV

weE(G) 2 ))

Although G A; was introduced in 2009, there are many papers dealing with this index (see, e.g., [19,
21,22,77-79,92] and the references therein). The GA; index gives better correlation coefficients than
Randi¢ index for the properties of octanes, but the differences between them are not significant. However,
the predicting ability of the G A, index compared with Randi¢ index is reasonably better (see [21, Table
1]). Furthermore, the graphic in [21, Fig.7] (from [21, Table 2], [89]) shows that there exists a good linear
correlation between GA; and the heat of formation of benzenoid hydrocarbons (the correlation coeffi-
cient is equal to 0.972). Hence, one can think that G A; index should be considered in the QSPR/QSAR

researches.

In this section, we include some relations between the harmonic index and the first geometric-
arithmetic index.
Theorem 2.12. [82, Corollaries 1 and 2] Let G be a connected graph withn > 2 vertices. Then
GAI(G)

n—1

< H(G) < GA(G). 2
The first equality occurs if and only if G = K,,. The second equality occurs if and only if G = K.

Proof. For any uv € F(G) we have 1 < d(u)d(v) < (n — 1)%. Consequently,

1 2y/d(u)d(v) < 2 < 2y/d(u)d(v)

n—1d(u)+dv) = du)+dwv) = du)+dv)

and
GA(G)

n—1
The first equality occurs if and only if d(u) = d(v) = n — 1 for any uv € E(G), which implies G = K.

IN

H(G) < GA(G). 3)

The second equality occurs if and only if d(u) = d(v) = 1 for any uv € E(G), which implies G = K.
|
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By using the inequalities 6% < d(u)d(v) < A? in the argument in the proof of Theorem 2.12, we
obtain the following improvement.

Theorem 2.13. [77, Proposition 3.9] Let G be a nontrivial connected graph with maximum degree A

and minimum degree 6. Then
GA(G) GAi(G)
A 1)

and the equality in each inequality is attained if and only if G is regular.

< H(G) <

“)

Theorem 2.14. [80, Theorem 2.23] Let G be a nontrivial graph with m edges, maximum degree A\ and

minimum degree 6. Then

HG) + — 2m

and the equality holds if and only if G is regular.
Proof. Note that (1/d(u) — /3 ) (VA — \/d(v) ) > 0. Therefore,

VA (Vd(u) +/d(v) ) > VA du) + V6 \/d(v) > \/d(u)d(v) + VAS.

Since /d(w) < d(w)/+/$ for every vertex w € V (G, we obtain

V(u)d(v) + VA < \/§ (d(u) +d(v)),

1 2y/d(u)d(v) N 2 < 2
VAS d(u)+d(v)  d(u)+d(v) — 4’
HG) + \/% GA(G) < %’”

If the graph is regular, then GA;(G) = m and H(G) = m/J, and the equality holds. If the equality is
attained, then \/d(w) = d(w)/\/§ for every vertex w € V(G); thus, d(w) = d for every w € V(G and
G is regular. |

The argument in the proof of Theorem 2.1 has the following useful consequence.

. 2./T . @
Lemma 2.15. Let f be the function f(x,y) = ﬁ with0 < a < x,y < b. Then Qa—g < flz,y) < 1.

The equality in the lower bound is attained if and only if either vt = a and y = b, or x = band y = a,

and the equality in the upper bound is attained if and only if v = .

We need the following particular case of Jensen’s inequality.

Lemma 2.16. If f is a convex function in an interval I and x, ..., x,, € I, then
I S a:m) 1
AT Tem) o e )
(= < — (fle) + o+ Flam))

Recall that a (A, §)-biregular graph is a bipartite graph for which any vertex in one side of the given
bipartition has degree A and any vertex in the other side of the bipartition has degree .
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Theorem 2.17. Let G be a nontrivial graph with m edges, maximum degree A and minimum degree 9.

Then JEm?
HG) > 2vom
VA (A +6)GA(G)
and the equality holds if and only if G is regular.

Proof. Since f(x) = 1/x is a convex function in R, Lemma 2.16 gives
m 1 E d(u) + d(v) d(u) + d(v) 2
2/d@d@) — / 2 d d(v)’
ZquE(G) d(u)+d(v) mn weE(G) 2 d(u)d(v) <u> * <U)
Lemma 2.15 and the inequality d(u) + d(v) < 2A give

m? A +46
GA(G ) 2V A

and we obtain the desired inequality.

AH(G),

If the graph is regular, then H(G) = m/A, GA;(G) = m and we have the equality. If the equality
holds, then d(u) = d(v) = A for every uv € E(G); hence, G is regular. |

2.6 Relations between harmonic and modified Narumi-Katayama indices

The modified Narumi-Katayama index
NE*(G) = [] dw™ = ][] dwd)
ueV(G) weE(Q)
is introduced in [41], inspired in the Narumi-Katayama index defined in [70].
Next, we prove an inequality relating the harmonic and the modified Narumi-Katayama indices.

Theorem 2.18. [80, Theorem 2.22] Let G be a nontrivial connected graph with m edges, maximum

degree A and minimum degree §. Then

226
>
HG) 2 375

with equality if and only if G is regular or biregular.

m NK*(G)~Y/m)

Proof. Using Lemma 2.15 and the fact that the geometric mean is at most the arithmetic mean, we obtain

1 1
m T m Z d(u) + d(v) +d Z A+5m

weE(G) uveE(G)
2\/ ~1/2 Um —2VAS *((—1/(2m)
= A+5 H (d(u)d(v)) ) = mNK (@) :

weE(G)

If the graph is regular or biregular, then H(G) = 2m/(A + 0), NK*(G) = (Ad)™ and we have the
equality.
If the equality holds, then we have d(u) = § and d(v) = A or vice versa for every uv € E(G);

hence, G is regular or biregular. |
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3. General bounds for the harmonic index

Theorem 2.1 allows to obtain a well-known upper bound for the harmonic index in terms of n (see
also [63, Theorem 2.2]).

Theorem 3.1. Let G be a nontrivial graph with n vertices. Then

H(G) <

o3

with equality if and only if G contains no isolated vertices and all connected components of G are

regular.

Proof. Theorem 2.1 gives
H(G) < R(G) <

NS

with equalities if and only if G contains no isolated vertices and all connected components of GG and G

are regular. |

There are several results studying how the harmonic index behaves when the graph is subject to
perturbations (see Theorems 3.2, 3.6 and 3.29). The first one deals with the behavior of the harmonic

index when we join two pendent paths.

Theorem 3.2. [53, Theorem 3.1] Let w be a vertex of a nontrivial connected graph G. For nonnegative
integers p and q, let G(p, q) denote the graph obtained from G by attaching to the vertex w pendent paths
P =wuvvsy...v, and QQ = wuqus . . . uq of lengths p and q, respectively. If p,q > 0, then

H(G(p,q)) < H(G(p + ¢,0)).

Proof. By symmetry, we can assume that p > ¢ > 0. Since G is a nontrivial connected graph, we have
x = d(w) > 2, and after transformation the vertex degree of w decreases by one and the weights of the
edges in G either remain the same or decrease (the later are the edges adjacent to w). We will consider
the difference A = H(G(p + ¢,0)) — H(G(p, q)) in three cases.

Casel.p=q=1.

Case?2.p>q=1.

11 p—1 1 1 -2 1 1 1
I L

A > - - - >
r+1 3 4 r+1 x+2 4 3 4 x+2

Case 3.p > q > 1.

1 1 p4+qg-—2 2 p+qg—4 2 1 2 1
A > - — — _2_
:z:+1+3Jr 4 T+ 2 4 3 6 x+2+w+1

This completes the proof. ]
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By repetitive application of this transformation on branching vertices that are on the largest distance
from the center of T, we have the following consequence, that improves Theorem 3.1 for trees.

Corollary 3.1. [53, Corollary 3.2] Let T be a tree with n > 3 vertices. Then

4 n-3
H(T) < =
()_3+ 2

with equality if and only if T = P,,.
This corollary generalizes [101, Theorem 2], by including the case n = 3, and provides a shorter

proof.

Theorem 3.1 has the following direct consequence (see also [52, Theorem 6] and [100, Theorem 2]).
Corollary 3.2. Let G be a connected unicyclic graph with n > 3 vertices. Then

HG) < %

with equality if and only if G = C,,.

Theorem 3.1 can be improved for bicyclic graphs.

Let us denote by 5, the set of bicyclic graphs obtained from C,, by adding an edge between two
non-adjacent vertices, and by B/, the set of bicyclic graphs with n vertices obtained by connecting two

disjoint cycles by means of a new edge.

Theorem 3.3. [52, Theorem 7] [109, Theorem 2.2] Let G be a connected bicyclic graph with n > 4

vertices. Then

n 1
H < —— =
(@) < 2 15
with equality if and only if G € B, U B,,.
Recall that Theorem 2.3 gives the inequality
2m?

H(G) >

9= 300

with equality if and only if d(u) + d(v) is a constant for every uv € E(G).

There are many upper bounds for the first Zagreb index, from which we may deduce lower bounds
for the harmonic index by Theorem 2.3. The next three examples appear in [105].
Corollary 3.3. Let G be a graph with m > 1 edges containing no isolated vertices. Then

2m
m+1

H(G) =

with equality if and only if G = S, 11 or G = K3.
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Proof. For each uv € E(G), we have d(u) + d(v) < m + 1 with equality if and only if every other edge
of GG is adjacent to the edge wv. Then

M(G) < Z (m+1)=m(m+1),

weE(Q)
and thus Theorem 2.3 gives
@) > 2"
“m+1
with equality if and only if G has no two independent edges, i.e., G = 5,11 or G = Kj. ]

The distance, d(u,v), between two vertices u and v in a graph G is the number of edges in a shortest
path connecting them. We denote by D(G) the diameter of graph G, i.e., D(G) := max{d(u,v) | u,v €
V(G)}-

Corollary 3.4. Let G be a triangle-free and quadrangle-free graph with n vertices and m > 1 edges.

Then o2
m

HG) > —

@)z n(n—1)

with equality if and only if G = S,, or G is a Moore graph of diameter 2.

Proof. We have M;(G) < n(n — 1) with equality if and only if G = S,, or G is a Moore graph of
diameter 2 [106], and thus Theorem 2.3 gives the result. |

Corollary 3.5. Let G be a graph with n vertices, m > 1 edges, maximum degree A and minimum degree

0. Then
2m?

>

~ 2m(A +6) —nAd

with equality if and only if one vertex has degree A and the other vertex has degree 0 for every edge of
G.

H(G)

Proof. M;(G) < 2m(A + 6) — nAd with equality if and only if G has only two types of degrees A and
0 [16], and thus Theorem 2.3 gives the result. |

Proposition 3.4. [53] Let G be a graph such that d(u) + d(v) < n for all edges uwv € E(G). Then

H(G) >

2m
- n

with equality if and only if d(u) + d(v) = n for all edges uwv € E(Q).

Proof. Since d(u) + d(v) < n for every uv € E(G), we have

HG)> > —=

n
weEE(G)

The equality holds if and only if d(u) + d(v) = n for every uv € E(G). |
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In triangle-free graphs no two neighboring vertices have a common neighbor, and therefore all
triangle-free graphs satisfy d(u) 4+ d(v) < n for every uv € E(G). Hence, we have the following

consequence.

Corollary 3.6. [53] Let G be a nontrivial triangle-free graph with n vertices. Then
2(n—1)

H(G) 2 ==

with equality if and only if G is isomorphic to a complete bipartite graph.

Corollary 3.7. [53, Corollary 2.1] Let T' be a nontrivial tree with n vertices. Then
2(n—1)

H(T) > -

with equality if and only if T = S,,.

Corollary 3.7 is generalized in [101, Theorem 3] for connected graphs. Using Corollary 3.3, we can
generalize [101, Theorem 3] to graphs with n vertices containing no isolated vertices, and the unique
extremal graph is still S,,.

Theorem 3.5. [105, Theorem 2.2] Let G be a nontrivial graph with n vertices containing no isolated

vertices. Then
2(n—1)

H(G) =z =

with equality if and only if G = S,,.

Proof. First suppose that G is a connected graph. Let m be the number of edges of G, thus m > n — 1.
2m 2(n—1)

Since is strictly increasing in m > 1, Corollary 3.3 gives H(G) > 1 > with
m m n
equalities if and only if G = S,,,.; and m =n — 1,ie., G = S,,.

So we may assume that G is disconnected. Let Gy, Go, ..., Gy be the connected components of G
with n; = |V(G;)| for each 1 < ¢ < k. Since G contains no isolated vertices, we have n; > 2 and
Zle n; = n. Thus,

k k
#(G) = Y Gy > 3 A=,
i=1 i=1 v
Since n; > 2, we obtain
2(77,1 - 1) + 2(77,2 - 1) . 2(77,1 + no — 1) o
n > ny + na
—9 (n1n2 — Ny — ng)(nl + ’I”LQ) + NNy < 0.

ning (7’11 + ng)
‘We conclude that

k k
2(ny +ny— 1) 2(n; —1)  2(ni+mna+n3—1) 2(n; — 1)
H(G) > >
© Ly Ly

ny + No = ny + ng + n3 P
2 Ng 4o+ -1) 2(n-1
. (ng +ng + -+ ng ): (n )
ny+ng + -+ ng n
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Let us define the weight of an edge uv € FE(G) as

2
d(v) +d(u)
The next result also studies how the harmonic index behaves when the graph is subject to pertur-
bations. In fact, it deals with the behavior of the harmonic index if we remove an edge of maximal

weight.

Theorem 3.6. [13, Lemma 2.1] Let uv be an edge of maximal weight in a graph G with m > 2 edges.
Then
H(G —w) < H(G).

Theorem 3.6 is used in the proof of the following result.

Given positive integers n and ¢ with n > 24, let us denote by Kj, s the graph obtained from a

complete bipartite graph K ,_s by joining each pair of vertices in the part with J vertices by a new edge.

Theorem 3.7. [13, Theorem 2.2] Let G be a graph with n > 4 vertices and minimum degree § > 2.

Then
1 12

H >4
(@) Jrn—l n+1

with equality if and only if G = K3, _,.
The following technical result will be used in the proof of Theorem 3.9 below.
Lemma 3.8. [13, Lemma 3.1] The harmonic index of a graph G without isolated vertices can be rewrit-

n 1 1 1 4
H(G):§_§ Z (g+f—i+j)mi,j.

1<i<j<n—1 J

ten as

Proof. The harmonic index can be rewritten as

n—1
H(G) = i — CULER TS 5
@= > it 2 iritX ©)
<i<j<n-—1 1<i<j<n—1 i=1
If we denote by n; the number of vertices with degree 7, then
n—1
Z m@j + Qmm = ini,
J=1,j#i
1 n—1
) ( Z J ’

j=1j#i
Since G does not have isolated vertices, the equality ny + ns + -+ + n,_; = n holds. This fact and
m;; = m;,; give

n—1
1 1 ™M
E (?“r;)mm-i-Q E %ZTL
L =

1<i<j<n—1
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Hence, (5) allows to conclude

n—2H(G) = Z <l+l— 1 )mi,j

) 1+
1<i<j<n—1 J +J

and this finishes the proof. u
The following results improve Theorem 3.5 for triangle-free graphs.

Theorem 3.9. [13, Theorem 3.2] Let G be a triangle-free graph with n vertices and minimum degree

60>k >1 Then
2k(n — k
H(G) > 2k(n — k)
n
with equality if and only if G = K, 5,

Proof. Let us denote by m the number of edges of G. Since G is triangle-free, we have d(u) + d(v) < n
for every uv € E(G).
If m > k(n — k), then

and equality is not possible.
Hence, we may assume that m < k(n — k). Since G is a triangle-free graph, the maximum degree

of G is at most n — J (in particular, we have n > 2§). By Lemma 3.8, H(G) can be rewritten as

n 1 4 1 1
He ="l Y (1Y,
( ) 2+25<i<';n—6 Z+‘] ¢ ‘7 T
n 1 4 1 1
> 4= -
>5t5 2 (n i n—i)m”
6<i<j<n—§

since %j - % is a decreasing function on j € (i,n — 7). Hence,

n 1 4 n
HG25+5 3 (G- imoy)m
§<i<j<n—s

>n 1 4_ L)m_ .

-2 2 s<iiitns 1 S(n—208))""

o m(n—25)2>n k(n — k) (n — 26)?
2 2nd(n—9) ~ 2 2 ni(n—9)

SN k(n—k) (n—2k)*>  2k(n—k)

-2 2 nk(n—k) n o

In this inequality chain equality holds throughout if and only if m = k(n — k) = mg,—r, which is
equivalent to G = K, ,,_. |

Theorem 3.10. [95, Theorem 3.1] Let G be a triangle-free graph with n > 4 vertices and minimum
degree 6 > 2. Then

HG) >4-

n

with equality if and only if G =2 Ky ,,_.
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A vertex in a graph is said to be a pendent vertex if it has degree one. An edge in a graph is said to
be a pendent edge if it is incident to a pendent vertex.
For each 3 < k < n, let C} be the graph with n vertices obtained from a cycle C}, by attaching n — &k

pendent vertices to exactly one vertex of Cj.

Theorem 3.11. [102, Theorem 2.4] Let G be a connected graph with n vertices and girth g(G) > k > 3.

Then
4 6

k
2 "n—k+4 n—k+3

with equality if and only if G = C}.
We have several lower bounds of the harmonic index involving the number of the pendent vertices.

Theorem 3.12. [97, Theorem 2.4] Let G be a nontrivial connected graph with n vertices, m edges and

p pendent vertices. Then

p m-—p
>
H(G>*n—1+(n—1—g)2'

Proof. Since 0 < ﬁ, ﬁ < 1, we have for each edge uv € E(G),

2 _motay __ 1
d(u) +d(v) — d(u) +dv)  d(u)d(v)
For each pendent edge uv, we clearly have

11
d(u)d(v) —

n—1

If wv is a non-pendent edge, then d(u) + d(v) < 2(n — 1) — p, since any pendent vertex is adjacent to at

most one of u and v. So

and

Remark 3.13. Ifn — 1 — § = 0, then p = m and the inequality in Theorem 3.12 is

P
> .
H(G) 2 ——

Furthermore, since p = m and G is connected, we have G = S, and

2m 2(n—1)

H(G>:H(Sm+1):m+1: n

The argument in the proof of Theorem 3.12, using the inequalities d(u) + d(v) < A + 1 for any
pendent edge uv, and d(u) + d(v) < 2(n — 1) — p for any non-pendent edge uv, gives the following

improvement.
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Corollary 3.8. Let G be a nontrivial connected graph with n vertices, m edges, p pendent vertices

(m > p) and maximum degree A. Then

H(G) > +

By using the inequality d(u) + d(v) < 2A for any non-pendent edge uv, we obtain the following
result.

Corollary 3.9. [59, Theorem 2.1] Let G be a nontrivial connected graph with m edges, p pendent

vertices and maximum degree A. Then

2p m-—p
HG) >-—2_ T~ P
@ =xX"73+ A

Let us denote by S, , the tree obtained by attaching p — 1 pendent vertices to an end vertex of the

path graph P, _, ;.

Theorem 3.14. [62, Theorem 8] Let T' be a tree with n vertices and p pendent vertices, where 2 < p <
n — 2. Then

2 4 n-
H(T) > - Mt
pr2 prl 2 3

with equality if and only if T' = S, ,,.

Corollary 3.10. [62, Corollary 10] Among all trees with n vertices, the minimum harmonic index is

attained uniquely by the star graph S,,.

Theorem 3.14 can be improved for molecular trees.

Let us introduce two classes of molecular trees with n vertices and p pendent vertices. Denote by
L.(n,p) for even p with 6 < p < |(n + 3)/2] the set of those trees that are composed of (p — 2)/2 star
graphs S5, which are connected by paths whose lengths may be zero. Denote by £;(n, p) for odd p with
9 < p < [(n+2)/2] the set of those trees that are composed of (p — 3)/2 star graphs S5 and a star
graph S, which are connected by paths whose lengths may be zero, and the unique star .S, is connected

to three stars Sj.

Theorem 3.15. [62, Theorem 11] Let T be a molecular tree with n vertices and p > 5 pendent vertices.

Then
n 4p 1
HT)> 222~
(1) 2 2 15 * 6
with equality if and only if T € L.(n, p) for even p with 6 < p < |(n + 3)/2|. Moreover, if p is odd and
9<p<|(n+2)/2], then
n 4p 1
HT)>2_2P -
(1) = 2 15 * 5
with equality if and only if T € L;(n, p).
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Theorem 3.16. [62, Theorem 13] Let T be a molecular tree with n vertices and p > 2 pendent vertices.

Then
_Pr

H(T) <=
2 12

with equality if and only if T = P,.

Let us denote by S, the unicyclic graph obtained from the star .S,, by adding an edge joining two
pendent vertices. The bicyclic graph S! is obtained from S,, by adding a path of length 2 joining three
pendent vertices. Finally, denote by S? the bicyclic graph obtained from S,, by adding two edges joining

two different pairs of pendent vertices.

Theorem 3.17. [52, Theorem 4] [100, Theorem 1] Let G be a connected unicyclic graph with n > 3

vertices. Then

with equality if and only if G = S}

Theorem 3.18. [52, Theorem 5] [109, Theorem 3.1] Let G be a connected bicyclic graph with n > 4
vertices. Then )
14 2n°+ 14n+ 16

HG) > —- —

(@) 2 5 nn+1)(n+2)

with equality if and only if G = S},

Two different edges in a graph G are called independent if they are not adjacent. A matching of G
is a set of mutually independent edges in G. The largest matching is called a maximum matching. The
matching number of G is the cardinality of a maximum matching of G. If M is a matching of G, then
M is called the p-matching of G if M contains exactly p edges of G. A vertex v € G is said to be
M -saturated if it is incident with an edge of M. The matching M of G is called a perfect matching if all
vertices of G are M -saturated.

Let 7°(n, u) be a tree with n vertices obtained from a star graph S, .1 by attaching a pendant edge

to each of certain ;2 — 1 non-central vertices of S,,_,,;1. It is clear that 7°(n, 1) has a y-matching.

Theorem 3.19. [66, Theorem 3.1] Let T be a tree with n = 2u vertices and a perfect matching. Then

a1l u+2 3

with equality if and only if T = T°(2u, ).

Theorem 3.20. [66, Theorem 3.2] Let T be a tree with n vertices and a p-matching, where n > 2.
Then

2n —2u+1)  2(pu—-1)  2(p-—1)
+
n—p+1 n—p+2 3
with equality if and only if T = T°(n, p).

H(T) >



252

A subset S C V(G) is called a dominating set of G if for every vertex v € V(G) \ S, there exists
a vertex v € .S such that v is adjacent to u. The domination number of G is defined as the minimum

cardinality of dominating sets of G.

Theorem 3.21. [58, Theorem 3.3] Let T' be a tree with n vertices and domination number . Then

2n—2y+1)  2(y—1)  200-1)
n—y+1 n—-vy+2 3

H(T) >

with equality if and only if T = T°(n, ).

Let L;, 5 be the unicyclic graph with n vertices obtained by attaching n — 4 and one pendent vertices
to two adjacent vertices u, v of a triangle, respectively. For each 4 < k < n — 2, let L, ; be the set
of unicyclic graphs with n vertices obtained by attaching n — k — 1 and one pendent vertices to two

non-adjacent vertices u, v of the cycle graph CY, respectively.

Theorem 3.22. [103, Theorem 2.3] Let G % L,, j, be a unicyclic graph with n > 5 vertices and girth k,
where 3 < k < n.

(1) Ifk = 3, then
2 2 2n—4) 9
H > — —
(G)_n+1+n+ n—1 +10

with equality if and only if G = Ly, .
(2) If4 <k <n-—2, then
k-3 4 2n—k—1) 4

H > =
&)z 2 +n—k+3+ n—k+2 +5

with equality if and only if G € Ly, ;.

Theorem 3.23. [82, Corollary 9] Let G be a nontrivial connected graph with n vertices and m edges.

Then
m

< <
n_l_H(G)_m.

The lower bound is attained if and only if G = K,,. The upper bound is attained if and only if G = K.

Proof. Since for any edge uv € E(G) we have 2 < d(u) + d(v) < 2n — 2, we have

1 < 1 < 1
2n—2 = d(u) +d(v) T 2
Hence, ) )
< - < 1
Z n—17 Z d(u) +d(v) — Z ’
weE(Q) weE(G) weE(G)
and
m
< H(G)<m.
n—17" ( ) =

Furthermore, the lower and upper bounds are attained if and only if G = K, and G = K, respectively.
|
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Theorem 3.24. [82, Theorem 17] Let G be a connected graph with n vertices and maximum degree

A > 2. Then
2nA

with equality if and only if G = S,,.
Denote by [t ] (respectively, [¢]) the lower (respectively, upper) integer part of the real number t.

Proposition 3.25. [82, Corollary 13] Let G be a complete bipartite graph with n > 4 vertices and m
edges. Then

b cma =2 <2 5[.
n n
The lower bound is attained if and only if G = K, ,,_1 = S,,. The upper bound is attained if and only if
G = Kinj2),fn/2-

Proof. Since G is a complete bipartite graph, we have d(u) + d(v) = n for any uv € E(G). Thus,

2 2m
1O = 2 Trde  w

The complete bipartite graph G that has the minimum value of edges is K ,,—1 and the complete bipartite

graph that has the maximum value of edges is K, /2),n/2]- Hence,
2(n—1) 2 n|n
e cme < B ]5]
n < H(G) < n L2112
]

Recall that a nontrivial connected graph with maximum degree at most four is a molecular graph

representing hydrocarbons. If G is a molecular graph with n vertices and m edges, then
n—1<m<2n.

Theorem 3.26. [82, Theorem 14] If G is a molecular graph with n > 3 vertices and m edges, then

3m + 4n m+ 2n
- < H < . 6

The lower bound is attained if and only if G has only vertices of degree one and four, and the upper

bound is attained if and only if G is either a path or a cycle.

We present another result that studies how the harmonic index behaves when the graph is subject to
perturbations. In fact, it deals with the behavior of the harmonic index if we remove a vertex of minimal
degree. We use Ng(v) to denote the neighborhood of vertex v € V, and NZ(v) to denote the set of

vertices at distance 2 of v € V.

Lemma 3.27. [24, Lemma 1] Let 6 < d(i),d(j) and d(i),d(j) > 2. Then
1 1 2 2

(@) - DO +d@) * ([@d0) - D+ d0) ~ o) +dG) —2  d(i) +dG)
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Lemma 3.28. [24, Lemma 2] Let § < d(p) and d(i) > 2. Then

1 1 1
@) - DO +d@) = di) +d@p) —1  d6) +d@)’

Theorem 3.29. [24, Theorem 3] Let G be a nontrivial graph with minimum degree 6 > 1 and v € V(G)
with degree ). Then
H(G) > H(G — ).

Proof. Removal of a vertex v with d(v) = § and of all edges incident with v entails reduction by 1 of
both end-degrees of all edges ij € E(G) both vertices of which are adjacent to v, and reduction by 1 of
the first end-degree of all edges ip € F(G) for which the first vertex is adjacent to v and the second one
at distance 2 from v. Let d'(i) = dg_, (i) be the degree of vertex i in G — v.

We can assume that d(i) > 2 for every i € Ng(v), since otherwise 6 = 1 and the connected

component of v in G has just an edge.

H(G) — H(G — )

2 2
= 2 d(p) +d(q) 2 d(p) +d(q)

pg€E(G) Pg€EE(G—v)

2 2 2
= 2 5+d() 2 (d(i)+d(j)_d(i)+d(j)2>

i€Ng(v) ijeE(G)|i,jeNg(v)

2 2
" 2 (d(z’) Tdp)  dG) T dp) — 1) '

ipEE(G)]i€NG (v),pENZ (v)

Note that

2 2
2 ST 2 2 @S DGTd)

ieNg(v) i€Ng (v) peNg (1)\{v}

2
=2 2 (d(i) — 1)(0 + d(0))

1€NG(v) peNZ (v)NNg (i)

2 2
s ((d@ DG+ d6) | dG) - 1><6+d<.7>)> '

ij€E(G)|i,j€NG (v)

Hence

H(G) — H(G —v)

2 2 2
- Z Z ((d(z) —1)(6 4 d(2)) + d(i) +d(p)  d(i) + d(p) — 1)

i€NG(v) pe NZ (v)NNeg (i)

2 2

- (@) — DO+ d@)  (dG) = DG +dG)

ij€E(G)|i,j€NG (v)

n 2 _ 2 )
(i) +d(G)  d(i) +d(5) — 2
and H(G) — H(G — v) > 0 from Lemmas 3.27 and 3.28. |
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Theorem 3.29 can be used in order to prove the following result. Recall that we denote the chromatic
number of a graph G by x*(G).

Theorem 3.30. [24, Theorem 4] Let G be a nontrivial graph. Then

H(G) > 3 (G).

with equality if and only if G is a complete graph possibly with some additional isolated vertices.

For a vertex v in a connected nontrivial graph G, let us define the eccentricity of u as
eccg(u) = max{dg(u,v) | v € V(G)},
where d¢ denotes the distance in G. The radius r(G) of G is defined as
r(G) = min{eccg(u) | u € V(G)}.

Theorem 3.31. [97, Theorem 2.3] Let G be a nontrivial connected graph with n vertices and m edges.
Then

H(G) > ek

Furthermore, the equality is attained for the complete graph K,,.

Proof. Note that for each vertex u € V(G), we have d(u) < n — eccg(u). Thus, for each edge uv €
E(G),

2 2 1
> >
d(u) +d(v) = 2n — eccg(u) — eccg(v) — n—r(G)’
m
HG) > ————.
(@) 2 n—r(G)
It is easily seen that the complete graph K, attains the equality. ]

The study of Gromov hyperbolic graphs is a subject of increasing interest, both in pure and applied
mathematics (see, e.g., [7], [9], [68] and the references cited therein). We say that a graph G is t-
hyperbolic (t > 0) if any side of every geodesic triangle in G is contained in the ¢-neighborhood of
the union of the other two sides. We define the hyperbolicity constant §(G) of G as the infimum of the
constants ¢ > 0 such that G is t-hyperbolic. We consider that every edge has length 1.

The following inequality relates the harmonic index with the hyperbolicity constant §(G).

Theorem 3.32. Let G be a nontrivial graph that is not a tree. Then

45(G) — 1
1= ey

Furthermore, if G is a triangle-free graph with minimum degree greater or equal to k > 1, then

k(40(G) — k)
H(G) = W

with equality if and only if k = 2 and G = C.
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Proof. Theorem 3.5 gives
2(n—1
H(G) > M
n

It is well-known that if G is not a tree, then 6(G) > 0. Since the function f(z) = @

(0,00), and 6(G') < % by [68, Theorem 30], we have n > 46(G) > 0 and

is increasing in

2n—1) | 2(45(C) 1)

H(G) == 16(G)

By using Theorem 3.9 instead of Theorem 3.5, the previous argument gives

k(45(G) — k)

H&) 2 ==5

with equality if and only if G = K}, and 6(G) = §. If G = Ky, is not a tree (i.e., if & > 2), then
[81, Thoerem 10] gives 6 (K ,,—x) = 1. Since n > 2k, we have the equality if and only if G = Ky ,,_y,
n=4and k > 2,ie., G = Ky5 = C}. |

One can think that perhaps it is possible to obtain an upper bound for H(G) in terms of §(G), i.e.,
the inequality
H(G) < W(5(0),

for every graph G and some function W. However, this is not possible, as the following example shows.
For each integer d > 3 consider two copies A, and B, of the path graph with (ordered) vertices a4, . . . , a4
and by, . .., by, respectively. Let G4 be the graph obtained from A, and By by connecting with an edge
the vertices a; and b; for every i € {1,...,d}. One can check that §(G) = 2 for every d > 3. However,
limg_,oo H(G4) = 0.

We relate now the harmonic index of a graph with its girth.

Theorem 3.33. [94, Theorem 3] Let G be a connected graph with n > 3 vertices and girth g(G). Then

1n 6 4 15 18 12
H(G)+9(G) > = — - H(G)g(G) > = - =
(@ +9(@) 25 =0+ @@ 25 - T+

with equalities if and only if G = S

Theorem 3.34. [102, Theorem 2.6] Let G be a connected graph with n vertices and girth g(G) > k > 3.

Then
3k 6 4 3n
14+ 2= — < H < —
o T akas Tarr SO +9G) =3
and )
k 6 4 n
r < < .
k(”z n—k+3+n+1)_H<G)g(G)_ 2

The lower bounds are attained if and only if G = C}!, and the upper bounds are attained if and only if
G = (.
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Theorem 3.35. [102, Theorem 2.7] Let G be a connected graph with n vertices and girth g(G) > k > 3.

Then
n n 1 H(G)
< —_ < — — — _ <
5 < H(G)—g(G) < 5 k, 2 7@ =

?r‘z

The lower bounds are attained if and only if G = C,,, and the upper bounds are attained if and only if G
is a regular graph with g(G) = k.

Next, we relate the harmonic index of a graph with its diameter. Theorem 3.1 allows to deduce the

following result.

Theorem 3.36. [60, Theorem 2.2] Let G be a connected graph with n > 4 vertices and diameter D(Q).

Then
H(G
-1 — L
) D G) —

|3

with equality if and only if G = K.

Theorem 3.37. [60, Theorem 2.5] Let T be a connected tree with n > 4 vertices and diameter D(T).
Then

with equality if and only if T = P,.

The inequalities in Theorem 3.37 can be improved for unicyclic graphs.

Let C be a set of graphs obtained from C} by attaching one pendant edge and a path of length n — 5

to two diametrically nonadjacent vertices of Cy. For each n > 7, we have exactly one graph in this set.

Theorem 3.38. [3, Theorem 3.1] Let G be a unicyclic graph with n > 7 vertices and diameter D(G).
Then

H(G) - D(G) >

OJ\OT
w\:

with equality if G € C.

Let U:fly be a unicyclic graph obtained from a cycle C; by attaching two paths P, and P, to two

diametrically opposite vertices of C; such thatn =1+ x + y.

Theorem 3.39. [4, Theorem 3.1] Let G be a unicyclic graph with n > T vertices and diameter D(Q).
Then

with equality if and only if G = U0

n,4
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3.1 Harmonic index of graph operations

Caporossi et al. [10] showed that among all graphs with n vertices, the graphs containing no isolated
vertices, in which all connected components are regular, have the maximum value g for the Randié
index. By Theorem 2.1, we know that these graphs are also the extremal graphs with the maximum
harmonic index. This implies the following NordhausGaddumtype results for the harmonic index.

The complement G of a graph G is the graph whose vertex set is V(G) and uv € E(G) if and only
ifuv ¢ E(QG) for u,v € V(G).

Theorem 3.40. [105, Theorem 3.2] Let G be a graph with n vertices, then

g < H(G)+H®@G) <n.

The lower bound is attained if and only if G = K, or G = K, and the upper bound is attained if and
only if G is a k-regular graph with 1 < k <n — 2.

Proof. Let us denote by m and 7 the number of edges in G and G, respectively. Then

H(G)+ H(G) = Z 7+Z
wer@ W) T W) o (n= 1= d(w) + (n =1 = d(v))
2 2
>
o Z 2n—2+272n—2
weE(G) weE(G)
_ N 1 n(n — 1) n
_n_l(erm)_n_l.T_ 5

with equality if and only if either d(u) = d(v) = n — 1 for every edge uv of G or E(G) = 0, i.e.,
G2 K,orG>K,.
In order to prove the upper bound, Theorem 2.1 gives

H(G)+ H(G) < R(G) + R(G) < g +5=n,

with equalities if and only if both G and G contain no isolated vertices (i.e., 1 < §(G) < A(G) < n—2)
and all connected components of G and G are regular.

Let us prove that GG is a regular graph.

Seeking for a contradiction assume that there exist u,v € V(G) with d(u) # d(v). Thus, v and v
are contained in two different connected components of G, and hence uv € F(G). Hence, u and v lie in
the same component of . Since each connected component of G is regular, we have n — 1 — d(u) =
n — 1 — d(v), a contradiction. This finishes the proof. |

In [84], some bounds for the harmonic index of the join, corona product, Cartesian product, compo-
sition and symmetric difference of graphs are obtained.

It is well-known that the composition G = G1[Gs] of graphs G; and G, with disjoint vertex sets
V(G,) and V(G>) and edge sets E(G1) and E(G>) is the graph with vertex set V(G1) x V(G2) and

(u;,v;) is adjacent with (uy, v;) whenever w; is adjacent with wy, or u; = w, and v; is adjacent with v;.
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Theorem 3.41. [84, Theorem 2.1] Let G and G5 be two connected graphs with ny, ns vertices and

my, Mo edges, respectively. Then

1
H(Gl[GQD < m ( %ABC(GQ) + an(Gz) —+ ningms

3
n %ZABC(Gl) FR3R(GY) + ngml).

Recall that the Cartesian product G x G5 of graphs G, and G+ has the vertex set V(G x Gg) =

V(Gl) X V(Gg) and (’U/i, vj)(u;w ’Ul> is an edge of G1 x G9if u; = u, and v € E(Gg), or u; Uy € E(Gl)

and v; = ;.

Theorem 3.42. [84, Theorem 2.2] Let G and G5 be two connected graphs with ny, ns vertices and

mi, Mo edges, respectively. Then

1
H(Gl X Gg) < é(nlABC(Gg) + 2711R(G2) + 2n1m2
+ ngABC(Gl) + 2’/L2R(G1) + 2n2m1).
Let G; and G2 be two graphs we define the corona product GG; o G5 as the graph obtained by taking

|V (G4)| copies of G and joining each vertex of the i-th copy with vertex v; € V(Gy).
One can check that

[V(GroGa)l = V(G| (1+[V(Ga)])
[E(Gy 0 Gy)| = [E(G)| + V(G| (IV(G2)| + [E(G2)))-

Theorem 3.43. [84, Theorem 2.3] Fori € {1,2}, let G; be a graph with n; vertices, m; edges, minimum

degree 0; and maximum degree ;. Then

mq Moy 2n1ny
H(Gio0Gy) > ,
(G 2)_A1+n2 Apg+1  Ar+Ay+ny+1
H(G1oGy) < my Many 2n1ng

T 0+ * 6y + 1 * O +0+ny+1

Proof. The edges of G; o GG, are partitioned into three subsets F, Es and Fs as follows
Ei={e€ E(G10Gs),e € E(Gy)},
Ey={e€ E(G10oGs),e € E(Gy)i=1,2...,|V(G1)|},
Es;={e€ E(G10Gsy),e=uv,u € V(Gy), i=1,2,....|[V(Gy)| and v € V(G1)}.

If w is a vertex of G o G, then

dorocy(u) = 4 G T V(G| if ueV(G)
G10G2 dGQ(U) +1 Zf u e V(Gg)

Let Gy = (Vi, E;),i € {1,2} and G; 0 G5 = (V, E). Thus,

H(GloGg): Z 2

weE(G10Ga) daroa () + 1o, (V)

= Q1+ Q2 + Qs
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with )
Q=
X T
2m1 . my
- A1+n2+A1+n2 B A1+n2’
2
=n
o lu;; de, (u) + 1+ dg,(v) + 1
2n1m2 . nimg
T A1+ AT AT
2
Q3 =
“’”EE&U‘XG%LUEVQ dGl (u) + Na + dG2 (’U) =+ 1
2n1no
T A+ A+ 1
Thus,
m Many 2n1n9
GioG .
H(G1o0Gs) = Al+ny As+1 Aj+Ay+ny+1
We deduce the upper bound in a similar way. n

The join G1 + G5 of two graphs GG and G+ is defined as the graph obtained from disjoined graphs
(1 and G, by taking one copy of GG; and one copy of G5 and joining by an edge each vertex of GG; with

each vertex of G5.

Theorem 3.44. [84, Theorem 2.4] Let G and G5 be two connected graphs with ny,ns vertices and

my, Mo edges, respectively. Then

2 2 n1ng
H(G+Gy) > R(G —R(G
( 1+ 2) ( 1)+m2+2n1+1 ( 2)+

_m1+2NQ+1 n1+n2—1'

Proof. Let V(Gy) = {uy, ug, ..., upn, } and V(Gs) = {v1,va, ..., s, }. Ifu € V(G + G2), then

dorcy(u) = { G +IV(G) if e V(G
G1+Ga da,(u) +|V(Gh)| if u€V(Gy).
Hence,
2
H(G, +Gy) =
( 1 2) uveE%JrGQ) dGl+G2 (U) + dGlJer (U)

2
= 2 des, (1) + ng + de, (v) + 12

weF(G1)

2
+
uv»E;G) dg,(w) +n1 + dg, (v) + 1

2
-2
u€V (G1),weV(Ga) dg, (u) + 12 + dg, (v) +m

=A + Ay + As,

where A; denotes the i-th sum.
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For each uv € E(G), we have dg(u) + dg(v) < |E(G)| + 1 with equality if and only if every
other edge of G is adjacent to the edge uv. Also, 1 < \/d(u)d(v), and the equality holds if and only if
d(u) = d(v) = 1. Hence,

2 1
A >
' We;(al) |E(GY)| 4+ 14 2ny /d(u)d(v)

_ 2 Ry

m1+1+2n2

Similarly,
2

- mo + 1 + 2711
Since for any graph G with n vertices we have d(w) < n — 1 for any w € V(G), we deduce

R(Gy).

2
>
wEV(G1),wEV (Ga) de, (u) + 12 + de, (v) + M

Y

> 2
u€V (G1)veV(Ga) ny — 1 + ng +ng — 1 —+nq
_mm
ni+ng—1
Thus,
2 2 ning

H > = S R
(Gl + G2) - mi + 2712 + 1R(G1) + mo + 2711 + 1R(G2) +

n1+n271‘

Finally, we define the symmetric difference G1 @& G2 of two graphs 1 and G, as the graph with
vertex set V(Gl) X V(GQ) and E(G1 D Gg) = {(Ul,UQ)(’Ul, Uz) | w1V € E(Gl) O UgVy € E(Gz) but
not both}.

Theorem 3.45. [84, Theorem 2.5] For i € {1,2}, let G; be a graph with n; vertices, m; edges and
diameter D(G};). Then

namy + nimg — 4myms
na(n1 — D(Gh)) + ni(ng — D(G2)) — 2(n1 — D(G1))(ne — D(G2))

H(Gy & Gy)>

3.2 Harmonic polynomial of a graph

The characterization of any graph by a polynomial is one of the open important problems in graph the-
ory. In recent years there have been many works on graph polynomials (see, e.g., [2,11,12,83,91]). The
research in this area has been largely driven by the advantages offered by the use of computers: it is sim-
pler to represent a graph by a polynomial (a vector with dimension O(n)) than by the adjacency matrix
(an n x n matrix). Some parameters of a graph allow to define polynomials related to a graph. Although
several polynomials are interesting since they compress information about the graphs structure, unfor-
tunately, the well-known polynomials do not solve this problem since there are often non-isomorphic

graphs with the same polynomial.
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In this subsection we introduce the harmonic polynomial of a graph and we present explicit formulas
for this polynomial for several families of graphs. The harmonic polynomial of a graph G is defined
in [54] as

H(G,z) = Z 9 du)+d(v)—1

weE(GQ)

Note that the harmonic index H(G) can be obtained by integrating this polynomial:
1
H(G) = / H(G,x)dx.
0

Proposition 3.46. [54, Proposition 1] If G is a k-regular graph with n vertices and m edges, then

H(G,z) = 2ma* 1, HG) = —.
Proof. Since G is k-regular graph, so for every edge in G we have ) +dv)=1 — 2k=1 and hence,

H(G,x) = 2ma* 1.

Since 2m = nk for every k-regular graph, the previous equality gives H(G) = fol H(Gz)dz=% N

2

Proposition 3.46 has the following consequences on the graphs: K, (the complete graph with n
vertices), C,, (the cycle with n vertices), I1,, (the n-sided prism), A,, (the n-sided antiprism) and @,, (the
n-dimensional hypercube).

Corollary 3.11. [54, Proposition 2] We have

H(K,,z)=n(n—1)2*"73,
H(C,,z) = 2nz®,
H(IL,, x) = 6na”,
H(A,,x) = 8na’,

H(Qn,r) =n2"z*" .

Proposition 3.47. [54, Proposition 4-5] Let K,,, ,,, be a complete bipartite graph with ny 4 ns vertices.
Forny,ny > 1, we have

H(Knl,nz, l‘) = inann1+n271.
In particular, if S,, = K,,_1,1 denotes the star graph with n > 2 vertices, then
H(Sp,x) =2(n —1)a"".

In the following results, we compute the harmonic polynomial of other well-known families of

graphs.
Proposition 3.48. [54, Proposition 7] Let P,, be the path graph with n vertices. Then

H(P,,x) =42 + 2(n — 3)2°.
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Proposition 3.49. Let W,, be the wheel graph with n > 4 vertices. Then
H(W,,z) =2(n— 1)(2"" + 2°)
and

2(n—1)+n—1
n+2 3

H (Wn) =
Proposition 3.50. Let S,,, ,,, be a double star graph. For ny,ny > 1, we have
H(Snyny, ) = 2030 T 4 2pgp"2 1 4 2gmtnatl

and
2711 277,2 2

n1+2+n2+2+n1+n2+2'

H(Sm ;N2 ) =

Moreover, in [54], the lower and upper bounds for harmonic index of caterpillars with diameter four

are computed.

At the light of the results on harmonic polynomials we asked the following question: How many
graphs can be characterized by their harmonic polynomial? Another fundamental problem is to obtain

properties of harmonic polynomials and their coefficients.

4. Generalization of the harmonic index

In this final section, we show some important inequalities on a generalization of the harmonic index
known as general sum connectivity index. In particular, we relate these indices to other well-known
topological indices.

With motivation from the first Zagreb, harmonic and sum-connectivity indices, the general sum-

connectivity index x,(G) is defined by Zhou and Trinajsti¢ in [108], as

XalG) = > (d(u)+d(v))",

weE(G)

with a € R.
Note that x;(G) is the first Zagreb index M;(G), 2x—1(G) is the harmonic index H(G), x_1/2(G) is

the sum-connectivity index x(G), etc.

4.1 Inequalities for the general sum—connectivity index

For molecular graphs, in [14] appear efficient formulas for calculating the general sum-connectivity

index of benzenoid systems and their phenylenes.

The following inequalities for the harmonic index are known: H(G) < n/2 and for n > 3, 221 <

n

H(G). The corollary of the next result generalizes these inequalities for x,(G).
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Theorem 4.1. [80, Theorem 2.3] Let G be a nontrivial connected graph with maximum degree A and
minimum degree 6, and o € R. Then
207 TACTIM(G) < Xa(G) < 207157 ML(G)
2971527 M (G) < xo(G) < 2°7TA ML (G)

ifa <1,
foa>1,

?
)

and the equality holds in each inequality for some o # 1 if and only if G is regular.

Corollary 4.1. [80, Corollary 2.4] Let G be a nontrivial connected graph with n vertices, m edges,
maximum degree A and minimum degree 9, and o € R. Then

m2

gotiae-tll <0 (G) <296 'Am,  ifa <],
n

m2

20H 5o — <y (G) < 2°A%m, ifa>1,
n
and the equality holds in each inequality for some o # 1 if and only if G is regular.

Proof. Since 4m?/n < M, (G) (see [34]) and M, (G) < 2mA, Theorem 4.1 gives the inequalities.
If the graph is regular, then the lower and upper bounds are the same, and they are equal to x,(G).

If some equality holds for some « # 1, then some equality holds in Theorem 4.1 and G is regular. W

Recall that a biregular graph is a bipartite graph for which any vertex in one side of the given biparti-
tion has degree A and any vertex in the other side of the bipartition has degree §. If there are n; vertices
with degree 0 and n vertices with degree A, then m = dn; = Any and we deduce Adn = (A + (5)m.
Note that a regular graph is biregular if and only if it is bipartite.

Next, we present several inequalities relating general sum connectivity indices with different param-

eters.

Theorem 4.2. [80, Theorem 2.7] Let G be a nontrivial connected graph with m edges, o € R and
B > 0. Then
Xa(G) = 7n1+1/5X—aﬁ(G)71/ﬁ7

and the equality is attained for some values oo # 0 and ( if and only if G is regular or biregular.

Proof. Since f(x) = 277 is a convex function in R, for each 3 > 0, Lemma 2.16 gives

B
m 1 . s
(ZuUEE(G)(d(U) + d(v))a> = m WGZE(G)M( )+ d(v))"*,

m 1 1/8
(@ < s X

Assume that o # 0. Since f(z) = 277 is a strictly convex function, the equality is attained if and
only if d(u) + d(v) is constant for every uv € E(G), and this is equivalent to the following: for each
vertex u € V(G), every neighbor of u has the same degree. Since G is connected, this holds if and only

if G is regular or biregular. |
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Next, we prove nonlinear relations between x,(G), Xa+s(G) and x,—_3(G) which allow to obtain a
family of linear inequalities (see Corollary 4.3).

Theorem 4.3. [80, Theorem 2.8] Let G be a nontrivial connected graph with maximum degree A and

minimum degree 6, and o, f € R. Then

a5 Xt 5(6)Xa(G) < Xa(G) < \/xer5(G)Xa-5(G)

with

CaB = min{ , 2(AS)a/2 .
AP 4657 At 6o ot i ol > 1B,

The lower bound is attained for every values of o, B if G is regular. The upper bound is attained for

some values of «, B with 8 # 0 if and only if G is regular or biregular.

B/2 .
2(A0)%2 2(Ag)? = { 2D i lal <18,

Proof. Cauchy-Schwarz inequality gives

ST (dw) +dw) =N (dlu) + d(v)) TR

weE(Q) weE(G)
o 1/2 g\ 1/2
< (> (Aw+dw)™) (D (dw) +d@) )
weE(G) weE(GQ)
= Xars(G)xes(G)
Since
(25) (at+p)/2 S (d( ))(a+5)/2 < (QA)(OH’ﬁ)/Q 1f o+ 5 Z 0,
(QA)(CH’B)/Q ( U))(O‘+B)/2 (25>(0‘+5>/2 if o+ /)‘) S 0’
(26)(a—ﬁ)/2 < ( )(a B)/2 (2A)(a B)/2 if a— >0,
( Y it —p <o,

2A) " < (a(y )er(v))(a D2 < (26
Lemma 2.5 gives, if (o + 8)(a — 3) > 0 (i.e., || > |3)),

XalG) = D (d(u)+d(v))"

wiBl)
 (Bwrie (009 + 40) ™) " Soveri (a0 + ()"
) 537+ 2)7)

AaAi C;/j \/Xa+ﬂ JXa-5(G)
= Cap \/Xu+B(G)Xa—ﬁ(G)

and, if (o + B)(a — B) < 0 (i.e., |a| < |3]), then

XalG) = > (d(u)+d(v)*

weE(Q)

1/2
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1/2

<ZuveE(G) (d(u) + d(U))a+B> v ( ZUUEE(G) (d(“) + d(v))a_ﬁ)
HB+ ™)
= AﬁAj_ [;/; \/Xa+ﬁ )Xa-6(G)

= a5/ Xat5(6)Xass(G).

If the graph is regular, then the lower and upper bounds are the same, and they are equal to x,(G). If

G is biregular, then x;(G) = (A + §)m and the upper bound is attained. If the upper bound is attained
for some values of «, 3, then (d(u) + d(v))(QHB)/Z/(d(u) + cl(z)))((kﬂ)/2 = (d(u) + d(U))ﬁ is constant
for every wv € E(G). If 8 # 0, then d(u) + d(v) is constant for every uv € E(G); hence, for each
vertex u € V(G), every neighbor of u has the same degree, and thus G is regular or biregular. (Note that
the upper bound is x,(G) < xo(G) if 3 =0.) |

Theorem 4.3 with 5 = « has the following consequence.

Corollary 4.2. [80, Corollary 2.9] Let G be a nontrivial connected graph with m edges, maximum

degree A and minimum degree 6, and o € R. Then

2(A§)2
Aetoe Mmx20(G) < Xa(G) < Vmxaa(G) .

The lower bound is attained for every value of « if G is regular. The upper bound is attained for some

a # 0 if and only if G is regular or biregular.

Theorem 4.3 and the inequality v/ab < sa+ ib (for a,b > 0 and s > 0) give the following family

of linear inequalities.

Corollary 4.3. [80, Corollary 2.10] Let G be a nontrivial connected graph with maximum degree A
and minimum degree 6, s > 0 and o, § € R. Then

1

5 XDt—B(G)v

S
< —
Xa(G) < 5 XasslG) + -

Theorem 4.4. [80, Theorem 2.12] Let G be a nontrivial connected graph with m edges, maximum
degree A and 2A < m — 1. We have for any integer o > 1

Yal€) < (m— 1)1 (G)".
The following results relate x,(G) with M;(G) and My (G).

Theorem 4.5. [80, Theorem 2.13] Let G be a nontrivial connected graph with m edges and minimum
degree 0, and 0 < a < 1. Then

Xa(G) < 5%M + ad* 2 My(G).
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Proof. We have
(d(u) = 6)(d(v) —6) = 0,

d(u)d(v) + 6* > 6(d(u) + d(v)),
(67 2d(u)d(v) + 1)% > 6 (d(u) + d(v))“.
Bernoulli inequality (1 + x)* < 1 + ax for z > —1 gives

6 (d(u) + d(v))" < (67 2d(u)d(v) + 1) < 1+ ad *d(u)d(v),

5 Ya(G) < m+ ad 2 My(G).
|
Theorem 4.6. [108, Proposition 1] Let G be a graph with m > 1 edges. If 0 < o < 1, then xo(G) <

MM(GYm'= and if « < 0 or a > 1, then xo(G) > M{(G)m'~°, and either equality holds if and only
if d(u) + d(v) is a constant for any edge uv € E(G).

Proof. 1f 0 < o < 1, then —x® for x > 0 is strictly convex, and thus:

(HEN — (L5 agw) +dwp)”

m m
weE(Q)

S () + dw)" =~ xal(@),

weE(G)

1
2 —
m
ie., Xa(G) < MX(G)m'~2, with equality if and only if d(u) + d(v) is a constant for any uv € E(G).
Similarly, if & < 0 or & > 1, then z* for x > 0 is strictly convex, and thus x,(G) > M{(G)m'~®, with
equality if and only if d(u) + d(v) is a constant for any uv € E(G). |

Theorem 4.7. [80, Theorem 2.14] Let G be a nontrivial connected graph with m edges, and o > 1.
Then
m—|—aM1(G) < (XQ(G)l/a _‘_ml/a)a-

The forgotten topological index is defined as F/(G) = 3, (g d(u)? (see [38]).

Theorem 4.8. [80, Theorem 2.15] Let G be a nontrivial connected graph with n vertices, m edges,

maximum degree A\ and minimum degree . Then

M (G)?

x2(G) > max {4]V[2(G), 5+ 2Ma(G), > 6My(G) + 2My(G),

x2(G) < min {4M(G) + m(n — 2), AM(G) + 2M>(G)}.

M, (G)? }

4.2 Trees, unicyclic and bicyclic graphs

Let T}, be the tree obtained by attaching ”T’l paths on two vertices to a common vertex for odd n, and

obtained by attaching a path on three vertices and "7’4 paths on two vertices to a common vertex for even

n, where n > 4.
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Theorem 4.9. [33, Theorem 1] Let T be atree withn > 4 vertices and o < o, where ag =

is the unique root of the equation * = 3. Then

5o 6a

—4.3586. ..

(1) B+ ), ifn is odd,
Xa(T) <
(3” + (”H ) + 4, if n1s even,

with equality if and only if T = T,,.

See [33] for more information on general sum-connectivity index of trees.

Lemma 4.10. /86, Lemma 2.3] For every —1 < a < 0 and x > 1 we have

7‘1'(1
Y—(z—-1)*2> ,
R

and the equality holds if « = —1.

Proposition 4.11. [86, Lemma 3.1] Let uv be an edge of a graph G such that d(u) + d(v) is minimum.
If -1 <a<0,then
Xa(G — uv) < xa(G).

Proof. Suppose that d(u) = p, d(v) = ¢, N(u) = v, 21, ..., Yg—1, Dy q > 1.
,p—1land g+d(y;) > p+qforj=1,..,q¢—1

zp—1 and N(v) = w,yy, ...
By the hypothesis we have p+d(x;) > p+qfori=1,...

By Lemma 4.10 we can write

Xa(G) = Xa(G —uv) = (d(u) +d(v)* + > [(p+d(z:)* — (p+d(z;) — 1))°]
+ 2 [+ dly;)* = (g +dly;) = 1))°]
Pl (p+d(x i (¢ +d(y;))
> (d(u) ; +da;z—1 qtd(y;) -1
We have
(p+d(z:)* < (p+9)°,
ptd(x)—1=p+q—1,
(p+dz:))* _ (p+4a)°
pt+dx)—1" p+qg-1
A similar argument gives
(+dy))* _ (p+q)°
g+dy)—1 " p+qg—1
Hence,
Xa(G) — Xa(G — uv)
o (p+a)* P+ _ (p+9°
>(+q *(P*l)m*( 71)p+q—1 T orq—1 >0.
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Theorem 4.12. [86, Theorem 3.2] Let G be a graph with n > 3 vertices and maximum degree § > 2. If
—1 < a < ap, then

Xa(G) =2 2(n —2)(n+1)*+2%n —1)°

with equality if and only if G = Ky + K,,_o.

Proposition 4.13. [108, Proposition 4] Let G be a triangle-free graph with n vertices and m > 1 edges.
If a > 0, then xo(G) < mn®, with equality if and only if G is a complete bipartite graph. If o < 0, then

the above inequality on X, (G) is reversed.

Denote by S, , the tree with p pendant vertices formed by attaching p — 1 pendant vertices to an
endvertex of the path P,_,.1. In particular S, » = P, and S, ;,—1 = K ,—1. Minimum value of x,(7)

for trees of given diameter D(G) and —1 < a < 0 has been deduced in [87] using graph transformations:

Theorem 4.14. [87, Theorem 3.1] For —1 < «a < 0, in the set of trees T with n > 3 vertices and
diameter 2 < D(G) < n — 1, xo(T') is minimum if and only if T = S,, ,_ p(c)+1-

Another important result is the following.

Theorem 4.15. [87, Theorem 3.4] Let T be a tree with n > 5 vertices and p pendant vertices, where
3<p<n-—2and -1 < «a <0. Then

Xa(T)Z (p=Dp+1)"+(p+2)" +3"+ (n—p—2)4"
with equality if and only if T = S,, ,,.

Forn > 3and 0 < k < n — 3, let (), denote the unicyclic graph with n vertices consisting of a

cycle C,,—;, and k pendant edges attached to a unique vertex of C,,_.

Theorem 4.16. [88, Theorem 3.1] Let G be a connected unicyclic graph with n > 3 vertices and k
pendant vertices (0 < k <n —3). If -1 < a <0, then

Xa(T) > k(k +3)* +2(k +4)* + (n — k — 2)4*
with equality if and only if G = C,,_j, .
We have a similar result for bicyclic graphs.

Theorem 4.17. [1, Theorem 3.7] For —1 < o < 0, in the set of connected bicyclic graphs withn > 4
vertices, the minimum general sum-connectivity index is reached only by the graph consisting of two
triangles with a common edge and n — 4 pendant vertices adjacent to a vertex of degree three of this

graph.
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4.3 Further results on general sum—connectivity index

Recall that the variable Zagreb index (also called general Randi¢ index) is defined in [69] as

weE(G)

with @« € R\ {0}. The variable Zagreb index was used in the structure-boiling point modeling of
benzenoid hydrocarbons. Note that Z_; 5(G) is the usual Randi¢ index, Z;(G) is the second Zagreb
index My(G), Z_1(G) is the modified Zagreb index [71], etc.

We have several inequalities relating x,(G) with the variable Zagreb index.
Theorem 4.18. [80, Theorem 2.16] Let G be a nontrivial connected graph with maximum degree /A and
minimum degree §, and o, 3 € R. Then

A+
/avﬁ(ﬁ

ko 2% 25(G) Za5() < xalG) < (

) V7(6) Z05(G) < xalG) < 2°\/25(G) 20 4(G), ifa <0,

A+

) V2 020(@). a0

with

b = { 2;((2;“72} if Bla—B) <0,

Aoisa if Bla—p)=0.
Each one of the three first inequalities is attained for some values of «, 5 with o # 0 if and only if G is
regular. The last inequality is attained for some values of o, 5 with o # 0 if and only if G is regular or

biregular.

Proof. By Lemma 2.15, we have

A+
24/ d(u)d(v) < d(u)d(v) < ﬁ\/d(u)d(v).
If & > 0, then
2% (d(w)d(v))** < (d(u) + d(v))" < (%)“(dw)d(v))“@
If a < 0, then
(A +90
VAS

Cauchy-Schwarz inequality gives

Y (dwd@w) = T (dlw)d(w))?

uweE(G) weF(Q)
1/2

< (X @wdw)’) (X (@) ) = \/2s(6) Zas(G)

weF(Q) wEE(G)

)" (dw)d(0))*”* < (dw) + d(0)" < 2 (dlw)d(0)) "

1/2
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Since
5 < (d(u)d(w))"? < AP it B> 0,

AP < (d(u)d(v)”? <s®  if B <0,
(a=B)/2 < Aa—[i if a — /8 > 07
YRt i a— B <0,

(e
i
sy
IN
—
QU
—~
<
~
U
—~
<
S—
— ~—

 (Suerio [@0080)") " Suverie () *) "
{37+ ()7
/2
= (@) 2 (@)
= kap\/ Z8(G) Za-p(G),
and, if 8(a — ) < 0, then
3 (dlw)d(w)™”
weE(G)
1/2

(Sncrie @0d@)") " (S (dw)dw)™)
= %((%)(25%)/2 4 (&)(%’7&)/2)

Z5(G) Za-p(G)

2(A5)<2ﬁ—a)/2
= A26—a 1 §26—a

= ka,p \/ Z5(G) Zo-5(G).

If the graph is regular, then the lower and upper bounds are the same, and they are equal to x,(G).
If the second or the third inequality is attained for some values of «, 5 with o # 0, then 2/d(u)d(v)
= d(u) + d(v) for every uv € F(G), and Lemma 2.15 gives d(u) = d(v) for every uv € E(G); since G

is connected, G is regular.

Assume now that the first or the last inequality is attained for some values of «, 5 with a # 0. Thus,
d(u) + d(v) = %\/W for every uv € E(G). By Lemma 2.15, this holds if and only if every
edge joins a vertex of degree J with a vertex of degree A, and this is equivalent to the following: for
each vertex u € V(G), we have d(u) € {4, A}, if d(u) = ¢ then every neighbor of u has degree A, and
if d(u) = A then every neighbor of u has degree 0. Since G is connected, this holds if and only if G is
regular or biregular.

If G is regular or biregular, then \/Z3(G)Zo—5(G) = /(A0)Pm(AS)*FPm = (A§)*/*m and
Xo(G) = (A + §)*m. Hence, the last inequality is attained. If o # 0, then the first inequality is

attained if and only if k, g = 1, and this holds if and only A = § by Lemma 2.15, i.e., G is regular. W
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We have the following consequence.

Corollary 4.4. [80, Corollary 2.17] Let G be a nontrivial connected graph with maximum degree A

and minimum degree 6, and « € R. Then

2(A +6)~ . '

Ao rga Zar(G) S XalG) S 2°Zapp(@), ifa <0,
2&+1(A5)a/2 A+ 6\e

XEY = <\—7= ifo > 0.

A + oo ZO‘/2(G) — XQ(G) = ( m) Za/?(G)7 lf()é = 0

Each one of the three first inequalities is attained for some value of o # 0 if and only if G is regular. The

last inequality is attained for some value of o # 0 if and only if G is regular or biregular.
In [85] appears the following result.

Lemma 4.19. [85, Lemma 3] Let h be the function h(x,y) = % with § < z,y < A. Then § <
h(z,y) < A. Furthermore, the lower (respectively, upper) bound is attained if and only if t = y = ¢

(respectively, t =y = A).

Theorem 4.20. [80, Theorem 2.19] Let G be a nontrivial connected graph with m edges, maximum

degree A and minimum degree 9, and o € R. Then

2%m? AB3e/2 4 §3a/2 9a—1p,2
- < o G < . , . 07
5&Z,Q(G) =X ( = ATa/4§3a/4 Zfa(G) ifa<
2am2 A3a/2 +53a/2 2a71m2
—— < < . >
A7 (GQ) ~ Xa(G) < A3e/AgTe/t 7~ (G)’ ifa >0,

and each inequality is attained for some value of o # 0 if and only if G is regular.

Proof. By Lemma 4.19, we have

ifa >0,

/2 U /2 /2
(3 < My
)"

a2 (d(u a/2 .
2) ‘W‘(A . ifa<o

Cauchy-Schwarz inequality gives

> OO S g s a)) (3 () )

a/2
weE(GQ) (d(u)d(v)) weE(Q) weE(G)
= XQ(G)Zfa(G»

These inequalities provide the lower bounds.

Since
(26)*/2 < (d(u) + d(v))a/2 < (20)2 AT < (d(u)d(v))ia/2 <6, if >0,
(22)°72 < (d(w) +d(v))"” < (26)*7.67 < (d(w)d(v) * <A™, if a <0,
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Lemma 2.5 gives in both cases

(d(u) +d(v))a/2 ’
MGZE(G) (d(u)d(v))*™?

(ZuveE(G) (d(u) +d(v))" ) (ZuveE(G) (d(u )d(v))ia)
> %( % 3a/4 3@/4)
A G Z-4(C),

~ A3a/2 1 §3a/2 Xa

and this gives the upper bounds.

If the graph is regular, then the lower and upper bounds are the same, and they are equal to x,(G).
If some bound is attained for some value of o # 0, then Lemma 4.19 gives d(u) = d(v) = ¢ for every
wv € E(G) ord(u) = d(v) = A for every wv € E(G); hence, G is regular. |

Theorem 4.21. [80, Theorem 2.20] Let G be a nontrivial connected graph with n vertices, and o > 1.
Then

n® < Xa(G)Z%"l(G)Ohlv

and the equality is attained for some value of o > 1 if and only if G is regular or biregular.

Proof. Recall that 37, ey (f(d(w)) + f(d(v))) = 3 ey (¢ d(w)d(v). Hence,

d(u 1 1 d(u) + d(v
> dgu;: > ()= 2 (d&;d(v())'

ueV(Q)

Since o > 1, Holder inequality gives

n< (Y @w+dw)) (X (@wdw) )
weE(G) weE(Q)

a—1

= Xa(G) 7 ()"
If G is regular or biregular, then Adn = (A + §)m, xa(G) = (A 4 0)*m, Z —a (G) = (Ad)=Tm

and the equality is attained.

—a

If the equality is attained for some value of o > 1, then (d(u)d(v)) o /(d(u) + d(v))” is constant
for every uv € E(G), i.e., d(u)d(v)(d(u) + d(v))m1 is constant for every uv € E(G). Since the
function F(t) = d(u)t(d(u) + t) “lis increasing when ¢ € [1,00), we have the following: for each
vertex u € V(G), every neighbor v of « has the same degree, and the degree of every neighbor of v is

d(u). Since G is connected, G is regular or biregular. |

We have the following consequence, that improves the lower bound in Theorem 4.20 when o = 2,

since 2m < An.
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Corollary 4.5. [80, Corollary 2.21] Let G be a nontrivial connected graph with n vertices. Then

7L2 < X2 (G)Z,Q(G),

and the equality is attained if and only if G is regular or biregular.
We need the following result.

Lemma 4.22. [108, Proposition 2] Let G be a graph with n > 2 vertices. If 0 < a < 1, then

Xo(G) > Mi(G)* with equality if and only if G = Ky U K, 5 or G =2 K, and if « < 0, then
Xo(G) < 29 In(n — 1) with equality if and only if G = K.

Zhou and Trinajsti¢ [108] showed a result for the general sum-connectivity index of Nordhaus-

Gaddum type.

Theorem 4.23. [108, Proposition 5] Let G be a graph with n > 2 vertices.
If a > 0, then
Xo(G) + xa(G) < 2 'n(n — 1)*
with equality if and only if G = K,, or G 2 K,
YXa(G) + Xa(G) > 27 'n(n — 1)*Tt fora > 1,
with equality if and only if G is a regular graph of degree ”T_l, and
Xa(G) + Xa(G) > 27n%(n —1)**  for0<a< 1.

If a <0, then
29 n(n — 1) < xo(G) + xa(G) < 2%n(n — 1)

with left equality if and only if G =2 K, or G = K,,,

Proof. Let m and m be respectively the numbers of edges of G and G. Thus, m +m = @ Ifa >0,
then

XalG) + Xa(@) = D (do(u) +de()*+ > (dg(u) + dg(v))"

weE(G) weE(G)
<m2n —2)* +m(2n — 2)* = (m +m)(2n — 2)* = 2 'n(n — 1)*
with equality if and only if either d(u) = d(v) = n — 1 for every edge uv € E(G) or E(G) = 0, i.e.,
G2 K,orG=K,.
Similarly, if o < 0, then
Xa(G) + Xa(G) = 22 'n(n — 1)+
with equality if and only if G = K,, or G = K,,.

It is easily seen that
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with equality if and only if d(u) = dg(u) for all u € V(G), i.e., G is a regular graph of degree “;*. If

a > 1, then 2 is strictly convex and thus

Xa(G) + Xa(G)
> (m+m) (

=(m+m)" (x1(G) +x1(G))"

() ()

=2"n(n —1)**!

Yowereda(w) +da(0)) + 3 e p@ (da(u) + dg(v)) ) :

m+m

with equality if and only if G is a regular graph of degree "T’l If0 < a <1, then
Xal@) +xa(@) = | Y (do(u) +da(v) + Y (dg(u) + dg(v))
weE(Q) weE(G)

(@) +xa(@)" = <n(1121)> =2""n%n — 1)

Since a graph G with |E(G) U E(G)| < 1 is not possible to be a regular graph of degree “5* for
n > 2, we have
Xa(G) + Xa(G) > 27%n%(n — 1)*.

If « < 0, then by Lemma 4.22,
YXa(G) 4 xa(G) < 27 'n(n — 1) + 2% 'n(n — 1) = 2*n(n — 1).

The proof is now completed. |
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Abstract

The Wiener polarity index W),(G) of a graph G, proposed by Wiener in 1947, is the number of
unordered pairs of vertices {u, v} of G such that the distance between v and v is 3. We survey some
recent development on bounding the Wiener polarity index and related results.
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1. Introduction

In theoretical chemistry molecular structure descriptors are used for modeling physico-chemical, phar-
macologic, toxicologic, biological and other properties of chemical compounds [24]. There exist several
types of such indices, especially those based on vertex and edge distances. One of the best known such
indices is the Wiener index, defined as the sum of distances between all pairs of vertices of the molecular
graph [15]:

WG = Y du, v).

uweV(G)
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The Wiener index was introduced by Wiener [49] in 1947. It has since become one of the best known
chemical indices. For more results on the Wiener index, we refer the readers to the survey paper [15]
written by Dobrynin, Entringer and Gutman.

Wiener also introduced another index for acyclic molecules, called the Wiener polarity index and
defined as

W,o(G) == [{{u, v}|d(u,v) = 3,u,v € V(G)}|.

Wiener [49] used a linear formula of W and Wp to calculate the boiling points ¢z of the paraffins, i.e.,
tg = aW + bW, + ¢, where a,b and c are constants for a given isomeric group. Like W (G), the
Wiener polarity index received much attention from biochemical point of view. Through the Wiener
polarity index, the authors of [37] demonstrated quantitative structure-property relationships in a series
of acyclic and cycle-containing hydrocarbons. Hosoya presented a physical-chemical interpretation of
Wp(G) in [26]. In recent years there has been more studies on the mathematical properties of this index.
In 2009, Du, Li and Shi [17] described a linear time algorithm APT for computing the Wiener polarity
index of trees, and characterized the trees maximizing the Wiener polarity index among all trees of
given order. The extremal Wiener polarity index of (chemical) trees with given different parameters (e.g.
order, diameter, maximum degree, the number of pendants, etc.) were studied in [17, 18,20,36,38]. The
unicyclic graphs minimizing (resp. maximizing) the Wiener polarity index among all unicyclic graphs
of order n were given in [29]. There are also extremal results on some other graphs, such as fullerenes,
hexagonal systems, lattices and cactus graphs [10, 11,13, 19].

We aim to report some of the most recent results on bounding the Wiener polarity index. In the next
section we present the necessary background information. Section 3 discusses bounds of the Wiener
polarity index for trees and trees with certain restrictions. In Section 4 we consider the unicyclic graphs
and the extremal problem with respect to the Wiener polarity index. Section 5 presents some results on
the Wiener polarity index of graph products and the Nordhaus-Gaddum-type inequality. In Section 6,
we discuss representing and bounding the Wiener polarity index in terms of other graph invariants such
as the Wiener index, hyper-Wiener index, first Zagreb index, second Zagreb index, etc.. Last but not
least, we briefly discuss the generalization of the Wiener polarity index and related extremal problems

in Section 7.

2. Preliminaries

We follow [4] for general graph theoretical notations and terminologies. For a graph G, let V(G), E(G),
|G|, e(G), and G denote the set of vertices, the set of edges, the order, the size and the complement of G,
respectively. The set of neighbors of a vertex v in G is denoted by Ng(v) or simply N (v). The degree
dg(v) = d(v) of a vertex v is the number of edges adjacent to v. A vertex of degree 1 is a pendent vertex.
We let §(G) := min{d(v)|v € V'} denote the minimum degree of G, and let A(G) := maz{d(v)lv € V'}
denote its maximum degree. The minimum length of a cycle in a graph G is the girth g(G) of G. The

distance dg(u, v) in G of two vertices u, v is the length of a shortest u — v path in Gj if no such path
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exists, we set d(u,v) := oco. The greatest distance between any two vertices in G is the diameter of G,
denoted by diam(G).

An acyclic graph is called a forest. A connected forest is called a tree. The pendant vertices in a tree
are its leaves. A unicyclic graph is a connected graph containing exactly one cycle. It is easily to see
that |V (G)| = | E(G)| for any unicyclic graph G. A graph is called k-cyclic if |E(G)| = |V (G)| —1+k,
where k > 2. Let K;,_1, C, and P, be the star, cycle and path of order n, respectively. A “hanging
tree” on vertex v in G, denoted by T'[v], is a pendant subtree rooted at v.

It is easy to see that Wp(G) = S°1_, W,(G;) if Gy, Gy, -+, Gy (where t > 2) are the connected
components of a graph G. So it suffices to consider the Wiener polarity index of connected graphs. We
first present some operations that decrease or increase the Wiener polarity index of connected graphs. Al-
though we are not going to present any proofs in this survey, it is worth pointing out that these operations
pay crucial roles in the proofs of most of the extremal results.

Let T(n) denote the set of trees on n vertices. Let T € T(n) be a tree with diam(T) = k > 4.
Suppose that P(T') = vgvyvs - - - vy, is a longest path of T'. Let T' ® v, denote the tree obtained from T
by removing the edge vyv; and adding a new edge vovs. This operation, shown in Figure 1, is called a

maximization operation as it only increases the Wiener polarity index.

L ® ® * ® ®
(o) U1 V9 VU3 Uy (%0

A Long Path P(T) of T’

U1 U2 U3 Uy Up,

Vo
The subgraph corresponding to P(T)

Figure 1. Maximization operation of a tree 7.

Theorem 2.1. [17] Let T = (V, E) be a tree and P(T) = vyv vz - - - v be a longest path of T with
k > 4. Then

i) W,(T) < W,(T ® vo) if diam(T) > 5;

i) W,(T) < W,(T & vo) if diam(T) = 4,

Next we introduce the transformation “Sigma” on unicyclic graphs that only increases the Wiener

polarity index:
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Let T'[v;] denote a hanging tree on vertex v; of a unicyclic graph U with g(U) > 4, where v; € V(C')
and C' = vjvy - - - 4y is the cycle of U. Among all hanging trees, suppose P, = v;u; - - - uy is one of the
longest path from the root v; to a leaf u; of the hang tree T[v;]. If | > 2, then after removing the edge
v;up from U, we obtain a unicyclic graph A and a tree B such that v; € A and u; € B. Let U* denote
the unicyclic graph obtained from A and B by identifying 4, and v;y1(moa 4y and adding a new leaf w;

adjacent to v; (see Figure 2).

Figure 2. The transformation “Sigma”.

Theorem 2.2. [30] Let U be a unicyclic graph with g(U) > 4 and U* be the unicyclic graph obtained
from U by applying transformation Sigma. If g(U) > 5, then

W, (U) < Wy (U7),

Ifg(U) = 4, then

W, (U) < (Wy(U").

The “Edge rotation”, as described below, also only incrases the Wiener polarity index. Let C; =
v1v2 - - - v, be the cycle of a unicyclic graph Cy(ky,-- -, k,) with g(U) > 4. Here k; is the number
of pendant edges at vertex v;, and every edge not on the cycle is a pendant edge. Without loss of
generality, let v; and v3 be the two vertices such that d(v;) + d(vs) = max{d(v;) + d(vis2)}, where
i=1,2,---,g (mod g). We can construct a new graph Cy(k1, ks + ki, ks, - -+, ki—1,0, ki, - - -, kg) by
removing k; pendant vertices from v; and reattaching them to v, as shown in Figure 3 (4 < ¢ < g).
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Figure 3. Edge rotation.

Theorem 2.3. [30] Let g > 4, then

Wp(cg(klv ko, - - vkg) < Wp(cg(klv ko + ki, - - ’kg)~

3. Bounds for the Wiener polarity index of trees

We start with the following formula of the Wiener polarity index of a tree.

Lemma 3.1. [17] Let T' = (V, E) be a tree, then W,(T') = > (dr(u) — 1)(dr(v) — 1).

weFE

We now define some specific trees. Let T'(n) denote the set of the trees on n vertices. Let T3(n) :=
{T € T(n)|diam(T) =3, W,(T) = | %52 %21}, and Ty(n) := {T(k1, ko, ks, 1y, - -+ , 1) € T(n)|m+

2
ko 4+ 1 = [252] or [%21}. Here T'(ky, ko, ks, 11, - ,1y) is a tree with diameter 4 as in Figure 4, with

k‘ZZO(z:l2,3),m21,1§j§m,andk‘1+k2+k3+l1++lm:n—5—m

k3
——
C - O
Vo U3 Uy
N——
ko

Figure 4. The tree T'(k1, k2, k3, l1, -+, lm).
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Theorem 3.1. [17] A tree T of order n has Wiener polarity index

n—2,.n—2

WpSLT” 5 ]

with equality if and only if T € T5(n) U Ty(n).

It is obvious that the Wiener polarity index of a star is zero. So it is natural to leave the star out when
we consider the minimum Wiener polarity index. A general double star P(k;a, b) is a tree obtained from
a path P, = vyv; - - - v (K > 3) by attaching a pendent vertices and b pendent vertices to the vertices v,

and vy, respectively. Such structures have been shown to minimize the Wiener polarity index.

Theorem 3.2. [38] Suppose that T € T(n)\{K1,-1}, then
Wo(T) >n—3
with equality if and only if T = P(k;n — k — b,b), where k > 3, n —k > b > 0.

Besides bounding the Wiener polarity index among general trees, it is of interest to consider more
specific classes of trees under various constraints. To introduce such work we present some more defi-
nitions. A chemical graph is a graph with maximum degree no more than 4. In general, let T4 be the
set of all trees with n vertices and maximum degree A. For a positive integer p and nonnegative integers
n1, ng, let SP . be a tree obtained from a path vyv, - - - v, by attaching n; and n, pendant edges to the
vertices v; and v,, respectively. Let VA)(T) = {v € V(T)|dr(v) = A}, NA(T) = Uyev ) i Nr(u),
h =mn—(A+1)and Ty = Say1, construct T; from 7T;_; by attaching a vertex to one vertex of
NONT,_)\VANT;_y) fori = 1,2, , h. The set of all possible T}, after h steps is denoted by T74.

Deng et al. obtained the maximum Wiener polarity index among chemical trees on n vertices.

Theorem 3.3. [14] Let T be a chemical tree of order n (> 7), then
WP(T) < 3(” - 5)

with equality if and only if T € T4

max*®
This result was generalized to the following theorem, which determines the maximum and minimum
Wiener polarity indices in 72. Here S(n—A+1—1; A—1,1) is a tree obtained from a path P, a1 ; =

VU9 - - - Up_ 41— Dy attaching A — 1 pendant vertices to v; and a pendant vertex to vg.

Theorem 3.4. [36] Let T € T2, where 3 < A <n — 3. Then

n—3<Wp(T) < (n—A—1)(A—1).

The left equality holds if and only if T = S(n—A+1—1; A—1,1) where 0 < I < min{A—1,n—A—2},
while the right equality holds if and only if T € T/~

mazx*®

Let T(n,d) be the set of trees of order n with diameter d. It is easy to see that W,(G) = 0 if
diam(G) < 2. For 3 < diam(G) < n — 1, we have the following theorems.
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Theorem 3.5. [20] Let T € T(n,d), where 3 < d < n — 1. Then
W,(T)>n—-3

with equality if and only ifs T = S(d — 2;n+2 —d —t,t), wheren+2—d—t >t > 1, ifd > 3; and
T2 P(3;n — 4,0), ifd = 3.

Theorem 3.6. [20] Let T € T(n,d), where 5 < d < n — 1. Then

n—d

W, (T) < | 2_1” 1420 —d—4.

n—d-—1
2

Moreover; the equality holds if and only if T' = T'(n,d; 0, -+ ,0,2;, Zir1, Tiy2, 0, -+, 0), where 2 < i <
d—4,2; >0, x;30 > 0and x4 = L"‘Td_ljor(”%d_l] Here T'(n,d;0,- -+ ,0,2;, %11, Tit,0,- -+ ,0)
is obtained from a path P; = vyv; - - - vgq by attaching x; ,x;+1 and x; 2 pendent vertices to the vertices

Vi, Vir1 and vy o, respectively.

Note that when d = 3 or 4, Theorem 3.1 implies that W,,(T') = |252][252] if and only if T €
T3(n) U Ty(n). Tang and Deng [47] characterized the trees with the first three smallest Wiener polarity
indices in T'(n, d).

Let 7 (n, k) be the set of trees of order n with k pendant vertices. It is easy to see that T'(n, 2) = { P, }
with W,(P,) = n — 3, and T'(n,n — 1) = {S,,} with W,(S,,) = 0. For 3 < k < n — 2, we have the
following theorems with 7, ,—o = {S(n1,n2)|n1 + ng = n,n1 > ne > 2}. Here S(ny,ng) is the graph
obtained from joining the centers of .S,, and 5,,, by an edge, also called a double-star.

Theorem 3.7. [18,36] If T € Ty, n—o, then

n—2,.n—2

n=3 <W(T) < [“= TP

where the left equality holds if and only if T = S(n — 2,2), and the right equality holds if and only if
T=S("21+1[%52] + ).

Theorem 3.8. [36] Let T € T (n, k), where 3 < k < n — 3. Then
W,(T)>n—3
with equality if and only if T = S(n — k;ny, k — ny), where 0 <n; < k —ny.

Theorem 3.9. [18] Let T € T (n, k), where k + 2 < n < 2k and n > 4. Then

n—2 n—2
2 i 2

Wy <| ]

with equality if and only if T = T(ky, ko, ks, by, ,l;) where ky = k + 1 — |252](or [252]), or
T=S(1%32 ] [%32)-
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Theorem 3.10. [/8] Let T € T (n, k). If n > 2k + 1, then
W,(T) <k*—3k+n—1

with equality if and only if T' is a starlike tree of order n in which the lengths of all pendant chains are

at least 2.

Deng et al. also identified the maximum Wiener polarity index of chemical trees with n vertices and
k pendent vertices [19].

Furthermore, in [50], Wang et al. consider the smallest and the largest Wiener polarity index among
all Hiickel trees on 2n vertices and characterize the corresponding extremal graphs. Recently, in [35],
Lei et al. studied trees with a given degree sequence, and characterized the extremal graphs attaining the
maximum and minimum values of the Wiener polarity index, respectively. In [3], Ashrafi et al. presented

an ordering of chemical trees of order n with respect to the Wiener polarity index.

4. Bounds for the Wiener polarity index of unicyclic graphs

Moving our attention to the unicyclic graphs, we first present a formula of the Wiener polarity index.
Lemma 4.1. [38] Let U = (V, E) be a unicyclic graph and let C' denote the unique cycle of U. If
g(U) = 3 with V(C) = {v1,vq,v3}, then

W, (U) = 3 (du(u) = 1)(du(v) — 1) +9 — 2dy(v1) — 2dys(v5) — 2dys(vs).

welE

If g(U) =4 and V(C) = {vy, v, v3, 04}, then

Wo(U) = > (du(u) = 1)(dy(v) = 1) +4 = dy(v1) — du(vs) = dur(vs) — dus(va).

Ifg(U) > 5, then
> (dulw) = D(dy(v) = 1) =5, if g(U) = 5
W)= S o) = Ddu() = 1) =3, if 9(U) =6
S o) - D) -1, ) 2T

First we have the following bounds.

Theorem 4.1. [30] Let U be a unicyclic chemical graph with n(> 5) vertices. Then
n—3<W,(U)<3(n+4).
Theorem 4.2. [30] Let U be a unicyclic graph of order n > 11. Then
Wy(U) < W, (Us)

with equality if and only if U = Us. Here Us denotes the “caterpillar cycle” Cs(kq, ko, k3) with |k; —
kil <1(i,j=1,2,3) of order n.
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Now for unicyclic graphs with a given girth:

e Let U; be the unicyclic graph obtained from K ,_; by adding one edge between two pendant
vertices of K ,,_.

e Let U, be the unicyclic graph obtained form a C5 = vyv,v, by attaching n — 4 pendent vertices

and one pendent vertex to the vertices vy and v9, respectively.

o Let nglm be a unicyclic graph obtained from C, by attaching /; and [, pendant vertices to u; and
;4 respectively, where ¢, j € {1,---, ¢ (mod g¢)}.

e Let U(n, g) be the set of unicyclic graphs of order n with girth g.

o Let Cy(P,_,) be the unicyclic graph on n vertices formed by attaching a path P,_ to one vertex
of C,.

o Let C’%’ , be the unicyclic graph obtained from a cycle C; by attaching a path P, ;1 to a vertex ug

of Cy, and one pendent vertex to another vertex vy of C.

Theorem 4.3. [29] For n > 9 we have
(1) U(n,n) = {C,}, and W,(C,,) = n;
(2) U(TL, n — 1) = {Cn,nfl}’ and Wp(Cn,nfl) =n+1;

(3)U(n,n —2) = {Cpa(P2), Crn2,C) 5,4, and WP(C}FZ’M) =n+3>n+2=

Wi(Coa(P2)) = We(Crnz) = Wy(Chy1,), where 1 < j < |52,
For smaller values of g we define the following special graph in U(n, g).

e Let C'(vg, -+ ,vy; p) denote a comet, which is a tree obtained from a path vyv; - - - v; by attaching
p vertices to the vertex v;, where t,p > 1.

o LetC, (O C(vy,- -+ ,v;n—t—g) be aunicyclic graph obtained from a cycle Cy and C'(vg, - - - , vy
n —t — g) by identifying a vertex of C; and vy.

Theorem 4.4. [29] Let U € U(n, g), where 5 < g < n — 3. Then
W,o(U) >n+2(resp.n—1,n —3)

if g > 7 (resp. g=6,5), with equalities if and only if U = Cy (D) C(vo,--- ,v;n —t — g) witht >
2n—t—g>1

Theorem 4.5. [38] Suppose n > 7. If U € U(n, 3)\{U1}, then
W,(U) >n— 4

with equality if and only if U = Us. If U € U(n, 4), then
W,(U)>n—4

with equality if and only if U = Cy, 4 or C3, 4}, where 1 <1 <n —5.
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As for maximizing the Wiener polarity index, we have the following.
Theorem 4.6. [29] Let U € U(n, g), where 5 < g < n — 3. Then
on — 10, if g(U) = 5;

Wo(U) < |52 521+ 4 =9, if g(U) = 6

with equality if and only if U = C,(ky, ko, k3, 0,--- ,0), where ki, ko, ks > 0, S0 ki = n — g, and
ky = [ %52 (or[*52]).

Let Cy(k1, ko, k3,0) @(t) denote the unicyclic graph obtained from attaching ¢ pendant edges to any
pendant vertices of Ne, (i, ks ks,0) (V2), Where ki, b, ks > 0 and ¢ > 1.

Theorem 4.7. [29] Let U € U(n, 4). Then

n—4 n—4

W) < BT

14+n—4

with equality if and only if U =2 Cy(ky, ks, k3, k4), where ky, ko, k3, kg > 0andn—4—ky—ks = ko+ky =
1252 Jor["52), or U =2 Cy(ky, ko, k3, 0) Q(t), where ky, ko, ks, ks > 0,t > Llandn —4 — ky — ks =
kg + I{Z4 = LnT%JOV{nT%]

Theorem 4.8. [29] Let U € U(n, 3), where n. > 11. Then

(n —3)2, if n=0 (mod 3);

Wp(U)<{ (n—2)(n—4), if n#0 (mod 3).

W0 =

where equality if and only if U = Us.

Let U, 1, be the set of unicyclic graphs on n vertices with k pendent vertices. The next result deter-

mines the minimum Wiener polarity index in U, ; for any k.

Theorem 4.9. [29] For n > 9 we have

(1) Upo ={Ch}, and W,(U) = n;

(2)Un1 = {Cy(Pr—g} (n > g > 3), where W,(C,,_1(P1)) = n+ 1, and W,(Cy(P,—,)) = n+ 2 for
g<n-—2

(3) Let U € Uy, ,—3. Then W,(U) > 0 with equality if and only if U = Uy.

(4) Let U € Uy, y—g. Then Wp(U) > n — 4 with equality if and only if U = C,, 4 or Cz,l,n—él—l’ where
1<i<n-5.

S)If2<k<n-—->5andU € Uy, then W,(U) > n — 3.

It is worth noting that, for 2 < k£ < n — 5, the extremal unicyclic graphs of Theorem 4.9 were also
characterized in [29]. Now let /> be the set of unicyclic graphs on n vertices with maximum degree A.
Clearly, 2 < A < n — 1. Itis easy to see that Y2 = {C,,} and U = {U;}. For3 < A < n — 2, we
have the following theorem.
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Theorem 4.10. [29] Let U € Z/{nA andn > 1.

(DIf3 <A< [5], then W,(U) >n — 3.

) If [5] < A < n—2, then W,(U) > n — 4 with equality if and only if U = C3,,_,, or Cy, 4 if
A=n—2,andU=C}p 5, 5 N3] <A<n-3

Since W,(C,,) = n and W,(U;) = 0 for n > 7, Theorem 4.10 determines the minimum Wiener
polarity index in 2/ for arbitrary A. The extremal unicyclic graphs for 3 < A < [%] of Theorem 4.10
were also characterized in [29]. Next let U/ (n, d) be the set of unicyclic graphs with order n and diameter
d. For d > 3, we first introduce the following graphs:

e Let Us(s,t) (s +t = n — d — 3) be a unicyclic graph, obtained from a path P = vgv; - - - vg of
length d by adding s pendant vertices to v, ¢ pendant vertices to v4_1, and identifying a vertex of

a triangle with vy or vg_1.

e Denote the unicyclic graph Us(aq, a2, ag) with |a; — a;| < 1 (4,5 € {1,2,3}) of order n and
diameter d by Uj, and the unicyclic graph Us(a’, ay, a3) with |a; — af| < 1 (i, 5 € {1,2,3}) of

order n and diameter d by U3™.

e In general let U* denote the unicyclic graph (among the graphs under consideration) with maxi-

mum Wiener polarity index.

Theorem 4.11. [41] Let U be unicyclic graph inU(n,d) (d > 3), then

(1) If d = 3, then W,(U) > n — 3 with equality if and only if U = U3(0,t) (t = n — 6).

(2)If d = 4, then W,(U) > n — 3 with equality if and only if U = Us(s,t) (s+t =n —T7).

(3)Ifd > 5, then W,(U) > n—3 with equality if and only if U = Us(s,t) (s+t =n—d—3),Us(n—
d—2,0),Us(n —d — 3,0).

Theorem 4.12. [41] Let U be a unicyclic graph in U(n,d) (d > 4,n > d + 8), and U*denote the
unicyclic graph with the maximum Wiener polarity index.
(1) If d = 4, then U* = Uy(ay, as, az) with la; + 1 — a;| < 1(i =2,3), |ay — az| < 1, and

0= 13 if 4y +az+az =0 (mod 3);

W,(U*) = "<n nn=?) 4 5, if aj+as+a3=1 (mod 3);
m+8 if aj+as+a3=2 (mod 3).

(2)Ifd > 5, then U* = U3*, and

(n=d=2(nmd4t) | g if ay+as+a3 =0 (mod 3);
W, (U*) = M+d+2 if ap+as+az=1 (mod 3);
MHZ% if a1+ ax+a3=2 (mod 3).

In [45], the authors also determined the minimum Wiener polarity index of unicyclic graphs and

characterized the extremal graphs. In [50], the following theorem was shown by Wang el al..
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Theorem 4.13. [50] Let U be a unicyclic Hickel graph of 2n vertices, where n. > 4. Then
2n =7 <W,(U) < 4n +4.

For further results on the Wiener polarity index of other classes of graph, one may see [43] (bicyclic
graphs), [13] (cactus graphs), [10] (fullerenes and hexagonal systems), [11] (various lattices), and [28,31]

(some chemical structures).

5. Graph products and the Nordhaus-Gaddum-type inequalities

Various products of graphs often appear in the study of chemical graphs. Examining the Wiener polarity
index of graph products is an important step towards bounding it for these graphs. First we introduce
several different products of graphs.

The Cartesian product of two graphs G and H, denoted by G H, is defined on the Cartesian product
V(G) x V(H) of the vertex sets of G and H. The edge set F(GOH) is the set of all pairs ((u, z), (v,y))
of vertices for which either v = v and zy € E(H) or uv € E(G) and z = y, where u,v € V(G) and
z,y € V(H).

The strong product G X H of G and H is defined on the Cartesian product of the vertex sets of G

and H. Two distinct vertices (u, z) and (v, y) of G X H are adjacent with respect to the strong product if
u=vandxy € E(H), oruv € E(G)andz =y, or uwv € E(G) and zy € E(H).

The vertex set of the direct product G x H (G and H are called the factors of G x H) of two graphs
is V(G) x V(H). Two vertices (u, x), (v, y) are adjacent if both uv € E(G) and xy € E(H).

The lexicographic product G o H of two graphs G and H is definedon V(G o H) = V(G) x V(H).
Two vertices (u, z), (v,y) of G o H are adjacent whenever uv € E(G), or u = v and zy € E(H). Note
that the lexicographic product G o H can be obtained from G by substituting a copy H,, of H for every
vertex v of G and joining all vertices of H, with all vertices of H,, if uv € E(G).

For a given connected graph G, we define W5(G) = |{{u,v} | d(u,v) = 2,u,v € V(G)}|, which
is the number of unordered pairs of vertices {u, v} of G such that dg(u,v) = 2. For a given graph
W5(G) can be computed in polynomial time. In the following theorems we denote by m(G) and n(G)

the number of edges and vertices of G.
Theorem 5.1. [42] Let G and H be two non-trivial connected graphs, then
W,(GOH) = W,(G)V(H) + W,(H)V(G) 4+ 2Wo(G)m(H) + 2Wo(H)m(G).

Theorem 5.2. [42] Let G and H be two non-trivial connected graphs, then

W(G B H) =W, (G)[2W,(H) + 2Wa(H) + 2m(H) + n(H)]
+ W, (H)[2Wa(G) + 2m(G) + n(G))].
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Theorem 5.3. [42] Let G and H be two non-trivial connected graphs and at least one of them is non-

bipartite, then
Wo(G x H) = 2W,(G)W,(H) + 2W,(H)m(G) + 2W,(G)m(H).
Theorem 5.4. [42] Let G and H be two non-trivial connected graphs, then
W,(G o H) = W,(G)(n(H))".

The Cartesian product GLJH and strong product G X H were also considered in [23], along with
some other graph operations.

Let G and H be simple connected graphs. The join G + H, symmetric difference G A H, disjunction
G V H, composition G[H| are defined as follows:

(WV(G+H)=V(G)UV(H), E(G+ H)=E(G)+ E(H) +{wlu e V(G),v e V(H)};

QV(EAH)=V(@OV(H), E(GA H) ={(a,b)(c,d)|ac € E(G) or bd € E(H) not both};

3) E(GV H) ={(a,b)(c,d)|ac € E(G)orbd € E(H)};

(4) E(G[H]) = {(a,b)(¢,d)|ac € E(G) ora = cand bd € E(H)}.

Theorem 5.5. [23] Let G1,Gs, - - - , Gy, be connected graphs, then

Wp(G1[G2[' e [Gk] e H) = Wp(Gl) H |V<Gz)‘

Note that the Wiener polarity index of join G + H, symmetric difference G A H and the disjunction
G V H are zero.

When bounding a graph invariant another important direction of study is to consider the Nordhaus-
Gaddum-type results. Denote by G* the graph of order n > 5 obtained from joining n — 4 vertices to
each internal vertex of the path P, such that V/(G*) \ V(P) is a clique. Let S;; | be a graph containing a
double star .S, ,, such that any two vertices both in V'(S,) or both in V' (.S,) may be adjacent. From the

definition of the Wiener polarity index, we easily obtain that
Wp(G*) =1, Wp(G*) =1

and

Wr(S;0) = (p—1)(g—1), Wy(S;,) =1

Theorem 5.6. [51] Let G be a graph of order n. > 4, and G be its complement. If diam(G) = 3 and
diam(G) = 3, then

2 < Wy(G) + (@) < [5T5] —n+2.
Moreover, the lower bound is achieved if and only if G = P, or G is isomorphic to some G*; the upper

bound is achieved if and only if G is isomorphic to S (2] [z 0" G is isomorphic to S EIREAE
24002 240102

A better lower bound was given by Hua et al. [27].
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Theorem 5.7. [27] Let G be a connected graph with a connected complement G. Then d + d — 4 <
W, (G) + W, (@) < Me=m=2 | 92 o (- ) 2m=8F _ A(n — A)] -

2 n—2
2(n—2)(Ag—5)2

2
2m—A)*+ 12 ]

Z(4n® —19n +17) — 2[A% + (

where d and d are the diameter of G and G, A\, Ay and & are the maximum degree, the second maximum

n—1

degree and the minimum degree in G, respectively. Moreover, the low bound holds if and only if G = P,

or G = G*.

In addition, Zhang and Hu provided the Nordhaus-Gaddum-type inequality of the Wiener polarity

index for trees in [51].

6. Bounds in terms of other indices

First we recall some of the best known chemical indices. The Wiener index W (G) is defined as [26]
WG = > duv)
(u.0)SE(G)
and the hyper-Wiener index WW (G) is defined as [44]
1 1 o
WW(G) = 5W(G) + 3 > duv).
(u,0)CE(G)

The first Zagreb index M,(G) and the second Zagreb index My (G) are defined as [25]

M(G)= Y d(V)and My(G) = Y d(u)d(v).

veEV(G) wEE(G)
In terms of representing or bounding the Wiener polarity index with these graph invariants, we have

the following.

Theorem 6.1. [38] Let G be a graph with order n and size m, then
with equality if and only if G is a tree or g(G) > T.

Theorem 6.2. [38] If G is a triangle- and quadrangle-free connected graph, whose order is n and size

is m, then
W,(G) > 2n(n—1) —m — M(G) — W(G)

with equality if and only if diam(G) < 4.

Theorem 6.3. [38] If G is a triangle- and quadrangle-free connected graph, whose order is n and size

is m, then ) - )
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In [27], Hua also presented a result on the Wiener polarity index and the first Zagreb index, involving
the independence number.

Theorem 6.4. [27] Let G be a connected triangle-free graph of order n and size m with independence
number o(G). Then

1
3

n(n—1)

WP(G) < 5

[ a(G) +m — My (G)].

The Hosoya index of a graph, denoted by Z(G), is defined to be the total number of matchings, that
is,

Z(G) =Y _m(G;k),

k>0

where m(G; k) is the number of k-matchings in G for k& > 1, and m(G;0) = 1.

Theorem 6.5. [27] Let G be a connected graph of order n and size m. Then
W,(G)<Z(G)—1—m

with equality if and only if G = C3 or S,, or a double-star.

Theorem 6.6. [27] Let G be a connected graph of size m. Then W,(G) = Z(G) — m — 2 if and only if

G = Ps or G4, where G is constructed from attaching a pendant edge to Cs.

There are also some studies on the relation between the Wiener polarity index and the Wiener index
of specific classes of graphs [9].

Theorem 6.7. [9] If G is a connected graph, then W,(G) < w — 1 My(G) with equality if and only
ifd(G) = 3.

Theorem 6.8. [9] W (G) < 2n(n—1)—W,(G) — M1(G) —m with equality if and only if diam(G) < 4.

In the following theorem we let L(T) be the line graph of a tree 7" and denote by d(7’, k) the number

of unordered pairs of vertices u and v of T" such that d(u, v) = k.

Theorem 6.9. [9] For a tree T':
(1) W,(L(T)) = d(T, 4);
(2) Wy(T) + Wy (L(T)) < ™ with equality if and only if diam(T) < 4;
(3) W(T) < AW, (L(T)) 4+ 3W,(T) + My (T') — m with equality if and only if diam(T') < 4.

Theorem 6.10. [9] If T is a tree, then W (T') < (5n — 2)(n — 1) — 2W,(T') — 3W,,(L(T)) — 3 M, with
equality if and only if diam(T) < 5.

In [9,35], the relations between the Wiener polarity index and M;, M> are also considered for various
graphs.
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7. Generalizations of the Wiener polarity index

For k > 1, the generalized Wiener polarity index is defined as the number of unordered pairs of vertices
{u, v} of G such that the shortest distance d(u, v) between w and v is k [46]. This is denoted by

Wp, (G Z di(v) = {(u,v)|d(u,v) = k,u,v € V}|

UEV (@)

where dj(u) is the number of vertices at distance k from the vertex u. Along the same line, a generaliza-

tion of the Zagreb indices can be defined as

M(T)= > d(u)d(v)

d(u,v)=k—1

for £ > 3. First we have the following representation of the generalized Wiener polarity index.

Theorem 7.1. For a tree T and integer k > 3, we have

k—1
Wi(T) = (—1)F <le +Z 1) (k — ) My(T) — (n — 1)).

In [48], Tyomkyn and Uzzell independently introduced the same concept, where they considered it
as a new Turdn-type problem on distances of graphs. It is a generalization of the problem studied by
Bollobas and Tyomkyn in [8]: determining the maximum number of paths with length & in a tree T on
n vertices. More generally, the problem of computing the number of subgraphs is still a high-profile
problem in the field of extremal graph theory [1,2,21]. Bollobas et al. studied the case of path with a
given length [5-8]. In [6], it is shown that if 10 < (];) <m< (Hl) then the number of paths of length
three in graph G of size m is at most 2m(m — k)(k — 2)/k. In [7], the maximum number of paths of
length four of graph G of size m, denoted by p,(m), is determined.

Theorem 7.2. [7] If m is sufficiently large then

m3 3m?2 : ;
—3m 4 m if mis even;
m) = ps(G,,) = 8, 4 i 7
pa(m) = pa(Gim) {n;%_?;JrlsSm_g, if m is odd.

and Gy, is the unique extremal graph. Here G, is the complete bipartite graph K (3, 2) if m is even; or
the complete bipartite graph K (™51, 2) if m is odd.

Furthermore, in [8], Bollobds and Tyomkyn determined the maximum number of paths of length &
in a tree T on n vertices. Inspired by this work, similar natural question can be asked for the generalized
Wiener polarity index:

Question. For a graph G on n vertices, what is the maximum possible number of pairs of vertices at
distance k?

For k = 2, the following is known.
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Theorem 7.3. [40] Let G be a graph on n vertices with no three vertices pairwise at distance 2. If
there exists a vertex v € V(G) whose neighbors are covered by at most two cliques, then G has at most

(n —1)2/4 + 1 pairs of vertices at distance 2.

Corollary 7.1. [40] Let G be a quasi-line graph on n vertices, which has no three vertices pairwise at

distance 2. Then G has at most (n — 1)*/4 + 1 pairs of vertices at distance 2.

For a graph G, let G}, be the graph with vertex set V(G) and {x,y} € E(Gy) if and only if = and
y are at distance k in G. We call G, the distance-k graph. Adjacent vertices z and y in G}, are called
k-neighbors. We call dg, (x) the k-degree of x and say that a graph G is k-isomorphic to a graph H if
G, is isomorphic to H. Our question naturally turns into finding the maximum size of Gy, denoted by

e(GYy,) in the following theorems.

Theorem 7.4. [8,46] If G is a tree on n vertices, then e(Gy,) is maximized when G is a t-broom. If k is
odd, thent = 2. If k is even, then t is within 1 of

Theorem 7.5. [48] There is a constant ko and a function ny : N — N such that for all k > ko, all

n > ng(k) and all graphs G of order n with no three vertices pairwise at distance k, we have
e(Gr) < (n—k+1)2/4
with equality if and only if G is k-isomorphic to the double broom.
In the end we list some problems posted in [48]:

Conjecture 7.1. [48] Let k > 3 and t > 2, there is a function hy : N x N — N such that: if
n > ho(k,t), then e(G},) is maximized over all G with |G| = n and w(Gy) < t when G is k-isomorphic

to a t-broom for some t.

Conjecture 7.2. [48] Let k > 3, there exists h = h(k) such that: if n > h(k), then e(Gy) is maximized

over all G with |G| = n when G is k-isomorphic to a t-broom for some t.

Conjecture 7.3. [48] Let k > 3 and t > 2, there is a function hy : N X N — N such that: if
n > hao(k,t), then e(Gy,) is maximized over all G with |G| = n and w(Gy) < t when G is k-isomorphic

to a t-broom for some t.
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