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1.1 Introduction

In this chapter we discuss relationships between theory of real double se-
quences and selection principles theory, a field of mathematics having nice
and deep relations with various mathematical disciplines: game theory, com-
binatorics, function spaces, and so on. By N and R denote the set of natural
numbers and the set of real numbers, respectively. Single sequences will be
denoted by x = (Z,)nen, ¥ = (Un)nen and so on, while double sequences will
be denoted by X = (Tmn)mmenN, Y = (Ymn)mmnen and so on. We use the
symbol ¢z to denote the set of real double sequences; cy  denotes the set of
double sequences of positive real numbers.

1.1.1 Double sequences

In 1900, Alfred Israel Pringsheim introduced the concept of convergence
of real double sequences:
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1. a double sequence X = (Zyn)m,nen converges to a € R (notation
P-limX = a or P-limz,, , = a), if
lim Tmon = Ay
min{m,n}—oo

i.e. if for every € > 0 there is ng € N such that |z, — a| < € for all m,n > ng
(see [27], and also [14, 29]). The limit a is called the Pringsheim limit of X.

In this chapter we denote by C;’P the set of all double real sequences

converging to a point a € R in Pringsheim’s sense,and similarly for ¢35’ T

We also consider the following two kinds of convergence of double se-
quences.

2. a double sequence X = (Zm,n)m, nen maz-converges to a € R (notation
max-lim X = a or max-limz,, , = a), if
lim Tm,n = Q,
max{m,n}—oo

i.e. if for every € > 0 there is ng € N such that |z, , —a| < e for all m > ng
or for all n > ng.

5™ denotes the class of real double sequences such that imax fm,n} o0 Tmn =
a;
3. a double sequence X = (Zyn)m,neN Sum-converges to a € R (notation
sum-lim X = q or sum-lim z,, , = a), if
lim  zp,, =a,
m-+n—oo

i.e. if for every € > 0 there is ng € N such that |z, , — a|] < ¢ for all m,n € N
such that m +n > ng.

a,sum

Co denotes the set of real double sequences sum-converging to a.

Observe
a,sum a,max a
) e Gy

P

The most investigated convergence of double sequence is P-convergence.
A considerable number of papers which appeared in recent years study mostly
the set C;’P and its subsets from different points of view (see, for instance,
the papers [1, 10, 12, 19, 20, 21, 23, 24, 25, 30, 31] and the books [22, 32]).
Some results in this investigation generalize known results concerning single
sequences to certain classes of double sequences, while other results reflect a
specific nature of the Pringsheim convergence (for example, a double sequence
may converge without being bounded).

In [13], Hardy introduced the notion of regular convergence for double
sequences: a double sequence X = (Z n)m nen regularly converges to a point
a € R if it P-converges to a and for each m € N and each n € N there exist
the following two limits:
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lim z =R
s tmin ms

lim ., = C,.
m—00
ES’P denotes the set of elements (T n)mnen in C;’P which are bounded,
regular and such that lim,, o Tm,n = liMy 00 Trm,pn = a.
A double sequence X = (T, n)m.nen i bounded if there is M > 0 such
that |z, | < M for all m,n € N.
Notice that a P-convergent double sequence need not be bounded.

If P-lim |X| = oo, (equivalently, for every M > 0 there are nj, ng € N such
that [T, | > M whenever m > ny, n > ng), then X is said to be definitely
divergent.

We give now a few facts which will be used in the sequel without special
mention.

Fact 1. To each double sequence X = (s n)mnen the following single
sequences are assigned:

1.1. the Landau-Hurwicz sequence w(X) = (wp(X))nen, where for each
neN
wn(X) =sup{|azg; —2pql 1 k>n,1>n,p>n,qg>n}

1.2. the diagonal sequence d(X) = (d,,(X))nen, where

dn(X) = Z (Z Ik,l) .
=1 =1

k

If there is D(X) € R such that lim,_,+ d,(X) = D(X), one says that X has
the finite diagonal sum, denoted by D-XX.

EZD denotes the class of double sequences X from ¢y with finite diagonal
sum D-¥X;

1.3. the sequence v(X) = (v, (X))n € N, where

n—1

’Un(X) = Z(xim + xn,i) + Tnon-

=1

Fact 2. To each double sequence X = (%1 )m nen one assigns the double
sequence

S (X) = (Sm,n (X))m,neN7

where

If there is a number T(X) = P—1im S(X), then we say that X has the finite
Pringsheim sum, denoted by P-XX.
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¢F denotes the class of double sequences X € S, with finite Pringsheim
sum P-¥X.

Fact 3. If we have a double sequence (X*!); ey of double sequences

Xkl = (2Rl ), nen, then we can arrange it in a sequence (X! = (2%, ,,)m.nen

i € N) of double sequences.

The following proposition shows a connection between P-converges of dou-
ble sequences and their Landau-Hurwicz sequences.

Proposition 1 ([2]) A double sequence X = (T n)m,nen belongs to the class
CS’P, a € R, if and only if lim,,_, o wy(X) = 0.

Proof (=) Assume that then double sequence X belongs to cg’P for an ar-
bitrary and fixed a € R. Let ¢ > 0 be given. There is ny € N such that
|z x —a| <e/2 for each j > ny and each k > ng. Therefore we have

ik = Trs| = [Tjp —a+a— s <zjn —al +|2rs —al <e/2+€/2
for all j,k,r,s > ng. This implies that for each n > ny we have
0 < wp(X) <sup{|zjr — zrs| 7 =10,k > 19,7 >1ng,8 >np} <,

i.e. limy, o0 wp(X) = 0.

(«=) Let X = (m,n)m.nen be a double sequence with lim,, o w, (X) = 0.
For a given ¢ > 0, there is n; € N such that 0 < |z — 2, 5| < e/2 for j > ny,
k >mny, r > ny, s > ny, because

0 <wp(X) =sup{|zjr —2rs| 1 J >n1,k>n1,r >n1,s >n1} <eg/2

for n > ny. Since for all j,r > nq it holds |z; ; — x| < £/2, it follows that the
sequence (z¢,) is convergent (as a Cauchy sequence), i.e. there is A € R such
that lim_, 24+ = A. This implies there is ng € N such that |y, — A] <e/2
for each t > ng. Therefore, for ng = max{ni,no} and all j,k > ng we have

|zjk — Al <lwjk — 25 + |z — Al <e.

1.1.2 Selection principles

Selection principles theory is an old theory with roots in 1920s and 1930s.
Nowadays it is one of the most investigated areas of mathematics. For more
details concerning this theory see, for example, [15]. In this chapter we will
discuss the selection principles related to collections of single or double se-
quences.

Let A and B be (not necessarily distinct) subfamilies of ¢o. Then:

1. S1(A, B) denotes the selection hypothesis: for each sequence (A, : n € N)



Some applications of double sequences 5

of elements in A there is a sequence (a,, : n € N) such that for each n, a,, € A,
and (a, : n € N) € B [15].

2. Sgd)(A, B) denotes the selection hypothesis: for each double sequence
(A : m,n € N) of elements of A there are elements a, , € A, » such that
the double sequence (am,n)m,nen belongs to B [8].

3. Consider now an order on the set N x N. Let ¢ : NXx N — N be a
bijection. Set (m1,n1) <, (M2, n2) < w(mi,n1) < @(ma, ng), where < is the
natural order in N.

SY (A, B) denotes the selection hypothesis: for each sequence (A, : n € N)

of elements of A there is an element B = (b,~1(,))nen in B such that b,-1,) €
A, for all n € N [8].

4. as(A, B) denotes the selection hypothesis: for each sequence (A,, : n €
N) of elements of A there is an element B in B such that B N A, is infinite
for all n € N [16, 17].

5. agd)(.A, B) denotes the selection hypothesis: for each double sequence
(A - m,n € N) of elements of A there is an element B in B such that
BN A,,,, is infinite for all (m,n) € N x N [8].

Notice that to each of these selection principles one associates, in a natural
way, an infinitely long two person game.

1.1.3 Asymptotic analysis

In [5] (see also [18] about asymptotic analysis of divergent processes) the
class Tr(Rs,— o) of translationally rapidly varying (single) sequences was intro-
duced and studied: a sequence x = (2, )nen of positive real numbers belongs
to the class Tr(Rs _) of translationally rapidly varying sequences if

Pn+a]

lim —— =0
n—oo Xy

for each o > 1. (Here [r] denotes the integer part of r € R.)
By ZgTr(RS.,w) we denote the subclass of /2 consisting of double sequences
X such that w(S(X)) € Tr(Rs,_o0)-

A generalization of this notion to double sequences is given in the following
definition.

Definition 1 ([2]) A double sequence X = (Zm.n)mnen € 2,4+ belongs to
the class Tr(Rs, o) of translationally rapidly varying double sequences if

i Flmtelindg)

min{m,n}—oco Tm,n

=0

for each & > 0 and each § > 0 such that max{«, 5} > 1. Here [z] denotes the
integer part of z € R.
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Example 1 The class Tr(Rs, —oo) is nonempty. The double sequence
(xm,n)mmeN defined by

méeN,neN.

Tm,n =

(m+n)!l’
belongs to this class.
Proposition 2 ([2]) Tr(Rs, —o0) C cg:i.

Proof Let X = (Zmn)mnen € Tr(Rs, —o0) and let € = %7 o = 8 =1. There is
ng =no(1/2,1,1) € N such that

znl+1,n,+1 S

N | =

Tm,n

for all m,n > ng. For m = n > ng we have Tp41n41 < %xnn Therefore,
lim,_yo0 T, = 0. Similarly, for ¢ = % and « = 1, 8 = 0, there is ny =
n1(1/2,1,0) € N such that 41, < %xm,n for all m,n > ny which implies
that for n > nq, limy, 00 Tm,n = 0. Finally, for ¢ = %7 a =0, =1 there
is ng = n2(1/2,0,1) € N such that z,;, pt1 < %xmm for all m,n > ns. From
here we get lim,, o0 rm,n = 0, for each m > na.

Let now € > 0 be arbitrary (and fixed). Then there is n. € N such that
Tnn < € for each n > ne. Set n* = max{n.,n1,n2}. Then z,,, < e for each

m,n > n*, which means that X € cg:i.

The following example shows that the inclusion in the above proposition
is proper.

Example 2 The double sequence X = (%5 )m,nen defined by
T = 1/m,

for meN, ne{1,2,--- ,m},1/n, forneN, me{1,2,--- n}.

evidently belongs to the class cg:i. However, it does not belong to Tr(Rs, — o)
because for « = 8 =1 and m = n we have

. Tm+1 1 .
lim Zmtbntl
n—oo Tm,n n—oo N + 1

=1.

1.2 S; selection principle and double sequences

In this section we present a few results which show applications of the
selection principle S; to double sequences.
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Theorem 1 ([8]) For a € R the selection principle Sgd)(cg’ vy s true.

Proof Let (X7 : j k € N) be a double sequence of elements in ¢y’ oF and as-
sume that for all j, k € N, X7 (x%’fn)mmeN. Construct the double sequence
Y = (Ym.,n)m.nen in the following way:

1.yiq = x};bll’ml € XU1 where m; € N is such that |x}nln - a| < % for
each m > my and each n > m;.

For s,t € N and ¢ = max{s,t} > 2, we select y,, to be a7} , € X',
where

p=(—-1)*+t,
if q=-s,(¢q—1)?2+2t—s,if q=t,and |xfnt - a‘ < 35 for each m > m,
and each n > m,,.

We prove Y = (Ym.,n)m,neN € c;’P Let £ > 0 be given. Choose r € N such
that o= <e. For each m > r and each n > r, by construction of Y, we have
|ym7n a| <5 <g e Y € ¢2". From the of Y we also easily conclude that
Y actually belongs to ey . P The theorem is proved.

Corollary 1 For a € R the selection principle Sgd)(cg ,Cy’ P) is satisfied.

An improvement of this corollary is the following result.

a,sum)

Theorem 2 ([9]) For a given a € R, the selection principle Sgd)(cg’P7 o
holds.

Proof Let (X7F = (x%fn)m,neN : j,k € N) be a double sequence of elements

in ¢”. We define a sequence Y = (Yik)j, ken in the following way.
For fixed j,k € N pick an element 7", € X7* such that |z}, —a| <

a,sum

m n
(Q)H_]€ ' In this way we get the double sequence Y. We prove Y € ¢
For each € > 0 find iyp € N so that 5; < ¢ for all ¢ > i9. Then for all j, k € N
such that j + k — 1 > 4, it holds |yj,k — a| < e. Therefore, Y € ¢5*"™ which
completes the proof.

Theorem 3 ([11]) The selection principle S( )(02 +,€2DTr(RS ) is satisfied.

Proof Let (X*!: k,1 € N) be a double sequence of double sequences X*! =
(Ifﬁ{n)myneN in cg:i. We construct the double sequence Y = (yx)k,ien in the
following way (n € N):

[Step 1: (k,1) = (1,1)] Pick y1.1 in the double sequence X! such that
Y11 <1

[Step 2: (k1) € {(1,2),(2,1),(2,2)}] Choose yr; € XF! so that yx; <
# - 25

[Step n: (k,1) € {(i,n),(n,i) : i < n}] Choose y; € X¥! so that yi; <
1 A Un— 1(Y)

. And so on.

n? 2n—1
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In this way we obtain that Y is a double sequence of positive real numbers.

Claim 1. Y € /2.

Observe that for every n € N, d,(Y) < YU, %, since dp(Y) =
S vi(Y). Therefore, the sequence (d,,(Y))nen converges, ie. Y € ¢2.

Claim 2. w(S(Y)) = (wn(S(Y)))nen € Tr(Rs,—c0)-

First, notice that for each n € N, w,(S(Y)) = D—-XY — d,(Y). For
sufficiently large n € N we have

eSO DIY —dr(¥) | dun(Y) — dn(Y)
wn(S(Y)) D—SY — d,(Y) D—SY — d,(Y)
- 1— ’Un+1(Y) -1 1
B i1 (Y) + v (Y) +... vnt2(Y) vnt3(Y)
Unt1(Y) 4+ vpi2(Y) + 14 g2l el
1
= 1 —
Vng2(Y) | vngs(Y) | wnya(Y)
1 + U7L+1(Y) U7L+2(Y) U'rLJrl(Y) LR
1
< 1- .
- Vat2(Y) | vnss(Y)
1 + v"+1(Y) + U7L+2(Y) -
Since the series >, U;Jf(l\(()) is convergent, we have that v”ifg; + Z::gg +
. tends to 0 for n — oo. Thus we conclude

i “r1(S(Y))

e (S0

which means that w(S(Y)) € Tr(Rs ), i.6. Y € égTr(Rs )
This completes the proof of the theorem.

Remark 1 The double sequence Y in the proof of the previous theorem P-
converges to 0, i.e. Y € cg:i. Indeed, since Y € ¢%, for each € > 0 there is
ng € N such that v,(Y) < ¢ for all n > ng. It follows that for all p,q € N,
0,P
Yno+p,no+q <€, hence Y € 02 +-
Below, we give another result involving translational rapid variability.
Because the selection property S; is monotone in the second coordinate,
by Proposition 2, the following theorem is an improvement of Corollary 1 (and
Theorem 1).

Theorem 4 ([2]) The selection principle Sgd) (Cg:_};, Tr(Rsy,—o0)) is satisfied.

Proof 1 Let (X% = (2F ) nen : 4,k € N) be a double sequence of double

, P
sequences in cg’+. We construct a new double sequence Y = (yjk)jken as
follows.

1. y11 = a1t for arbitrary (and fized) m,n € N.
2. Let 1> 2.
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)Zyzel,l- For p €
i

(i) Choose y;n = xi!, € X" so that y;1 < (3
{2,3,---,i — 1} pick y;, = xﬁnpn such that y;, < (%) Yip—1 and Yip <

N
(5) Yi—1,p- .
(i1) Similarly, y1,; = x}nzn € XY such that yr,; < (%)Zyl,i_l. Select also

Ypi = by, such that y,; < (3) yp-1, and Yp.i < (5) ypiz1.

(iii) Finally, choose y;; to be some xzhl . € X" such that y;; <
(%)Zmin{yi,i—hyi—l,i}-

It remains to prove that Y € Tr(Rs, —o). Let € > 0 and o, 8 > 0 with
max{«, 8} > 1 be given. Denote h = h(«, 8) = [a] + [8]. Choose rg € N such
that (%)T <e forallr > rg. For j > 19, k > 19 we have

. ro+1 . ro+1
YLk <1) and YL < (1> ;
Yk 2 Yk 2

and thus

ro+1)h T
Yiitod k48] _ Yitlelk+(8] _ <1)( oth) < <1> 0 <
Yjk Yjk a a o

This means that Y € Tr(Rs, —c0)-

Theorem 5 ([8]) Let a € R and let <, be as above. Then the selection hy-

pothesis ST (3" e%TY is satisfied.

Proof Let (X* : k € N), X¥ = (2F, . )m nen, be a sequence in 2. Construct
a double sequence Y = (ys.)sten as follows.

Fix k € N. Let (s(k),t(k)) = ¢~ 1(k), and let p(k) = max{s(k),t(k)}.
There is no(k) € N such that |z}, , —a| < 2P for all m,n > ng(k). Set
Ys(k),t(k) = xfm(k)yno(k) and Y = (Ysk),t(k))ken. Then, by the construction,
Y €¢§ and Y has exactly one common element with X* for each k € N, i.e.
Y is the desired selector.

Theorem 6 ([2]) The selection principle Sf(cg:iTr(RSz’,oo)) is satisfied.

1.3 s selection principle and double sequences

Now we give certain results about applications of as-type selection princi-
ples to double sequences.

Lemma 1 [8] For a € R, the selection principle ag(cg’P,Eg’P) is satisfied.
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Proof Let (X* : k € N) be a sequence of elements from CS’P and let for each
ke Na Xk = (xk )m,nGN'

m,n
1. Form first an increasing sequence j; < jo < --- < j; < --- in N so that:
La. j; = min{ng € N: |z}, , —a| < 3 ¥m > ng and Vn > ng};

Lb. Let i > 2. Find p; = min{ng € N : |2}, , —a| < 5: Vm,n > ng}, and
then define

Ji = Pis
if pi > jicisji—1 + 1,1 p < i1

2. Define now a double sequence Y = (ys 1)s,ten in this way:
2.a. Yoy = x4, foreach 1 < s <jo, t €N, and each 1 <t < jo, s € N;

2.b. For i > 2, ys = mi’t, for j; < s < jiy1, t > ji, and j; <t < jig1,

By construction, Y € ¢§ and Y has infinitely many common elements with
each X* k € N, i.e. the selection principle aq(c4, %) is satisfied.

Remark 2 Using the technique from [4] we can prove that the double se-
quence Y in the proof of the previous lemma can be chosen in such a way
that Y has infinitely many common elements with each X*, k € N, but on
the same (corresponding) positions.

Let for each k € N, x* denote the sequence (xfmm)meN. Then each x*
converges to a, so that we have the sequence (x* : k € N) of sequences
converging to a. Let 2 = p; < pa < p3 < --- be a sequence of prime natural
numbers. Take sequence x! = (m}n’m)meN. For each ¢ € N, replace the elements
of x! on the positions p?, h € N, by the corresponding elements of the sequence
x*1. One obtains the sequence (z,,)men converging to a which has infinitely
many common elements with each x* on the same positions as in x¥. Define
now the double sequence Y = (ys)sten S0 that ys s = 25, s € N, and ys, = a
whenever s # t. By construction, Y € 63’13 and has infinitely many common
positions with each X*.

(d); a,P —a,P
5 (ch

Theorem 7 Let a € R be given. The selection principle « Gy ) s

true.

Proof Let (X’* : j k € N) be a double sequence of elements in cg’P and
let X7F = (z2F )i nen. In a standard way form from this double sequence a
sequence can be arranged (xfn)n)m,neN. Apply now Lemma 1 to this sequence
and find a double sequence Y € ¢27 such that Y N X’ is infinite for each

i € N. But then Y N X7* is infinite for all j, k € N.
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Remark 3 Notice that the double sequence Y from the proofs of Lemma 1
and Theorem 7 satisfies: (a) Y is bounded; (b) Y is regular and limy,_, oo Ym.n =
limy,—y o0 Ym,n = a for each m € N and each n € N.

From Theorem 7 we have the following corollary.

(7T

Corollary 2 Let a € R be given. The selection principle « ,Co

true.

This corollary can be improved by replacing the second coordinate in it
with a smaller class.

Theorem 8 ([2]) The selection principle agd)(cg:i,Tr(RSZ,,oo)) is satisfied.

Proof Let (X7* = (25 )mnen : j,k € N) be a double sequence of double

sequences belonging to cg:i. We are going to create a new double sequence
Y = (Yp,q)p,qen in the following way.

Step 1. Using some standard method arrange the given double sequence
(X% : j, k € N) of double sequences in a sequence (x” = (2], ., )m.nen : 7 € N)

£ 0,P
rom o’ .

Step 2. Consider the sequence of sequences (z, ,,)n ren. Notice that for
each r € N, (77, ,,)n.ren € So, where Sy denotes the set of all sequences of
positive real numbers converging to 0 (see, for example, [7]). Let Ty be the
set {(an)nen : a1 > 0,ap41 < Tf—jl of sequences of positive real numbers. It

holds Ty & Sp and the selection principle S1(So, To) is satisfied.
Step 3. (In this part of the proof we use some techniques from [4]) Take

an increasing sequence 2 = p; < pa < p3 < ... of prime numbers and a
fixed r € N. Consider subsequences (2} ,n)ten, of the sequence (z7, ,)nen.

These subsequences are in the class Sy. Varying ¢ and r in N, arrange those
subsequences in a sequence of sequences from Sg. Apply S1(So, To) and find
a sequence z = (z4)qen € To such that z has infinitely many elements with
the sequence (77, ,,)nen for each r € N. In other words, we conclude that the
selection principle as(Sg, Tg) is true.

Let now y44 = 2q, ¢ € N. For ¢ > 2 we choose yy,q = Vu+1-Yutiq
for w € {1,2,---,¢ — 1}, and ygu = Vu—+1- yguti1. It is easy to see that
the double sequence Y constructed in this way has infinitely many common
elements with each double sequence X7:¥ = (fz;l]fn)m,neN for arbitrary and
fixed (j,k) € Nx N.

It remains to prove Y € Tr(Rg,—oo). Let € > 0 and o > 0, 8 > 0 with
max{a, S} > 1, be given. Set h = [a] + [8]. There is ng € N such that

h
(vasp) < e forcach N € Nowith N > no (np > e~/ —1). For p,1 > ng

we have

Yprip o L and 2ttl < !

Ypt  Vno+1 Ypt — /no+1
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So

h
Yip+al[t+8] _ Yp+lol.t+(6] ( 1 ) A

Yp,t Yp,t vno+1 -7
ie. Y € Tr(Rs, —oo)-

Theorem 9 ([11]) The selection principle agd)(cg:i,féj) is satisfied.
Proof Let (Xk'vl : k,1 € N) be a double sequence of double sequences X*! =
(xfﬁfn)m’neN in cgji. In a standard way we reorganize (X*! : k,1 € N) in a
sequence (X! = (xfn’n)m,neN : t € N) of double sequences such that for each
t € N, the double sequence X* ¢ cg:i. We construct the double sequence
Y = (yi,j)i,jen as follows.
[Step 1: i = 1]: Let Y1 = (y!,)s,ten be a double sequence such that for all
s,t € Nit holds 0 < y!, < m, where M = max{s,t}.
[Step 2: @ > 2] Suppose that double sequences Y1,Yo,...,Y;_1 be de-
fined. We construct the sequence Y;. Take an increasing sequence (p;)ien of
prime numbers with p; = 2 and a bijection ¢; : N — N such that the series
Z;il x;%(q) converges and < %2 We replace now elements ypf,i@) PP €Y, 1

with elements 2 @ € X'. Proceed with this procedure as i — co. We
P

;f’i(Q)ypfi

obtain the double sequence Y as required. Indeed, evidently Y € cg:i and
Y € ¢, and, by construction, Y has infinitely many common elements with
each sequence X5

;d) (Cg,P a,sum)

Theorem 10 ([9]) For a given a € R the selection principle o ,Co

holds.

Proof Let (X7F = (x%’fn)mmel\; : j,k € N) be a double sequence of double

sequences in cg:f. We are going to form a new double sequence Y = (y; ) ken
as follows.

For j, k € N with j # k we take y; 1 = a. Let j = k. Take first an increasing
sequence (p;)ien, 2 =p1 < pa < p3 < ..., of prime numbers. Then, the initial
double sequence of double sequences organize as a sequence x = (xfmn)ieN- For

i > 2 we take y;; = ). . if j = p} for some s € N. If |2}, .
already defined y; ; replace with y; ; = a. Put j; = min{j e N: y; ; = x;)f,pf}'
If ji41 < Ji, then already defined y; ;, j € {jit1,J4i+1 + 1,...,j; — 1}, replace
by putting y;; = a. If p; and s with j = pj do not exist, then take y; ; = a.
According to the construction of Y we have:

(1) Y = (yj)jhen € ™", and

(2) Y has infinitely many common elements (at the same positions) with
every double sequence X7-*,

This completes the proof.

— a‘ > %, then

Double sequences of positive real numbers X = (L n)mneny and Y =
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(Ym,n)m.men are said to be P-strongly asymptotically equivalent (or P-
asymptotically equal), denoted X ¥ Y, if for every € > 1 there is ng = ng(e)
such that % < ;j— < ¢ for all m > ng, n > ng. The relation L is an equiv-

alence relation od the set of double sequences of positive real numbers, and

[X]p denotes the equivalence class of X.

. . . . . max
In a similar way we define max-strong asymptotic equivalence relation ~

by
X "¥*Y < max—lim Lmn _ 1

Ym,n
and sum-strong asymptotic equivalence °~" by

sum Tm,n
=1

X '~'Y & sum—lim

Ym,n

The corresponding equivalence classes of X are denoted by [X]max and [X]sum,
respectively. Evidently,

[X]sum g [X]max g [X]P~

Theorem 11 Let X = (Zpn)m,nen be a given double sequence of positive

real numbers. Then the selection principle aéd)([X]p, [X]sum) holds.

Proof Let (Y7* = (4% ) nen : j,k € N) be a double sequence of double
sequences in [X]p. Take an increasing sequence (p;);en of prime numbers with
p1 = 2, and arrange the double sequence (Y7* : j k € N) into a sequence
(Y" = (yip.n)mmen : @ € N) of double sequences. Then we define the double
sequence Z = (2; ) ken as follows.
Inductively we construct a sequence (Z; : i € N) of double sequences. Let
Z, = X. Then for ¢ > 2 we construct the double sequence Z; by replacing
elements at positions (pf, pf), s € N, in the double sequence Z;_; by elements
y;',.;’p.;, s €N, if
i i i
e tEor
;.p;

Continuing this procedure as i — oo we get the required double sequence Z.
Indeed, by construction, Z has infinitely many common elements (at the same
positions) with double sequences Y*, i € N, and Z € [X]sum-

The following result is given without proof.
Theorem 12 Leta € R be given. Then the selection principle ST (c2 | c55"™)
holds.

Theorem 13 Let a € R and let (X* : k € N) be a sequence of dou-
ble sequences in ¥, Xk = (zh, n)mmen. Then there is a double sequence

Y = (Ys,t)s,ten in cg’P such that for each k € N the set {(s,t) e NxN:y,, =
ak, . for some (m,n) € N x N} is infinite.
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Proof The double sequence Y is defined in the following way:
Let k € N. There is i, € N such that |x’fnn — a| < 27F for all m,n > is.
Let
st = ik,

for s=k,ir + p, for s=k+p, pe N,

and
t* = ik?

for t=k,i; + p, for t=k+p, pe N.

Fort > klet yp+ = xfk’t*, and for s > k let y, p = x’sc*,ik. The double sequence
Y = (Ys,t)s.ten constructed in this way is as required, because Y has the
following properties:

1Y e

(2) The set B* = {yrs : t > k} U{ysr : s > k} is a subset of A* = {aF,
m,n € N};

(3) For each k € N, B* is countable;

(4) Upen B¥ = {ys, : s,t € N}

Another similar result is given in the next theorem.

)n.

Theorem 14 Let a € R and let (X* : k € N) be a sequence of dou-
ble sequences in C;’P, Xk = (xﬁl’n)m’neN. Then there is a double sequence

Y = (Ys,t)s,ten in cg’P which has one common row with X* for each k € N.

Proof For each k € N there is ng(k) € N such that |:cfnn —al <27 for all
m,n > no(k), no(k1) > no(kz2) whenever ki > ko, and ng(k) > min{i(k) €
N : |2kl —a] < 27% for all m,n > i(k)}. Then the desired double sequence
Y is defined in such a way that its ng(k)th row is the ng(k)th row of X¥,
e Ynogym = x’fbo(k)’n (n € N), and ys; = a otherwise. Let us prove that
Y € cg’P. Indeed, if € > 0 is given, then choose p € N such that 277 < ¢.
Then for each k£ € N we have |x’;1n - a’ < ¢ for all m,n > p. By construction

of Y we have actually that |y, , —al] <e for all m,n > p,ie. Y € cg’P.

1.4 Double sequences and the exponent of convergence

The notion of exponent of convergence of single real sequences play an im-
portant role in the theory of convergence/divergence of sequences. This notion
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was implicitly defined by Pringsheim [28]. In 1931, Serbian mathematician M.
Petrovié [26] introduced the notion of sequence of exponents of convergence
and gave an important contribution to this field.

The first application of the exponent of convergence for single sequences
in the theory of selection was presented in [6]. The authors of [3] defined the
exponent of convergence for double sequences and studied its applications in
selection principles theory.

Definition 2 ([3] A real number X is said to be the ezponent of convergence

(in the Prinsheim sense) of a double sequence X = (Zpm,n)m.nen € cg:i if for

Ate

every € > 0, the double sequence X1 = (x>

the double sequence X = (2, %)m.nen does not have.
If for every € > 0, the double sequence X. = (x5, ,)m.nen does not have a

finite P-sum, then we say that A = oo is the exponent of convergence of X.

)m.nen has a finite P-sum, while

Let A € [0,00] and let cg:i (M) denote the set of all double sequences from

0P . .
¢y which P-converge to zero and whose exponent of convergence is A.

Theorem 15 ([3]) The selection principle Sgd)(cg:i,cg:i()\)) is satisfied for
A=0.

Proof Let (XM = (2l ) nen : k1 € N) be a double sequence of double

m
sequences from the class cg:i. We will form a double sequence Y = (yx.1)k,ien
in the following way:

[Step 1: n = 1] Choose an element y; 1 from double sequence X! such
that y1,1 < 1.

[Step 2: n > 2] For (k,1) € {(i,n), (n,i) : i < n}, choose y,; from the
double sequence X! such that Y < 2%
Claim 1. Y € ¢}

For any n € N we have

and thus

The series >, 221 is convergent in R, hence the series Y ", v,(y) is
convergent in R. Thus, we conclude that the double sequence Y has the finite

diagonal sum

D-YY = nll}H;o d,(Y) = n11—>120 (Z Z yk,l)

k=11=1
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in R (more about diagonal sums can be seen in [11]). By results obtained in
[11, Proposition 1.2], we conclude that Y € cg’i.

Claim 2. For any € > 0, Y} = (205 ) nen has finite P-sum.

For n,k,l € N we have yi, < 2@. Therefore, for the double sequence
Y® = (Y ) k.ten it holds v, (Y*) < 221 and thus

20— 1
pyxy <> =
2ETL
n=1
Since @ 12 .
. n + 1)2°"
A (2n — 1)2:(n+1) — 2¢ <1
the series > 07 | ;‘;1 is convergent. Again by results from [11, Proposition

1.2] we obtain that the double sequence Y¢ has finite P-sum P-XY .
Claim 3. For any € > 0, Y = (20, 2 )im.nen does not have finite P-sum.
By construction of the double sequence Y, we have that lim,,— o0 Yn n =0,

which implies lim,, y?l;f = 00, and thus the double sequence Y does not

P-converge to zero. By results from [11, Proposition 1.3] the double sequence
Y. does not have finite P-sum.

The following theorem we give without proof.

Theorem 16 ([3]) The selection principle Sf(cgfﬂcg:i()\)) is satisfied for
A=0.

Theorem 17 ([3]) The selection principle a( )(c2+,c0’i()\)) is satisfied for
A=0.

Proof Let (X®! = (2! )m nen : k,1 € N) be a double sequence of double

sequences from the class c2 + As in the proof of Theorem 15 create the double
sequence Y = (Y 1)k, ieN; therefore for a fixed n € N we have that for (k,l) €

{(i,n), (n,i) : i < n}, 2y < 5. By the standard method arrange given double
sequence of double sequences in a sequence (X; = (z f l) kien : t € N) of double
sequences belonging to cg:i.

Take a sequence 2 = p; < ps < p< ... of prime numbers. For a fixed ¢t € N,
consider a sequence (35;5)f ¢ )sen. Clearly, this sequence converges to zero when
s — oo. There exist s,, € N and a subsequence

(xz,;m(w o ),

such that

o0
xt < i
2 T e S g

S:Spf,
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1

: t BRI : et 1
For each s > s, it holds T h) e < 3¢, which implies Toh) e < 52 for

the same s.
In the double sequence Y, replace elements yj 1, where k = pg(s) for
s > sp,, with the elements z*,,, n(s)- Lhis will be done for every ¢ € N. In
yzn 2

this way, we obtain the double sequence Y = (¥, ;). Then we have

0<D—Z?§D—ZY+§:%<OO,
t=1

and therefore P-limY = 0. Moreover, the following hold:

(1) g (xf,) is an infinite set, for every t € N;
(2) Yecr;
(3) P-imY €R.

Let an arbitrary € > 0 be given. Then

0<D-» Y < DfZYiJri% < 00,
t=1

et

since lim;_, ﬁ = 27¢ < 1. Thus, D—Z?i is finite, so the double
sequence ?i has a finite P-sum according to [11, Proposition 1.2].

Let now £ < 0 be arbitrary. Consider the double sequence Y~ = (7°) kol
Since limy 00 ¥y, = 0 implies limy 00 33, ,, = 00, we can conclude that double

sequence Y" does not have finite P-sum.
This completes the proof of the theorem.

1.5 Concluding remarks

We have investigated here selection properties related mainly to P-limits
of double sequences. There is another interesting notion in the theory of real
double sequences. A number L € R is said to be a Pringsheim limit point of
a double sequence X = (% n)m nen if there exist two increasing sequences
mp <mg--+ <my,...and ny < ng--- <ny,...such that

lim zp,, p, = L.
1—> 00

It would be worth to study selection properties related to the Pringsheim limit

points instead of the P-limits. As far we know, there is no investigation in this
direction so far.
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