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Clustering methods have the key role in pattern recognition, computer vision, and control. In real applications, the 
data are corrupted with stochastic noise which often has outliers. It follows that clustering techniques need to be robust. It 
is observed that robust statistics and fuzzy set theory have much in common. Namely, the concept of weight functions in 
robust statistics can be related to the concept of membership function in fuzzy set theory. In the paper proposed the new 
objective function for cluster analysis. For the clustering the modified Gustafson-Kessel algorithm is used and the 
modification is based on possibility theory. The final goal is membership function determination. That is the important part 
of the Takagi–Sugeno models which represent the fuzzy model of nonlinear dynamic systems.  
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1. INTRODUCTION

Robustness is a key attribute in engineering 
systems. It means that the performance of algorithm (in 
identification, estimation, and control) should not be 
affected significantly by small deviations from the 
assumed model. Also, it is important that it should not 
deteriorate drastically due to noise and outliers. In this 
paper, we consider clustering techniques which are used in 
different fields 

(i) Pattern recognition [1]
(ii) Computer and robot vision [2]

(iii) Control [3]
In real application data have outliers [4] and

different procedures have to be robust. Two disciplines, 
robust statistics and fuzzy logic have developed 
independently. But, as we will see in this paper, they have 
much in common. That explains the claim of proponents 
of fuzzy set theory that a fuzzy approach is more tolerant 
to model variations and disturbances in comparison with 
the crisp approach. 

In this paper, we first introduce some concept from 
robust statistics [5-6] (min-max property, infinite signal 
function and breakdown paints). After that, we will 
describe, shortly, a few concepts from fuzzy logic. Finally, 
it will be established some philosophical connection 
between both areas. 

The main goal of the paper is to find robust cluster 
procedure with small sensitivity to outliers. The unified 
view of the problem is presented in [7]. In this paper, we 
consider robust version of Gustafson-Kessel (GK) 
algorithm [8]. That algorithm is not considered in [7]. 
Also, we consider a possibilistic approach to clustering. A 
heuristic version of that theory is described in [10]. The 
main result is possibilistic Gustafson-Kessel algorithm 
(PGK). The primary objective of the possibilistic approach 
is to achieve membership value that is possibilistic, i.e. the 
membership value of a point in a class represents the 
possibility of the point belonging to the class. 

For the robustness the number of clusters is also  
important. That problem is not considered in this paper but 

attractive solution is given in [11]. Here is of interest 
cluster validity. Cluster validity measures the correctness 
of partition generated by a clustering algorithm. In [12] as 
a model validity test is used Kolmogorov-Smirnov test. 

2. ROBUST STATISTICS

Robustness is a very important notion is modern 
science. In statistics, the robustness is low sensitivity to 
distribution changes of real processes. At present, in 
statistical sense, there are two key approaches to 
robustness 

(i) Quantitative robustness [13] known as a Huber’s
minmax approach

(ii) Qualitative robustness [14] which is based on the
concept of influence function.

We will first consider Huber’s approach. Usually,
the problem of parameter estimation is based on the 
assumption that the stochastic disturbance has a Gaussian 
distribution. Practical studies [4] show that in a population 
of observations there are rare large observations (outliers) 
and the result is that stochastic disturbance has a non-
Gaussian disturbance. Such case is considered in [13] 
where class of distributions is modeled as 

( ){ }: 1 , is symetricP P P N G Gε ε ε= = − +   (1)

where [ )0,1ε ∈  is the contamination degree and 

( )20,N σ  denotes a zero-mean Gaussian distribution with

a variance 2σ . Applying Huber’s methodology [5] and 
[13] the least favorable probability density on a class (1) is
obtained
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where ( )e k  is a stochastic disturbance and where the 

relationship between the contamination degree ε  and the 
Huber’s parameter kε  is given in the following relation 
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The good performance of parameter estimation 
algorithm is provided for [ ]2,4kε ∈ . The best 

performance is accomplished for 3kε =  as is shown in 

[14-17]. In cited references, the robust recursive 
identification of MIMO (multiple-input multiple-output) is 
considered. 

In what follows we will consider estimation of 
location and scale parameters. 

Remark 1. It is possible to describe outliers with 
other probability distribution in comparison with (1). That 
is heavy-tailed (fat-tailed) distributions [18] whose density 
tails tend to zero more slowly than the normal density. An 
example is the Cauchy distribution with density 
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It is a particular case of the Student (or t) densities 
with 0ν >  degrees of freedom 
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where cν  is a constant 
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and ( )Γ ⋅  is the gamma function. This family contains all 

degrees of heavy-tailedness. When ν → ∞ , fν  tends to 

the standard normal density. For 1ν =  we have the 
Cauchy distribution.  

We now consider M-estimate of location 
parameter. Using relation (2) we can define the function 
 

 ( ) ( )logx p x∗Φ = −   (7) 
 

or explicitly 
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Let us define the model for location 
 

 ( ) ( )y k e kθ= +   (9) 
 

where ( )y k  are the measurement, θ  is the location 

parameter and ( )e k  is the stochastic non-Gaussian 

process. According to maximum likelihood methodology 
criterion for parameter θ  estimation in (9) is 
 

 ( ) ( )( ){ }J E y kθ θ= Φ −   (10) 
 

where {}E ⋅  is expectation operator. It is possible to 

approximate the last relation with empirical functional 
 

 ( ) ( ) ( )( )
1

1ˆ ˆ
k

k
i

J y k k
k

θ θ
=

= Φ −∑   (11) 

 

where 
 

 ( ) ( )( )
1

ˆ arg min
k

i

k y k
θ

θ θ
=

= Φ −∑   (12) 

 

If ( )Φ ⋅  is differentiable, differentiating with 

respect to θ  yields 
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with ( ) ( )′Ψ ⋅ = Φ ⋅ . For probability distribution (1) the 

function ( )Ψ ⋅  is known as a Huber’s function and has the 

analytical expression 
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and is showed in the next figure. 
 

 
Figure 1: Huber's function 

 
Let us notice that solution of equation (13) is 

estimated value of location parameter. 
The same story is valid for estimation of scale 

parameter. In this case, the loss function is 
 

 
x

σ
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where σ  is scale parameter. 
The qualitative robustness is presented in [6] and 

has two concepts: 
(i) Influence function which is an infinitesimal 

approach (small deviations from the model 
assumptions should impair the performance of 
estimation only by a small amount). That concept 
has a local character; 

(ii) Breakdown point which means that larger 
deviations from the model assumptions have not 
catastrophic consequences. This concept has a 
global character. 
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The influence function can be defined using theory 
of a von Mises functionals [19]. 

Definition 1. [6] The influence function of a von 
Mises functional T  on probability distribution F   is 
given by 

( )
( ) ( )

0

1
, , lim

xT F T F
IF x T F

ε

ε ε
ε→

− + ∆ −  = (16) 

whrere x∆  is the probability measure which puts mass 1 at 

the point x . 
The breakdown point is defined in [20]. Let us 

suppose that Z  consist of N data points and T is 
estiomator. Also, Z ′  is set which is given by replacing 
any M  of the original data points by arbitrary values. Let 
us denote with bias ( , ,M T Z ) the maximum bias in the 
estimate caused by such a contamination 

( ) ( ) ( )bias , , sup
Z

M T Z T Z T Z
′

′= − (17) 

If the bias is infinite, the M  outliers have an 
arbitrary large effect on T  and, thus, the estimator break 
down. The definition of breakdown point is 

( )min : bias , , is infiniteBP

M
M T Z

N
ε ∗  =  

 
 (18) 

Finally, we will consider important, from the 
computation point of view, concept known as the 
iteratively reweighted least square (IRLS) [21-23]. Let us 
consider relation (13) without index of estimate of location 
parameter θ . That relation we can rewrite in the next form 
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whereby w  is weight coefficient 
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From relation (19) one can get 
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It follows that θ  is a weighted mean of the ( )y i  

and can be solved iteratively. 
It is important to note that for complex dynamic 

systems it is possible to approximate and relax 
computation by using principal component analysis [24]. 

The behaviour of weight w  for probability 
distribution model (1) and Huber’s function (14) is 
presented in the next figure. 

Figure 2: The weight function in location parameter 
esitmation 

3. FUZZY LOGIC

Fuzzy logic now has high theoretical level with 
applications in many fields. The key notation in fuzzy 
logic is the set membership function which is used for 
characterization of fuzzy sets [25]. 

A fuzzy set A  on the universe set X  is a set 
defined by a membership function ( )A xµ  represent a 

mapping 

( ) [ ]: 0,1A x Xµ →  (22) 

Here the value of ( )A xµ  for the fuzzy set A  is 

called the membership value or the grade of membership 
of x X∈ . The membership value means the degree of x  
belonging to the fuzzy set A . 

Exist different form of set membership function 
and they presented in next figure. 

Figure 3: Different form of fuzzy sets: a) triangular, b) 
trapezoidal, c) exponential 

Also, a very important concept in fuzzy logic is a 
possibility theory [26-27]. That is a complement theory to 
probability theory to deal with uncertainty. There are two 
approaches to possibility theory: (i) one, proposed in [26], 
was to introduce possibility theory as an extension of 
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fuzzy set theory; (ii) the other, described in [28], was to 
introduce possibility theory in the framework of 
Dempster-Schafer’s theory of evidence. This approach 
puts possibility theory in an axiomatic manner. 

The major topics in possibility theory are fuzzy 
arithmetic which is concerned with the operations and 
computations of fuzzy numbers. Fuzzy numbers are useful 
for computation in physical sciences and engineering 
when only imprecise or uncertain sensory data are 
available for computations. Important notion in the 
possibility theory is the possibility distribution. 

Given fuzzy set A  in U  and the proposition “ x  
is A ” the possibility distribution associated with x , 
denoted by xπ , is defined to be numerically equal to the 

membership function of A , that is 

( ) ( )x Au uπ µ=   (23)

One of the major difference between possibility and 
probability can be seen from the following 

( ) ( ) 1P A P A+ = (24) 

( ) ( ) 1A AΠ +Π ≥ (25) 

where ( )P ⋅  is probability and ( )Π ⋅  is possibility. 

Possibility theory will be used for design of 
possibilistic cluster algorithm in the next paragraph. 

4. THE ROBUST CLUSTERING AND THE
POSSIBILISTIC GUSTAFSON-KESSEL ALGORITHM 

Clustering is fundamental part of identification of 
dynamic systems. Namely, the identification procedure 
consist of three parts: 

(i) Cluster analysis
(ii) Determination of the membership function

(iii) Identification parameters of set of models (off-
line or recursive) where number of models equal
to number of clusters.

In this paper we consider only of first two items. It 
is supposed that measurements include outliers which one 
unavoidable in practice. The clustering is based on 
optimization and in that sense criterion of clustering must 
be determined. 

Let us denote with * jµ  membership of point jx  in 

the class of outliers [7]. The membership of point * jµ  in 

the noise cluster is defined to be 

*
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i

µ µ
=

= −∑   (26) 

where c  is the number of clusters and exists condition 
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Criterion for possibilistic cluster method (PCM) is 
introduced in [9] 
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where N  is the number of observations, ir  are positive 

numbers, jβ  is the prototype (center of clusters), 

( )1,m∈ ∞  (usually 2m = ) is a weighting exponent and 

( ),j id x β  suitable defined distance. For the Gustafson-

Kessel algorithm the distance is Mehalanabis distance 
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where iF  is the fuzzy covariance matrix of cluster 
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and ic  centers of clusters ( 1,2, ,i c=  ). The algorithm 

(28)-(30) is the Gustafson-Kessel possibilistic cluster 
algorithm. 

From equation 

0PC
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it follows that 
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From (28) and (32) it follows that [7] 
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From (33) one can get center of cluster as 

1
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N
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Using last relation one can to see that the weights in 
IRLS technique has the role of membership. The 
quantitative relation between function ( )Φ ⋅ , ( )Ψ ⋅  and w  

and membership function is given in [7]. That is 
connection between robust statistics and fuzzy logic 
(relation (34) in [7]). Main differences between algorithms 
in this paper and reference [7] is in the form of 
distance ijd . 

In stochastic case good alternative for presented 
methodology are gradient algorithms. When the outliers 
are present in the measurements and when the membership 
function has a Gaussian form the gradient algorithm, based 
on Huber’s approach in robust statistics, is presented in 
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[30]. The case of identification of complex dynamic 
systems, using Takagi-Sugeno models, is considered in 
[31]. 

5. CONCLUSION

In the paper is considered identification of 
nonlinear dynamic system. The nonlinear system is 
approximated with fuzzy system (finite collection of 
Takagi-Sugeno models). The local point in fuzzy 
identification is determination of membership function. 
Strategy of determination is based on, owing the outliers 
presence in measurements, robust clustering. The 
clustering is based on possibilistic Gustafson-Kessel 
algorithm. The robustness is based on criterion 
modification. Also, established the conceptual connection 
between robust statistic and fuzzy logic. 
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