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Fuzzy modelling is an approximation of nonlinear systems by a finite collection of linear systems. On this concept 
Takagi-Sugeno fuzzy models are based. The procedure for identification of these models include two steps: (a) estimation 
of membership functions, (b) model parameter estimation. In this paper only the step (a) is considered, where Gustafson-
Kessel clustering algorithm is used. The algorithm detects clusters of different shapes. Parameter estimation of the premise 
membership function is based on the implementation of recursive least squares algorithm. Based on the obtained clusters, 
recursive least squares algorithm estimates parameters of membership functions. In this paper, it is assumed that the 
membership functions have triangular shape, performances of the proposed algorithm are demonstrated by simulation. 
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1.�INTRODUCTION 
In general, dynamical model of a system is 

nonlinear. Identification of this class of systems has been 
given many attention. Origins of this theory lie in different 
disciplines: control theory (identification of linear 
dynamical systems), nonparametric regression and 
statistics, learning theory, classification theory in pattern 
recognition, neural networks, fuzzy logic and other 
disciplines [1]. In this paper is considered the application 
of fuzzy logic for identification of nonlinear systems. Here 
will be discussed Takagi-Sugeno models [2]. In these 
models is used the idea of linearization of nonlinear 
systems in fuzzy regions of the state space. The structures 
are obtained, with several linear models. Input space is 
decomposed into a finite collection of fuzzy regions. The 
consequent functions describe system behavioural in those 
regions. 

 In classic control theory there are approaches that 
decompose nonlinear model into a finite collection of 
linear models. Example for that is included angle dividing 
method [3]. Using this method a finite collection of linear 
systems is obtained, as a base for further design of the 
controller. Similar, but more sophisticated methodology is 
obtained using gap metric concept [4], [5]. 

 Methodologies [3]-[5], as well as the 
methodology discussed in this paper, are based on fuzzy 
logic, and they are alternatives to the well-known 
methodologies for design of controllers for nonlinear 
systems: feedback linearization [6] and backstepping [7]. 

The procedure for identification of Takagi-Sugeno 
models has two steps: 

a)� Estimation of premise membership functions, 
b)� Parameter estimation of consequent functions. 

In this paper is discussed problem a), while 
problem b) will be discussed in complete authors’ paper 
[8]. 

 Problem a) is solved using cluster analysis on 
Cartesian product space of input and output. For cluster 
analysis is used Gustafson-Kessel fuzzy clustering 
algorithm. In order to complete the solution of the problem 
a), after the clusters are defined, it is necessary to 

determine the parameters of membership functions. It is 
assumed that membership functions have triangular shape, 
and their parameters are estimated using recursive least 
squares algorithm. 

 The methodology exposed in this paper is 
demonstrated, thought simulation, on Hammerstein model. 

 
2.�TAKAGI-SUGENO MODELS 

A nonlinear model ( )y f x=  can be expressed in 
the form of Takagi-Sugeno (TS) model based on input-
output measurements [ ]1 2, ,..., T

k k k nku u u=u  and ky  where 
k  denotes measurements in the k -th moment, and n  is 
the number of regressors in model. 

TS model is a combination of logical and 
mathematical model. Logical rules are consisted of fuzzy 
premise, and consequent is a mathematical function. The 
general form of TS model [2]: 

 ( )
, 2

:
1 , ,

;T
i i i iIF IS A THEN y

i

b

c

= +
=

u u a u


R i   (1) 

where, n∈u    and 1
iy ∈   are inputs and outputs of the 

system, respectively. Values n
ia ∈   and 1

ib ∈   are 
parameters of TS model. iR  is the i -th rule, and c  is the 
number of rules in rule base. iA  is multivariable premise 
membership function of the i -th rule. 

For individual components of vector u , TS model 
have  the following form:  

 1 1 1: ( ) ... ( )

; 1,2,...,
i i n in n

T
i i i

IF u IS A u AND AND u IS A u

THEN y b i c= + =a u

R
  (2) 

Degree of fulfilment of the rule is equal 

 ( ) ( )
1

ij

n

i A
j

β µ
=

=∏u u   (3) 

where ( )
ijA uµ  is the membership function of the fuzzy set  

ijA . 
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The inference is computed using following formula 
[2]: 

( )( )
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 From relations (2) and (4) is evident that TS 
model approximates nonlinear system with finite 
collection of linear systems. 

3. FUZZY CLUSTERING
Fundamental property of measurements for 

defining clusters is similarity. Therefore, it is necessary to 
determine the appropriate metrics. Consider an n -
dimensional vector of measurements 

1, 2, ,, ,..., ,
T n

k k k n k kx x x = ∈ x x   . Set of N

measurements is denoted with { }| 1, 2,...,k k N= =X x  and 
it is represented in form of an n N×  matrix 

1,1 1,2 1, N

2,1 2,2 2,N

,1 ,2 ,Nn n n

x x x

x x x

x x x
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 
 
  

X





   



(5) 

In pattern recognition terminology [10], the 
columns of matrix X  are called patterns, and the rows are 
called features or attributes. Matrix X  is called the matrix 
of patterns or data. 

Using exposed, Euclidean distance can be defined 
as 

( ) ( )
1
22

2 ,k , 2
1

,
d

i j i j k i j
k

d x x
=

 = − = − 
 
x x x x (6) 

The more general form of distance is Minkowski 
distance 

( ) ( )
1

,k ,
1

,
d pp

p i j i j k i j p
k

d x x
=

 = − = − 
 
x x x x (7) 

Practice shows that distance (6) is suitable in a case 
when clusters are isolated. Distance (6) and (7) express 
weakness if the features are linearly correlated. Methods 
based on 2d  and pd  distances cannot distinguish between 
two groups of observations in the Figure [11]. 
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Figure 1: Two different groups of data 

In this case Mahalanobis distance is introduced 

( ) ( ) ( )1,
T

M i j i j i jd −= − −x x x x F x x (8) 
where F   is a covariance matrix. Using the distance (8) 
Gustafson-Kessel algorithm is obtained [12]. 

Gustafson-Kessel clustering algorithm is an 
iterative optimisation algorithm for minimisation the value 
of objective function 

{ }( ) ( ) ( )2
,

1 1
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c N

m
i i k M k i

i k
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= =
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where c  is the number of clusters, and m  is weighting 
exponent. The weighting exponent m  determines 
fuzziness of the clusters, and exponent value must be 
greater than 1.  For 1m =  algorithm performs a hard 
clustering, a pattern is or is not element of the cluster. 
With increase of m , the overlap of fuzzy clusters is 
increased also. Typically, value of m  is 2.  

In the objective function (9), Mahalanobis 
distance is replaced with an inner-product norm distance 
of the form 

( ) ( ) ( )2 ,
i

T
M k i k i i k iD = − −x v x v M x v (12) 

where iM  is symmetric and positive-definite norm-
inducing matrix. 

The arguments of objective function are pattern 
matrix X , fuzzy partition matrix [ ]ikµ=U , c N×∈U   , 
prototype matrix V  is a set of vector of clusters 
prototypes (centres) [ ]1 2, , , c=V v v v , n

i ∈v   , and 

{ }iM  is the c -tuple of local norm-inducing matrices.
Using the method of Lagrange multiplier is 

obtained [12] that the objective function have minimal 
value in case when 
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and 

( )
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Matrices iM  are used as optimisation variables for 
distance adaptation depending on the layout of data, and as 
result of optimisation it is obtained the following 
expression for iM

( )
1

1det n
i i i iρ −=   M F F (15) 
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where iρ  are the clusters volumes, and it’s value is 
usually 1. 

Fuzzy covariance matrix for the i -th cluster is 
given by following expression 

 
( ) ( )( )
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m T

i k k i k i
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i N
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i k
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=
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=
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Fuzzy covariance matrices contain information of 
shape and orientation of the cluster. Every cluster can be 
represented as hyperellipsoid defined by equation 

 ( ) ( )1 1T
i i i

−− − =x v F x v   (17) 
Figure 2 shows hyperellipsoid defined by equation 

(17).  The semi-axis of the cluster’s hyperellipsoid are the 
eigenvalues of fuzzy covariance matrix iF , and directions 
of the axis are corresponding eigenvectors.    

 

 
Figure 2: Cluster’s hyperellipsoid  

 
Practice shows that Gustafson-Kessel algorithm is 

suitable method for system identification for several 
reasons [13]. Since it is based on adaptive distance 
measure, clusters of different shapes and orientation can 
be detected. The initialised partition matrix have small 
influence on results, and also normalisation and 
standardisation of the data.  

On other hand, the large number of clusters and 
date can result the long execution of algorithm. Also there 
is singularity problem of covariance matrix in cases when 
small number of observations is available or when the data 
are linearly correlated. 

The pseudo code for Gustafson-Kessel algorithm is 
given in following table. 

 

Gustafson-Kessel algorithm 
Algorithm inputs are: the pattern matrix X , the number of 
clusters c ,  the weighting exponent m , the clusters 
volumes iρ  

Initialise random partition matrix ( )0U   
 
Do for 1, 2,l =    
       Compute cluster prototypes: 
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       Compute the cluster covariance matrix: 
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        Compute distance: 
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                      Otherwise 
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Until ( ) ( )( )1max l lU U ε−− <   

 
 

After the clusters are obtained, in the following 
procedure the parameters of membership functions need to 
be estimated. 

For estimation of premise membership functions, 
the clusters need to be projected on premise variables. The 
projection of clusters on premise variable is point-wise 
operation. The rows of partition matrix are projected onto 
original regression values. 

In order to get better results, it is necessary to 
extract linear part of point-wise set of a premise function 
using α  -cut. After that, the extracted linear part needs to 
be separated in two groups, one group on each side from 
the centre. Each group is approximated with straight line. 

Based on relation (1), the j -th set can be 
represented as 

 ( )1
j j j j

j T
j j j j j

k kj k k kj

a
y a u b u

b

  = + = =    
φ θ   (18) 

For estimation of parameters of membership 
functions, ja  and jb , is used recursive least squares 
algorithm 

 ( ) ( )( )1 1
ˆ ˆ ˆ

j j j j jj j

j j T j
k k k k kk ky− −= + −θ θ P φ φ θ   (19) 
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The initial values are 0̂ 0jθ =  and 4
0 10

j
P I=  . 

Once the parameters of both lines are estimated, it 
is needed to calculate value of premise variable, denoted 
with β , where lines intersect each other, and also x-
intercept of each line, denoted with α  and γ . 

Now, when all three parameters of fuzzy set are 
known, the membership function can be defined as 
normalised point-wise triangular membership function: 

( ), , , max min , ,0
ijA

x x
x

α γµ α β γ
β α γ β

  − −=   − −  
 (21) 

4. SIMULATIONS
The methodology is demonstrated on Hammerstein 

model, Figure 3.   

Figure 3: Hammerstein model 

Nonlinear function of Hammerstein model is 
( ) ( ) ( ) ( )2 30.5 0.25v k u k u k u k= + +

and polynomials ( )1A q−  and ( )1B q−  are

( )
( )

1 1 2

1 1 2

1 1.6 0.8

0.85 0.65

A q q q

B q q q

− − −

− − −

= − +

= +

As input signal is used following multi-sinusoidal 
function 

( ) ( ) ( )
( )

10sin 0.01 5sin 0.1 2.5 sin 0.25

0.75 sin
k t tu t

t

= ⋅ + ⋅ + ⋅ ⋅ +

+ ⋅
where 1,2, ,t N=  . Figure 4 shows input and output of 
Hammerstein model. 
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Figure 4: Input and output of Hammerstein model 

The Hammerstein model is represented as first-
order NARX model,  

( ) ( )( )1 ( ),y k F y k u k+ =
with following pattern matrix: 

(1) (2) ( 1)
(1) (2) ( 1)
(2) (3) ( )

y y y N

u u u N

y y y N

− 
 = − 
  

X






The optimal number of cluster can be find using 
performance measures [14]. The first performance 
measure is fuzzy hypervolume and it is defined by: 

( )
1
2

1

det
c

HV i
i

F F
=

 =   (22) 

where iF  are obtained from Gustafson-Kessel algorithm.  
The second performance measure is partition 

density, and given by formula: 

D
HV

S
P

F
= (23) 

where 

( ) ( ){ }
1 1

1

,

: 1

c N

ij
i j

T

j j j i i j i

S µ
= =

−

=

∀ ∈ − − <



x x x v F x v

 (24) 

Both performance measures are calculated for different 
numbers of cluster, and the results are shown on Figure 5. 
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Figure 5: The performance measures: fuzzy hypervolume 
and partitiom density 

The minimum of fuzzy hypervolumes and the 
maximum of partition densities is when the number of 
clusters is 5. This is the optimal number of clusters for this 
first-order NARX model and this matrix of patterns. 

Figure 6 shows a premise membership function, 
obtained by projecting cluster on premise variable. The 
membership degrees of premise variable are presented 
with dots. The centre of the membership function is 
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presented with dotted line, and linear approximations of 
the membership function are presented with dashed lines. 
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Figure 6: Estimation of membership function 

 

Figures 7 and 8 show normalised estimated 
membership functions for regressors ( )u k  and ( )y k .   
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Figure 7: Estimated membership function for ( )u k   
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Figure 8: Estimated membership functions for ( )y k   

 
 

5.�MISCELLANEOUS 
In this paper, a methodology for determination of 

premise membership functions is presented, and its 
performances are demonstrated through simulation on 
Hammerstein model. The methodology employs 
Gustafson-Kessel algorithm to find the clusters, and 
recursive least squares algorithm to estimates parameters 
of premise membership functions. The results of this 
methodology are point-wise triangular membership 
functions, which are very suitable for use, especially in 
online applications. 
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