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Abstract: This research deals with the analysis and comparison of the results obtained analytically and by using the 
finite element method on the box girder of a double-beam bridge crane with the rail in the middle of the girder, where 
an existing bridge crane, which is in use, was observed. Stress states in the girder were observed in this analysis, and 
the emphasis was placed on the local stress states which occur in the middle of the girder due to the wheel-rail 
pressure. The expressions used in the domestic literature and applied in the design of these types of structures were 
used for obtaining analytical values of the results. The software package SAP2000 and the software module Autodesk 
Nastran In-CAD of the software package Autodesk Inventor were used for the FME analysis, where the girder structure 
was modelled by shell finite elements in both cases. In the application of the software package SAP2000, the rail was 
modelled by beam finite elements, and the loads were applied on the nodes of the finite element mesh which connect 
beam and plate finite elements, while in the application of the software module Autodesk Nastran In-CAD the rail was 
modelled by 3D finite elements, and the loads were applied on the external rail surfaces which are in contact with the 
wheel. 
The aim of this research is to present the comparison between analytical and numerical results in order to justify the 
application of the proposed models of FEM analysis, their advantages and disadvantages, as well as the credibility of 
the obtained results in relation to the existing analytical model of calculation. In this way, it can be shown whether the 
FEM results are within those obtained analytically, so that in the design of these types of structures the proposed 
modelling methods could be reliably used. 
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1. INTRODUCTION 
 
Double-beam bridge cranes are most widely spread and 
have the largest application in relation to the other types 
of cranes, which are used in industrial halls and plants. 
 

 
 

Fig.1. Double-beam bridge crane with the rail in the 
middle of the main girder 

 

They are most often applied in load manipulation in 
production as well as for maintenance in various types of 
plants. 

Nowadays, judging by the practice of the leading 
manufacturers of crane equipment, double-beam bridge 
cranes with the rail above the web are increasingly used 
but, regardless of this fact, these structures with the rail in 
the middle of the main girder are still present (Figure 1). 
Also, there are numerous publications which deal with the 
problem of analysis and optimization of double-beam 
bridge cranes with the rail in the middle of the main 
girder, as well as with their comparison with the 
mentioned type of solution. In addition to stresses and 
strains, analyses increasingly include the other important 
criteria. 
The analysis and optimization of the girder in a double-
beam bridge crane with the rail in the middle of the main 
girder is most often performed by applying FEM, i.e. by 
using 3D finite elements, [1-10, 12, 13], indicating the 
importance and justification of application of the given 
software packages. 
The paper [1] presents the design of main girders in a 
double-beam bridge crane, with the application of the 
CAE platform based on ANSYS software. It shows a 
considerable saving in time by using this type of design, 
where maximum stresses, strains and fatigue are taken 
into account. ANSYS is largely applied in these types of 
structures, which can also be seen in [2], which presents 
the analysis of an existing bridge crane designed 
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according to the Indian standard, according to stresses and 
deflections, where the crane model was created in Creo 
software. The bridge crane designed according to the 
Indian standard is also analyzed in [3], where the 
comparison between analytical and numerical results was 
carried out, and the model of the carrying structure of the 
bridge crane was obtained in Pro/E software. Similarly to 
the previous research, the comparison between the 
analytical method and the FEM results was performed, 
with the stresses reduced by shaping sharp edges, [4]. 
Also, ANSYS software was applied for the optimization 
of the mass of the main girders in a double-beam bridge 
crane, [5], where the saving of 19.4 % was achieved, 
taking into account stresses and deflections of the 
structure. Similarly, the paper [6] presents the 
optimization of the mass of the main girders of an existing 
bridge crane and thus the realized saving was 29 %. 
The paper [7] deals with the analysis and optimization of 
the whole carrying structure of a double-beam bridge 
crane, observing the connection between the end girders 
and the main girders and its influence on the decrease of 
stresses in the structure, while the paper [8] provides the 
analysis of a double-beam bridge crane aiming at 
presenting the critical zones of stresses and deflections, 
by using Radioss 12.0 and HyperWorks software 
packages. Also by applying HyperWorks software, the 
research presented in [9] dealt with the multicriteria 
optimization of the main girders of a bridge crane, with 
the optimizations done by shape, size and topology as 
well as with the oprimization of the cross section, which 
resulted in a significant saving in the mass. Varying of 
plate thickness and positions of vertical stiffeners was 
carried out in [10], where optimization of the existing 
main girders of the bridge crane, with the mass reduced 
by as much as 38%, was done according to the criteria of 
stresses, deflections and natural frequencies. SolidWorks 
software was used here for the model of the bridge crane 
structure. 
In contrast to the previous research, where 3D finite 
elements were used, shell finite elements were used in the 
paper [11], in which the model of a double-beam bridge 
crane was prepared in FEMAP software, while the static 
and dynamic analyses were performed by using PAK 
software. 
In the research presented in [12], the model of a bridge 
crane with the rail in the middle of the main girder was 
compared with two modern variants of the solution with 
the rail above the web, based on maximum stresses, by 
applying 3D finite elements, where a slight saving 
accomplished by new variants of solution of main girders 
was shown. Similarly to the previous research, in the 
master's thesis [13], the author presented the analysis of 
the main girder of a double-beam bridge crane with the 
rail in the middle of the girder, both analytically and 
through FEM, and compared it with the variants of the 
girder with the rail above the web, where the advantages 
of these solutions over the existing ones was shown. 
Unlike FEM, analysis and optimization can be performed 
in a pure analytical way, which is shown in papers [14-
16]. The paper [14] compares two types of bridge cranes 
analytically, and a concrete example is used to show that 
the main girders have a smaller mass if the rail is above 
the web if compared to those with the rail in the middle of 

the main girder. The research described in paper [15] 
dealt with the problem of optimization of main girders 
with the rail above the web, with the emphasis placed on 
maximum stresses, i.e. the occurrence of biaxial stress 
state, and the application of the given model was justified 
in two examples of cranes, by using HS and SA 
optimization algorithms. Application of the well-known 
analytical optimization process, the method of Lagrange 
multipliers, was shown in [16], where an example of a 
bridge crane was used to show how the optimum 
geometrical parameters of a box girder change depending 
on the selection of materials and conditions in which the 
crane opertaes, based on the stress states occuring in the 
upper flange of the girder. 
The presented publications point to the importance and 
justification of considerations of this type of engineering 
problems as well as to the application of most diverse 
software packages and analysis procedures. 
The aim of this research is to use an example of a solution 
of double-beam bridge crane with the rail in the middle of 
the girder to present the comparison between analytical 
and numerical results and, consequently, draw certain 
conclusions and guidelines for the design of this type of 
structures. 
 
2. ANALYTICAL CALCULATION OF THE 

MAIN GIRDER 
 
The calculation of the main girder will be performed on 
the basis of strength, i.e. stress states in the middle of the 
girder, below the rail, at the point of maximum stress, 
according to [17]. 
 

 
 

Fig.2. Cross section of the box girder with the 
presentation of stress states in the flange plate below the 

rail 
 
A solution of double-beam bridge crane, with the carrying 
capacity of 10 t and the span of 7 m, will be used as an 
example. The diaphragms within the girders are 
distributed at a distance of 1 m. The thickness of all girder 
plates and diaphragms is 8 mm. 
Figure 2 presents the cross section of the main girder of a 
double-beam bridge crane with the rail in the middle of 
the girder, with necessary dimensions, for the observed 
example. 
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2.1. Stress calculation 
 

In the analysis of stress states in the box girder, the 
influence of local stress which occurs due to the pressure 
of the winch wheel on the rail, when additional stress 
components in the z and x directions occur, will be 
primarily observed. That is the reason why the stress state 
will be observed in the middle of the girder (below the 
rail), where two load positions will be observed when 
wheel 1 (F1>F2) is in the middle between two diaphragms 
(since maximum values of local stresses occur at that 
point): position 1 is when the force F1 is in the middle of 
the third zone (Figure 3), and position 2 is when F1 is in 
the middle of the fourth zone, i.e. in the middle of the 
girder span (Figure 4). 
 

 
 

Fig.3. Static model of the girder for load position 1 
 

 
 

Fig.4. Static model of the girder for load position 2 
 
The continuation of the paper will present all necessary 
relations which are used for the static calculation of the 
girder. 
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where: 
R  - the resulting force in the main girder, 

1 2,F F  - the forces of pressure on the girder, from wheel 

1 and wheel 2, respectively, 
,   - the coefficients, according to [17], 

1 2,M M  - the maximum bending moments at the points  

 z1 and z2, respectively, 

nq  - the specific weight of the girder (increased by 10 % 

due to the weight of the diaphragms and the welds). 
Figure 5 shows the position of wheel 1 which is located 
between two diaphragms, when maximum local stresses 
occur, as well as the influential zone of action of pressure 
on the girder upper plate, size z0. 

0 2 5,šz h cm    (11) 
 

 
 

Fig.5. Position of the diaphragms in the interior of the 
girder 

 
The calculation of values necessary for determination of 
local stresses is presented in the continuation of the text. 
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where: 
N  - part of the wheel pressure force which, due to the 
rail stiffness, is transferred to the plate, 

1a  - the distance between the diaphragms, 

1b  - the inner width between the webs of the box girder 

(300 mm, Figure 2), 

1t  - the upper flange plate thickness, 

1 2 3, , , oK K K c  - the coefficients, according to [17], 

1Š
I  - the moment of inertia of the rail for its axis, 

,zM xM   - the stress components in the longitudinal and 

cross directions, due to local bending, respectively, 

,,z z u   - the normal stress due to bending and the total 

stress in the longitudinal direction, respectively, 

d  - the permissible stress of the girder material, 

eR  - the yield stress for the basic material of the main 

girder, 

1 1.5   - the permissible stress of the girder material, 

u  - the equivalent (total) stress in the middle of the 

girder upper plate. 
The maximum stress in the rail is determined based on the 
following relation: 
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where: 

1N  - part of the wheel pressure force which is connected 

with the rail, 

,x šW  - the resistance moment of inertia of the rail, 

,š d  - the permissible stress of the girder material, 

,e šR  - the yield stress for the rail material. 

The input data (characteristics of the existing crane) 
necessary for the calculation of the girder are as follows: 
 the carrying capacity of the crane: Q = 10 t, 
 the span of the crane: L = 7 m, 
 the weight of the trolley with the winch: mk = 4.49 t, 
 the span of the trolley wheels: bk = 1866 mm, 
 the position of the resultant force of load in relation to 

the wheel 1 - trolley: e1 = 783 mm, 
 the material of the girder plates S235 (Re = 23.5 

kN/cm2), 
 the classification class of the crane: 2, 

 the rail dimensions: 50x50, 
 the rail material: S355 (Re = 35.5 kN/cm2). 

 

The other data were taken according to the classification 
class, according to [17]. 
 

2.2. Analytical results 
 

Based on the input parameters, the calculation results in 
obtaining the value of stress in the rail σš = 23.68 kN/cm2, 
while the permissible stress of the rail material is σš,d = 
27.31 kN/cm2. 
Table 1 shows the values of stress components in the 
middle of the girder upper plate as well as the equivalent 
stress at the point of pressure of wheel 1 on the rail. 
 

Table 1. Analytical values of stresses in the box girder 
 

Case σz 
(kN/cm2) 

σzM 
(kN/cm2) 

σz,u 
(kN/cm2) 

σxM 
(kN/cm2) 

σu 
(kN/cm2) 

1. 3.78 
23.21 

26.99 
35.49 

32.10 

2. 3.89 27.09 32.13 

 
As it can be seen from Table 1, the normal bending stress 
σz has a relatively small value in relation to the local 
stresses σzM and σxM, and therefore the emphasis is placed 
on the middle of the girder, on the stress below the rail. 
During the design phase and calculation of these girders, 
the stress states of local stresses are not taken into 
account, so that based on Table 1 it can be seen that the 
exceeding of stress occurs in these components (σd = 
15.67 kN/cm2) and also that the total stress is exceeded 
(1.1·σd = 17.23 kN/cm2). 
If a short diaphragm were inserted between the existing 
diaphragms, in each zone, these stresses would 
considerably decrease, so that their values would be σzM = 
4.74 kN/cm2, σxM = 6.82 kN/cm2. In this case, the stress 
states would not be exceeded. 
 
3. NUMERICAL ANALYSIS OF THE MAIN 

GIRDER 
 
3.1. Results from SAP2000 
 

Figure 6 presents a hybrid model for the FEM analysis in 
SAP2000 software, which consists of a main girder 
modelled by shell finite elements and a rail modelled by 
beam finite elements. 
 

 
Fig.6. Mesh of finite elements of the girder with the rail in 

SAP2000 
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The following figures presents the diagrams of 

distribution of bending moments and shear force in the 

rail at the point of action of wheel 1 (point with the largest 

load) for both observed load positions (Figure 7 and 

Figure 8). 
 

 
 

Fig.7. Static diagrams at the point of maximum load of 

the rail for load position 1 
 

 
 

Fig.8. Static diagrams at the point of maximum load of 

the rail for load position 2 

 

The following figures present the distributions of stress 

components in the main girder for both observed load 

positions (Figure 9 – Figure 14). 
 

 
 

Fig.9. Distribution of stress in the z-direction in the main 

girder for load position 1 in SAP2000 

 
 

Fig.10. Distribution of stress in the x-direction in the 
main girder for load position 1 in SAP2000 

 

 
 

Fig.11. Distribution of the total stress in the main girder 
for load position 1 in SAP2000 

 
 

 
 

Fig.12. Distribution of stress in the z-direction in the 
main girder for load position 2 in SAP2000 

 

 
 

Fig.13. Distribution of stress in the x-direction in the 
main girder for load position 2 in SAP2000 
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Fig.14. Distribution of the total stress in the main girder 
for load position 2 in SAP2000 

 
Table 2 presents the maximum values of stress 
components in the main girder for both load positions, 
equivalent (total) stress, as well as the calculated value of 
stresses in the rail based on the maximum bending 
moment and shear force (Mmax,1 = 446.81 kNcm, Fs,1 = 
21.52 kN – for load position 1 and Mmax,2 = 447.36 kNcm, 
Fs,2 = 21.54 kN – for load position 2). 
 
Table 2. Values of stress in the box girder and the rail in 
SAP2000 
 

Case σz,u 
(kN/cm2) 

σxM 
(kN/cm2) 

σu 
(kN/cm2) 

σš 
(kN/cm2) 

1. 17.62 31.65 27.47 21.50 

2. 17.78 31.65 27.48 21.52 

 
3.2. Results from Autodesk Nastran In-CAD 
 

Figure 15 presents a hybrid model for the FEM analysis 
in the software module Autodesk Nastran In-CAD, which 
consists of a main girder modelled by shell finite elements 
and a rail modelled by 3D finite elements. 
 
 

 
 

Fig.15. Mesh of finite elements of the girder with the rail 
in Autodesk Nastran In-CAD 

 
The following figures present the distributions of stress 
components in the main girder for both observed load 
positions (Figure 16 – Figure 31). 

 
 

Fig.16. Maximum stress in the rail for load position 1 in 
Autodesk Nastran In-CAD 

 
 

 
 

Fig.17. Detail of the presentation of the maximum stress 
in the rail for load position 1 in Autodesk Nastran In-

CAD 
 

 
 

Fig.18. Maximum stress in the rail for load position 2 in 
Autodesk Nastran In-CAD 

 

 
 

Fig.19. Detail of the presentation of the maximum stress 
in the rail for load position 2 in Autodesk Nastran In-

CAD 
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Fig.20. Distribution of stress in the z-direction in the 

main girder for load position 1 in Autodesk Nastran In-

CAD 

 

 

 

 

Fig.21. Detail of the distribution of stress in the z-

direction in the main girder for load position 1, at the 

point of action of wheel 1 in Autodesk Nastran In-CAD 

 

 

 

 

Fig.22. Distribution of stress in the x-direction in the 

main girder for load position 1 in Autodesk Nastran In-

CAD 

 

 

Fig.23. Detail of the distribution of stress in the x-

direction in the main girder for load position 1, at the 

point of action of wheel 1 in Autodesk Nastran In-CAD 

 

 

 

 

 

Fig.24. Distribution of the total stress in the main girder 

for load position 1 in Autodesk Nastran In-CAD 

 

 

 

 

 

Fig.25. Detail of the distribution of the total stress in the 

main girder for load position 1, at the point of action of 

wheel 1 in Autodesk Nastran In-CAD 
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Fig.26. Distribution of stress in the z-direction in the 

main girder for load position 2 in Autodesk Nastran In-

CAD 

 

 

 

 

Fig.27. Detail of the distribution of stress in the z-

direction in the main girder for load position 2, at the 

point of action of wheel 1 in Autodesk Nastran In-CAD 

 

 

 

 

 

Fig.28. Distribution of stress in the x-direction in the 

main girder for load position 2 in Autodesk Nastran In-

CAD 

 
 

Fig.29. Detail of the distribution of stress in the x-
direction in the main girder for load position 2, at the 

point of action of wheel 1 in Autodesk Nastran In-CAD 
 

 
 

Fig.30. Distribution of the total stress in the main girder 
for load position 2 in Autodesk Nastran In-CAD 

 

 
 

Fig.31. Detail of the distribution of the total stress in the 
main girder for load position 2, at the point of action of 

wheel 1 in Autodesk Nastran In-CAD 
 
Table 3 presents the maximum values of stress 
components in the main girder for both load positions, 
equivalent (total) stress and the value of stress in the rail. 
 
Table 3. Values of stresses in the box girder and the rail 
in Autodesk Nastran In-CAD 
 

Case σz,u 
(kN/cm2) 

σxM 
(kN/cm2) 

σu 
(kN/cm2) 

σš 
(kN/cm2) 

1. 13.42 20.10 17.86 30.94 

2. 15.67 21.96 20.39 30.45 
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4. CONCLUSION 
 
This research led to the comparison between analytical 
results obtained on the basis of [17], for the calculation of 
stress states in the middle of the main girder with box 
cross-section, as well the results obtained by FEM, in two 
different software packages, according to different 
models. 
Based on Table 1 and Table 2, it is seen that the model in 
SAP2000 software shows quite good results regarding the 
stress state of the box girder in the x-direction (cross 
direction), while the value of stresses in the z-direction 
(longitudinal direction) is considerably smaller than the 
analytical value. Also, the value of stresses in the rail 
obtained in this way is approximate to the analytical 
value. The application of the method of modelling in this 
software package is thus justified and the analytical model 
is confirmed regarding the components of wheel pressure 
force and its distribution on the rail and the box girder 
upper plate. 
Based on Table 1 and Table 3, it is seen that the stress 
components in the box girder in both directions are 
considerably lower than the analytical values, and based 
on Table 2 and Table 3, it is seen that the stresses in the 
upper plate are lower than those obtained according to the 
previous model. The stresses in the rail are considerably 
higher than those obtained analytically and the stresses 
obtained in the previous model. The cause can be found, 
before all, in the method of modelling the rail itself and its 
connection with the box girder, as well as in the 
introduction of the load itself, along the upper surface of 
rail. 
In this case, SAP2000 provides more precise results, 
primarily because the modelling method corresponds 
more to the analytical model of calculation. The software 
module Autodesk Nastran In-CAD is simpler and more 
practical in engineering work regarding design and 
analysis of these types of structures. Possible 
modifications of the model are more easily performed in 
Autodesk Inventor software, which also holds for a new 
analysis in this module, which is not the case with the 
application of SAP2000, where modifications are much 
more complicated. 
It can be noticed that the stresses in the plate obtained by 
FEM are within the limits in both software packages if 
compared to the results obtained analytically, which means 
that these procedures can be successfully used as reliable 
ones in the design of these types of carrying structures. 
Also, it can be noticed that proper placement of additional 
short stiffeners between diaphragms can considerably 
decrease the value of local stresses in the girder upper 
plate. 
Future research can deal with the analysis of local 
stability of box girder plates, both the upper flange plate 
and the webs, as well as with the influence of placing 
horizontal stiffeners on the webs. The inclusion of other 
criteria and technological restrictions is desirable for the 
purpose of optimization of all geometrical parameters of 
the box girder. The other types of models in FEM 
analysis, the influence of selection of the type of finite 
elements and the method of load introduction can also be 
used in order to obtain as realistic model as possible in the 
analysis and design of such types of structures. 
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