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One of the most frequently utilized crane types in industrial applications is the column-mounted jib crane. There are 
many different designs according to different requirements about lifting height, span, payload capacity, drive options, etc. 
Within the efforts to optimize the structure's mass, heavy-duty jib cranes with high payload capacity and extended reach 
often have their boom tapered.  Besides strength, deflection is the most considered design criteria, where the crane 
structure is subjected to the total payload capacity at the tip of the boom. The paper presents the application of the finite 
difference method (FDM) and MATLAB code for the deflection of the column-mounted jib crane with a tapered boom. 
Obtained results are very close to the results from the finite element method (FEM) model in Ansys. 
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1. INTRODUCTION

Jib cranes are one of the most commonly installed 
crane types in industrial facilities. They are used for 
frequent load handling within a circular working space. 
They are suitable for applications requiring repetitive 
lifting and transferring of loads. The column-mounted jib 
crane is a piece of highly efficient hoisting equipment. It 
requires a small space for installation, and it is very safe, 
energy-efficient and easy to control during operation. The 
payload capacity usually goes up to 5 tons, while the reach 
usually goes up to 6 meters. 

An adequately designed jib crane should have 
increased the material handling efficiency and speed up 
the workflow. Modern industries require versatile, flexible 
and cost-effective material handling equipment with 
increased productivity. The requirements are usually 
related to payload capacity, span/reach, lifting height, 
drive options, etc. Therefore, there are many designs of jib 
cranes, depending on various requirements. Nevertheless, 
the typical column-mounted jib crane consists of the 
column, the boom or the jib, the boom support leg 
(optionally) and the hoist mounted on the trolley, which 
moves along the crane boom. An essential feature of the 
jib crane is its static and dynamic stability, dependent on 
the structure's deflection. 

Since the jib cranes are the most widespread in 
industrial facilities, many engineers tried to simplify the 
model and quickly define these cranes' basic parameters. 
FEM models of the jib cranes certainly give the results 
relevant for calculation and dimensioning but also require 
a longer time to set up the calculation model. 

Usually, during the design, the maximum 
displacement of the jib crane boom tip is critical. So, it is 
important to determine a simple expression for the boom 
deflection, based on which it is possible to define the basic 
parameters of the crane. In such a way, the basic geometric 
parameters can be defined quickly, which would shorten 
the design time. 

The structural analysis of the jib crane with 
different cross-sections was performed in the paper [01], 
where experimental tests and FEM were used to validate 
the results. 

Paper [02] gives a comparative analysis of several 
concept solutions of jib cranes by implementing the beam, 
plate and volume finite elements using several software 
packages. Several parameters (deformation energy over 
construction elements, kinetic and potential energy over 
mode shapes of natural frequencies, etc.) were used for 
local elements optimization. The goal was mass reduction 
and the increase of the natural frequencies. 

The paper [03] presented an analytical model of the 
lateral-torsional buckling behaviour of steel web tapered 
tee-section cantilevers when subjected to a uniformly 
distributed load and/or a concentrated load at the free end. 
The model check was performed through FEM.  

The elastic lateral-torsional behaviour of the 
cantilever is analysed in [04]. The obtained results in this 
research can be easily applied in designing the boom of the 
jib crane. A parametric study is carried out to examine the 
effectiveness of different types of restraint, the influence 
of the restraint stiffness and the interplay between these 
two aspects and the degree of web tapering. 

Paper [05] shows the stress and deflection analysis 
of the jib crane structure for different web thicknesses and 
heights. The structure locations with maximum deflection 
and maximum stresses were determined. 

The optimization of the jib crane by the 
evolutionary algorithm was carried out in [06], which 
enabled significant material savings. 

Paper [07] presents the length optimization of the 
boom support leg, which connects the jib with the column. 
The authors performed the analysis using FEM. The paper 
showed the influence of the leg’s height on the deflection 
of the structure. 

Based on the effect of self-weight different 
distribution and large deformation, a mathematical model 
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of telescopic jib displacement was established in [08]. 
Authors deduced a formula of endpoint displacement of 
large slenderness ratio telescopic jib structure. Also, the 
large-deformation finite element method is used as a 
criterion to evaluate the correctness and precision of the 
theoretical calculation formula. 

The stress and the deflection calculations were 
performed through finite element analysis (FEA) in [09]. 
Firstly, after using analytical expressions, the density of 
the mesh was corrected. In the second phase of the 
calculation, the height and thickness of the web were 
varied. 

The analysis of stresses and deflections was 
performed by using FEA in [10]. Also, the analysis of 
individual parts for the connection with the fundament was 
carried out.  

Using FEA and the direct integration method, the 
dynamic responses of the jib crane structure in vertical and 
horizontal directions were considered in [11]. Forced 
vibration responses of the jib structure due to equivalent 
moving forces were determined, where the mass matrix 
was time-dependent. 

Integrated FEA of whole jib crane model was 
established in [12] and arm-side deflection formula for this 
type of crane structure was derived. 

The paper [13] gave a refined expression for the 
deflection of the jib crane boom tip, taking into account 
the actual load position at the very end of the boom. 

The paper [14] shows the finite difference method 
(FDM) application procedure for the deflection 
determination on the simple elastically restrained 
cantilever beam with continuously varying box-like cross-
section and linear change of section height.  

This research applies the previous approach for 
determining the deflection of the column-mounted jib 
crane with a tapered boom. 

 
 

2. THE MATHEMATICAL MODEL BY FDM 
 

The structures of the heavy-duty cranes are 
optimized to achieve lighter designs and reduce production 
and operational costs. The column-mounted jib cranes 
with high lifting capacity and long reach have optimized 
booms with a variable cross-section (Fig. 1 [15]).  

The main parameters of the model and its cross-
sections are depicted in Fig. 2, while the detailed 
calculation model is presented in Fig. 3. 

 

 
Figure 1: Heavy-duty column-mounted jib crane with a 

non-uniform boom [15] 
 

 
Figure 2: The model and the cross-sections 

 

 
Figure 3: The calculation model with the finite difference 

scheme at point B 
Column 1 is a thin-wall pipe with a diameter of D 

and wall thickness δ. The non-uniform boom 2 is a web-
tapered I-beam with a linear change of its height along its 
longitudinal coordinate z2 (Fig. 2). It is better to use the 
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distance between the flanges' centroids h than the height to 
simplify the expressions. In terms of the centroids' 
distance at the boom start (hs) and centroids' distance at 
the boom tip (he), it has the following form: 

( ) 2
2( ) s s e

zh h z h h h
L

= = − − (1) 

where L – boom’s length. 
The web thickness is δ1, while the thickness of the 

flanges is δ2. The flanges of the I-beam have constant 
width b along the longitudinal boom axis. 
Hence, the moment of inertia of web-tapered I-beam can 
be written as follows 

3 2
1 2

2 2
6( )

12
h b hI z δ δ+

≈  (2) 

Further, the approximate but more straightforward 
expression for its cross-sectional area is 

2 2 2 1( ) 2A z b hδ δ≈ +  (3) 
So, the weight per unit length of the boom reads 

2 2 2 1( ) (2 )q z g b hρ δ δ≈ +  (4) 
where ρ – mass per unit volume for steel and g - gravity. 

Hence, the starting and ending weight per unit 
length of the boom are 

2 2 2 2 2 1( 0) ( 0) (2 )s sq q z gA z g b hρ ρ δ δ= = = = ≈ +  

2 2 2 2 2 1( ) ( ) (2 )e eq q z L gA z L g b hρ ρ δ δ= = = = ≈ +  
Static equilibrium of the structure gives the 

following expressions for forces and bending moments 
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A BM M= (8) 
where 
q1=ρgA1 - the weight per unit length of the column 
A1 – cross-sectional area of the column 
H – the theoretical height of the column (taken along its 
longitudinal axis from the base plate bottom to the 
centroid of the boom’s cross-section centroid). 

Governing differential equation for bending of the 
column is: 

2
1 1 1 1 1 1

2
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−
= − = − = − = (9) 

where  
B1=EI1 - column bending stiffness, 

1 1( ) .AM z M const= − = - bending moment. 
According to FDM, the axial coordinate becomes 

z1=i·s and the second derivative of the deflection line has 
the approximate form: 

'' 1 1
1 1 2
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y z
s
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≈ (10) 

where 
i – the point ordinal, 

s – the adopted distance between two adjacent 
nodes along the neutral axis in an undeformed state of the 
structure. Hence, Eq.(9) becomes transformed: 
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after transformation by FDM become 
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 The superscript index “f” stands for the 
displacement of a fictitious node (the node out of the curve 
domain). After introducing designation for characteristic 
node ordinal B=H/s, the deflection line of the column can 
be represented by the following set of algebraic equations: 
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Governing differential equation for bending of the 
tapered boom is: 
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According to FDM, the axial coordinate becomes        
z2=(i-B)·s and the second derivative of the deflection line 
has the approximate form: 
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y z
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Boundary conditions 
2 2
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'( 0) '( )

y z
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(17) 

after FDM transformation yield the expressions for the 
displacements of the fictitious nodes before and after point 
B (Fig. 3)  

2
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1
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1
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2 2
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Hence, the system of algebraic equations (14) now 
can be continued and complemented with the algebraic 
equations which are derived from governing differential 
bending equation for the boom: 
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3. THE COMPARISON WITH FEM MODEL RESULTS

Based on the system of algebraic equations (14) 
and (19), a MATLAB code was written, and the 
displacements for Yj, j=1,..., N=D nodes were calculated 
for the numerical example with the following data:  
E=2.1⸱104kN/cm2, H=400cm, L=600cm, F=30kN, 
a=80cm, d=50cm, δ=1.2cm, b=30cm, δ1=1.2cm, 
δ2=1.6cm.  

The value of the boom's starting section height hs 
was changed within interval 400÷600mm, while its ending 
section height he took values between 200mm and 300mm, 
both incremented by a 50mm step. The results for boom tip 
displacement YD for such input parameters are given in 
tables 1,2 and 3. Also, for comparison purposes, the FEM 
model was built in ANSYS for each test case. The relative 
error is displayed in the far-right column of the tables.  

Fig. 4 presents the test case in ANSYS for 
he=200mm and hs=500mm (bolded cell in table 1), Fig. 5 
shows the boom's tip displacement concerning the heights 
of the start and end section of the boom, while Fig. 6 is the 
graphical interpretation of results in table 1. 

Table 1:Boom tip displacement for he=200mm 
he=200mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 69.43 71.172 -2.45%

450 63.83 65.514 -2.57%

500 59.66 61.23 -2.56%

550 56.47 57.888 -2.45%

600 53.99 55.219 -2.23%

Table 2: Boom tip displacement for he=250mm 
he=250mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 66.91 68.669 -2.56%

450 61.88 63.535 -2.60%

500 58.12 59.702 -2.65%

550 55.24 56.64 -2.47%

600 52.99 54.208 -2.25%

Table 3: Boom tip displacement for he=300mm 
he=300mm 

YD[mm] 
rel. error 

hs[mm] FDM FEM 
400 64.9 66.665 -2.65%

450 60.32 62.029 -2.76%

500 56.89 58.476 -2.71%

550 54.25 55.684 -2.58%

600 52.19 53.427 -2.32%

Figure 4: ANSYS test case for he=200mm and hs=500mm 

Figure 5: The boom's tip displacement in relation to its 
start and end section heights    
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Figure 6: The graphical interpretation of results in table 1 

4. THE CONCLUSION

The presented FDM method and applied algorithm 
yielded a compact system of algebraic equations, 
convenient for code writing and solving by MATLAB. 
The results obtained from the FDM model are in very 
good compliance with the results from the FEM model 
built in ANSYS. Relative error (less than 3%) is mainly 
caused by the approximate value for the boom’s moment 
of inertia (Eq. 2). The main advantage of the FDM and the 
proposed procedure is that it can show the influence of any 
design parameter on the boom’s tip displacement once 
written and solved, which makes it convenient for crane 
structure optimization. The presented FDM method is 
universal and can be applied to other types of cranes in the 
future. 
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