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1 Introduction and preliminaries

In recent years, clustering problem has become an essential factor in computer science. Commonly, one of
Minkowski distances (e.g., Euclidean distances) is used for the similarity measure of clusters. In general, the
metric (or distance in k-means) is a mathematical term; it provides information for scientists to solve problems.
Considering the ineffectiveness of existing meters for data classification, the main motivation is this new look
at meters. This opinion is derived from the general understanding and application of a meter in physical
reality. In this view, the distance between two points is not considered a value, but a distance with a reason-
able error approximation is calculated. Article [8] is an example of using this type of idea for an application.

Generalization of the metric space structure by weakening the triangle inequality is given by Bourbaki
[4] and Bakhtin [2] (see more in [5,16]). The aim of our research is the generalization of a cone n-metric
spaces to the n-ary orthogonal b α β,n n( )-hypermetric spaces.

In this section, we recall some definitions, notations, and terminologies, which will be used to prove the
main results [1–3,6,7,9,11,17,18,21,23] and basic definitions can be found in [12,15] and [22].

Theorem 1.1. (Brouwer’s fixed point theorem) [24]. The continuous operator T : � �→ has a fixed point,
provided � is a compact, convex, non-empty set in a finite-dimensional normed space over � .

Theorem 1.2. (Schauder’s fixed point theorem) [24]. The compact operator T : � �→ has a fixed point,
provided � is a bounded, convex, non-empty subset of a Banach space � over � .
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The Schauder fixed-point theorem is an extension of the Brouwer fixed-point theorem to topological
vector spaces, which may be of infinite dimension.

Proposition 1.3. Let A be a Banach algebra. If Adim( ) < +∞, then the Schauder theorem is equivalent to the
Brouwer theorem.

The point is that in a finite dimension, all continuous operators are compact, while in an infinite
dimension, you can have continuous operators that are not compact, as the following example shows:

In l2 �( ), consider the operatorT x x x x1 , , ,2
1 2( ) ( )= − ‖ ‖ … defined for x 1‖ ‖ ≤ , where x x x, ,1 2( )= … and

x xi i
2

1
2∣ ∣‖ ‖ = ∑

=

+∞ . The operatorT is continuous. In fact, T x T y x y1 12 2 2 2( ) ( ) ∣ ∣‖ − ‖ = − ‖ ‖ − − ‖ ‖ + x y 2
‖ − ‖ ≤

x y2 2∣ ∣‖ ‖ − ‖ ‖ + x y x y x y2 ( )‖ − ‖ ≤ ‖ ‖ + ‖ ‖ ‖ − ‖ + x y x y x y22 2
‖ − ‖ ≤ ‖ − ‖ + ‖ − ‖ .

Moreover, T maps the closed unit ball to its boundary because T x x x1 12 2 2( )‖ ‖ = − ‖ ‖ + ‖ ‖ = . The
operator T does not have fixed points; by contradiction, if T x x( ) = , we would not only have x 1‖ ‖ = but
also x x x x0, , , , ,1 2 1 2( ) ( )… = … , i.e., x 0i = for every i. In that case, we shall have x 0 12

‖ ‖ = ≠ , which is a
contradiction. In the finite-dimension state being compact for a set is nothing more than being bounded
and closed, so to better understand the main difference.

For further details, the readers are referred to [12–14,16,19,20] and the references therein.

2 Main findings

In this part, we will describe our results of the b α β,n n( )-hypermetric spaces of dimension n.

2.1 The n-ary b α β,n n( )-hypermetric spaces

Some fixed point theorems in set-valued metric spaces over Banach algebra are presented below, as well as
corresponding examples and applications of our findings. Our first result is Definition 2.1. Here and sub-
sequently, for n 2≥ , let Xn denotes the n-times Cartesian product X X

n times
  × …×

-

. To simplify, we let xi i
n

1( )
=

and

x n
1( ) stands for x x, , n1( )… and x i

n
1( )

=
. Let T be a mapping, and we will use Tx instead of T x( ).

Let� be an ordered Banach algebra. Let P �( )∗ represent the family of all non-empty subsets of� . The
subset relation on power set is partial ordering. Therefore, we have that P ,�( ( ) )⊆

∗ is an ordered set.
Furthermore, �+ will represent a set of non-negative elements of � i.e., a a: 0� � �{ }= ∈ ≼

+ .

Definition 2.1. Let X be a non-empty set and α β X, :n n
n �⟶

+ with α x1 n i i
n

1( )≼
=

and β x1 n i i
n

1( )≼
=
. Let

X PΓ :α β
n

,n n
�( )( ) ⟶

∗ + be a mapping satisfying, for all n-tuples, x Xi i
n n

1( ) ∈
=

the following conditions:

(G0) x0 Γ α β i i
n

, 1n n�{ } ( )( )⊆
=
,

(G1) xΓ 0α β i i
n

, 1n n �( ) { }( ) =
=

if x xn1 = …= ,

(G2) xΓ 0α β i i
n

, 1n n �( ) { }( ) ⊋
=

for all x Xi i
n n

1( ) ∈
=

with x xi j≠ and for some i j n, 1, ,{ }∈ … ,

(G3) x xΓ Γα β i i
n

α β π i
n

, 1 , 1n n n n i( )( ) ( ) ( )=
= =

for every permutation π π, , n1( )( ) ( )… of n1, 2, ,( )… ,

(G4) x x xΓ , Γα β i i
n

n α β i i
n

, 1
1

1 , 1n n n n
(( ) ) ( )( ) ( )⊆

=

−

− =
for all x x X, , n1 … ∈ ,

(G5) x α x x a β x a xΓ Γ , Γ ,α β i i
n

n i i
n

α β
n

n i i
n

α β i i
n

, 1 1 , 1 2 1 , 2n n n n n n
( ) ( ) ( ( ) ) ( ) ( ( ) )( ) ( ) ( )⊆ ⋅ + ⋅

= = = =
for all x x a X, , ,n1 … ∈ .

Furthermore, Ai are subsets of X i n, 1, ,( )= … , for any B B P, �( )′ ∈
∗ + and α �∈

+. Now, we can define

A x x A i nΓ Γ , 1, , ,α β i i
m

n i i
n

i i, 1 1n n
( ) { ( ) ∣ }( ) = ⋃ ∈ = …

= =
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B B b b b B b B α B α b b B α, , and , .�{ ∣ } { ∣ }+ ′ = + ′ ∈ ′ ∈ ′ ⋅ = ⋅ ∈ ∈
+

To summarize, here we say: the function Γn indicates an ordered b α β,n n( )-hypermetric over Banach algebra�

of dimension. The pair X, Γn( ) is a b α β,n n( )-hypermetric space over � .
Here, for simplicity, it is assumed that 0,0�� [ )= ≔ +∞

+

+
. The next useful properties of a bn-hyper-

metric are easily obtained from the axioms.

Remark 1. If α x β x ci i i i2 1
2

2 1
2( ) ( )= =

= =
for c 1≥ and x y d x y PΓ , ,b2 �( ) { ( )} ( )= ∈

∗ , then we obtain the definition
of b-metric space (Czerwik [5]). Obviously for c 1= , this b-metric becomes an ordinary metric.

Example 1. We assume that 0�� =
+

+
. Let X 0, 1[ ]= and α β X, : 1,n n

n [ )→ +∞ , with α xn i i
n

1( ) =
=

1 x x
1

1 n1
+

+ +⋯ +

and β x 1n i i
n

x x1
2

1 n1
( ) = +

=
+ +⋯ +

. Define

X PΩ :α β
n

,
0

n n
�( )→

∗

+

with

x

x x
x x x x

x x x x

x
x

x x

x π π n

Ω

1, 1 0 ; , , 0, 1 ,

0 ; , , 0, 1 ,

Ω 1, 1 0 ; 0, 0, 1

Ω , ; for every permutation , , of 1, 2, , ,

α β i i
n

n
n i j

n n

α β i i
n

j
i j

α β π i
n

n

, 1

1
1

1 1

, 1

, 1 1

n n

n n

n n i

⎟

⎟

( )

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎡

⎣⎢
⎞

⎠
{ } ( ]

{ } [ ]

( ) ⎡

⎣
⎢

⎞

⎠

{ } ( ]

( ) ( )

( )

( )

( ) ( ) ( )( )

=

⋯

∪ … ∈ ≠

… ∈ = ⋯=

= ∪ = ∈

… …

=

=

=

and also assume A B A B+ = ∪ for all A B P, 0�( )∈
∗

+
. Then, X, Ω α β,n n( )( ) is a b α β,n n( )-hypermetric space.

Proposition 2.2. Let X, Γ α β,n n( )( ) be a b α β,n n( )-hypermetric space over Banach algebra � . Then, for any
x x a X, , ,n1 … ∈ , it follows that
(1) if xΓ 0α β i i

n
, 1n n �( ) { }( ) =

=
, then x xn1 = ⋯= ,

(2) x x xΓ Γ ,α β i i
n

j
n

α β
n

j, 1 2 , 1 1
1

n n n n
( ) (( ) )( ) ( )⊆ ∑

= =

− ,

(3) x x aΓ Γ ,α β i i
n

j
n

α β j
n

, 1 1 , 2n n n n
( ) ( ( ) )( ) ( )⊆ ∑

= =
,

(4) x x n x xΓ , 1 Γ ,α β
n

α β
n

, 1 2 2 , 1 1
2

2n n n n
( ( ) ) ( ) (( ) )( ) ( )⊆ −

− .

Proposition 2.3. Let X, Γ α β,n n( )( ) be a b α β,n n( )-hypermetric space over Banach algebra � . Then, 0�{ } ⊆

xΓ α β i i
n

, 1n n
( )( ) =

for every x x X, , n1 … ∈ .

Proof. Using the condition G4( ) of the definition of b α β,n n( )-hypermetric space, we obtain

x x0 Γ Γ .α β
n

α β i i
n

, 1 1 , 1n n n n�{ } ( ) ( )( ) ( )= ⊆
=

□

Proposition 2.4. Every b α β,n n( )-hypermetric space X, Γ α β,n n( )( ) over Banach algebra � defines a b α β,2 2( )-hyper-
metric space X, Γ α β,2 2( )( ) over Banach algebra � as follows:

x y x y y x for all x y XΓ , Γ , Γ , , ,α β α β
n

α β
n

, , 2 , 2n n n n2 2
( ) ( ( ) ) ( ( ) )( ) ( ) ( )= + ∈

where α x y α x y α y x, max , , ,n
n

n
n

2 2 2( ) { ( ( ) ) ( ( ) )}= and β x y β x y β y x, max , , ,n
n

n
n

2 2 2( ) { ( ( ) ) ( ( ) )}= .

Proof. For G G0 , , 4[( )] [( )]… is trivial. Let us show that Γ α β,2 2( ) is satisfied in

x y α x y x z β x y z y x y z XΓ , , Γ , , Γ , for all , , .α β α β α β, 2 , 2 ,2 2 2 2 2 2
( ) ( ) ( ) ( ) ( )( ) ( ) ( )⊆ ⋅ + ⋅ ∈

The proof is straightforward, by setting α x y α x y α y x, max , , ,n
n

n
n

2 2 2( ) { ( ( ) ) ( ( ) )}= and β x y,2( ) =

β x y β y xmax , , ,n
n

n
n

2 2{ ( ( ) ) ( ( ) )} and the condition G5( ) of definition (2.1). □
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Proposition 2.5. Let δ be an arbitrary positive real value number, and X d, n( ) be a n-metric space.
Let α β X, :n n

n �⟶
+ with α x1 n i i

n
1( )≼

=
and β x1 n i i

n
1( )≼

=
. We define an induced b α β,n n( )-hypermetric over

Banach algebra � as follows:

X PΓ :α β
δ n

,
0

n n
�( )( ) →

∗

+

x
d x δ i j n x x d x δ

i j n x x d x δ
Γ

0, 0 ; 1 , , ,
0 ; 1 , , or .α β

δ
i i

n n i i
n

i j n i i
n

i j n i i
n, 1

1 1

1
n n

( )
⎧

⎨
⎩

( ( ) ) { } ( )

{ } ( )
( ) =

+ ∪ ≤ ≤ ≠ ≠

≤ ≤ = =

=

= =

=

Then, X, Γ α β
δ

,n n( )( ) is a b α β,n n( )-hypermetric space over Banach algebra �.

Proof. It is sufficient to show that Γ α β
δ

,n n( ) is satisfied in all properties G G0 , , 5[( )] [( )]… . The proofs of

G G0 , , 4[( )] [( )]… can be obtained immediately from the definition of Γ α β
δ

,n n( ). We only need to show that

Γ α β
δ

,n n( ) is satisfied in G5[( )].

x α x x aΓ Γ ,α β
δ

i i
n

n i i
n

α β
δ n

, 1 1 , 1 2n n n n
( ) ( ) ( ( ) )( ) ( )⊆ ⋅

= =
+ β x a xΓ ,n i i

n
α β

δ
i i

n
1 , 2n n

( ) ( ( ) )( )⋅
= =

for all x x a X, , ,n1 … ∈ .

In the case i j n x x1 , , i j≤ ≤ = or d x δn i i
n

1( ) =
=

. We have xΓ 0α β
δ

i i
n

, 1n n
( ) { }( ) =

=
. Therefore,

α x x a β x a x0 Γ , Γ ,n i i
n

α β
δ n

n i i
n

α β
δ

i i
n

1 , 1 2 1 , 2n n n n
{ } ( ) ( ( ) ) ( ) ( ( ) )( ) ( )⊆ ⋅ + ⋅

= = =
for all x x a X, , ,n1 … ∈ .

In the case i j n x x1 , , i j≤ ≤ ≠ , and d x δn i i
n

1( ) ≠
=

. Clearly, according to the last definition, we have

x d x δΓ 0,α β
δ

i i
n

n i i
n

, 1 1n n
( ) ( ( ) )( ) = +

= =
d x a δ d a x δ0 0, , 0, ,n

n
n i i

n
1 2 2{ } {( ( ( ) ) ) ( ( ( ) ) )}∪ ⊆ + + +

=
x a0 Γ ,α β

δ n
, 1 2n n

{ } ( ( ) )( )∪ ⊆ +
a x α x x aΓ , Γ ,α β

δ
i i

n
n i i

n
α β

δ n
, 2 1 , 1 2n n n n

( ( ) ) ( ) ( ( ) )( ) ( )⊆ ⋅
= =

+ β x a xΓ ,n i i
n

α β
δ

i i
n

1 , 2n n
( ) ( ( ) )( )⋅

= =
, for all x x a X, , ,n1 … ∈ .

This completes the proof. □

2.2 Generalized to b α β,n n( )-best approximations

The subject of approximation theory is intertwined with almost all branches of mathematics; therefore, it is
of great importance in the applied sciences. On the other hand, fixed point theorems are used in many cases
in the approximation theory. In the approximation theory, it is interesting to know whether the approx-
imating function inherits some beneficial properties of the function being approximated [10].

The aim of this subsection is to introduce and discuss the conception of b α β,n n( )-best approximation and

x0-orthogonality in the theory of b α β,n n( )-hypermetric space , Γ α β,n n
� ( )( ) over � .

Definition 2.6. Let � be a subspace of a b α β,n n( )-hypermetric space , Γ α β,n n
� ( )( ) over Banach algebra � and

x �∈ . A point x0 is a b α β,n n( )-best approximation to x if the following conditions are satisfied:

(i) x0 �∈ ,

(ii) x x x yΓ , Γ ,α β
n

α β
n

, 0 1
1

, 1
1

n n n n
( ( ) ) ( ( ) )( ) ( )⊆

− − for every y �∈ .

In general, if � is a b α β,n n( )-hypermetric space over � and x x y, ,0 �∈ . Hence x is called x0-orthogonal
to y, which is denoted by x yx

Γ
0

⊥ , if and only if x x x yΓ , Γ ,α β
n

α β
n

, 0 1
1

, 1
1

n n n n
( ( ) ) ( ( )( ) ( )⊆

)

− − .

Let 1� and 2� be subsets of �. The x
1 Γ 2

0� �⊥ if and only if, for all y1 1�∈ and y2 2�∈ one has y yx
1 Γ 2

0
⊥ . If

x yx
Γ

0
⊥ , then it is not necessary that y xx

Γ
0

⊥ .
Let� be a b α β,n n( )-hypermetric space over� and let� be a subset of �. A point y0 �∈ is called a Γ-best

approximation for x �∈ if x y
Γ

0 �⊥ or x y x yΓ , Γ ,α β
n

α β
n

, 0 1
1

, 1
1

n n n n
( ( ) ) ( ( )( ) ( )⊆

)

− − for every y �∈ . The set of all Γ-best

approximations of x in � is denoted by P xΓ
�( ).

If � is a subset of �, then it is obvious that P x y x y y, for ally
Γ 0 Γ

0� �
�( ) { ∣ }= ∈ ⊥ ∈ .
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Proposition 2.7. Let , Γ α β,n n
� ( )( ) be an n-ary b α β,n n( )-hypermetric space over Banach algebra � . For

x y z x, , , 0 �∈ , the following statements are true:
(i) x xx

Γ
0

⊥ if and only if x x0= ,

(ii) x yx
Γ

0
⊥ and y zx

Γ⊥ , then x zx
Γ

0
⊥ ,

(iii) x xx
Γ 00

⊥ and x xx
0 Γ

0
⊥ .

Proof.
(i) If x xx

Γ
0

⊥ , then x x x xΓ , Γ , 0α β
n

α β
n

, 0 1
1

, 1
1

n n n n �( ( ) ) ( ( ) )( ) ( )⊆ =
− − . Hence, x xΓ , 0α β

n
, 0 1

1
n n �( ( ) )( ) =

− , i.e., x x0= .

(ii) Since x yx
Γ

0
⊥ and y zx

Γ⊥ , we conclude that

x x x y y x y zΓ , Γ , and Γ , Γ , .α β
n

α β
n

α β
n

α β
n

, 0 1
1

, 1
1

, 1
1

, 1
1

n n n n n n n n
( ( ) ) ( ( ) ) ( ( ) ) ( ( ) )( ) ( ) ( ) ( )⊆ ≼

− − − −

Therefore, x x y zΓ , Γ ,α β
n

α β
n

, 0 1
1

, 1
1

n n n n
( ( ) ) ( ( ) )( ) ( )⊆

− − , i.e., x zx
Γ

0
⊥ .

(iii) This statement is obvious. □

Proposition 2.8. Let , Γ α β,n n
� ( )( ) be an n-ary b α β,n n( )-hypermetric space over Banach algebra � . Let � be a

subset of �. Then, the following statements are true:

(i) if x �∈ , then x P xΓ
�( )∈ ,

(ii) if x �∈ , then x P x xΓ
�( ) { }∈ = .

Proof.
(i) Since xΓ 0α β

n
, 1n n �( )( ) = , we have x P xΓ

�( )∈ .

(ii) If x �∈ and y P x0 Γ
�( )∈ , then x y y xΓ , 0 Γ ,α β

n
α β

n
, 0 2 , 2n n n n�( ( ) ) ( ( ) )( ) ( )⊆ = . Therefore, x y0= . □

Proposition 2.9. Let , Γ α β,n n
� ( )( ) be an n-ary b α β,n n( )-hypermetric space over Banach algebra � . Let � be a

subset of � and x0 �∈ . Then, the following statements are equivalent:
(m1) x x

Γ
0 �⊥ ,

(m2) there is a function f P: 0,� ([ ))⟶ +∞
∗ such that x x f y x yΓ , Γ ,α β

n
α β

n
, 0 2 , 2n n n n

( ( ) ) ( ) ( ( ) )( ) ( )⊆ ≼ for all y �∈ .

Proof. The case: (m1) implies (m2).
Define a function f P: 0,� ([ ))⟶ +∞

∗ by the equality f z x zΓ ,α β
n

, 2n n
( ) ( ( ) )( )= . Suppose that y �∈ .

Since x yx
Γ

0
⊥ , we have x x x y f yΓ , Γ , .α β

n
α β

n
, 0 2 , 2n n n n

( ( ) ) ( ( ) ) ( )( ) ( )⊆ =

The case: (m2) implies (m1).
By definition, we have x yx

Γ
0

⊥ for every y �∈ . □

Proposition 2.10. Let , Γ α β,n n
� ( )( ) be an n-ary b α β,n n( )-hypermetric space over Banach algebra � . Let � be a

subset of � and y0 �∈ . Then, the following statements are equivalent:

(n1) y P x0 Γ
�( ),

(n2) there is a function f P: 0,� ([ ))⟶ +∞
∗ such that x y f y x yΓ , Γ ,α β

n
α β

n
, 0 2 , 2n n n n

( ( ) ) ( ) ( ( ) )( ) ( )⊆ ⊆ for all y �∈ .

Proposition 2.11. Let , Γ α β,n n
� ( )( ) be an n-ary b α β,n n( )-hypermetric space over Banach algebra � . Let � be a

subset of �, � be a subset � , and x x, 0 �∈ . If there is a function f P: 0,� ([ ))⟶ ∞
∗ such that

x y f y x yΓ , Γ ,α β
n

α β
n

, 0 2 , 2n n n n
( ( ) ) ( ) ( ( ) )( ) ( )⊆ ⊆ for all y �∈ , then P xΓ�

�( )⊆ .

2.3 The n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra �

In this subsection, we will describe some properties and findings of then-ary orthogonal b α β,n n( )-hypermetric

spaces. In addition, we will give some fixed point theorems in set-valued n-ary orthogonal b α β,n n( )-hyper-
metric spaces over � . In addition, examples with the application of our main findings will be presented.
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An ordered n-tuple is a set of n objects with an order associated with them. If n objects are represented
by x x x, , , n1 2 … , hence we write the ordered n-tuple as xi i

n
1( )

=
. Let , , n1� �… be n sets. Then, the set of all

ordered n-tuples xi i
n

1( )
=
, where x Xi i∈ for all i n1, ,= … , is called the Cartesian product of , , , n1 2� � �… and is

denoted by i i
n

1�( )
=
.

Definition 2.12. An n-ary relation ϒ over sets , , n1� �… is an n 1( )+ -tuple G, , ,n1� �( )… , whereG is a subset
of the Cartesian product i i

n
1�( )

=
called the graph of Γ.

An n-ary relation on sets , , n1� �… is a set of ordered n-tuples xi i
n

1( )
=
, where xi is an element of i� for all

i n1, ,= … . Thus, an n-ary relation on sets , , n1� �… is a subset of the Cartesian product i i
n

1�( )
=
. The set i� is

called the i-th domain of ϒ. The sets , , , n1 2� � �… are called the domains of the relation, and n is its degree.
We begin with the following definition. For n 2≥ , the set n� denotes the n-times Cartesian product

n times
  � �× …×

-

and � be a Banach algebra. We denote �+ as a set of non-negative elements of � . The set

a a: 0� � �{ }= ∈ ≼
+ and P �( )∗ + denotes the family of all non-empty subsets of �+. We denote

(1) x x xΓ min Γ , ,Γi i
n

α β
n

α β n
n

min
ϒ

1 ,
ϒ

1 1 ,
ϒ

1n n n n
( ) ( ) ( )( ) ( ){ }= …

=
and

(2) x x xΓ max Γ , ,Γi i
n

α β
n

α β n
n

max
ϒ

1 ,
ϒ

1 1 ,
ϒ

1n n n n
( ) ( ) ( )( ) ( ){ }= …

=
.

Definition 2.13. Let� be a non-empty set and α β, :n n
n� �⟶

+. Let , ϒ�( ) be an n-ary orthogonal set. Let
PΓ :α β

n
,

ϒ
n n

� �( )( ) ⟶
∗ + be a mapping (the n-ary orthogonal b α β,n n( )-hypermetric over� on n-ary orthogonal

set , ϒ�( )) satisfying the following conditions for all n-tuples xi i
n n

1 �( ) ∈
=

:

(O1) x y= if and only if x x z y yΓ Γ , , Γα β
n

α β j j
n

α β
n

,
ϒ

1 ,
ϒ

2
1

,
ϒ

1n n n n n n
( ) ( ( ) ) ( )( ) ( ) ( )= =

=

− , where z xj = or y,

(O2) x xΓ Γi i
n

α β i i
n

min
ϒ

1 ,
ϒ

1n n
( ) ( )( )⊆

= =
for all x x, , n1 �… ∈ ,

(O3) x xΓ Γα β i i
n

α β π i
n

,
ϒ

1 ,
ϒ

1n n n n i( )( ) ( ) ( )=
= =

for every permutation π π, , n1( )( ) ( )… of n1, 2, ,( )… ,

(O4) x x α x β x aΓ Γ Ω Ω Γα β i i
n

i i
n

n i i
n

n i i
n

i
n

,
ϒ

1 min
ϒ

1 1 1 1 2 min
ϒ

1n n
( ) ( ) ( ) ( ) ( )( ) − ⊆ ⋅ + ⋅ −

= = = = =
for all x x a X, , ,n1 … ∈

where x a x aΩ Γ , Γ ,α β
n n

1 ,
ϒ

1 2 min
ϒ

1 2n n
( ( ) ) ( ( ) )( )= − and a x a xΩ Γ , Γ ,α β i i

n
i i

n
2 , 2 min

ϒ
2n n

( ( ) ) ( ( ) )( )= −
= =

.

Let Ai subsets of i n1, ,� ( )= … . For any B B P, �( )′ ∈
∗ + and α �∈

+, we define

A x x A i nΓ Γ , 1, , ,α β i i
n

α β i i
n

i i,
ϒ

1 ,
ϒ

1n n n n
( ) { ( ) ∣ }( ) ( )= ⋃ ∈ = …

= =

B B b b B b B α B α b b B α, and , .�{ ∣ } { ∣ }+ ′ = + ′ ∈ ′ ∈ ′ ⋅ = ⋅ ∈ ∈
+

The pair , Γ α β,
ϒ

n n
� ( )( ) is called an n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra� on n-ary

orthogonal set , ϒ�( ).
For example, we can place 0�� =

+

+
or 0�

+
, where 0 0, 1, 2,0� � { } { }≔ ∪ = …

+
and 0,0� [ )≔ +∞

+
. For

simplicity, we assume that 0�� =
+

+
. The next helpful properties of a bn-hypermetric are simple and derived

from the axioms.

Remark 2. If α x β x cn i i
n

n i i
n

1 1( ) ( )= =
= =

for c 1≥ and n 1= , then we have the definition of b-metric space
(Czerwik [5]). It is clear that for c 1= , this b-metric becomes a regular metric.

Definition 2.14. Let , Γ α β,
ϒ

n n
� ( )( ) be an n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra� on

n-ary orthogonal set , ϒ�( ). Then,

(i) a sequence xi i 1{ }
=

+∞ in an n-ary orthogonal b α β,n n( )-hypermetric space , Γ α β,
ϒ

n n
� ( )( ) converges to a point

x0 �∈ if and only if x x x xlim Γ , Γ , 0k α β i k i
n

i k i
n

,
ϒ

1
1

0 min
ϒ

1
1

0n n �(( ) ) (( ) )( )( )− =
⟶+∞ + =

−

+ =

− ;
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(ii) a sequence xi i 1{ }
=

+∞ in an n-ary orthogonal b α β,n n( )-hypermetric space , Γ α β,
ϒ

n n
� ( )( ) is called b α β,n n( )-Cauchy

sequence if x xlim Γ Γk α β i k i
n

i k i
n

,
ϒ

1 min
ϒ

1n n
( ) ( )( )( )−

⟶+∞ + = + =
and x xlim Γ Γk i k i

n
i k i

n
max
ϒ

1 min
ϒ

1( ( ) ( ) )−
⟶+∞ + = + =

exist (and
are finite);

(iii) an n-ary orthogonal b α β,n n( )-hypermetric space , Γ α β,
ϒ

n n
� ( )( ) is said to be orthogonally b α β,n n( )-complete if

every n-ary orthogonal b α β,n n( )-Cauchy sequence xi i 1{ }
=

+∞ converges to a point x0 �∈ such that

x x x xlim Γ , Γ , 0k α β k
n

k
n

,
ϒ

1
1

0 min
ϒ

1
1

0n n �( (( ) ) (( ) )( ) − =
⟶+∞

− −

and x x x xlim Γ , Γ , 0k k
n

k
n

max
ϒ

1
1

0 min
ϒ

1
1

0 �( (( ) ) (( ) )− =
⟶+∞

− − .

Definition 2.15. Let� be a non-empty set and ϒ be an n-ary relation on sets , , n1� �… . Then, , ϒ�( ) is said to
be an n-ary orthogonal set (in short, On-set) if there exists x0 �∈ such that for all x i n, 1 ,i � ( )∈ ≤ ≤

x x x, , , ϒn0 2( )… ∈ or ⋯ or x x x x x, , , , , , ϒi i n1 1 0 1( )… … ∈
− +

or ⋯ or x x x x, , , , ϒn1 2 1 0( )… ∈
−

. The element x0
is called an n-ary orthogonal element.

Definition 2.16. Let , ϒ�( ) be an n-ary orthogonal set. A sequence xj{ } is called an On-set sequence if for all
j x x x, , , , ϒj j j n1� ( )∈ … ∈

+ +
or ⋯ or x x x x x, , , , , , ϒj j j j n j1 1 1( )… … ∈

+ − + +
or ⋯ or x x x x, , , , ϒj j n j j1 2 1( )… ∈

+ + − +
.

Definition 2.17. Let , Γ α β,
ϒ

n n
� ( )( ) be an n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra� on

n-ary orthogonal set , ϒ�( ). A mappingT : � �⟶ is an n-ary orthogonal continuous (or ϒ-continuous) in
x0 �∈ if, for each On-set sequence, xj j � �{ } ∈

∈
such that x xj 0⟶ , then T x T xj 0( ) ( )⟶ . Furthermore, T is

said to be ϒ-continuous on � if T is ϒ-continuous at each x0 �∈ .

Definition 2.18. Let , Γ α β,
ϒ

n n
� ( )( ) be an n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra� on

n-ary orthogonal set , ϒ�( ). Then,� is said to be n-ary orthogonally b α β,n n( ) -complete if every b α β,n n( )-Cauchy
sequence is convergent.

Definition 2.19. Let , Γ α β,
ϒ

n n
� ( )( ) be an n-ary orthogonal b α β,n n( )-hypermetric space over Banach algebra� on

n-ary orthogonal set , ϒ�( ). A mapping T : � �⟶ is said to be ϒ-preserving if T x ϒi i
n

1(( ) ) ∈
=

when-
ever x ϒi i

n
1( ) ∈

=
.

Theorem 2.20. Let , Γ α β,
ϒ

n n
� ( )( ) be an n-ary orthogonal b α β,n n( )-hypermetric space and T : � �⟶ be ϒ-pre-

serving, ϒ-continuous, and satisfy the following condition:

T x λ x for all x with x where λ eΓ Γ ϒ, 0 .α β i i
n

α β i i
n

i i
n n

i i
n

,
ϒ

1 ,
ϒ

1 1 1n n n n
� � �( (( )) ) ( ) ( ) ( )( ) ( )⊆ ∈ ∈ ≼ ≼

= = = =

Then, T has a unique fixed point x0 �∈ and xΓ 0α β
n

,
ϒ

0 1n n �( ) { }( ) = .

Proof. From the definition of n-ary orthogonality, there exists x0 �∈ such that for all x i n, 1i � ( )∈ ≤ ≤ ,
x x x, , , ϒn0 2( )… ∈ or ⋯ or x x x x x, , , , , , ϒi i n1 1 0 1( )… … ∈

− +
or ⋯ or x x x x, , , , ϒn1 2 1 0( )… ∈

−
. Hence,

x T x, ϒn
0 0 2( ( ( )) ) ∈ or ⋯ or T x x T x, , ϒj

j
n

0 1
1

0 0 1( ( )) ( ( ) ) ∈
−

+
or ⋯ or T x x, ϒn

0 1
1

0(( ( )) ) ∈
− . Let x T xj j 1( )=

+
for all

j �∈ since the operatorT is ϒ-preserving. Therefore, x ti i 1( ( ))
=

∞ isOn-set sequence. By assumption, we can see that

x T x λ xΓ Γ Γα β j j i
i n

α β j j i
i n n

α β j j
n

,
ϒ

,
ϒ

1
1

,
ϒ

1n n n n n n
( ) ( ( )) ( )( ) ( ) ( )= ⊆

=

+

= −

+ −

=

for all i �∈ . For any two positive integers j i> , we have

x x T x T x λ x x

λ λ x x

λ x x

λ x x

Γ , Γ , Γ ,

Γ Γ ,

Γ ,

Γ , .

α β i j
n

α β i j
n

α β i j
n

α β α β i j
n

α β i j
n

i
α β j i

n

,
ϒ

2 ,
ϒ

1 2 ,
ϒ

1 1 2

,
ϒ

,
ϒ

2 2 2

2
,

ϒ
2 2 2

,
ϒ

0 2

n n n n n n

n n n n

n n

n n

( ( ) ) ( ( ) (( )) ) ( ( ) )

( ( ) )

(( ( ) ))

( ( ) )

( ) ( ) ( )

( ) ( )

( )

( )

( )

⊆ ⊆

⊆

⊆

⋮

⊆

− − −

− −

− −

−
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Consequently,

x x x x

λ α x x x x β x x x x x x x

λ α x x x x β x x x x

λ α x x x x β x x α x x x x

β x x x x

λ λ λ λ x x λ λ
λ

x x

Γ , Γ ,

, Γ , , Γ , Γ , Γ

, Γ , , Γ ,

, Γ , , , Γ ,

, Γ ,

Δ 1 Δ Δ Δ Γ , Δ Δ
1 Δ

Γ , ,

α β i j
n

i j
n

i
n j i

n
α β

n
n j i

n
α β i i

n
i i

n n

i
n j i

n
α β

n
n j i

n
α β j

n

i
n j i

n
α β

n
n j i

n
n i

n
α β j

n

n i
n

α β j
n

i j i
α β

n i
j i

α β
n

,
ϒ

2 min
ϒ

2

0 2 ,
ϒ

0 1 2 0 2 , 0 2 min
ϒ

0 2 min
ϒ

0 1

0 2 ,
ϒ

0 1 2 0 2 ,
ϒ

1 2

0 2 ,
ϒ

0 1 2 0 2 1 2 ,
ϒ

2 2

1 2 ,
ϒ

2 2

2 1
,

ϒ
0 1 2

1
,

ϒ
0 1 2

n n

n n n n

n n n n

n n n n

n n

n n n n

( ( ) ) ( ( ) )

( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ) ( )

( ( ( ) ) ( ( ) ) ( ( ) ) ( ( ) )

( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ) ( ( ) )

( ( ) ) ( ( ) )

[ ( ) ( ) ] ( ( ) )
( )

( ( ) )

( )

( ) ( )

( ) ( )

( ) ( )

( )

( ) ( )

( ( ) )

( )

[ (

)]

−

⊆ ⋅ + ⋅ − −

⊆ ⋅ + ⋅

⊆ ⋅ + ⋅ ⋅

+ ⋅

⋮

⊆ + + + ⋯+ =

−

− − = =

− −

− −

− −

− −

where α x x β x x α x x β x x β x xΔ sup , , , , , , , ,j n j i
n

n j i
n

n i
n

n j i
n

n i
n

0 2 0 2 1 2 0 2 1 2{ ( ( ) ) ( ( ) ) ( ( ) ) ( ( ) ) ( ) ( ) }= ⋅ ⋅ …
− − −

. Since λ e0� �≼ ≼

and Δ 0> , it follows from the above inequality that x x x xΓ , Γ , 0α β i j
n

i j
n

,
ϒ

2 min
ϒ

2n n �( ( ) ) ( ( ) )( ) − ⟶ as i j, .⟶ +∞

A passage similar to the above implies that (similarly) x x x xΓ , Γ , 0i j
n

i j
n

max
ϒ

2 min
ϒ

2 �( ( ) ) ( ( ) )− ⟶ as i j, ⟶ +∞

and so x xΓ , 0i j
n

min
ϒ

2 �( ( ) ) ⟶ as i .⟶ +∞ Therefore, we have x xΓ , 0i j
n

min
ϒ

2 �( ( ) ) { }⟶ as i .⟶ +∞ Thus,

x x x xΓ , 0 Γ , .α β i j
n

i j
n

,
ϒ

2 min
ϒ

2n n �( ( ) ) ( ( ) )( ) = =

Consequently, xi i 1{ }
=

∞ is a b α β,n n( )-Cauchy sequence in �. Since � is n-ary orthogonally b α β,n n( )-complete,

there exists x0 �∈ such that x x x xΓ , Γ , 0α β i j
n

i j
n

,
ϒ

2 min
ϒ

2n n �( ( ) ) ( ( ) ) { }( ) − ⟶ as i ⟶ +∞.

Now, we present that � is a fixed point of T in �.

x T x x x x T x

x T x

T x T x

λ x x

Γ , lim sup Γ , lim sup Γ ,

lim sup Γ ,

lim sup Γ ,

lim sup Γ , ,

α β
n

j
α β j

n
j

α β j
n

j
α β j

n

j
α β j

n

j
α β j

n

,
ϒ

0 0 2 ,
ϒ

0 2 ,
ϒ

0 2

,
ϒ

0 2

,
ϒ

1 0 2

,
ϒ

1 0 2

n n n n n n

n n

n n

n n

( ( ( )) ) ( ( ) ) ( ( ( )) )

( ( ( )) )

( ( ) ( ( )) )

(( ) ( ) )

( ) ( ) ( )

( )

( )

( )

( ) ( )

( )

( )

( )

⊆ +

⊆

⊆

⊆

⟶+∞ ⟶+∞

⟶+∞

⟶+∞

−

⟶+∞

−

and by (O4), we have x T xΓ , limα β
n

j,
ϒ

0 0 2n n
( ( ( )) )( ) ⊆

⟶+∞
sup λ α x T x β x, Ω Ωn j

n
n i i

n
1 0 2 1 1 2[ ( ) ( ( )) ( )⋅ + ⋅ −

− =

T x xΓ , n
min
ϒ

0 0 2( ( ) ) ] ⊆ λ T x xΓ , .α β
n

,
ϒ

0 2 0n n
(( ( )) )( ) Therefore, x T xΓ , 0α β

n
,

ϒ
0 0 2n n �( ( ( )) ) { }( ) = , and

T x λ x0 Γ Γ 0 .α β
n

α β
n

,
ϒ

0 1 ,
ϒ

0 1n n n n� �(( ( )) ) ( ) { }( ) ( )⊆ ⊆ =

Hence,

T x x T x xΓ Γ , Γ .α β
n

α β
n

α β
n

,
ϒ

0 1 ,
ϒ

0 0 2 ,
ϒ

0 1n n n n n n
(( ( )) ) ( ( ( )) ) ( )( ) ( ) ( )= =

From (O1), we conclude that T x x0 0( ) = . It follows that x0 is a fixed point for the function T .
To prove the uniqueness property of a fixed point, let y �∈ be another fixed point ofT . Then, we have

T x xi
0 0= and T y yi

= for all i �∈ .
Choosing x0 in the first part of the proof, we obtain

x y y x x y y x, ϒ or or , , , ϒ or or , ϒ.n i
i i

n n
0 2 1

1
0 1 1 1

1
0( ( ) ) (( ) ( ) ) (( ) )∈ ⋯ ∈ ⋯ ∈

−

+ +

−

Since the function T is ϒ-preserving. Then, T x T y, ϒj j n
0 2( ( ) ( ( )) ) ∈ or ⋯ or T y T x, ,j i j

1
1

0(( ( )) ( )−

T y ϒj
i
n

1( ( )) ) ∈
+

or ⋯ or T y T x, ϒj n j
1

1
0(( ( )) ( )) ∈

− for all j �∈ .

Thus, x y T x T y λ x y x yΓ , Γ , Γ , Γ ,α β
n

α β
j j n

α β
n

α β
n

,
ϒ

0 2 ,
ϒ

0 2 ,
ϒ

0 2 ,
ϒ

0 2n n n n n n n n
( ( ) ) ( ( ) ( ( )) ) ( ( ) ) ( ( ) )( ) ( ) ( ) ( )= ⊆ ⊆ , which implies that

x yΓ , 0α β
n

,
ϒ

0 2n n �( ( ) )( ) = and so x y0 = .

Finally, it is shown that if x0 is a fixed point, then x yΓ , 0α β
n

,
ϒ

0 2n n
( ( ) )( ) = . Assume that x0 is a fixed point of

T . Then,

x T x T y λ x xΓ Γ , Γ Γ ,α β
n

α β
n n n

α β
n

α β
n

,
ϒ

0 1 ,
ϒ

0 2 ,
ϒ

0 1 ,
ϒ

0 1n n n n n n n n
( ) ( ( ) ( ( ) ) ( ) ( )( ) ( ) ( ) ( )= ⊆ ⊂
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That is, xΓ 0α β
n

,
ϒ

0 1n n
( )( ) = . This completes the proof. □

Example 2. Suppose the space C I0� ( )= of continuous functions defined on I 0, 1[ ]= with an n-ary
orthogonal b α β,n n( )-hypermetric space over Banach algebra � given as follows:

x t x t x t
n

x t C IΓ 0 , sup for all .α β i i
n

t a b

n
i i

n n
,

ϒ
1

,

1
1

0
n n � ⎟⎜ ⎟( ( )) ⎡

⎣
⎢

⎛

⎝

( ) ( ) ⎞

⎠

⎞

⎠

( ( )) ( ( ))( )
[ ]

=

+ ⋯+

∈
=

∈

=

This space can also be equipped with an n-ary orthogonal given by x t C Ii i
n n

1
0( ( )) ( ( ))∈

=
,

x t x t x t x tϒ if and only if ,i i
n

n1 1 2( ( )) ( ) ( ) ( )∈ ≼ ≼ ⋯ ≼
=

where α β 1n n= = . Now, we consider the following Fredholm-type integral equation:

x t f t s x s s t s f C C I, , d for all , 0, 1 , where 0, 1 , .
0

1

0 2 0 �( ) ( ( )) [ ] ([ ] ( ) )∫= ∈ ∈ ×

Then, C I , Γ α β
0

,
ϒ

n n
( ) ( )( ) is an n-ary orthogonal b α β,n n( )-complete hypermetric space.

Proposition 2.21. Assume that, for all x C 0, 1 ,i i
n

1
0 �( ) ([ ] )∈

=
,

f t s x t λ x t for all t s, , , 0, 1 ,
i

n

i
i

n

i
1 1

( ( )) ∣ ( )∣ [ ]∑ ∑≼ ∈

= =

where z 0, 1[ )∈ . Then the above integral equation has a unique solution.

Proof. Define T C I C I: 0 0( ) ( )⟶ by

T x t f t s x s s t s f C C I, , d for all , 0, 1 , where 0, 1 , .
0

1

0 2 0 �( ( )) ( ( )) [ ] ([ ] ( ) )∫= ∈ ∈ ×

Note that the existence of a fixed point of the operator T is equivalent to the existence of a solution of the
above integral equation. Furthermore, for all x C 0, 1i i

n n
1

0( ) ( ([ ]))∈
=

, we have

T x
T x t
n

f t s x s s
n

λ
f t s x s

n
s

λ
x t

n
s

λ x t x t
n

s

λ x t

Γ 0 , sup

0 , sup
, , d

0 , sup
, ,

d

0 , sup d

0 , sup d

Γ .

α β i i
n

t a b
i
n

i

t a b
i
n

i

t a b

i
n

i

t a b
i
n

i

t a b
n

α β i i
n

,
ϒ

1 ,
1

,

0

1
1

,
0

1
1

,

0

1
1

,
1

0

1

,
ϒ

1

n n

n n

�

�

�

�

� ⎟⎜ ⎟

( (( ))
⎡

⎣

⎢
⎢

⎛

⎝

⎜⎜

( ( )) ⎞

⎠

⎟⎟

⎞

⎠

⎟
⎟

⎡

⎣

⎢
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Hence, the condition is satisfied. Therefore, all the conditions of the theorem are satisfied. Hence, the
operator has a unique fixed point, which means that the above Fredholm integral equation has a unique
solution. The proof is completed. □

3 Conclusion

The objective of this article is to study about b α β,n n( )-best approximations of b α β,n n( )-hypermetric spaces over
Banach algebras and introduced certain fixed-point results of mappings in the setting of n-ary orthogonal
b α β,n n( )-hypermetric spaces over Banach algebras. In the future, we can seek to generalize the Schauder and
Brouwer fixed-point theorem on these spaces. This article is a candidate for a pioneering result, and many
findings can be obtained in the near future. It can find application in engineering science [8].
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