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PREFACE 
 

Mechanical engineering, as one of the basic engineering disciplines, represents 

the key to understanding and improving many aspects of modern society. From the 

development of energy-efficient systems, through advanced materials and production 

technologies, to robotics and automation, mechanical engineering is at the very heart of 

innovation, which drives the global economy and contributes to a better quality of life. 

Contemporary trends in mechanical engineering, such as the application of artificial 

intelligence, additive technology, digital transformation, minimizing the impact of 

industrial processes on the environment, etc. widely open new horizons and 

opportunities for our profession. Through mutual cooperation, interdisciplinary 

approaches and the integration of new technologies, we can find solutions that will shape 

the future of industry and society. Today, our profession faces numerous challenges, 

which are the result of accelerated technological development. They are at the same 

time extremely complex, but also very inspiring and require not only technical expertise, 

but also creativity, cooperation and a constant desire for new scientific achievements. 

Therefore, we must be able to recognize and implement new approaches, 

methodologies and technologies. Moreover, only a holistic approach in the application 

of knowledge in various engineering fields, and especially in the field of mechanical 

engineering, is a safe way into the future. Finally, in today's world, which is rapidly 

changing under the influence of global economic, environmental and social factors, it is 

important that all of us, who deal with the field of mechanical engineering from various 

aspects, do not forget our responsibility. In this context, engineering ethics, quality of 

work and continuous education play a crucial role. 

 

Although the scientific research process is crucial for economic progress, we 

must not forget the importance of educating new generations of mechanical engineers. 

The conference COMETa 2024 is precisely an extraordinary opportunity to further 

encourage young researchers and students to actively engage in scientific activities 

through the development of their ideas. In this sense, academic institutions have a great 

responsibility to provide quality education and research programs to future generations. 

Recognizing the importance of the broad field of mechanical engineering for the 

overall industrial development of society, the work of the conference will take place 

through 5 sections. The program is focused on the following thematic areas: 

Manufacturing technologies and advanced materials, 

Applied mechanics and mechatronics, 

Machine design, simulation and modeling, 

Product development and mechanical systems, 

Energy and thermotechnic, 

Renewable energy and environmental, 

Maintenance and technical diagnostics, 

Quality, management and organization. 

 

Also, as part of the conference program, one round table and two workshops 

will be held, whose topics relate to the generation of ideas and proposals for future 

project activities that must inevitably be based on innovation, quality, and upcoming 

machine technologies, which is actually in accordance with the Development strategy of 
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science and technology of the Republic of Srpska for the period 2023-2029, in which 

education, science, technology, research, innovation, and digitization are recognized as 

key prerequisites for achieving a sustainable economy. 

Many experts, researchers, university professors, businessmen and students 

from various fields of mechanical engineering have registered to participate in this edition 

of conference COMETa 2024. The topics that will be discussed by the scientific and 

professional public will certainly contribute to the acquisition of new knowledge and open 

up a lot of space for future innovations. 77 papers will be published in the Conference 

proceedings, including 3 plenary lectures. The fact that numerous participants from 

abroad have been registered for the conference COMETa 2024 this year is especially 

pleasing. 

Namely, 262 authors come from 16 countries. The review team is composed of 

53 colleagues from the country and abroad. This is certainly the result of strenuous 

activities that were aimed at raising the international reputation and visibility of the 

conference in the regional, but also in the wider academic and scientific research area, 

which will be one of our primary goals in the future. 

We are sure that the work at the conference COMETa 2024 will be fruitful and 

that each of you, after its end, will leave with new ideas, knowledge and contacts that 

will contribute to your further professional development. This is an opportunity not only 

to learn from each other, but also to build the foundations for future research projects 

and industrial innovations together. In addition, we believe that in the coming days we 

will have the chance to get to know each other better, discuss common challenges and 

establish new forms of cooperation. In this sense, we would like to point out that all your 

proposals and suggestions are more than welcome and will be carefully considered by 

the Organizing and Scientific Committee in order to improve the organization of the next 

conferences.  

Finally, on behalf of the Organizing and Scientific Committee of the conference 

COMETa 2024, we express our great gratitude to all authors, reviewers, universities and 

faculties, business entities, and national and international institutions and organizations 

that supported the organization of the conference. Special thanks go to the Ministry of 

Scientific and Technological Development and Higher Education of the Repubilc of 

Srpska, the City of East Sarajevo, the Municipalities of East New Sarajevo, East Ilidža 

and Pale, without whose help the organization and work of the conference certainly could 

not be at the level that its status deserves. 

 

East Sarajevo, November 13th, 2024. 

 

President of the Scientific 

Committee 

 President of the Organizing 

Committee 

   PhD Biljana Marković,  

full professor 

 PhD Milija Kraišnik, 

Associate Professor 
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FINITE ELEMENT ANALYSIS OF CYLINDRICAL SURFACE 
CONTACT 

Snežana Vulović1, Vladimir Milovanоvić2, Miloš Pešić3, Marko Topalović4, 
Miroslav Živković5 

Abstract: The two most common methods for solving contact problems using the finite 
element method are the Lagrange multiplier method and the penalty method. The 
Lagrange multiplier method treats contact forces as independent variables (Lagrange 
multipliers), and the contact non-penetration conditions are exactly satisfied. The 
penalty method satisfies contact conditions using penalty parameters, and the contact 
non-penetration conditions are approximately satisfied. The aim of this study is a 
comparative analysis of contact mechanics which is conducted using the finite element 
method (FEM). The penalty method is used for contact problem-solving. The primary 
objective is to evaluate the differences in results and computational efficiency between 
the two types of finite elements used and to determine the influence of the finite 
element mesh size on results. 

Keywords: Contact mechanics, Cylindrical convex surfaces, Finite element method 

1 INTRODUCTION 

Contact mechanics plays a critical role in numerous engineering applications, 
including machine design, automotive engineering, the railway industry, and 
biomedical implants. Chapter [1] discusses contact phenomena in scenarios like metal 
formation, vehicle crashes, and gear systems, exploring various solution strategies. It 
covers one-point contact examples, the variational formulation of contact, finite 
element discretization, 3D contact formulations, and practical considerations such as 
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constraint equations and modeling issues like slave/master body selection and 
removing rigid-body motions. Understanding how surfaces interact under load is 
essential for optimizing the performance, durability, and safety of mechanical systems. 
One of the most effective approaches for analyzing contact problems is the finite 
element method (FEM) [2], which allows for a detailed simulation of stress distribution, 
deformation, and pressure between contact surfaces.  

The mechanics of Rail-Wheel contact study [3] is a critical area in Railway 
Engineering, where numerical methods like Finite Element Analysis (FEA) are often 
used due to limitations in analytical models for complex geometries. This study 
emphasizes a more accurate 3D FEA approach to Rail-Wheel contact problems, 
showing strong alignment with real-life scenarios. 

As for biomedical implants goes results in the paper [4] show that roughness 
wavelength and clearance significantly influence pressure distribution and contact 
area, highlighting the importance of avoiding overly loose or tight hip implants for 
optimal design, regardless of material combinations. 

In contact analysis, two primary methods are employed to enforce contact 
constraints: the Lagrange multiplier method and the penalty method [5]. The Lagrange 
multiplier method ensures that contact non-penetration conditions are exactly satisfied 
by treating the contact forces as independent variables. The penalty method allows for 
approximate satisfaction of the contact conditions by introducing penalty parameters 
that penalize constraint violations. Both methods offer unique advantages, with trade-
offs in terms of computational complexity, accuracy, and convergence stability.  

The authors in [6] conducted research on tetrahedral finite elements, which are 
simpler to generate compared to 3D hexahedral and shell elements, thereby reducing 
the required engineering time. 

This paper aims to conduct a comparative analysis of contact mechanics using 
FEM, with a focus on the penalty method for solving contact problems. Two finite 
element models, one utilizing 3D hexahedral elements and the other using shell 
elements, were developed to study the contact between cylindrical convex surfaces. 
These surfaces, tangent at a 90° angle, are subjected to a 50 kN pressure force. The 
study investigates the impact of varying mesh densities on stress and pressure 
distribution in the contact region and evaluates the differences in results and 
computational efficiency between the two types of finite elements. The selected 
parameters for monitoring the results are stress and pressure in the contact region, as 
they play a critical role in understanding the mechanical interactions and material 
behavior under load. These parameters provide insights into potential points of failure, 
material deformation, and the overall performance of the constructions under 
operational conditions. In the paper [7] authors examined various FE models with 
different dimensions, load values, element types, and mesh densities. It focuses on 
how these variations affect stress values and node displacements in the contact 
regions while keeping boundary conditions and loading modes consistent across the 
FE models.  

This research provides valuable insights into the accuracy and computational 
demands of different modeling approaches by comparing the results obtained with 
varying densities of mesh and element types. The obtained results offer practical 
recommendations for improving the precision of contact analysis in finite element 
simulations, particularly in terms of mesh generation and contact region definition. 
Additionally, the study highlights the impact of mesh density and element type on the 
overall accuracy and efficiency of the simulations. 



Snežana Vulović, Vladimir Milovanović, Miloš Pešić, Marko Topalović, Miroslav Živković 

210 
 

2 THEORETICAL BASIS 

The Lagrange multiplier method is a strategy for optimizing a function subject 

to equality constraints. Given an objective function f(x)  that needs to be optimized 

under the constraint 0g(x) = , a scalar multiplier λ is introduced. The Lagrange 

multiplier transforms the constrained optimization problem into an unconstrained one 

by defining the Lagrangian function L(x,λ) . Solving this involves finding points where 

the gradients of the Lagrangian for both x  and λ  are zero. This method treats the 
contact forces as independent variables (Lagrange multipliers), ensuring that contact 
non-penetration conditions are exactly satisfied. 

The penalty method addresses constrained optimization by adding a penalty 
term to the objective function. This term imposes a cost for violating the constraints, 
converting the problem into an unconstrained one. The modified objective function 
becomes: 

21

2
P(x) f(x) r g(x)= +                                                 (1) 

Where r  is the penalty parameter, which penalizes constraint violations. In the 
context of contact problems, the penalty method approximately satisfies contact 
conditions by introducing a penalty parameter that controls the severity of constraint 
violations. As r →  the solution better adheres to the constraints, but too high a 

penalty parameter can lead to numerical instability. 

3 FE MODELS 

Two finite element models were developed to study the contact between 
cylindrical convex surfaces, which are tangent to each other and form a 90° angle. The 
finite element models were developed to simulate the stress and pressure distribution 
in the contact region under a 50 kN pressure load. Both plates are made of steel and 
have identical material properties: 2.1 x 105 MPa as Young Modulus, 7.85 x 106 
kg/mm3 as density, and 0.3 as Poisson ratio. The numerical analysis was performed in 
the Nastran software, while the pre and post-processing were carried out in Femap 
software [8]. The FE model – left (Figure 1), consists of 216 3D hexahedral finite 
elements and 1728 nodes, and the FE model – right (Figure 1), consists of 216 shell 
elements and 864 nodes. 

The first finite element model employs 3D hexahedral elements, which can 
accurately capture complex geometries and stress variations within the contact area. 
This finite element model, as shown in Figure 1 – left, provides a solid representation 
of the volume and material behavior of the cylindrical surfaces. By utilizing 3D 
hexahedral elements, the finite element model achieves a high degree of accuracy in 
representing the physical interaction between the contacting surfaces, particularly in 
areas with high-stress gradients. 

The second finite element model, shown in Figure 1 – right, is developed using 
shell elements, which are computationally more efficient due to their lower 
dimensionality compared to 3D hexahedral elements. In this study, the shell element 
model is employed to evaluate whether this simpler representation can still capture the 
essential contact behavior between the cylindrical surfaces while offering faster 
computational times compared to the 3D hexahedral finite element model. Figure 1 
illustrates the problem setup, including the corresponding loads (50 kN pressure force) 
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and constraints. 

 

Figure 1 Finite element model for contact examination between two cylindrical convex 
surfaces; 3D – hexahedral finite elements – left; b) shell elements – right [9] 

For each finite element model, three different finite element sizes were used: 5 
mm x 5 mm x 5 mm, 10 mm x 10 mm x 5 mm, and 20 mm x 20 mm x 5 mm. 

3.1 Results and Discussion 

Figure 2 shows diagrams that represent stress and pressure values in the 
contact region depending on mesh density.  

 

Figure 2 Changes in stress and pressure values in the contact region depending on 
mesh density; left – stress values, right – pressure values 

As shown in the diagrams in Figure 2 – left, the stress value in the contact 
region increases with the increase in mesh density, and vice versa. Finer meshes, 
such as the 5 mm x 5 mm x 5 mm mesh, capture localized stress concentrations more 
accurately due to their ability to better resolve the complex geometry and stress 
gradients at the contact interface. In contrast, as the mesh density decreases FE 
model may underrepresent the peak stress values, leading to less accurate 
predictions. The stress value is observed to be significantly higher when the mesh 
density is 5 mm x 5 mm x 5 mm, indicating that a finer mesh provides a more precise 
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and detailed representation of the stress distribution in regions of high contact stress. 

A similar trend is observed for the contact pressure value, as illustrated in 
Figure 2 – right. As the mesh density increases, the contact pressure value rises, 
reflecting a more accurate computation of the pressure distribution across the contact 
surfaces. A finer mesh, such as the 5 mm x 5 mm x 5 mm mesh, by offering a higher 
resolution in the contact region, is better suited to model the localized pressure peaks 
that occur due to the applied load. A coarser mesh, such as the 20 mm x 20 mm x 5 
mm mesh, smoothing out these peaks, underestimating the true contact pressure 
values. This increase in pressure values with finer mesh density demonstrates the 
necessity of using a sufficiently refined mesh to capture the details of contact 
mechanics accurately. 

4 CONCLUSION 

As observed from the diagrams, the results obtained from the numerical 
analysis using 3D hexahedral finite elements and shell elements exhibit notable 
variations. These differences underscore the impact of element type on the accuracy 
and reliability of contact simulations. To enhance the precision of the analysis and 
ensure more reliable results, several key recommendations should be followed: 

• Optimal analysis results are achieved when the mesh density is uniform across 
both the master and slave segments of the contact interface. This uniformity 
ensures that the contact conditions are consistently represented across the 
entire interface, minimizing potential discrepancies caused by varying mesh 
resolutions. Discrepancies in mesh density between the contact segments can 
lead to inaccurate stress and pressure predictions, affecting the overall quality 
of the analysis. 

• When modeling contact regions using shell elements, it is crucial to pay careful 
attention to the front and back sides of the shell. Shell elements are often used 
to represent thin structures and may not capture the full three-dimensional 
behavior of contact interactions if not properly configured. Ensuring that the 
shell elements are correctly oriented and adequately represent the contact 
surfaces is essential for accurate simulations.  

• It is essential to avoid merging nodes at the contact interface. Merging nodes 
can inadvertently simplify the contact representation and may lead to 
unrealistic results, particularly in terms of stress concentrations and contact 
pressures. Maintaining separate nodes at the interface ensures that the contact 
conditions are modeled correctly, preserving the accuracy of the simulation. 

The analysis indicates that more reliable and accurate results in contact 
mechanics are generally obtained when the contact regions are defined using 3D 
hexahedral finite elements. This element type provides a more detailed and precise 
representation of the contact geometry and interactions compared to shell elements. 
The finer resolution offered by hexahedral elements allows for better capture of 
localized stresses and pressures, leading to more accurate predictions of contact 
behavior. While 3D hexahedral elements may require higher computational resources, 
their ability to provide detailed results justifies their use in scenarios where precision is 
critical. 

By adhering to these recommendations and choosing the appropriate element 
type, researchers and engineers can enhance the accuracy and reliability of contact 
analysis, ultimately leading to better-informed design decisions and improved 
performance of engineering systems. 
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