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Abstract: This paper deals with translational regular and rapid variations. By using a new method of
proving the Galambos–Bojanić-Seneta type theorems, we prove two theorems of this type for transla-
tionally regularly varying and translationally rapidly varying functions and sequences, important
objects in the asymptotic analysis of divergent processes. Also, we introduce and study the index
functions for translationally regularly varying functions and sequences. For example, we prove that
the index function of a translationally regularly varying function is also in the same class of functions.
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1. Introduction

Classical Karamata theory (see, for instance, [1–3]) was initiated in 1930 in the in-
vestigation of the qualitative asymptotic behavior of the Riemann–Stieltjes integral (and,
in particular, of Dirichlet and power series). This theory has had interesting and diverse
applications in both theoretical and applied mathematics as well as in other sciences. Its use
in applied mathematics is more intensive in various disciplines: summability theory, differ-
ential and difference equations [4–9], Tauberian theorems [10,11], probability theory [12],
selection principles theory, game theory, Ramsey theory, number theory, complex analysis,
generalized inverses, machine learning, and so on. Also, the theory has applications in
energetic electronics [13] and cosmology [14]. For more details see [15–18].

Karamata’s theory of regular variability has functional and sequential aspects which
are related to each other through theorems of the Galambos–Bojanić-Seneta types ([19–21]).
Also, this theory has a number of modifications. For example, in [22] it was observed that
the theory of regular variation can be considered in a more general setting, i.e., in a Banach
algebra of operators by taking a sequence of regular elements of that algebra which satisfies
(2) below.

A function f : [a, ∞) → (0, ∞), a > 0, is regularly varying (in the sense of Karamata) if
it is measurable and

lim
x→∞

f (λx)
f (x)

= r f (λ) < ∞ (1)

for each λ > 0.
The class of all such functions is dented by RVφ.
A sequence of positive real numbers c = (cn) is said to be regularly varying (in the

sense of Karamata) if

lim
n→∞

c[λn]

cn
= rc(λ) < ∞ (2)

for each λ > 0, where for a real number a, [a] denotes the largest integer which is less than
or equal to a.
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The class of all such sequences is dented by RVs.
Observe that for a function f in (1) it follows

lim sup
x→∞

f (λx)
f (x)

= k f (λ) < ∞ (3)

and

lim inf
x→∞

f (λx)
f (x)

= k f (λ) < ∞ (4)

for each λ > 0. The function k f is called the index function of f , while k f is called the auxiliary
function of f . Similarly, we have the sequential analogs for (3) and (4).

In the papers [19,20] the following result was proved.

Theorem 1. For a sequence c = (cn) of positive real numbers, the following are equivalent;

(1) c ∈ RVs;
(2) the function f defined by f (x) = c[x], x ≥ 1, belongs to the class RVφ.

This theorem is a Galambos–Bojanić-Seneta type result for regularly varying functions
and sequences.

For the famous characterization theorem of regularly varying functions for the function
f in (1) we have

r f (λ) = λρ (5)

for some ρ ∈ R and each λ > 0.
Also, by [15], for the sequence c in Theorem 1 it holds

rc(λ) = λρ (6)

for the same ρ ∈ R and each λ > 0.
In [23] (see also [24]), the index function operator K was introduced by

K : f 7→ r f = k f (7)

for each function f ∈ RVφ. Evidently,

K(K( f )) = K( f ), f ∈ RVφ, (8)

i.e., K( f ) is a fixed point for the operator K whenever f ∈ RVφ.
In the paper [23] the authors also considered the operator K∗ for sequences c from RVs

given by
K∗ : c 7→ rc = kc. (9)

By (8) we have
K(K∗(c)) = K∗(c). (10)

In [25] the following class of sequences plays an important role in selection principles
theory and infinite topological games. (Several results in selection principles theory and
game theory related to the classical regular (and rapid) variation are significantly improved
in the context of translational regular (and rapid) variation.)

A sequence c = (cn) of positive real numbers belongs to the class Tr(RVs) of transla-
tionally regularly varying sequences if for each λ ∈ R,

rT
c (λ) := lim

n→∞

c[λ+n]

cn
< ∞. (11)

The following characterization result is from ([25] Theorem 3.6].

Theorem 2. If a sequence (cn) ∈ Tr(RVs), then rT
c (λ) = eρ[λ], for some ρ ∈ R and each λ ∈ R.
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The number ρ from the previous theorem is called the index of variability of (cn).
By Tr(RVs,ρ) we denote the family of all sequences in Tr(RVs) of index ρ.
In [26], the class Tr(RVφ) of translationally regularly varying functions was introduced

and studied.
A measurable function f : [a, ∞) → (0, ∞), a ∈ R fixed, is translationally regularly

varying if the following asymptotic condition holds for each λ ∈ R:

rT
f (λ) := lim

x→∞

f (x + λ)

f (x)
< ∞. (12)

We also consider the classes Tr(Rφ,∞) of translationally rapidly varying functions and
Tr(Rs,∞) of translationally rapidly varying sequences [25].

A measurable function f : [a, ∞) → (0, ∞), a > 0, is said to be translationally rapidly
varying if for each λ ∈ R

lim
x→∞

f (λ + x)
f (x)

= ∞. (13)

A sequence c = (cn) is in the class Tr(Rs,∞) of the translationally rapidly varying
sequences if for each λ ≥ 1, the following holds:

lim
n→∞

c[λ+n]

cn
= ∞. (14)

The importance of translationally rapidly varying functions and sequences can be
found in the papers [27,28].

The goal of our study is to extend and generalize the known results concerning
Galambs–Bojanić-Seneta type theorems and to complement the existing results about
the index function. We first prove two theorems of Galambos–Bojanić-Seneta type for
translationally regularly and rapidly varying functions and sequences. The proofs of these
theorems are quite different from the proofs of the corresponding theorems for classical
regular and rapid variations and contain new methods and ideas. Then, we consider the
index functions for the classes of translationally regularly varying functions and sequences.

2. Main Results

For translational regular variability of functions and sequences the following Galambos–
Bojanić-Seneta type result is true.

Theorem 3. For a sequence c = (cn) of positive real numbers, the following are equivalent:

(1) c ∈ Tr(RVs);
(2) the function f : [1, ∞) → (0, ∞) defined by f (x) = c[x] is in the class Tr(RVφ).

Proof. (1) ⇒ (2) Let c = (cn) ∈ Tr(RVs). Then, by Theorem 2, for each λ ∈ R and some
ρ ∈ R it holds

rT
c (λ) = lim

n→∞

c[λ+n]

cn
= (rT

c (1))
[λ] = eρ[λ], (15)

where ρ = ln(rT
c (1)) and 0 < rT

c (λ) < ∞ form each λ ∈ R. We consider four cases for ρ
and prove that in each of these cases we obtain rT

f (λ) = eρ[λ], λ ∈ R.

(i) For ρ = 0, we have rT
c (1) = 1 = rT

c (λ) for each λ ∈ R.
Consider the function f : [1, ∞) → (0, ∞) defined by f (x) = c[x]. Then for each λ ∈ R

rT
f (λ) = lim

x→∞

c[λ+x]

c[x]
= lim

x→∞

(
c[λ+x]

c[λ+[x]]
·

c[λ+[x]]

c[x]

)
= lim

x→∞

(
c[λ+x]

c[λ+[x]]

)
· 1. (16)
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For an arbitrary and fixed λ ∈ R it is true

0 ≤ [λ + x]− [λ + [x]] < (λ + x)− (λ + [x]− 1) = x − [x] + 1 < x − (x − 1) + 1 = 2. (17)

Since [λ + x] and [λ + [x]] are integers for x ≥ 1 and λ ∈ R, for the same λ and x we have
[λ + x] = [λ + [x]] or [λ + x] = [λ + [x]] + 1. Therefore,

lim
x→∞

c[λ+x]

c[λ+[x]]
= 1, (18)

and thus, in this case, rT
f (λ) = 1 = eρ[λ] for each λ ∈ R.

(ii) If ρ > 0, then rT
c (1) = eρ = α > 1. It follows that there is a sufficiently large i ∈ N

such that the sequence c is strictly increasing beginning with ci. Let R∗ = R \Z−, where
Z− is the set of negative integers. Then for λ ∈ R∗ we have

kT
f (λ) = lim inf

x→∞

c[λ+x]

c[x]
= lim inf

x→∞

c[λ+ x
[x] ·[x]]

c[x]

≥ lim inf
x→∞

c[λ+[x]]

c[x]
= lim

n→∞

c[λ+n]

cn
= eρ[λ].

Also, we have

k
T
f (λ) = lim sup

x→∞

c[λ+x]

c[x]
= lim sup

x→∞

c[λ+ x
[x] ·[x]]

c[x]

≤ lim sup
x→∞

c[λ+δ+[x]]

c[x]
= lim

n→∞

c[λ+δ+n]

cn
= eρ[λ+δ]

for each δ > 0.
As the function [·] is right continuous on R∗, one obtains

k
T
f (λ) = lim

δ→0
eρ[λ+δ] = eρ[λ].

Therefore, for ρ > 0, rT
f (λ) = k

T
f (λ) = kT

f (λ) = eρ[λ] for λ ∈ R∗. (We suppose that ρ < ∞.)

(iii) For ρ < 0 we have rT
c (1) = eρ = β, where 0 < β < 1 (we assume ρ > −∞). There

is j ∈ N such that the sequence c is strictly decreasing beginning from cj. One concludes
that for λ ∈ R∗

kT
f (λ) = lim inf

x→∞

c[λ+x]

c[x]
= lim inf

x→∞

c[λ+ x
[x] ·[x]]

c[x]

≥ lim inf
x→∞

c[λ+δ+[x]]

c[x]
= lim

n→∞

c[λ+δ+n]

cn
= eρ[λ+δ]

and

k
T
f (λ) = lim sup

x→∞

c[λ+x]

c[x]
= lim sup

x→∞

c[λ+ x
[x] ·[x]]

c[x]

≤ lim sup
x→∞

c[λ+[x]]

c[x]
= lim

n→∞

c[λ+n]

cn
= eρ[λ]

for each δ > 0.
Using again the fact that the integer function [·] is right continuous on R∗ we obtain

rT
f (λ) = k

T
f (λ) = kT

f (λ) = eρ[λ]
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for λ ∈ R∗.
(iv) Let ρ ∈ Z−. So, there is k ∈ N such that λ = −k. For such λ and ρ we have

rT
f (λ) = lim

x→∞

c[−k+x]

c[x]
=

1

limx→∞
c[x]

c[x−k]

=
1

limx→∞
c[k+x−k]

c[x−k]

=

(
lim

x→∞

ck+[x−k]

c[x−k]

)−1

=
(

eρk
)−1

= e−kρ = eρ[λ].

From (i)–(iv) we conclude f ∈ Tr(RVφ) which completes the proof of (1) ⇒ (2).
(2) ⇒ (1) is trivial.

Example 1. Consider the sequence c = (cn) defined by

cn = en sin(1/n), n ∈ N.

By a direct calculation one obtains

lim
n→∞

c[λ+n]

cn
= lim

n→∞

e[λ+n] sin(1/[λ + n])
en sin(1/n)

= e[λ]

for all λ ∈ R, which means that c ∈ Tr(RVs) (of index of variability 1). By the above theorem, the
function f , f (x) = c[x], x ≥ 1, belongs to the class Tr(RVφ).

Similarly to the previous theorem one can prove the following result of Galambos–
Bojanić-Seneta type for translationally rapidly varying functions and translationally rapidly
varying sequences.

Theorem 4. A sequence c = (cn) of positive real numbers belongs to the class Tr(Rs,∞) if and
only if the function f defined by f (x) = c[x], x ≥ 1, belongs to the class Tr(Rφ,∞).

Proof. (⇒) Let c ∈ Tr(Rs,∞). Then limn→∞
c[λ+n]

cn
= ∞ for each λ ≥ 1. Therefore, for

sufficiently large n ∈ N it is satisfied cn+1 ≥ 2cn because limn→∞
cn+1

cn
= ∞. Thus from

sufficiently large n, the sequence c is increasing. Also, for x ≥ 1, x ≥ [x]. Hence, for each
λ ≥ 1 we have

lim
x→∞

c[λ+x]

c[x]
≥ lim

x→∞

c[λ+[x]]

c[x]
= ∞,

i.e., the function f (x) = c[x], x ≥ 1, belongs to the class Tr(Rφ,∞).
(⇐) It is evident.

Example 2. Let the sequence c = (cn) be given by

cn =

{
1, n = 1,

en2
ln(ln(n)), n ≥ 2.

It is not hard to conclude
lim

n→∞

c[λ+n]

cn
= ∞,

i.e., c ∈ Tr(Rs,∞). This implies, by Theorem 4, that the function c[x] ∈ Tr(Rφ,∞).

Now, we consider the behavior of the index function of translationally regularly
varying sequences.
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Theorem 5. If a sequence c = (cn) belongs to the class Tr(RVs), then the index function rT
c (λ)

belongs to the class Tr(RVφ) for λ ≥ a, a > 0.

Proof. By Theorem 2, rT
c (λ) = eρ[λ], λ ∈ R. For α ∈ R we have [λ] + [α] ≤ [λ + α] ≤

[λ] + [α] + 1. Thus, for ρ > 0 we have

rT
rT

c
(α) = lim

λ→∞

rT
c (λ + α)

rT
c (λ)

= lim
λ→∞

eρ[λ+α]

eρ[λ]

which implies

lim
λ→∞

eρ([λ]+[α])

eρ[λ]
≤ rT

rT
c
(α) ≤ lim

λ→∞

eρ([λ]+[α]+1)

eρ[λ]

i.e.,
eρ[α] ≤ rT

rT
c
(α) ≤ eρ[α+1].

Similarly, for ρ < 0 one obtains

eρ([α]+1) ≤ rT
rT

c
(α) ≤ eρ[α].

In other words, there is some σ ∈ R such that rT
rcT

(α) = eσ[α]. Therefore, rT
rT

c
(α) ∈ Tr(RVφ)

holds for ρ ∈ R \ {0}. Evidently, it is also true for ρ = 0.

In the following theorem, we consider and prove an important property of the index
function rT

f (λ) for λ ≥ a, a > 0.

Theorem 6. For a function f ∈ Tr(RVφ), the index function rT
f (λ), λ ≥ a, a > 1, belongs to the

class Tr(RVφ).

Proof. Since f ∈ Tr(RVφ) we have

lim
x→∞

f (λ + x)
f (x)

= rT
f (λ) < ∞

for each λ ∈ R.
For all α ∈ R we have

rT
f (λ + α)

rT
f (λ)

= rT
f (α) (19)

so that

rT
rT

f
(α) = lim

λ→∞

rT
f (λ + α)

rT
f (λ)

= rT
f (α) (20)

because rT
f (λ) > 0 for λ > 0. This means that the function rT

f (λ), λ ≥ a, a > 0, belongs to
the class Tr(RVφ).

Remark 1. (a) Let a sequence c = (cn) belong to the class Tr(RVs). By Theorem 2, rT
c (λ) = eρ[λ],

for each λ ∈ R and some ρ ∈ R. Therefore, for the function f (x) = c[x], x ≥ 1, it holds

rT
f (λ) = lim

x→∞

c[λ+x]

c[x]
= lim

n→∞

c[λ+n]

cn
= rT

c (λ) = eρ[λ]

for some ρ ∈ R and each λ ∈ R. Besides, rT
c (λ) = rT

c ([λ]).
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(b) The equality rT
f (−λ) · rT

f (λ) = 1 is satisfied for each λ ∈ R. Indeed,

rT
f (−λ) = lim

x→∞

f (−λ + x)
f (x)

=
1

limx→∞
f (λ+x−λ)

f (x−λ)

=
1

rT
f (λ)

.

(c) rT
f (0) = 1.

(d) Since rT
f (λ) > 0 for each λ ∈ R, from (b) we have rT

f (−λ) > 0 for each λ ∈ R.
(e) rT

c (−λ) · rT
c (λ) = 1, rT

c (0) = 1 and rT
c (λ) > 0, hence rT

c (−λ) > 0 for any c ∈ Tr(RVs).

Consider the operator KT : Tr(RVφ) → Tr(RVφ) defined by

KT( f ) = rT
f (λ), λ ∈ R (21)

analogously to the operator K in (7). Then

KT(KT( f ))(λ) = rT
f (λ), (22)

i.e., rT
f is a fixed point for the operator KT .

Similarly, define the operator K∗T : Tr(RVs) → Tr(RVφ) by

K∗T(c) = rT
c (λ), λ ∈ R.

Then
KT(K∗T(c))(λ) = rT

c (λ), λ ∈ R

which means that K∗T(c)(λ) = rT
c (λ), λ ∈ R, is a fixed point for the operator KT .

3. Conclusions

In this paper, we proved two theorems of the Galambos–Bojanić-Seneta type which
gives a connection between translationally regularly (respectively, rapidly) varying func-
tions and sequences. Such theorems play an important role in asymptotic analysis related
to regular and rapid variation. We also introduced the index function for translationally
regularly varying functions and sequences and proved that these index functions are fixed
points for the operator KT assigning to each translationally regularly varying function its
index function. We hope that this study will be interesting for readers working in this field.
We plan to investigate some other functions similar to the index function.

Our future work should include a representation result for translationally regularly
varying functions in the spirit of the famous Karamata’s representation theorem for reg-
ularly varying functions. Further, we want to investigate the properties of the Landau–
Hurwicz sequence w(c) of a given sequence c belonging to some classes of sequences
relevant to the theory of regular (and rapid) variation. For a sequence c = (cn) of positive
real numbers, the sequence w(c) = (wn(c)) defined by

wn(c) = sup{|cm − ck| : m ≥ n, k ≥ n}, n ∈ N

is called the Landau–Hurwicz sequence of c.

Author Contributions: All authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors are grateful to the referees for a number of useful comments and
suggestions that led to an improvement of the original manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.



Axioms 2024, 13, 189 8 of 8

References
1. Karamata, J. Über die Hardy-Littlewoodschen Umkehrungen des Abelschen Stetigkeitsätzes. Math. Z. 1930, 32, 319–320.

[CrossRef]
2. Karamata, J. Sur certains “Tauberian theorems” de G.H. Hardy et Littlewood. Mathematica 1930, 3, 33–48.
3. Karamata, J. Sur un mode de croissance régulière des fonctions. Mathematica 1930, 4, 38–53.
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26. Tasković, M. Fundamental facts on translationally O-regularly varying functions. Math. Moravica 2003, 7, 107–152. [CrossRef]
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