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Abstract. We analyze shift-invariant spaces Vj, subspaces of Sobolev spaces
H*(R™), s € R, generated by the set of generators ¢;, i € I, I is countable at
most, by the use of range functions and characterize Bessel sequences, frames
and Riesz basis of such spaces. Also V are described through Gramians and
their direct sum decompositions. We show that an f € D}.(R") belongs to
Vs if and only if its Fourier transform has the form ]/t\: Yoier figi, [i= @i €
LAR"), {oi(- + k) 1 k € Z",i € I} is a frame and g; = 3, ;. ale 27V7I0R),
with (a})rezn € (2. Moreover, connecting two different approaches to shift-
invariant spaces V; and V? s > 0, under the assumption that the finite
number of generators belongs to H*N L2, we give the characterization of ele-
ments in V; through the expansions with coefficients in £2. The corresponding
assertion holds for the intersections of such spaces and their duals in the case
when the generators are elements of S(R™). Then, we show that NsoV; is
the space consisting of functions which Fourier transforms equal products of
functions in S(R™) and periodic smooth functions. The appropriate assertion
is obtained for UsoV_j.
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1 Introduction

Following the range function approach used in Bownik [8] - [10], based
on [6], [7], [12], [19] (see also [20]), in this paper we investigate the structure
of the shift-invariant subspaces of Sobolev spaces H® = H*(R"), s € R,
denoted as Vj, generated by at most countable family of generators, elements
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of Ay, C H? so that Vj is the closure of the span of integer translations of
functions in A,, s € R. In the case s = 0, one arrives to L?-theory. For the
L*(R™), Bownik [8] gave a comprehensive analysis of the space V (V = 1}).

The analysis of shift-invariant spaces has a very rich foundation and his-
torical background. It is extended in various directions as to shift-invariant
(locally) compact groups (see [9], [13], [16]), shift-invariant subspaces of
LP9(R™1)-spaces (see [14]) and to the powers of shift-invariant operators
determining generators of V' (see [2], [3]). Note that another approach, with
the frames consisting of the finite set of generators and expansions with co-
efficients in (P-sequence spaces, p > 1, was developed in [4], [5] (see also
references therein) and in [17] with the weighted (7 sequences, (7 sequences
in [17]. This approach is connected with the one used in this paper in case
p=2.

In the first part of the paper we transfer the results of [8] from L2-
framework to H®, s € R, and give the structure of elements in the shift-
invariant spaces V; C H®, s € R, through the Fourier transform as it is stated
in the Abstract. Our main results are given in the second part of the paper, in
Section 5, where we compare results of the approach of Aldroubi and collabo-
rators, cf. [4], [5], [17], with the ones related to the approach of [8] presented
in this paper. Note that in case s = 0, the mapping 7 : L? — L*(T",(?),
o = (t = (p(t + k))gezn,t € [0,1)"), ¢ = F(p), considered in [8], can be
changed by T — (t — (p(t + k), t € [0,1)"). This transform commute
with the translation and implies another development of the theory. In the
case s # 0 the definition of Ty, s # 0 of this paper is the only possible transfer
from the Sobolev spaces to the corresponding weighted sequence spaces. We
also note that in this paper we give an analysis of shift-invariant spaces in
the framework of distributions, in H*, s < 0.

The paper is organized as follows. In Section 2 we follow the definitions
of [8] now applied to subsets and shift-invariant subspaces of H®, s € R.
We define the mapping 7, which, for a.e. ¢t € [0,1)", maps an f € H® to
a sequence (g(t + k)/(1 + |k|?)*?)rezn; f € H® and g € L*(R") are con-
nected by the relation (1 — 47%)5/2]” = ¢ (A is Laplacian), s € R. For
f € H* (1— 25)*2f is defined as a Fourier multiplier (1 — 25)%2f =
F A+ |2)s/2f(-)). With this, we are able to extend notions and theo-
rems in [8] revisiting the proofs from that paper. Since the theory is complex
enough in the L2-case, we carefully analyse the range function .J, acting on
spaces V, = spﬁ{shifts of elements in A, C H 5}. Frames, Riesz basis and
Bessel families are analysed in Section 3. Section 4 is devoted to the orthog-
onal sum decomposition of spaces V;. We give in Section 5 the structure
of spaces V;, s € R. Especially for s > 0, we connect V,-spaces with the



V2-spaces from [17] motivated by the results of Aldroubi and his collabora-
tors, assuming that the finite number of generators belong to H® N L? (with
appropriate decrease at infinity) and characterize the elements of V; through
the expansions with coefficients in corresponding weighted sequence spaces
¢ under the assumption that V2, s > 0 is closed in L. We have proved that
the assumption s > 1/2 implies Vi = V? so that we have a new characteri-
zation of elements in V; by the coefficients in ¢2. Even for s = 0, our result
seems new one. The corresponding corollaries related to the intersections of
Vs-spaces s > 0 and their duals are also given.

2 Notations and basic assertions

Throughout the paper we assume s € R and T" stands for [0,1)". Notation
T,f(-) = f(- —y), means the shift by y € R” Deﬁne the Fourler transform
]? of an integrable function f by Ff(t) = = Jan [( e 2Vt g
t € R (F1f(t) = f(—t)), where (z,t) = Zl 1:6‘ ti, ot € R” Note that
the Fourier transform without 27 in the exponent is used in [5] and [17]. Let
ps(-) = (14| - [2)%/2. Next,

2= @) = { I A O +oo}, seR
kezr
with the scalar product ((cx)kezn, (di)kezn)ez = > pezn cedip?(k). Recall, (cf.
[1], [15]),
~{res@): ae PR e e
R 1/2

= ( FoRnar)  <toof, sek

Rn

and (f, g)ys = fRn p2(t)dt. Note, L? = L2(R") = F(H?®), i.e. f € L?
if and only if f e 0% se R From the distribution theory we recall that the
Schwartz space S (R”) consisting of rapidly decreasing functions, is dense in
H? s € R. Also, that the pseudo-differential operator

(1= 22)2f (@) = F (FOps() (w), = R,

is an isometry of Sobolev spaces:

< [|f]

A N\ s/2
(1——) CH™ s H™, m,s e R.
472
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The Hilbert space H (T",¢?) consists of all vector valued measurable
square integrable functions F : T" — ¢ with the norm

%
Plaeny = ([ 1IP0I a)” < o
In the case s = 0, it is denoted as L? (T", ¢?). Let A C L*(R™). We denote
A, ={peSR"): o= @/D\,u_s for some 1 € A}

and Fy(As) = {Trp : ¢ € As,k € Z"}. Clearly, E(A,) is a subset of H*.
Denote by I a finite set or N and put A; = {¢; : i € I} C L*. We use
notation A; s = Aj if elements of A, are ¢;, 1 € I. If I = {1,2,...,r}, we
use notation A, s (A, if s = 0) instead of notations A; 4 (A if s = 0).

It is said that a closed subspace V, C H?® is shift-invariant if ¢ € Vj
implies Ty € V;, for any k € Z". For any subset A, C H*, let

Ss(As) :span{Tkgp o e Ay k€ Z”}
=span{ (1 — 25) Ty € Ak € Z"},

where, for a given set M, Span(M) denotes the closure of all the linear
combinations of elements in M. It is a shift-invariant space generated by
Ag. If Vi = Ss({p}), it is called a principal shift-invariant space (PSI) and
Ve = Ss({¥1, 92, .., pr}) is called a finitely generated shift-invariant space
(FSI). Note that if s = 0, then we have notation S(A) and E(A), as in [8].

Following the definition of the mapping 7 : L? — L*(T™, (?) ([8]), we
define T, : H® — H(T™, (?) (T = Ts, for s = 0) by

Dt + k) A

s/2
Tep(t) = (W)kem’ teT", pec H, (1 - 4—7r2) p = p(e L*(R")).

Lemma 2.1. Let s € R.
a) To: H® — H(T™ (?).
b) The following diagram of isometries commutes

rr Lo, e

1o, 1 Bs
o I HT ),

where as(g) = FH(G()/1s()) and Bo((fr(-))kezn) = (;{:((é)))kezn" in partic-
ular, 55((5( + k))kezn) = (Q;E;—J(rkk)))kem'
¢) Let o € S(R™). Then T,Typ(-) = e 2™V=10A0T 0(4), j € 7"
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Proof. a) We prove the assertion for an arbitrary function ¢ € S(R™). Then,
by the density arguments, the assertion holds for all the functions in H*. So,
let = u_,. Then

~

t+k)
T. 2 ) :/ Tso(t 22dt:/ <w(—>
1Tl = | Tl dt= | 70w )

G IO

2

dt

KQ

s

2
Hs-

b) This assertion is clear.
¢) Since Tjip(-) = e 2V=HD3(1) it follows

~

oy (Y + k=) Ry VO e
Tre) = (M) e lre, jean

O

Remark 2.1. Instead of T : L? — L*(T", %), ¢ — ((t = (P(t + k), t €
T™), in [8], one can use the mapping T — (t — (p(t + k), t € T?), which
commutes with the translation T;, j € Z™ (with appropriate consequences on
the theory). For the weighted L? - spaces one can use a weighted version of
= p(t+k)

Ts:p— (t— (us—(k))’“t € T™), with the commutation of translation and T,.

Then, we have that T,(p) = To(F '), ¢ € LA(R™).

Next, we reintroduce several notions following [8]. Concerning the mea-
surability, since H® is separable, strong and weak measurability are equiv-
alent. So in both cases a sequence of measurable functions, if converges, it
converges to a measurable function. With this, we recall the definitions and
propositions related to the range function.

A mapping J, : T" — {closed subspaces of Eg} is called the range func-
tion. It is measurable if the associated orthogonal projections Py (t) : £ —
Js(t), t € T", are weakly operator measurable; i.e., t — (Pj (t)c,d)e is a
measurable scalar function for each ¢, d € ¢2. For a given range function J,
(not necessarily measurable), the space

My, ={F € H(T",(2) : F(t) € J(t) for a.e. t € T"}

is a closed subspace of H(T", ¢?). If M; = My, for some measurable range
functions J; and K with associated orthogonal projections P;, and Qg,,
respectively, then Js(t) = K,(t) for a.e. t € T™. The proof is the same as in
[8]. Suppose that J, is a measurable range function. Let P be the projection

H(T™ (%) > F s Py(F) € My,
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so that for a.e. t € T", (P,F)(t) € Jy(t). Let
Py :T" — {Space of projections of £2 onto closed subspaces of Ei},

so that Py (t) : (2 — J(t), for a.e. t € T™.
The next assertions are generalizations of the corresponding ones in [8].
Their proofs for s # 0 are similar as in the case s = 0 and they are omitted.

Theorem 2.1. Let Js be a measurable range function.

a) If F € H(T", (2), then (PsF)(t) = Py, (t)(F(t)) for a.e. t € T™.

b) A closed subspace Vy C H?® is shift-invariant if and only if there exists
some range function J, such that

V= {<P € H® : Typ(t) € Js(t) for a.e. t € ’]I‘”}.

The correspondence between V, and Jg is one-to-one under the convention
that the range functions are identified if they are equal over T™ a.e. Further-
more, if Vs = Ss(Ars) for some A, C H®, then

Js(t) =span{Tsp(t) : o € Ar s} for ae. t € T".

c¢) In the case that Js is not measurable, there exists a unique measurable
range function K, such that K(t) C J(t) for a.e. t € T", and M;, = Mk,.

Recall that the spectrum of Vj is given by
o(V)) = {t €T+ J,(t) # {0},

3 Bessel families and frames

We refer to [11] or any other book with the frame theory for the definitions
of a Bessel family, a Riesz basis and a frame in a Hilbert space. Recall that,
X is a fundamental frame in a Hilbert space H if span(X) is dense in H.

We follow [8] and give analogue results related to frames, Bessel families
and Riesz basis. We give assertions with the sketch of the proofs or without
them since the arguments are already given in [8]. The next lemma is needed
for the characterization of frames and quoted families in V,. We give only a
sketch of the proof in order to avoid repetition of all the arguments already
given in [8].

Lemma 3.1. a) Let E;(A;s) be a Bessel family. Then, for all f € A; s, one

has
Yo X T huel = /Tn‘<7;90(t),7;f(t)>ez

PEA] s kEL™ PEAT s

b) (Twe, [)as = (Ti, g) 12

2
dt.




Proof. a) With ¢, g € L? such that ¢ = QZM,S and ]?: gu_s, we have

S S [T e[
C,OG.A[,S kezn
=2 2

pEA s keZn

=Y S| [ e i a

YeAr ke

=D IDIDIN e A

YveAr keZn ' jeZn

/ &N (1) F(t)2 (1) dt

2

2

2

-y ¥ / 2R S Dt 4 Yt + ) | |

peAr keZn JEL"

Recall, if A(t) = >z Ot + 7)g(t + 7), t € T", then the coefficients of
the periodic function A(t) = A(t + «), t € T", o € Z", are determined by
k= Jon e 2RO ALY dE, k € Z™. Also, ||A(t )||L2 ™y = Dkezn |ck]?. We
now apply these arguments to obtain

EE: 2{:}<7%9%(f> jg: J/
peAL s kEZ™ PEAS

2

dt

> d(t+ )3t +J)

JeEZ™

2

EE: ﬁ)t_kj g t*_J) 2(-)

w;/ = Ms(]) )]
-y /[ \W ORATAR
PEALS

This completes the proof of a).
b) The assertion follows from

Tip e = [ To@Fonide = [ e300 a

= [ g ar= [ g a = 0,9
= (i, 9) 1

With this two assertions we have:



Lemma 3.2. Let s,s9 € R. Then {Tp(t) : ¢ € A1} C €2 is a frame for
Js(t) or a Riesz basis with bounds A, B or a Bessel family with bound B for
a.e. t € T, if and only if {Ts,0(t) : ¢ € Ars,} is a frame or a Riesz basis
for Js, (t) with bounds A, B or a Bessel family with bound B for a.e. t € T",
respectively. Moreover, {Tsp(t) : ¢ € A;s} is a fundamental frame for a.e.
t € T, if and only if {Ts,0(t) : ¢ € A5} is a fundamental frame for a.e.
teTr.

Since s and sq in the previous lemma are two arbitrary real numbers, we
reformulate the previous lemma into the next theorem.

Theorem 3.1. E(A;;) is a frame or a Riesz basis for Vs = Sg(Ars) with
bounds A, B or a Bessel family with bound B for every s € R (equivalently,
by the previous two lemmas, for some s € R), if and only if {Tsp(t) : ¢ €
Arst C €% is a frame for Js(t) with bounds A, B or a Bessel family with
bound B for a.e. t € T", for every s € R (equivalently for some s € R),
respectively. Moreover, Es(A;s) is a fundamental frame for every s € R, if
and only if {Tsp(t) : p € Ar s} C €% is a fundamental frame for a.e. t € T",
for every s € R.

Let Ajs={¢; : i € I} C H®. Set
2= (2(k))yen €6, i€, (3.1)

where 2! (k) is defined by z!(k) = a(t—(zf), for fixed t € T, and 9; € L? such

that 9/51 = 121\7;[1,_5, 1€ 1.
Let (2!);er be given. One defines operator N, by

N,(c) = <Zciz§(k))kezn, (3.2)

il
for sequence ¢ = (¢;);e; with compact support (this means that only finitely
many members are different from zero), and then extend it as a continuous
mapping Ny : (*(I) — (2(Z"™). Tt has the adjoint operator N} : (2(Z") —
(%(I) given by

Ni@) = (0 5)m) iy @ = (ax)ienn € (2 (33)

It is evident that Ny is bounded if and only if N is bounded if and only
if (2%)ier is a Bessel family. Thus, ||NZ||* < B implies that {2 : i € I} is a
Bessel family with the same constant B.

The Gramian G of the system {z! : i € I'} (see (3.1)), defined by G, =
NN, defines a mapping G, : (2(I) — ¢2(I), and its dual Gramian G, :
(2(Z") — (2(Z") is defined by Gy = N,N?, where N, and N} are given by
(3.2) and (3.3), respectively.



Remark 3.1. It is evident that Gy and G, are self-adjoint and that | N,||2 =
INZI2 = Gl = Gl

Remark 3.2. Let {e; : i € I} be the usual basis of (*(I). Since (Gse;, ;)2 =
<NseiaNsej>€§ = <Z zj> 02, Z?] € [7 and <Gsekaef>€§ = <N5*ek>N:e€>E2 =

ST 2 (K)zi(0), we have

6.0 = (Tt Tos0)s), o, = ( S e+ 0Fe )

and for the dual Gramian

% (t+ k) wz(t +7)
(Z s(k) 15 () )k,er"‘

el

Theorem 3.2. Let A;, ={p; :i €1} C H®.
a) Es(A;rs) is a Bessel family with the bound B if and only if

esssup |G (1) |2 < B
teTn

if and only if esssup ||Gy(t)
b) ES(ALS)tzE';Tna frame with positive constants A, B if and only if
Allall, < (Gu(t)a, b < Bllall (3.4)
where a € span{Typ;(t) : i € I} for a.e. t € T, if and only if
o(G,(t)) C{0}U[A, B] fora.c. teT" (3.5)
Furthermoze, Ey(Ars) is a fundamental frame with constants A, B if and
only if o(Gs(t)) C [A, B] for a.e. t € T™.
c) Es(A;s) is a Riesz family with constants A, B if and only if
Alle|l < (Gs(t)e, ) < Bllellzz, ¢ € *(I) for a.e. t €T", (3.6)

if and only iof
o(Gs(t)) C [A, B] for a.e. t € T". (3.7)

Furthermore, Es(A;s) is a Riesz basis if and only if (3.7) holds and 0 ¢
o(Gs(t)) for a.e. t € T".



Proof. We will use the analysis similar to that in [8], for s = 0.
a) The assertion follows from Theorem 3.1 and Remarks 3.1 and 3.2.
b) Since

(Gi(t)a,a)ez = (N7a, Nia)p =) |{a, 20)e

i€l

2 ae iz,

by Theorem 3.1, the first equivalence is obtained. Since G,(t) is self-adjoint
operator, it follows that

ker és(t) & rank G, (t) = (7).

Furthermore, ker G,(t) = ker N* = J,(t)*, where J, is the range function
of Ss(Ass), implies rank és(t) = Js(t) for a.e. t € T™. The equivalence
(3.4)<>(3.5) is obtained considering the restriction of operator G,(t) on J,(t).
Additionally, if ker G4(t) = J,(£)* = {0} for a.e. t € T", then E,(A;,) is a
fundamental frame.

¢) The first equivalence follows from

E CiZe

el

(Gsc,c)e = (Nye, Nyc)z = c = (¢;)ier € *(1),

2
@’
and Theorem 3.1. The equivalence (3.6)<>(3.7) is due to the fact that Gy is

a non-negative definite operator. Additionally, if ker G(t) = J,(t)* = {0}
ie., 0¢ o(Gs(t)) for a.e. t € T", then Es(Ass) is a Riesz basis. O

4 The decomposition

This section, for s # 0 gives the same kind of decomposition as in the case s =
0. So, the proof are omitted. We follow [8] and define the dimension function
of Vi, denoted by dimy,. Let J; be a range function and V, = 7, 'M, . A
mapping dimy, : T" — NU{0, +o00} defined by dimy, (t) = dim J4(¢) is called
the dimension function of V .

Let Vi = Ss(p), ¢ € H® and ¢y € V;. It is said that ¢q is a tight frame
generator or quasi-orthogonal generator of Vj if

£l = Z (T, [)ms

keZn

2, for all f € V.

By Theorem 2.1 and Lemma 3.1 the following conditions are equivalent:
(1) o is a quasi-orthogonal generator of Vi = S;(¢),
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(2) || Tseo(t) oy, (t) for ae. t € T".
Now, we can prove the decomposition theorem. The same construction given
in the proof of Theorem 3.3 in [8] with the change

Py Mengry N
ne(t) = { TP@erwlliz” te k,'
0, otherwise,

leads to the proof of the next theorem.

Theorem 4.1. Suppose that Vs is a shift-invariant subspace of H®. Then,
Vs can be decomposed as an orthogonal sum

‘/s = @ Vtgla
ieN
where V!, i € N, are principal shift-invariant spaces with quasi-orthogonal

generators ¢;, i € N, and oy C oy, for all i € N. Moreover, dimy;(t) =
| Tspi(t)|le2, @ € N, and

dimy, (t) = > | Teil(t)

1€EN

for a.e. t € T".

Remark 4.1. The decomposition of the shift-invariant space Vs is not always
unique, but this decomposition always gives us an optimal number of non-
trivial components V!, i € N.

5 Structural theorems

Recall [18], [21], that D2 (R") = ﬂsZO H?® and D},(R") = Uszo H—s.
We construct a dual frame Eﬁ for E5(A; ). Note Vi is a closed subspace

of H°, s € R, so it is also a separable Hilbert space. The dual frame {9,@ :
kelZ"ie I} is determined by

0, =L (Twpi), keZ' i€l
where L is the frame operator,

= Z Z (f, Tepi)asTros, f € V.

i€l keZn

Theorem 5.1. Assume that Es(Ars) is a frame for Vi and that {T0" : k €
7", i € I} is its dual frame. Then F (V) is the set of Fourier transforms of
elements f € D}.(R") so that

_ Z sz Z az —2m/—1¢(,

el keznr
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where (al)kezn € (% is given by
@i = | Fla)e™ TN Gi (o) 2(2) de, ke Z"ie . (5.1)
R?’L

Equivalently, it is equal to the space of elements [ € D}.(R"™) which Fourier
transforms have the form

f = Zflgm 9i € L?)er(Rn)a
il
where f; = §; € L*(R™), i € I, and g;, i € I, have the expansions
() =Y aje VTR,
kezn

with at, determined by (5.1).

Proof. Recall that the frame operator is a bijection. Moreover, it is a self-
adjoint shift-preserving operator (commutes with the shift). Since

L_l(goi(x — k- ])) = Hliﬂ(a:) and L_l(goi(x — k- j)) = 9;(x — k),

we have 0, ;(v) = 0i(x — k), z € R", k,j € Z", i € I. So, for j = 0 we
obtain ‘ A
0,(x) =Tp0'(x), z€R" keZ" icl.

As in [8], the corresponding range operator is given by és(t)| Js(t), for a.e.
t € T, where G5 = NN (see (3.2) and (3.3)) is the dual Gramian for
{Tsp(t) :i € I} for ae. t € T". We know that for every f € V; there holds

= Z Z <f(x)7Tk<Pi(x)>HsTk9i

iel kezn
= D (f@) L8 (@) Teoi=) Y il
iel kezn iel kezn
in the sense of convergence in V, where
al, = F(z)e™V =1k gi ()2 (x) dw, k€ Z" i€l
Rn

Since {T}6" : k € Z",i € I} is a frame, we have

<Y ) lai < Blf]

i€l keZn

Allf] 2., A>0 B>0.
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Thus, f € V; if and only if
f=Y> aTip
i€l kezn

where (a})rezn € €? are given by (5.1).
Since the space of periodic L?-functions, L2, (R"), is defined by

per
Lzer(Rn) — {g cg(-) = Z ake—27r\/?1<~,k>’ (a)pezn € 62},
kezn

we have proved the assertion. O

5.1 Relations with V2

Instead of notation V? in [17] (and V}, in [5]) we use V2, for p = 2. We recall
some results of [17], where we have considered a weighted version of spaces
VP p € [l,400), analysed in [5].

So, assume that p = 2. In the case s = 0, we assume that )* € £,
1=1,...,r, where

£ = Lo ulen = sup 3 pote )] < o0
teTn
jeZ
By [5],
VQ = {f : f = Z Z C?;:Tkwiv (C’Iif)kEZ" - €27 L= ]-a s 7T}'
i=1 kezZn
Theorem 5.2. Assume that A, = {¢*: i=1,...,r} C L*(R")NL>®. Then,
V2=V = S(A).
if V2 is closed in L*(R™).

Proof. Recall [5] that the closedness of V? in L%*(R™) is necessary and suf-
ficient condition that B = {Tkz/ﬂ keZti=1,... ,r} is a frame for V2.
Since E(A,) = B and S(A,) is closed in L?(R™) by the definition, it follows
that the same frame determines both spaces so that V? = V. O]

Now, we consider weighted versions [17]. Let s > 0 be fixed. We will
introduce several assumptions on generators 1%, i = 1, ..., 7, in order to have
that their linear combinations determine subspaces of H® and of L?:

Ve HSNL2 i=1,...,7 (5.2)
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Moreover, in order to have the same assumptions as in [5] (and [17]), we
assume, as in the previous assumption, that

pe L i=1,...,r (5.3)
Recall [17],

{f f chka@ZJ Ck keZn Egs, —1,...77“}. (54)

i=1 kezZn

Theorem 5.3. Assume that s > 0, (5.2) and (5.3) hold.
a) Assume that

V, and F(V?) are closed in L2.

Then,
VZC H® and V? =V, = S,(A.s).
In particular, any element f € Vi has the frame expansion as in (5.4).
b) Assume that s > 1/2 and that V* s closed in L% Then, F(V?) is
closed in L? and both assertions in a) hold true.

Proof. a) Since ¢* € H*,i=1,...,r, consider
By ={Tw)'(t) : ke Z" teR", i=1,...,r} C H NLZ.

By [17], V2 is closed in L? is equivalent with By is a frame for V2. We know
that the Fourier transform is an isomorphism of H® and L2. Since F(V?)
is closed in L2, it follows that F~'(FV?) = V2 is a closed subset of H®.
Both sets, Vi and V2 have the same dense subset consisting of compactly
supported functions Y7 | >, ;. cit)'(- — k), we have that they are equal.
The particular part of the assertion now easily follows and any f € V; has
the expansion as in (5.4).
b) If f € V2, then

chw (-—k) and f(") Z¢ )Y chen VIR,

=1 keZ™ kezm

:Z{D\ Z Cl —27y/—1{-,k

|k|>N

Let

In order to show that f € L? we will show that

| OO+ A =0, N = oo

14



In the product fN(ﬁ )J/C\N (&) under the integral sign we have

T

Z Jil(f Wz Z Czlef27r\/7§k Z CZQe2ﬂF<£k>

i1,92=1 |k|>N |k|>N
T

= Z {b\ll(f)ww(é) I;, jia,N -

i1,i2=1

Since

D (E)i(E)(1+ |€]%)* € LA(R™),
if we prove that

] < sp | 3 e T68 3 G H] 50, N o
CER™ Db SN k|>N

we will have fy — 0, N — 400 in L2. We have

1112N< Z|C |Z|C

|k|>N |k|>N

1
S P+ (K Z< Z|c (1+|k*)® Z(1+—yk|2)s'

|k|>N |k|>N |k|>N |k|>N

Since (), € £2,i=1,...,r, we see that the last expression tends to zero as
N — +o0. ThlS proves the claim and the assertion b). ]

Concerning the duality, we have the following assertion.

Theorem 5.4. Assume that s > 0, (5.2) and (5.3) hold. Moreover, assume
that the conditions of assertion a) or conditions of assertion b) of Theorem
5.3 hold. Then in (both cases),

a) (V2) = V2., where V2 is the space of formal series of the form

=D E = k), Y A+ K2 < oo,

1=1 keZn i=1 keZn

with the dual pairing

Z Z bick, (f is of the form given in (5.4)).

i=1 kezn
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Proof. Part a) is clear while the second part follows from the fact that the
compactly supported elements of the form »°7_; >, . bio)*(- — k) are dense
in both spaces V2, and V_g, s > 0.

O

In order to consider the intersections of Vi, s > 0, instead of conditions
(5.2) and (5.3), we assume

P eSRY), i=1,...,m (5.5)

Theorem 5.5. Assume that (5.5) holds. Then,

Vi=(V

s>0 s>0
and the expansion for their elements has the form as in (5.4) with

sup |ci|k® < +oo, i=1,...,r, for every s > 0.
kezn

Recall that the space P(R™) = P of periodic smooth test functions (with
period one in any variable) is given by
P = {¢ Lo() = Z age 2™V IR (4 ) ez € 02 for every s > 0},
keZn

while its dual space P'(R™) = P’ is given by

P = {¢ () = Z ake—%ﬁ(-,m, (ar)pezn € 02, for some s > 0}.

kezn
A direct consequence part b) of Theorem 5.3 is the following assertion.
Corollary 5.1. Assume that (5.5) holds. Then

f((pg):

s>0

{ Z{b\l() Z C?ﬂe_QW\/jl<.7k> : (CZ)kEZ" S £§7Z = 17 e T fOT every s > O}v
=1

kezZm

where ®;(-) = 3,y che VTR € P =1,y

Concerning the duality, by Theorem 5.4 we have:

16



Corollary 5.2. Assume that (5.5) holds. Then V! = V?

and -
()

s<0

Us>OVg/ = US>OVES

{ Z{b\z() Z e VIR (Y g € i =1,.. .1, for some s < 0},
i=1

keZn

where Fi(-) = Y com che VIR e Pl =1,

Note that the assumption ¢ € S(R™) implies a well defined product of a
smooth function and a (periodic) Schwartz distribution.

Acknowledgment. The authors are supported by Serbian Ministry of
Science and Technology (grant 451-03-47/2023-01/200122), and project F10
of the Serbian Academy of Sciences and Arts.

References

[1] R. A. Adams, J. J. F. Fournier, Sobolev spaces, V 140, Pure Appl.
Math, Esevier, second ed. 2003.

[2] A. Aguilera, C. Cabrelli, D. Carbajal and V. Paternostro, Diagonaliza-
tion of shift-preserving operators, Advan. in Math. 389(3): paper No.
107892, 32 pp, 2021.

[3] A. Aguilera, C. Cabrelli, D. Carbajal and V. Paternostro, Dynamical
sampling for shift-preserving operators, Appl. Comput. Harmon. Anal,
51:258-274, 2021.

[4] A. Aldroubi and K. Gréchenig, Non-uniform sampling and reconstruc-
tion in shift-invariant spaces, SIAM Rev. 43(4):585-620, 2001.

[5] A. Aldroubi, Q. Sun and W. Tang, p-frames and shift-invariant sub-
spaces of LP, J. Fourier Anal. Appl. 7:1-21, 2001.

[6] C.de Boor, R. A. DeVore and A. Ron, The structure of finitely generated
shift-invariant spaces in L?(R?), J. Funct. Anal. 119:37-78, 1994.

[7] C. de Boor, R. A. DeVore and A. Ron, Approzimation from shift-
invariant subspaces of L*(RY), Trans. Amer. Math. Soc. 341:787-806,
1994.

17



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

M. Bownik, The structure of shift-invariant subspaces of L*(R™), J.
Funct. Anal. 177:282-309, 2000.

M. Bownik and K. A. Ross, The structure of translation-invariant spaces
on locally compact abelian groups, J. Fourier Anal. Appl. 21: no. 4, 849—
884, 2016.

M. Bownik and Z. Rzeszotnik, The spectral function of shift-invariant
spaces, Michigan Math. J. 51: no. 2, 387-414, 2003.

K. Grochenig, Foundations of Time-Frequency Analysis, Birkhauser,
Boston 2001.

H. Helson, Lectures on Invariant Subspaces, Academic Press, New York,
London, 1964.

M. S. Jakobsen and J. Lemvig, Co-compact Gabor systems on locally
compact abelian groups, J. Fourier Anal. Appl. 22:36-70, 2016.

B. Liu, R. Li and Q. Zhang, The structure of finitely generated shift-
invariant spaces in mived Lebesgue spaces LP4(R4Y), Banach J. Math.
Anal. 14:63-77, 2020.

R. Meise, D Vogt, Introduction to Functional Analysis, Clarendon Press,
1997, pp 448.

M. Mortazavizadeh, R. Raisi Tousi and R. A. Kamyabi Gol, Transla-
tion preserving operators on locally compact abelian groups, Mediterr. J.
Math. 17:126, 14 pp. 2020.

S. Pilipovi¢ and S. Simi¢, Frames for weighted shift-invariant spaces,
Mediterr. J. Math. 9:897-912, 2012.

L. Schwartz, Theorie des Distributions, Hermann, Paris, 1966.

A. Ron and Z. Shen, Frames and stable bases for shift-invariant sub-
spaces of L*(R?), Canad. J. Math. 47:1051-1094, 1995.

C. E. Shin and Q. Sun, Stability of localized operators, J. Funct. Anal.
256(8):2417-2439, 2009.

V. S. Vladimirov, Generalized functions in mathematical physics, Transl.
by G. Yankovskii, ” Mir”, Moscow, 1979. xii+362 pp.

18



Aleksandar Aksentijevi¢

Faculty of Technical Sciences, University of Kragujevac, Svetog Save 65,
32102 Cacak, Serbia
e-mail: aksentijevic@kg.ac.rs

Suzana Aleksié¢

Department of Mathematics and Informatics, Faculty of Science, University
of Kragujevac, Radoja Domanovic¢a 12, 34000 Kragujevac, Serbia

e-mail: suzana.aleksic@pmf.kg.ac.rs

Stevan Pilipovié¢

Department of Mathematics and Informatics, Faculty of Sciences, University
of Novi Sad, Trg Dositeja Obradovic¢a 4, 21000 Novi Sad, Serbia

e-mail: stevan.pilipovic@dmi.uns.ac.rs

19



