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Abstract: This paper continues the mathematical research of the novel glass tube collectors
for water heating. The subject of this research is a vacuum solar collector composed
of a glass tube and a selective (using the SnAl2O3 coating) flat absorber plate. Water
heating is performed using gravitational driving force and single-stage direct flow. The
thermal performance with the geometric optimization (absorber width and glass tube
thickness) of the presented solar collector type was determined using the specially designed
iterative calculation algorithm (phase 1) and the double multi-criteria analysis (phase
2). Different operational (absorber temperature, ambient temperature and wind speed),
geometric (mass, surface occupation, total surface occupation and volume occupation),
economic (manufacturing costs and exploitation costs) and ecological (embodied energy
and greenhouse gas emission) indicators were taken into account. The results showed that
the useful heat power has an increasing trend if the flat absorber plate width increases,
while the thermal efficiency has a decreasing trend. It was also determined that the glass
tube thickness and the thermal performance of the solar collector are oppositely dependent.
The main conclusion of this paper is that the optimal performance of such non-conventional
solar systems is achieved when the absorber plate width is between 85 and 90 mm.

Keywords: absorber; direct water flow; glass tube; mathematical model; multi-criteria
analysis; optimization; selective coating; SnAl2O3; solar collector; vacuum

1. Introduction
Advancements in solar technology and solar physics are essential for the share of solar

energy in the total RES mix to increase in the future. This includes improving existing solar
devices and inventing new ones [1]. These innovations must enhance useful heat power
and thermal efficiency while maintaining economic affordability.

The traditional classification, according to which solar collectors (SCs) can be non-
tracking, i.e., fixed or tracking (first classification criteria [2–4]) and non-concentrating or
concentrating (second classification criteria [5–7]), is considered obsolete today. This is best
illustrated by modified versions of flat-plate collectors (FPCs) and evacuated tube collectors
(ETCs)—SCs that are traditionally fixed and non-concentrating.

FPCs and ETCs are characterized by small dimensions [8], relatively simple manu-
facturing technologies [9], low production and sales costs (market availability [10]) and
satisfactory thermal performance (FPCs’ and ETCs’ zero-loss thermal efficiencies are about
80% and 70%, respectively [11]). In other words, these are solar structures with an excellent
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basis for further improvements, which can be achieved with simple technological solutions
and low investments. Table 1 shows some modified solutions (with an emphasis on re-
flectors and tracking mechanisms) implemented in the past using mathematical (math),
numerical (num) and experimental (exp) scientific approaches.

Table 1. Some literature examples of the modified FPC and ETC constructions.

SC Type Modification Method Description Main Results Year Source

FPC

Reflector

Math/Exp Manually operated mirror in all
three orthogonal directions η higher by 29.55% 2015 [12]

Exp CPC/External η higher by 26.5% 2020 [13]

Math Moveable in the direction
normal to the bifacial SC plane η higher by 54–74% 2024 [14]

Tracking
mechanism

Math

SAT/Inclined axis/E-W
direction

DAT

Gtot = 1370
kW/hr/m2

Gtot = 1460
kW/hr/m2

1978
[15]

DAT η higher by 20% [16]

SAT/Horizontal axis/N-S
direction

SAT/Horizontal axis/E-W
direction

SAT/Vertical axis/E-W direction
SAT/Inclined axis/E-W

direction
DAT

η = 57.12%
η = 62.17%
η = 59.51%
η = 64.36%
η = 67.25%

2014 [17]

Num rSAT/Inclined axis/E-W
direction η higher by 20% 2024 [18]

ETC
Reflector

Num CPC/External/N-S installation
CPC/External/E-W installation

η = 69%
η = 66.5% 2019 [19]

Exp
V-trough Water treatment

higher by 66% 2020 [20]

CPC/External η = 45–64% 2020 [21]

Math/Exp CPC/Internal η = 65–72% 2021 [22]

Math/Num/Exp Low-cost/Trapezoidal Qheat higher by 30%

2021

[23]

Exp Flat
Wavy

ttw higher by 4 ◦C
ttw higher by 6 ◦C [24]

Tracking
mechanism Math/Num/Exp CPC/Internal/rSAT/

Inclined axis/E-W direction
η = 54% at 80 ◦C

η = 26% at 200 ◦C 2016/2017 [25–27]

FPC/ETC

Tracking
mechanism Math/Exp ABS/GT/rSAT/Inclined axis/

E-W direction
Qheat higher by

14–23% 2024 [28]

Specific
solutions

Math/Num
Different

temperature
operation

η = 47.24% 2023 [29]

Math/Exp

ABS/SGT/AL
ABS/SGT/VL
ABS/DGT/AL
ABS/DGT/VL

Qloss = 5.29–64.42 W
Qloss = 2.74–27.11 W

Qloss = 12.65–47.14 W
Qloss = 6.48–23.35 W

2024 [30]

List of abbreviations: ABS is the absorber, AL is the air layer, CPC is the compound parabolic collector, DAT
is the dual-axis tracking mechanism, DGT is the double-glazed tube, GT is the glass tube, rSAT is the relative
single-axis tracking mechanism, SAT is the single-axis tracking mechanism, SGT is the single-glazed tube and
VL is the vacuum layer. List of symbols: Gtot [W/m2] is the total incident solar irradiance (Section 2.2.4), Qheat
[W] is the useful heat power (Section 2.2.2), Qloss [W] is the heat loss (Section 2.2.3) and ttw [◦C] is the tank water
temperature. List of Greek letters: η [-] is the thermal efficiency (Section 2.2.1).
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For instance, Ditta et al. [31] investigated a hybrid ETC configuration, achieving the
maximum outlet temperature of 87 ◦C, thermal efficiency of 56% and cooling capacity of
4.6 kW. Supankanok et al. [32] developed an ETC with a modified design, achieving a heat
transfer fluid temperature of 160.32–22 ◦C higher than standard tubes. Other studies, such
as those by Ma et al. [33] and Kaya et al. [34], explored advanced designs and working
fluids, including nanofluids, to enhance performance. Kaya et al. reported the highest
collector efficiency at 68.7%, using the 4.0 vol% Ag/EG-PW nanofluid.

The measurement and simulation of the flow rate in the water-in-glass ETC were
realized by Morrison et al. in [35]. The natural circulation flow through the water-in-
glass ETC with the flat reflector behind (and parallel) was investigated numerically and
experimentally in [36]. The theoretical model [37] of the double-stage direct flow in the
coaxial vacuum tube collectors (VTCs) was presented and investigated by Glembin et al.
In [38], the subject of the experimental research was the direct flow in the ETC integrated
with the phase change material. Rezaeian et al. developed an interesting solar construction
(parabolic SC with direct flow evacuated tube, i.e., ET) [39]. The results showed that the
thermal efficiency of the presented SC can increase by 71% in some cases (maximum value).
In [40], the thermal performance of the helical direct flow U-Tube ETC was analyzed. The
main result of this study is that the maximum average energy and exergy efficiencies of
38.6% and 18%, respectively, were achieved in the seven-step helical tube ETC at the highest
flow rate of 30 l/h.

The reviewed literature reveals that when researching ETCs, the main focus is usu-
ally placed on the following parameters: reflective surfaces (and tracking mechanisms)
implementation, the mutual axial distance between ETs, application in different HVAC
systems and sectors (residential, public and industrial), operative temperatures (working
fluid temperature and ambient temperature), mass flow, working fluid types and selecting
materials. The economic and environmental parameters are secondary influencing elements
in many cases. In some papers, novel solar constructions are investigated without using
them because it is clear that they would affect the justification of the presented concept.
Since the thermal performances of the SCs depend on design (geometric parameters and
material choices), working conditions, meteorological data, market factors and ecological
aspects, analyses should be comprehensive and multidisciplinary.

Thermal management plays a crucial role in ensuring efficiency and reliability in
energy conversion systems, especially in high-temperature operating conditions. Recent
studies, such as those on power converters, emphasize the importance of considering the
temperature-dependent thermal properties of materials to enhance prediction accuracy and
system performance [41]. In particular, temperature-dependent thermal networks, such as
the improved Cauer-type thermal model for IGBT modules proposed in [42], enable a more
precise estimation of thermal impedance, significantly reducing computational costs while
improving heat transfer modeling accuracy [43]. Such methodologies can be effectively
adapted to solar thermal applications, where accurate thermal modeling is essential for
optimizing energy conversion efficiency [44].

After presenting (in [30]) the simple and fast mathematical method (based on an
iterative calculation algorithm with a thermal resistance model and multi-criteria analysis,
i.e., MCA) for glass tube collector (GTC) dimensioning and selection, this paper continues
to investigate the single-glazed tube collector (SGTC) with a VL—the non-conventional
solar structure composed of three components: GT (the main feature of the ETCs), the
selective (using SnAl2O3 coating) flat absorber plate, i.e., FAP (the main feature of the
FPCs), and a VL between them. The flow channel is integrated on the underside of the
absorber, so that the water flows directly (single-stage) using the force of gravity.
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The main goal of the paper is the new method for the geometric (dimensional) opti-
mization of the mentioned solar concept based on two steps: the development of a unique
(supplemented with heat power and thermal efficiency models—in comparison with [30])
iterative calculation algorithm (step one) and the application of a double MCA (step two).
The comprehensive and multidisciplinary approach of this paper is reflected in the follow-
ing facts: (1) the iterative algorithm with useful heat power and thermal efficiency models
uses three variables (absorber temperature, ambient temperature and wind speed), and
(2) the MCA uses eight variables divided into three groups: geometric (mass, surface occu-
pation, total surface occupation and volume occupation), economic (manufacturing costs
and exploitation costs) and ecological (embodied energy and greenhouse gas emission).
The developed mathematical method can be applied to any other solar device. The authors
hope that this paper will be helpful in future investigations in the solar energy field.

2. Materials and Methods
The geometric dimensions, thermal performances of the main components and other

specificities of the single-glazed vacuum tube collector with a SnAl2O3 selective flat ab-
sorber plate and gravity single-stage direct water flow (SGVTC) are presented in Section 2.1.
The complete SGVTC mathematical model and iterative calculation algorithm of thermal
behavior are presented in Section 2.2. Finally, Section 2.3 is dedicated to the MCA and the
indicators used (geometric, economic and ecological).

2.1. Research Subject

The isometric and cross-sectional views of the analyzed SC type is shown in Figure 1.
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Figure 1. Design of the SGVTC: (a) isometric view and (b) cross-sectional view. List of symbols: dgt

[m] is the glass tube thickness (variable 2, i.e., V2) and Labs,up [m] is the upper side width of the
absorber (variable 1, i.e., V1).

Figure 1 shows a relatively simple solar construction that may have a larger commercial
application. Its simplicity is reflected in the application of the following main components
(Table 2): GT (the main feature of the ETCs), selective FAP (the main feature of the FPCs)
and a VL between them. The surface of the FAP is coated using the SnAl2O3 chemical
compound with excellent optical performance (Table 2). The working fluid (water) flows
through a circular cross-sectional channel with a diameter of Ø15 mm (Figure 1b). Water
enters the SC from one side and exits from the other side—the water flow is gravitational
and single-stage.
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Table 2. Thermal and optical performances of the main SGVTC components.

Component Material ρ [kg/m3] k [W/(mK)] τ [-] α [-] ε [-]

FAP Aluminum 2700 203 - 0.88 0.25

GT Glass 2200 0.8 0.9 - 0.9
List of symbols: k [W/(mK)] is the thermal conductivity. List of Greek letters: α [-] is the nominal absorptance, ε
[-] is the nominal emissivity, ρ [kg/m3] is the density and τ [-] is the nominal transmittance.

Two variables (Labs,up [m] and dgt [m]) influence the optimal dimensions of the SC in
the transversal plane (Figure 1b). The dimensions of the Dgt,i [m] Equation (1) and Dgt,e [m]
Equation (2) are determined as follows:

Dgt,i = Labs,up + 2 + 2 = Labs,up + 4 (1)

Dgt,e = Dgt,i + dgt = Dgt,i + 2dgt (2)

where: the adopted value of 2 mm in Equation (1) is the safety factor for the linear thermal
expansion of the aluminum absorber, Dgt,i [m] is the internal glass tube diameter and Dgt,e

[m] is the external glass tube diameter.
The following tables (analogous to Figure 1) show the geometric performances of the

FAP (Table 3) and the GT (Table 4) for different (adopted) values of Labs,up (V1) and dgt (V2).

Table 3. Geometric performances of the FAP in SGVTC construction, depending on the simula-
tion scenario.

Scenario m [kg] SO [m2] TSO [m2] VO [m3]

Labs,up = 50 mm 0.468 0.4 0.104 0.000315

Labs,up = 75 mm 0.575 0.6 0.144 0.000355

Labs,up = 100 mm 0.683 0.8 0.184 0.000395

Labs,up = 125 mm 0.791 0.1 0.224 0.000435

Labs,up = 150 mm 0.898 0.12 0.264 0.000475

List of symbols: m [kg] is the mass, SO [m2] is the surface occupation, TSO [m2] is the total surface occupation
and VO [m3] is the volume occupation.

Table 4. Geometric performances of the GT in SGVTC construction, depending on the simula-
tion scenario.

Scenario m [kg] SO [m2] TSO [m2] VO [m3]

Labs,up = 50 mm

dgt = 3 mm 0.946 0.048 0.151 0.00226

dgt = 4 mm 1.283 0.0496 0.156 0.00241

dgt = 5 mm 1.632 0.0512 0.161 0.00257

Labs,up = 75 mm

dgt = 3 mm 1.361 0.068 0.214 0.00454

dgt = 4 mm 1.836 0.0696 0.219 0.00475

dgt = 5 mm 2.323 0.0712 0.224 0.00497

Labs,up = 100 mm

dgt = 3 mm 1.775 0.088 0.276 0.0076

dgt = 4 mm 2.389 0.0896 0.281 0.00788

dgt = 5 mm 3.014 0.0912 0.286 0.00816

Labs,up = 125 mm

dgt = 3 mm 2.19 0.108 0.339 0.01145

dgt = 4 mm 2.942 0.1096 0.344 0.01179

dgt = 5 mm 3.706 0.1112 0.349 0.01213
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Table 4. Cont.

Scenario m [kg] SO [m2] TSO [m2] VO [m3]

Labs,up = 150 mm

dgt = 3 mm 2.605 0.128 0.402 0.01608

dgt = 4 mm 3.495 0.1296 0.407 0.01648

dgt = 5 mm 4.397 0.1312 0.412 0.01689

2.2. Mathematical Model

This chapter describes the next segments: thermal efficiency and solar heat
(Section 2.2.1), useful heat power (Section 2.2.2), heat losses (Section 2.2.3), incident so-
lar irradiance (Section 2.2.4), absorbed solar irradiance (Section 2.2.5), optical efficiency
(Section 2.2.6), solar incident angle (Section 2.2.7), incoming solar irradiance (Section 2.2.8)
and iterative calculation algorithm (Section 2.2.9).

2.2.1. Thermal Efficiency and Solar Heat

The thermal efficiency of the SGVTC, in general, is given by Equation (3) [40]:

η =
Qheat
Qsun

(3)

where Qsun [W] is the solar heat.
The value of Qsun, as shown in Equation (4), is equal to the product of Aabs,up, derived

from Equation (5), and Gtot (Section 2.2.4) [28]:

Qsun = Aabs,upGtot (4)

Aabs,up = Labs,upHabs (5)

where Habs [m] is the absorber length (adopted Habs = 800 mm).

2.2.2. Useful Heat Power

When Qloss [W], derived from Equation (6), is subtracted from the absorbed (net) heat
energy Qnet [W], derived from Equation (7), the Qheat [W] value is obtained, as shown in
Equation (8) [28,40,45,46]:

Qloss =
Tabs − To

∑ Rloss
(6)

Qnet = Aabs,up Itot (7)

Qheat = Qnet − Qloss (8)

where Tabs [K] is the absorber temperature, To [K] is the ambient temperature, ΣRloss [K/W]
is the total resistance to heat transfer (Section 2.2.3) and Itot [W/m2] is the total absorbed
solar irradiance (Section 2.2.5).

2.2.3. Heat Losses

The total resistance to heat transfer in Equation (6) is equal to the sum of the total resis-
tance to heat transfer in the transverse plane and the total resistance to heat transfer in the
longitudinal plane [K/W]. They can be described as shown in Equation (9) [28,30,45,47,48]:

∑ Rloss = ∑ Rloss,⊥ + ∑ Rloss,∠ (9)

where ΣRloss,⊥ [K/W] is the total resistance to heat transfer in the transverse plane and
ΣRloss,∠ [K/W] is the total resistance to heat transfer in the longitudinal plane.
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Since ΣRloss,∠ [K/W] is negligibly small compared to ΣRloss,⊥ [K/W] (according to
recommendations in [28,30]), Equation (9) can be transformed into Equation (10):

∑ Rloss ≈ ∑ Rloss,∠ (10)

The structure of heat losses is now shown in Equation (11) [28,30,45]:

∑ Rloss ≈ Rabs-gt + Rgt + Rgt-o (11)

where Rabs-gt [K/W] is the resistance to heat transfer between the absorber and the glass
tube, Rgt [K/W] is the resistance to heat transfer through the glass tube and Rgt-o [K/W] is
the resistance to heat transfer between the glass tube and the ambient air.

The calculation of all of the values in Equation (11) is explained in detail in [30].

2.2.4. Incident Solar Irradiance

The total incident solar irradiance Gtot [W/m2], as shown in Equation (12), is the
sum of the incident beam Gb [W/m2], derived from Equation (13), diffuse Gd [W/m2],
derived from Equation (14), and reflected Gr [W/m2], derived from Equation (15), solar
irradiance [49–51]:

Gtot = Gb + Gd + Gr (12)

Gb = Ib∗
cosθβ

cosθz
(13)

Gd = Id∗
1 + cosβ

2
(14)

Gr = falb Ir∗
1 − cosβ

2
(15)

where Ib* [W/m2] is the incoming beam solar irradiance (Section 2.2.8), cosθβ [-] is the
solar incident angle for a surface with an inclined N-S axis (Section 2.2.7), cosθz [-] is the
solar incident angle for a horizontal surface (Section 2.2.7), Id* [W/m2] is the incoming
diffuse solar irradiance (Section 2.2.8), Ir* [W/m2] is the incoming reflected solar irradiance
(Section 2.2.8), β [rad] is the inclination angle (adopted β = 34◦—optimal angle for Kraguje-
vac) and falb [-] is the surface albedo (adopted falb = 0.2).

2.2.5. Absorbed Solar Irradiance

The total absorbed solar irradiance Itot [W/m2], as shown in Equation (16), is the
sum of the absorbed beam Ib [W/m2], derived from Equation (17), diffuse Id [W/m2],
derived from Equation (18), and reflected Ir [W/m2], derived from Equation (19), solar
irradiance [28,49–51]:

Itot = Ib + Id + Ir (16)

Ib = (τα)bGb (17)

Id = (τα)dGd (18)

Ir = (τα)rGr (19)

where (next Section—Section 2.2.6) (τα)b [-] is the optical efficiency of the beam solar
irradiance, (τα)d [-] is the optical efficiency of the diffuse solar irradiance and (τα)r [-] is the
optical efficiency of the reflected solar irradiance.

2.2.6. Optical Efficiency

The optical efficiency depends on the nominal values of τ and α (Table 2), as well as
on the solar incidence angle (Section 2.2.7). Therefore, the optical efficiencies of the beam
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(τα)b [-], as shown in Equation (20), diffuse (τα)d [-], as shown Equation (21), and reflected
(τα)r [-], as shown Equation (22), solar irradiance are determined as follows [52,53]:

(τα)b = 1.01(τα)nτb∗

(
αb∗
αn

)
b

(20)

(τα)d = 1.01(τα)nτd∗

(
αd∗
αn

)
d

(21)

(τα)r = 1.01(τα)nτr∗

(
αr∗
αn

)
r

(22)

where (τα)n [-] is the nominal optical efficiency, τb* [-] is the modifier of the beam solar
irradiance for the transmittance coefficient, (αb*/αn)b is the modifier of the beam solar
irradiance for the absorptance coefficient, τd* [-] is the modifier of the diffuse solar irradiance
for the transmittance coefficient, (αd*/αn)d is the modifier of the diffuse solar irradiance for
the absorptance coefficient, τr* [-] is the modifier of the reflected solar irradiance for the
transmittance coefficient and (αr*/αn)r is the modifier of the reflected solar irradiance for
the absorptance coefficient.

2.2.7. Solar Incident Angle

The solar incident angle for a surface with an inclined N-S axis cosθβ [-], as shown in
Equation (23), and the solar incident angle for a horizontal surface cosθz [-], as shown in
Equation (24), are as follows [28,54]:

cosθβ = cosφcosδcosωcosβ + sinφsinδcosβ + sinφcosδcosωsinβ − cosφsinδsinβ (23)

cosθz = cosφcosδcosω + sinφsinδ (24)

where φ [rad] is the latitude (adopted φ = 44.02◦ for Kragujevac), δ [rad] is the declination
and ω [rad] is the hour angle.

2.2.8. Incoming Solar Irradiance

The total incoming solar irradiance Itot* [W/m2], as shown in Equation (25), is mea-
sured by the pyranometer. Components Ib*, derived from Equation (25), and Id, derived
from Equation (26), can be calculated using the Erb’s model [55]. The last component
(the reflected incoming solar radiation Ir* [W/m2]) is the sum of Ib* and Id*, as shown in
Equation (27):

Ib∗ = Itot∗ − Id∗ (25)

Id∗ = Kd Itot∗ (26)

Ir∗ = Ib∗ + Id∗ (27)

where Kd [-] is the diffuse and total terrestrial solar irradiance ratio, derived from
Equations (28)–(30) [55].

Kd = 1 − 0.09Kt if Kt ≤ 0.22 (28)

Kd = 0.9511 − 0.1604Kt + 4.388K2
t − 16.638K3

t + 12.336K4
t if 0.22 < Kt ≤ 0.8 (29)

Kd = 0.165 if Kt > 0.8 (30)

where Kt [-] is the total terrestrial and total extraterrestrial solar irradiance ratio.
Finally, the value of Kt [-] is derived from Equation (31):

Kt =
Itot∗

Itot∗,o
(31)
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where Itot*,o [W/m2] is the incoming total extraterrestrial solar irradiance.

2.2.9. Iterative Calculation Algorithm

The iterative procedure is based on the application of the control Equations (32) and (33)
in order to “balance” the applied mathematical procedure. “Balance” is necessary because
the following variables are used in the calculations (Table 5): Tabs [K] (variable 3, i.e., V3),
To [K] (variable 4, i.e., V4) and wind speed W [m/s] (variable 5, i.e., V5).

qabs-gt = habs-gt,rad
(
Tabs − Tgt

)
(32)

qgt-o =
(

Tgt-o,rad − Tgt-o,conv

)(
Tgt − To

)
(33)

where [40,41] qabs-gt [W/m2] is the specific heat flux exchanged between the absorber and
the glass tube, habs-gt,rad [W/m2K] is the radiation heat transfer coefficient between the
absorber and the glass tube, qgt-o [W/m2] is the specific heat flux exchanged between the
glass tube and the ambient air, hgt-o,rad [W/m2K] is the radiation heat transfer coefficient
between the glass tube and the ambient air and hgt-o,conv [W/m2K] is the convection heat
transfer coefficient between the glass tube and the ambient air.

Table 5. Adopted variable values in the iterative calculation algorithm.

Variable Used Values

V3 tabs [◦C] 20; 30; 40; 50; 60; 70; 80; 90

V4 to [◦C] 10; 20; 30; 40

V5 W [m/s] 1; 3; 5

The iterative procedure takes place in the following stages:

(1) variables Tabs, To and W are adopted from Table 5;
(2) the glass tube temperature Tgl [K] is assumed;
(3) the results of the initial simulations are printed: Qnet, Qloss, Qheat and η;
(4) the results of the control Equations (32) and (33) are printed;
(5) the fulfillment of the condition |qabs-gt-qgt-o| ≤ 0.01 W/m2 (from Equations (32) and (33))

is checked.
(6) If the condition from point 5 is met—the final simulation results are printed: Qnet,

Qloss, Qheat and η;
(7) if the condition from point 5 is not met—the value of Tgl [K] is changed and the entire

process is repeated until the condition from point 5 is met.

2.3. Multi-Criteria Analysis

In this study, an MCA is used to identify the optimal dimension (Labs,opt [m] and dgt,opt

[m]) of the SGVTC. The analysis incorporates geometric (m, SO, TSO and VO), economic
(manufacturing costs, i.e., CM [€] and operational costs, i.e., CE [€], Table 6) and ecological
(embodied energy Eemb [kWh], Equation (34), and greenhouse gas emissions eCO2 [kg],
Equation (35), Table 6) indicators. Economic, environmental and economic indicators are
indispensable when carrying out sustainability analyses (following the global policy of
sustainable development). Economic indicators are important from the point of view of
the end user of the solar system. Environmental indicators are important from the point
of view of environmental protection and solar system manufacturers (directly), as well as
from the point of view of the end user (indirectly).

Eemb =
mEemb,spec

20
(34)
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eCO2 = eCO2,specEpry = eCO2,specKpryE f in = eCO2,specKpry
Qheattime
1000ηel

(35)

where Eemb,spec [kWh/kg] is the specific embodied energy (Eemb,spec = 53 kWh/kg for alu-
minum [56] and Eemb,spec = 25.8 kWh/kg for glass [57]), eCO2,spec [kg/kWh] is the specific
CO2 emission (eCO2,spec = 0.53 kg/kWh for electricity [58]), Epry [kWh] is the primary en-
ergy consumption, Kpry [-] is the primary energy transformation coefficient (Kpry = 2.5 for
electricity [58]), Efin [kWh] is the final energy consumption, time [h] is the working time
and ηel [-] is the efficiency of the electric boiler (adopted ηel = 0.98).

Table 6. Economic and ecological indicators (GT and FAP) of SGVTC construction depending on the
simulation scenario.

Scenario CM [€] CE [€] Eemb [kWh] eCO2 [kg]

Labs,up = 50 mm

dgt = 3 mm 57.605 28.803 2.46 1048.943

dgt = 4 mm 72.047 36.024 2.895 1043.093

dgt = 5 mm 86.963 43.482 3.344 1037.29

Labs,up = 75 mm

dgt = 3 mm 79.303 39.651 3.28 1625.579

dgt = 4 mm 99.664 49.832 3.894 1617.312

dgt = 5 mm 120.499 60.249 4.522 1609.072

Labs,up = 100 mm

dgt = 3 mm 101 50.5 4.1 2202.293

dgt = 4 mm 127.28 63.64 4.892 2191.592

dgt = 5 mm 154.034 77.017 5.699 2180.907

Labs,up = 125 mm

dgt = 3 mm 122.697 61.349 4.921 2779.042

dgt = 4 mm 154.897 77.448 5.891 2765.9

dgt = 5 mm 187.57 93.785 6.876 2752.768

Labs,up = 150 mm

dgt = 3 mm 144.395 72.197 5.741 3355.801

dgt = 4 mm 182.513 91.257 6.89 3340.215

dgt = 5 mm 221.105 110.553 8.053 3324.632

Several MCA approaches are described in the literature. In this case, the double
multi-criteria decision-making method (MCDM) using simple additive weighting (SAV)
was applied [59–62]. It is a relatively simple model that provides relevant and reliable
results. It is explained in detail (mathematically and graphically) in [30].

The values of the weight factors wj [-] are determined by their importance (their sum
should be 1, i.e., 100%). When defining the value of wj (Table 7), The greatest priority was
given to economic criteria (50%), followed by environmental criteria (36%). From the end
user’s point of view, monetary costs are a priority, while overall dimensions are often less
important in practice, except for some specific circumstances. Environmental protection is
still not in its desired stage, but much work is being performed on it, especially in Europe.

Table 7. Weight of importance of each criterion for the SAW analysis.

Criterion Geometric Economic Ecological Sum

wj [%] 14 50 36 100

Sub-criterion m SO TSO VO CM CE Eemb eCO2 SGVTC

wj,sc [%] 5 5 2 2 35 15 18 18 100

Unlike in the previous study [30], where the MCA was applied to heat losses, in this
paper, the MCA was applied to two thermal parameters (useful heat power, the first pa-
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rameter, and thermal efficiency, the second parameter). This means that two independent
groups of specific indicators have been created: for useful heat power (Qheat/m [W/kg],
Qheat/SO [W/m2], Qheat/TSO [W/m2], Qheat/VO [W/m3], Qheat/CM [W/€], Qheat/CE
[W/€], Qheat/Eemb [W/kWh] and Qheat/eCO2 [W/kg]) and for thermal efficiency (η/m
[kg−1], η/SO [m−2], η/TSO [m−2], η/VO [m−3], η/CM [€−1], η/CE [€−1], η/Eemb [kWh−1]
and η/eCO2 [kg−1]). For the adopted values of weight factors (Table 7) and the calculated
specific indicators, the MCA aimed to perform a dimensionless ranking (final results, i.e., fi-
nal marks) within both independent groups, i.e., evaluation of the results according to the
used variables: V1, V2, V3, V4 and V5. The final results, i.e., the final ratings (ordinate
axis), depending on the absorber widths (abstract axis), were then graphically represented
by logarithmic functions (Section 4). Three (for dgt = 3 mm, dgt = 4 mm and dgt = 5 mm)
logarithmic curves for useful heat power and another three for thermal efficiency were
obtained. The optimal dimensions of the SGWTC (for three pairs) were located at the
intersection of the logarithmic functions of useful thermal power and thermal efficiency.

3. Results and Discussion
The following diagram (Figure 2) shows the SGVTC useful heat power in the example

of a 3 mm thick glass tube.
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Figure 2. Useful heat power of the SGVTC for different values of absorber temperature, ambient
temperature and wind speed (the thickness of the GT is 3 mm).

The results are show depending on the operating conditions, i.e., indicators (Table 5):
absorber temperature (V3), ambient temperature (V4) and wind speed (V5).
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Regardless of the operating conditions, the SGVTC useful heat power is the highest
(between 28.63 and 63.866 W) when the absorber is 150 mm wide (upper limit case). As
its width decreases, its useful heat power also decreases, so it is the smallest (between
7.28 and 21.09 W) when Labs = 50 mm (lower limit case). Wind speed, unlike the absorber
width, negatively (but not to a greater extent) affects the performance of the analyzed
SC. Therefore, the useful heat power curve for W = 1 m/s is above the useful heat power
curve for W = 3 m/s, and therefore, the W = 3 m/s useful heat power curve is above the
W = 5 m/s useful heat power curve (Figure 2).

The absorber temperature also reduces power. For example, if to = 30 ◦C, Labs = 125 mm
and W = 3 m/s, Qheat, in that case, is as follows: 52.56 W (tabs = 40 ◦C), 48.77 W (tabs = 50 ◦C),
44.6 W (tabs = 60 ◦C), 40.03 W (tabs = 70 ◦C), 35.03 W (tabs = 80 ◦C) and 29.58 W (tabs = 90 ◦C).
These effects can be mitigated with an increase in ambient air temperature. One more
conclusion can be drawn by analyzing Figure 2—for the same temperature and width of
the flat absorber plate, with an increase in the ambient temperature, the SGVTC useful heat
power increases (example for Labs = 125 mm and tabs = 60 ◦C): 38.48 W (to = 10 ◦C), 41.40 W
(to = 20 ◦C), 44.60 W (to = 30 ◦C), 48.09 W (to = 40 ◦C). These effects can be explained by
the temperature driving force, which depends on the difference tabs-to. Namely, with the
increase in the temperature difference tabs-to, the heat loss in the SGVTC also increases so
that the useful heat power decreases. As soon as this difference decreases (between tab and
to), the heat loss decreases and thermal power increases.

If the thickness of the glass tubes is increased from 3 to 4 mm, the useful heat power
would be reduced between 0.47% (for Labs = 150) mm and 0.56% (for Labs = 50 mm). By
increasing the thickness of the glass by another 1 mm, i.e., 5 mm, the reduction in useful
heat power would be between 0.94% (for Labs = 150) mm and 1.12% (for Labs = 50 mm).

Analogous to Figure 2, Figure 3 shows the thermal efficiency of SGWTC for the
same indicators.
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Figure 3. Thermal efficiency of the SGVTC for different values of absorber temperature, ambient
temperature and wind speed (the thickness of the GT is 3 mm).

The thermal efficiency is highest and lowest in the following two cases (for dgt = 3 mm):
η = 0.68 (Labs = 150 mm, tabs = 20 ◦C, to = 10 ◦C and W = 1 m/s) and η = 0.226 (Labs = 50 mm,
tabs = 90 ◦C, to = 10 ◦C and W = 5 m/s). For dgt = 4 mm (ηmax = 0.677 and ηmin = 0.224)
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and dgt = 5 mm (ηmax = 0.675 and ηmin = 0.221), the results are achieved for the same
geometric-operational criteria as in the case of a glass thickness of 3 mm.

By comparing the different dimensions of Labs with each other, the largest gradient of
change (for η value) is characteristic for Labs = 50 mm, while the smallest gradient of change
(the gentlest slope of the thermal efficiency curve) is characteristic for Labs = 150 mm. On
the contrary, in the case of useful heat power, the gradient of change is the largest when
Labs = 150 mm (Figure 2). However, the value of η, in addition to useful heat power, also
depends on Qsun (Equation (3), Section 2.2.1). The influencing term Qsun grows faster than
the influencing term Qheat when the surface of the absorber increases because the solar
potential of the structure also increases (Gtot, Equation (12), Section 2.2.4).

Figure 3 is practical for another reason—it can be used for the initial prediction (with
satisfactory accuracy) of the thermal behavior of solar collectors of the same or similar
design. This is made possible by the graphic display of characteristic tabs isotherms (dashed
straight lines), designed using simple linear regression (SLR).

Following the presented methodology of using a double MCA (Section 2.3), the
following diagram in Figure 4 (for dgt = 3 mm, dgt = 4 mm and dgt = 5 mm) shows the
functional dependence between the MCA final ranking for useful heat power and Labs (the
first group of results) and the functional dependence between the MCA final ranking for
thermal efficiency and Labs (the second group).
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Figure 4. Geometric optimization of the SGVTC using the double MCA.

Regardless of the thickness of the glass (while taking into account geometric, economic
and ecological indicators), the MCA final ranking showed that the useful heat power
is the highest when Labs = 150 mm: 0.083 (for dgt = 3 mm), 0.07 (dgt = 4 mm) and 0.061
(dgt = 5 mm). On the other hand, the MCA final ranking rated the Labs = 50 mm option as
the best when it comes to thermal efficiency: 0.121 (for dgt = 3 mm), 0.103 (dgt = 4 mm) and
0.091 (dgt = 5 mm).

For this reason, both independent groups of specific indicators (Section 2.3) are rep-
resented by logarithmic functions (logarithmic curves)—with the aim of noticing that the
first group has a decreasing trend and the second has a scattered trend.

It is clear that the optimal performance of the SGVTC is achieved when the useful
heat power and thermal efficiency are in balance. A multidisciplinary approach showed
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that the balance is achieved if Labs is between 87 and 88 mm, with the preference being
given to glass with a thickness of 3 mm (Figure 4). In other words, the optimal MCA final
ranking for the analyzed cases is as follows: 0.078 (for dgt = 3 mm), 0.066 (dgt = 4 mm) and
0.057 (dgt = 5 mm). In a theoretical sense, it is desirable for it to be less thick, but then its
mechanical characteristics and weather resistance would be called into question. Therefore,
the lower limit is limited to this value.

4. Conclusions
This paper presents a novel mathematical model for the geometric optimization of a

new solar collector type—a single-glazed vacuum tube collector (SGVTC) with a SnAl2O3

selective flat absorber plate and gravity-driven single-stage direct water flow. The pro-
posed optimization approach integrates operative, geometric, economic and environmental
indicators to determine two key design parameters: the flat absorber plate width and glass
tube thickness.

The development of a comprehensive iterative calculation algorithm that enables the
precise thermal behavior modeling of the new solar collector is undertaken. The model
accounts for thermal efficiency, useful heat power, heat losses, incident solar irradiance and
optical efficiency.

A novel two-step multi-criteria analysis (MCA)-based optimization strategy is pro-
posed, which simultaneously evaluates heat power and thermal efficiency through loga-
rithmic performance curves.

The identification of the optimal operational conditions, where useful heat power and
thermal efficiency peak at an absorber width of 87–88 mm, confirm the strong correlation
between geometric parameters and thermal performance.

Compared to traditional parametric studies and single-objective optimization ap-
proaches, this multi-criteria optimization method allows for a more balanced trade-off
between thermal efficiency and useful heat power, rather than optimizing one parameter
at the expense of another. While conventional gradient-based algorithms or evolutionary
techniques (e.g., genetic algorithms) can optimize collector geometry, they often require
extensive computational resources and may overlook practical constraints such as material
limitations and economic feasibility. In contrast, the proposed iterative MCA approach
ensures computational efficiency and integrates economic and ecological considerations,
making it more applicable to real-world solar thermal systems.

Further research should explore the integration of the proposed optimization model
with machine learning algorithms to enhance its predictive accuracy and allow it to adapt
dynamically to changing meteorological conditions. Additionally, coupling the model
with finite element analysis (FEA) and computational fluid dynamics (CFD) simulations
could provide deeper insights into heat transfer mechanisms. From an application per-
spective, implementing the SGVTC concept in hybrid solar thermal energy systems—
particularly in residential heating applications—could significantly improve energy effi-
ciency and sustainability.

As climate change progresses, the European residential sector remains particularly
vulnerable to energy supply fluctuations. Advancing renewable energy-based heating
solutions, such as the proposed solar collector design, offers a dual benefit: increased
energy self-sufficiency for end users and reduced environmental impact.
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