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Abstract: This paper presents a novel higher-order shear deformation theory (HSDT) shape

function for the bending analysis of functionally graded (FGM) plates resting on a Kerr elastic
foundation. The formulation ensures shear stress—free boundary conditions and accurately
captures through-thickness variations without the need for shear correction factors. Numerical
implementation and comparison with established reference solutions confirm the reliability,
accuracy, and improved stability of the proposed function for different foundation parameters
and geometric ratios. The findings further demonstrate the critical role of the Kerr model in
representing interlayer interactions and enhancing the predictive capability of plate—foundation
systems. The proposed approach provides an efficient and versatile framework for advanced
analysis and design of FGM structures.

Keywords: FG plates, higher-order theories, Kerr foundation

1. Introduction

Functionally graded materials (FGMs) are advanced composites with continuously
varying properties, reducing interlaminar stress concentrations compared to
conventional laminates [1]. Property gradients are defined by functions describing
material variation along the desired direction [2].

Stress—strain analysis of FGM plates can use 3D elasticity or equivalent single-layer
(ESL) theories. Classical plate theory (CPT) [3] applies to thin plates, including geometric
nonlinearity [4] and dynamic problems [5], often with Winkler or Winkler-Pasternak
foundations [6]. First-order shear deformation theory (FSDT) includes shear effects but
requires correction factors, while higher-order shear deformation theory (HSDT),
including Reddy’s TSDT [7], allows accurate analysis of moderately thick and thick
plates without corrections, under static, dynamic, and thermo-mechanical loadings. Both
polynomial and functional HSDT forms (hyperbolic, exponential, parabolic) [8] exist.
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This study proposes a novel functional HSDT shape function for improved bending
analysis, with Kerr elastic foundation modeling plate—substrate interaction.

2. Methodlogy
In this study, a higher-order shear deformation theory (HSDT) is applied,
wherein the displacement fields are expressed as:

(0 y,2) =1, (0, y) +20.(x,y) + f(2)y.(x,y)
u(x,y,2) = vy (x,y) + 20, (x,y) + f(2)y (2, ) 1)
w(x, y,2) = w,(x,Y)
where the shape function f(z) satisfies the condition of zero transverse shear stresses on
the free surfaces.
In this paper, a new shape function is applied:
f(z):z(cosh(z/h)—1.388) )
By integrating the stress—strain relations through the plate thickness, the resultant forces
and moments are obtained:
[N, N, N, | =As"+Bx'+Cx?, [M, M, M, | =Be'+Dx’+Tx'
T T )
[P, P, P,| =Ce"+Tx"+Gx*, R, R,| =FO
where £° are the mid-plane strains, «” the curvatures due to bending, x° zakrivljenosti
the curvatures due to shear deformation, and @ the rotations of transverse sections. The
stiffness matrices A,B,C,D,T,G and F are defined in [5].
The static problem is formulated by applying Hamilton’s principle:
sl [u-u,-wldt=0 (4)

where U is the strain energy of deformation (stretching, bending, and shear), U.
is the potential energy of the elastic foundation, and W is the work (potential) of the
external load.

The bending response of FGM plates strongly depends on the elastic foundation
model, which provides additional resistance by reducing deflections and redistributing
forces. In practice, Winkler, Pasternak, and Kerr models are commonly used, differing in
how they account for local and shear effects through the foundation thickness.

The foundation reaction can be represented by simplified models: the Winkler model
(g=Kow,) the Winkler-Pasternak model(q =K,w, —Klvzwo), , and the Kerr model

(q =w, KK, / (K, +Kl)—(1<21<1 /(K,+K, )) Vzwo) , where K,, K, and K. denote the elastic

and shear stiffness parameters of the foundation layers.

3. Results and Discussion
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For obtaining numerical results in the macromechanical analysis of simply supported
FGM plates, analytical methods based on Taylor series expansions are employed. The
plate is subjected to an external sinusoidal transverse load.

For the HSDT theory based on shape functions, a comparative analysis is
presented for the normalized values of vertical displacement w (deflection), normal

stresses O, and 5‘W, shear stress fxy, and transverse shear stresses 7.,

and T,

The normalization of these quantities was performed according to[5].

To illustrate the influence of the elastic foundation on the displacements and
stresses of FGM plates, results are presented for different combinations of constituent
volume fractions in the FGM, i.e., for various combinations of elastic foundation
parameter values. In addition to the normalization given in (7.2), it is necessary to apply
normalization for:

k,=ka'/D, k,=ka*/Dand k,=ka'/D 5)
where the bending stiffness of the plateis D=E 1’ /12(1-v?).

Table 1 presents the normalized values of displacements and stresses of square
FGM plates on a Winkler - Pasternak elastic foundation for different combinations of
stiffnesses ko and ki and aspect ratios a/h. The data clearly show that the results obtained
using the proposed shape functions closely follow the reference values [1], confirming
the reliability and accuracy of the new formulation in describing vertical displacements
and stresses, as well as the model's ability to accurately quantify the plate-foundation
interaction.

Table 1. Normalized values of displacement and stresses of square plate on elastic

foundation for p = 5, different values of the ko u k1 and the ratio a/h (a/b=1)

@ (h=0) o (/2 7, (=h/3) 7_(h=0)

p| ko | ki | Theory a/b =1

a/h =10 alh=5 a’h =10 alh=5 a’lh=10 | a/h=5 |a/h=10| a/h=5

5 0 0 [1] 09118 - 4.2488 - 05754 - 02016  -—-
Present 09113 1.0881 4.2441 2.2106 05757 0.2840 0.1916 0.1911

100 0 [1] 04969 - 23154 - 03136  -—-- 0.1098 -
Present 0.4967 0.5450 2.3135 1.1072 0.3138 0.1422 0.1045 0.0957

0 10 [1] 03443  -—- 1.6043 - 02173  -—-- 00761  -—-
Present 0.3442 0.3667 1.6032 0.7451 0.2174  0.0957 0.0724  0.0644

100 10 [1] 02617 - 12197 - 0.1652  -—-- 0.0578 -

Present 0.2617 0.2745 1.2190 0.5577 0.1653 0.0716 0.0550  0.0482

Table 2. Normalized values of displacement and stresses of square plate on elastic foundation for

p =5, different values of the ko, k1 and k2 and the ratio a/h (a/b=1)

@ (= 0) 5_(h/2) 7,h13) 7 _(h=0)

plko| ki|ke

a/b =1
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a/h =10 alh=5 a/h =10 alh=5 | a/h=10 | a/h=5 | a/h=10 | a/h=5

5100 0 O 0.9112 1.0883 4.2443 2.2111 0.5757 0.2840 0.1916 0.1911
100 100 0O 0.4989 0.5557 2.3241 1.1291 0.4996 0.2414 0.1663 0.1624

0 100 100 0.7824 0.6090 3.6441 1.2373 0.5587 0.2480 0.1860 0.1669
100 0 100 0.9112 1.0883 4.2443 2.2110 0.5757 0.2841 0.1916 0.1911
100 100 100 0.4581 0.4008 2.1335 0.8144 0.4870 0.2158 0.1621 0.1452

Table 2 shows the normalized displacements and stresses of square FGM plates
on a multilayer Kerr foundation. Increasing the stiffness and shear resistance of the
middle layer reduces deformations and stresses, while a lower a/h ratio amplifies this
effect, confirming the Kerr model’s ability to accurately capture interlayer interactions
and the overall mechanical response of the plates.

4. Conclusions
In this study, a novel HSDT shape function was developed and applied to the

bending analysis of functionally graded (FGM) plates on a Kerr elastic foundation.
Numerical results show that the proposed function provides accurate predictions of
transverse displacements and stresses, with stable performance across various
foundation parameters and plate thicknesses. The MATLAB implementation enables
straightforward application and visualization, supporting further research, design
optimization, and experimental validation. Comparison with reference values confirms
the high accuracy and reliability of the formulation, while the Kerr foundation analysis
clearly demonstrates its ability to capture interlayer interactions and the overall
mechanical response of plates. The proposed approach offers an efficient and flexible
tool for engineering applications and further studies of FGM structures.
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