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Abstract	  The	introduction	of	the	paper	presents	an	overview	of	composite	materials.	Emphasis	is	placed	on	their
continuing	 importance	as	a	key	area	of	research	and	their	significant	 impact	on	various	 industrial
applications.	Special	attention	is	paid	to	functionally	graded	materials	(FGM),	which	are	classified	as
modern	 composites.	The	primary	objective	of	 this	 study	 is	 to	develop	analytical	 formulations	and
solutions	 for	the	analysis	of	 free	vibrations	of	 functionally	graded	plates	supported	on	Kerr	elastic
foundation.	The	kinematic	displacement‐strain	relations	are	represented	using	a	higher‐order	shear	
deformation	theory	based	on	shape	functions.	The	material	properties	of	FG	plates	are	assumed	to	
vary	through	the	thickness	following	a	power	 law	distribution.	The	applied	shape	 functions	ensure
that	the	boundary	conditions	are	satisfied	without	stresses	at	the	plate	surfaces,	eliminating	the	need
for	shear	correction	factors.	Various	numerical	examples	are	given	to	highlight	the	effects	of	different
values	of	the	power	law	index,	aspect	ratio	and	aspect‐to‐thickness	ratio.	The	results	are	compared
with	those	 from	 the	quasi‐3D	 theory	and	the	conclusions	suggest	 that	 the	proposed	 theory	 is	both	
accurate	and	effective	in	predicting	the	vibration	behavior	of	functionally	graded	plates.	

  

   
   

Keywords	
	 functionally	graded	materials,	higher‐order	shear	deformation	theory,	shape	functions,	
Kerr’s	elastic	foundations,	free	vibration	

   

 
 
1. INTRODUCTION	
	
Over the past four decades, composite materials 
have experienced a significant transformation, 
establishing themselves as essential materials in 
modern engineering components. Among them, 
fiber-reinforced composites have gained 
particular attention due to their outstanding 
stiffness-to-weight and strength-to-weight 
ratios, which have facilitated their extensive 
application across a wide range of industries.  

A key advantage of laminated fiber-reinforced 
composites lies in the flexibility they offer to 
designers, not only in shaping and dimensioning 
structural elements but also in optimizing the 
material properties. These laminates 
demonstrate excellent mechanical performance. 
However, their principal limitation is the 
tendency toward delamination, which occurs 
when fibers detach from the matrix under the 
influence of external loads, moisture, or elevated 
temperatures. 
In this context, a new class of composite 
materials known as functionally graded 
materials (FGM) has gained prominence due to 
their enhanced mechanical properties. A 
significant number of studies in the literature [1, 
2] focus on the processing and modelling of these 
materials to make them suitable for use in 
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various industrial sectors. These materials are 
frequently categorized as advanced engineering 
materials due to their capability to maintain 
consistent performance under demanding 
operating conditions. The primary structural 
advantage of FGM over conventional laminated 
composites is their enhanced resistance to 
failure at material interfaces. This issue is 
effectively mitigated with FGM by the gradual 
variation of material composition across the 
structure. 
Initial applications of FGM were observed in 
thermal barrier coatings for aerospace 
components and in fusion reactors within the 
nuclear energy sector. Subsequently, due to their 
tailored gradation of constituent properties, FG 
materials have since found use in other areas 
such as military technology, medicine, dentistry, 
the automotive industry.  
The rapid advancement of engineering 
technologies has prompted extensive research 
into the mechanical behaviour of FGM, 
particularly under varying loading conditions. 
Comprehensive analyses of their dynamic and 
structural responses are essential for the 
effective design of FGM components intended for 
industrial applications. Models of functionally 
graded plates on elastic foundations are widely 
employed as reliable tools for addressing 
engineering problems in various disciplines [3-
6]. 
 
2. THEORETICAL	FORMULATIONS		
	
2.1 Description of model 
 
A functionally graded (FG) rectangular plate 
with length a, width b, and thickness h is 
considered within a Cartesian coordinate system 
(x, y, z), as illustrated in Fig. 1.  
The FG plate is assumed to rest on a Kerr-type 
elastic foundation. This foundation model is 
characterized by three stiffness parameters: ks 
representing the shear layer stiffness, ku and kl 
denoting the stiffness coefficients of the upper 
and lower elastic layers, respectively. 

 
	
Fig.	1.	The geometry of rectangular FG plate resting 
on Kerr’s elastic foundation 
 
2.2 Material	properties	
 
FG plates are composed of two primary phases: 
a ceramic phase and a metallic phase. These 
materials are typically manufactured by 
gradually varying the volume fraction of the 
constituent phases along the thickness direction. 
In a typical configuration, the ceramic and metal 
phases are distributed such that one is 
concentrated at the top surface and the other at 
the bottom surface of the plate. This continuous 
gradation through the thickness results in 
corresponding variations in the mechanical 
properties of the plate, enhancing its structural 
performance and resistance to thermal or 
mechanical loads. 
The material properties, including Young’s 
modulus and density, vary continuously along 
the thickness direction of the FG plate according 
to a power-law distribution. These properties 
are estimated using the rule of mixtures, which 
provides an effective approximation of the 
overall behaviour based on the volume fractions 
of the constituent materials as: 
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where Ec_and Em represent the Young’s module 
of the ceramic and metal constituents, 
respectively. Vf denotes the volume fraction of 
the constituents, while p is the volume fraction 
exponent-parameter that governs the gradation 
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profile and significantly influences the 
mechanical response of the FG plate. Poisson’s 
ratio ν is typically assumed to remain constant 
throughout the thickness. 
 
2.3 Displacement	fields	
 
According to the higher-order shear deformation 
theory (HSDT) based on shape functions the 
displacement field are expressed can be written 
as: 
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( , , ) ,

( , , ) ,
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x x
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 (2) 

 
where f (z) is the representative shape function 
that denotes the distribution of the transverse 
shear strains and stresses through the thickness 
of FG plates. Here, the shape function developed 
by the authors of this paper is used [7]: 
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f z z
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The previously mentioned assumed 
displacement field at any point within the FG 
plate serves as the foundation for establishing 
the strain–displacement relationships. Using a 
generalized Hooke’s law, the components of unit 
loads are obtained. 
 
2.4 Equations	of	motion	
 
In order to get equations of motion, it is 
necessary to define the strain energy in the 
following form: 
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then additional strain energy caused by the 
Kerr’s elastic foundation as: 
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as well as kinetics energy in form: 
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where is (z) variable according to (1). 
Using the Hamilton's principles, equations of 
motion become: 
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where are the mass moments of inertias defined 
in form: 
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2.5 Analytical Navier’s procedure 
 
To derive analytical solutions of equations of 
motion (7), assumed displacement functions and 
boundary conditions corresponding to a simply 
supported plate are employed, in accordance 
with Navier’s solution technique given as 
follows: 
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 (9) 

 
By substituting (9) into (7) the eigenvalue 
equation can be obtained: 

2 ,   K I U 0  (10) 
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The smallest eigenvalue obtained from the 
solution of equation (10) corresponds to the 
fundamental natural frequency of the FG plate. 
 
3. NUMERICAL	EXAMPLES	AND	RESULTS	
 
To validate the derived theoretical formulations, 
a series of numerical simulations were 
conducted and compared with results obtained 
using other shear deformation theory. The 
analysis was carried out on an FG plate 
composed of metal and ceramic phases, whose 
mechanical properties are listed in Table 1. 
 
Table	1. Material properties of FGM constituents 
Мaterial	 Material	properties	

Elasticity	
modulus		
E	[GPa]	

Poisson’s	
ratio	


Density		
	

	[kg/m3]	
Аluminum  

(Al) 
Em=70 0.3 m =2702 

Аlumina  
(Al2O3) 

Ec=380 0.3 c =3800 

 
This section presents the results of free vibration 
analysis for various FG plates with different 
aspect ratios (a/h), resting on Kerr-type elastic 
foundations. The influence of the foundation 
parameters ku and ks, as well as the volume 
fraction exponent p, is investigated. In order to 
facilitate the presentation and comparison of the 
natural frequencies for rectangular FG plates, the 
computed frequencies are normalized according 
to the following expression: 
 

/ .m mh E    (11) 
 
Table 2 illustrates the influence of the shear 
layer stiffness and the stiffness of the upper 
elastic layer on the dynamic behaviour of the FG 
plate, which is supported by a Kerr-type 
foundation. In these examples, the stiffness of 
the lower elastic lower is fixed at kl=100. It is 
noted that the present results in Table 2 agree 
very well with results based on quasi-3D theory 
given in [8]. The obtained results indicate that 
non-dimensional fundamental frequency 
increases with the increase of ku and ks. 
 
 
 
 
 

Table	2. Non-dimensional fundamental frequencies 
of the FG plates resting on Kerr foundation (kl = 100) 

ku	 ks	 a/h	 Theory	

ῶ	

FGM	plate	

p	=	0.5	 p	=	1	 p	=	2	 p	=	5	

100 0 

20 
 [8] 

Present 
study 

0.0253 
 

0.0251 

0.0231 
 

0.0227 

0.0212 
 

0.0208 

0.0202 
 

0.0198 

10 
 [8] 

Present 
study 

0.0988 
 

0.0981 

0.0903 
 

0.0890 

0.0830 
 

0.0813 

0.0783 
 

0.0769 

100 100 

20 
 [8] 

Present 
study 

0.0329 
 

0.0328 

0.0316 
 

0.0314 

0.0308 
 

0.0305 

0.0305 
 

0.0303 

10 
 [8] 

Present 
study 

0.1294 
 

0.1290 

0.1245 
 

0.1237 

0.1212 
 

0.1201 

0.1201 
 

0.1192 

200 100 

20 
[8] 

Present 
study 

0.0351 
 

0.0350 

0.0341 
 

0.0339 

0.0335 
 

0.0331 

0.0334 
 

0.0330 

10 
 [8] 

Present 
study 

0.1385 
 

0.1382 

0.1345 
 

0.1338 

0.1320 
 

0.1310 

0.1316 
 

0.1309 
 
The non-dimensional fundamental frequency 
decreases with the increase of power law index 
p. This effect can be interpreted by the fact that 
the FG plates become harder when the volume 
fraction of ceramic increases. 
It is important to note that when p=0, the plate is 
fully homogeneous and composed entirely of 
ceramic material. In contrast, in the theoretical 
limit as p→∞, the plate also becomes 
homogeneous, but consists solely of metal. From 
a practical standpoint, the material can be 
considered effectively homogeneous for values 
of p greater than 10. Consequently, for 0<p<10, 
the plate exhibits the behaviour of a functionally 
graded material. 
 

 
	
Fig.	2.	Non-dimensional fundamental frequencies of 
the FG plates resting on Kerr foundation (kl = 100,  
ks = 100, ku = 200) 
	
	

- ceramic 

- metal 
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4. CONCLUSION	
 
In this study, an analytical model based on a 
higher-order shear deformation theory was 
developed to analysis the free vibration behavior 
of functionally graded plates resting on a Kerr-
type elastic foundation. The formulation 
incorporates shape functions that satisfy free 
boundary conditions on the plate surfaces, 
thereby eliminating the need for shear 
correction factors. Material properties of the 
FGM plates were assumed to vary continuously 
through the thickness according to a power-law 
distribution. 
The numerical results demonstrate the 
significant influence of the power-law index, 
aspect ratio, and thickness-to-length ratio on the 
dynamic response of the plates. Comparisons 
with results obtained from quasi-3D theory 
confirm the accuracy and computational 
efficiency of the proposed model. 
Overall, the presented approach provides a 
reliable and effective tool for the vibration 
analysis of functionally graded structures, 
offering valuable insights for the design and 
optimization of advanced composite 
components in engineering applications. 
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