
Shift-invariant subspaces of Sobolev spaces
and shift-preserving operators
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1. Introduction

This paper has the characteristics of a review paper in which results of Bownik
[17] and Aguilera et al. [5]-[6] were transferred to Sobolev spaces, thus it also
contains the original results. If after some assertion is written ([...], Theo-
rem/Lemma/Proposition ...), it means that the corresponding result is proved
in quoted paper for the L2-case.

In the first part of this paper, we follow the results of Bownik [17]
(based on [15]-[16], [24], [27]) for shift-preserving operator defined on shift-
invariant subspaces of L2(Rn), and give the corresponding results for the
shift-preserving operator defined on Vs, where Vs is a shift-invariant sub-
space of Sobolev space Hs := Hs(Rn), s ∈ R, building on our results [7]. By
studying the shift-preserving operator defined on Vs, we give some character-
istics of the dimension function. We show that every shift-preserving operator
L : Vs → Hs can be represented by the corresponding range operator Rs.
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Using a range operator approach, for a given frame with bounds A and B,
we obtain elements of the dual frame with bounds B−1 and A−1.

In the second part of this paper, we follow the results of [6] (based
on [5], [8], [17]-[18]) and thus, the definitions of s-eigenvalue, s-eigenspace
and s-diagonalization of the shift-preserving operator L are adapted to our
spaces. We prove that every normal shift-preserving operator L : Vs → Vs

is s-diagonalizable. Moreover, if the operator L is s-diagonalizable then the
corresponding range operator is diagonalizable. Finally, we give conditions
under which the collection {Ljφi : φi ∈ Vs, i = 1, . . . , m, j = 0, . . . , d − 1}
is a frame generator for shift-invariant space Vs generated by d functions
ϕ1, . . . , ϕd ∈ Hs. This problem is known as Dynamical Sampling. The dy-
namical sampling problem has got a lot of attention in the last few years. For
a recent account of the theory, we refer the reader to [1]-[3], [8]-[11], [20]-[22],
[25]. Applications can be found in [12], [29].

The paper is organized as follows. After the introduction section where
background information is provided, in Section 2 we reintroduce notation
and assertions in much the same way as in [7]. The shift-preserving operator
and the range operator are studied in Section 3. In Section 4, we prove that
the frame operator has the corresponding range operator associated with the
dual Gramian and we give a result about the dual frame. The results in
Section 6 will prove extremely useful in Section 7. Finally, in Section 7, we
find conditions on the shift-preserving operator and a finite set of functions
of Vs so that the iterations of the operator on the functions produce a frame
generator set of Vs.

2. Notation and basic assertions

We follow the notation of [7]. Let s be a real number, µs(·) := (1 + | · |2)s/2

and Tn := [0, 1)n, where n ∈ N. We denote the translation of a function f for
k ∈ Zn by Tkf(x) = f(x−k). By f̂ or Ff we denote the Fourier transform of
an integrable function f defined by Ff(t) = f̂(t) =

∫
Rn f(x)e−2π

√−1〈x,t〉 dx,
t ∈ Rn, where 〈x, t〉 =

∑n
i=1 xiti. Note that F−1f(t) = f̂(−t). Recall,

(ck)k∈Zn ∈ `2s(Zn) if and only if
∑

k∈Zn

|ck|2µ2
s(k) < +∞,

f ∈ Hs if and only if f ∈ S ′(Rn) and
∫

Rn

|f̂(t)|2µ2
s(t) dt < +∞,

with the scalar product 〈(ck)k∈Zn , (dk)k∈Zn〉`2s =
∑

k∈Zn ckdkµ2
s(k) for `2s(Zn)

and 〈f, g〉Hs =
∫
Rn f̂(t)ĝ(t)µ2

s(t) dt for Hs. To shorten notation, we write `2s
instead of `2s(Zn). Note, L2

s := L2
s(Rn) = F(Hs), i.e. f ∈ L2

s if and only if f̂ ∈
Hs, s ∈ R. By H

(
Tn, `2s

)
we denoted the Hilbert space which consists of all

vector-valued measurable functions F : Tn → `2s such that
∫
Tn ‖F (t)‖2`2s dt <

+∞, with scalar product 〈F1, F2〉H(Tn,`2s) =
∫
Tn〈F1(t), F2(t)〉`2s dt. By I is de-

noted the finite set {1, 2, . . . , r} or N. Next, Es(AI,s) = {Tkϕ : ϕ ∈ AI,s, k ∈
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Zn} ⊂ Hs, where AI,s = {ϕi : ϕi ∈ Hs, i ∈ I}. If I = {1, . . . , r}, we will use
notation Ar,s instead of notation AI,s.

Recall ([7], [17]), a closed subspace Vs ⊂ Hs is a shift-invariant space
if Tkϕ ∈ Vs for every ϕ ∈ Vs, for any k ∈ Zn. The space Ss(AI,s) =
span(Es(AI,s)) is a shift-invariant space generated by AI,s. It is called a
principal shift-invariant (PSI) space if Ss(AI,s) = Ss(ϕ). If Ss(AI,s) =
Ss(ϕ1, ϕ2, . . . , ϕr), we say that it is a finitely generated shift-invariant (FSI)
space.

We recall some assertions from [7].

Lemma 2.1 ([7]). A mapping Ts : Hs → H(Tn, `2s) defined by

Tsϕ(t) =
(

ψ̂(t + k)
µs(k)

)

k∈Zn

, t ∈ Tn,

where ϕ ∈ Hs and
(
1− ∆

4π2

)s/2
ϕ = ψ ∈ L2(Rn), is an isometric isomorphism

and

TsTjϕ(t) = e−2π
√−1〈t,j〉Tsϕ(t), j ∈ Zn, t ∈ Tn.

We introduce several notions, following [7]. A range function is a map-
ping

Js : Tn → {
closed subspaces of `2s

}
.

Next, Js is measurable if for each a, b ∈ `2s, the scalar function t 7→ 〈PJs(t)a, b〉`2s
is measurable, where PJs(t) : `2s → Js(t), t ∈ Tn, are associated orthogonal
projections. For a function Js, let us define the space MJs = {F ∈ H(Tn, `2s) :
F (t) ∈ Js(t) for a.e. t ∈ Tn}, which is a closed subspace of H(Tn, `2s).

Theorem 2.1 ([7]). Let Js be a measurable range function. A closed subspace
Vs ⊂ Hs is shift-invariant if and only if

Vs =
{
ϕ ∈ Hs : Tsϕ(t) ∈ Js(t) for a.e. t ∈ Tn

}
.

The correspondence between Vs and Js is one-to-one under the convention
that the range functions are identified if they are equal a.e. Furthermore, if
Vs = Ss(AI,s) for some AI,s ⊂ Hs, then Js(t) = span{Tsϕ(t) : ϕ ∈ AI,s}.

Thus, every measurable range function Js determines a shift-invariant
space Vs by Vs = T −1

s MJs , and vice versa, i.e. for every shift-invariant space
Vs ⊂ Hs there is a measurable range function Js such that TsVs = MJs .
The definition of the dimension function dimVs : Tn → N ∪ {0,+∞} of Vs

is adapted from [7] and it is defined by dimVs(t) = dim Js(t), where Vs =
T −1

s MJs . The spectrum of Vs is defined by σVs :=
{
t ∈ Tn : Js(t) 6= {0}}.

Recall that Es(AI,s) is a Bessel family for Ss(AI,s) with bound B < +∞
if ∑

(k,i)∈Zn×I

|〈f, Tkϕi〉Hs |2 ≤ B‖f‖2Hs , f ∈ span(Es(AI,s)).
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A Bessel family Es(AI,s) is called a frame for Ss(AI,s) with frame bounds
A, B, if additionally there exists A > 0 such that

A‖f‖2Hs ≤
∑

(k,i)∈Zn×I

|〈f, Tkϕi〉Hs |2, f ∈ span(Es(AI,s)).

We call Es(AI,s) ⊂ Hs a Riesz family with bounds A,B > 0 if

A‖c‖2`2s ≤
∥∥∥∥

∑

(k,i)∈Zn×I

ciTkϕi

∥∥∥∥
2

Hs

≤ B‖c‖2`2s ,

hold for all (finitely supported) sequences c = (ci)i∈I . The best general ref-
erences here are [19] and [23].

Theorem 2.2 ([7]). Es(AI,s) is a frame or a Riesz basis for Ss(AI,s) with
bounds A, B or a Bessel family with bound B for every s ∈ R (equivalently,
for some s ∈ R) if and only if {Tsϕ(t) : ϕ ∈ AI,s} ⊂ `2s is a frame or a
Riesz basis for Js(t) with bounds A, B or a Bessel family with bound B for
a.e. t ∈ Tn, for every s ∈ R (equivalently for some s ∈ R), respectively.
Moreover, Es(AI,s) is a fundamental frame for every s ∈ R if and only if
{Tsϕ(t) : ϕ ∈ AI,s} ⊂ `2s is a fundamental frame for a.e. t ∈ Tn, for every
s ∈ R.

We say that ϕ0 ∈ Ss(ϕ) is a tight-frame generator (or quasi-orthogonal
generator) of Ss(ϕ) if for every f ∈ Ss(ϕ) holds ‖f‖2Hs =

∑
k∈Zn |〈Tkϕ0, f〉Hs |2.

If ϕ0 is a tight-frame generator of Ss(ϕ), then ‖Tsϕ0(t)‖`2s
= 1σSs(ϕ)(t) for

a.e. t ∈ Tn, and vice versa (see [7] for more details).
The next theorem is given in [7] without proof, since it is similar to the

proof of Theorem 3.3 in [17]. For the sake of completeness, we give here the
proof.

Theorem 2.3 ([7]). (The decomposition theorem). Suppose that Vs is a shift-
invariant subspace of Hs. Then, Vs can be decomposed as an orthogonal sum

Vs =
⊕

i∈N
V i

s , (2.1)

where V i
s , i ∈ N, are principal shift-invariant spaces with tight-frame gen-

erators ϕi, i ∈ N, and σV i+1
s

⊂ σV i
s
, for all i ∈ N. Moreover, dimV i

s
(t) =

‖Tsϕi(t)‖`2s
, i ∈ N, and

dimVs(t) =
∑

i∈N
‖Tsϕi(t)‖`2s

, for a.e. t ∈ Tn. (2.2)

Proof. Let Y be an arbitrary shift-invariant space with the range function Js

and associated projections PJs . We will consider the function

F ∈ TsY



Shift-invariant spaces and shift-preserving operators 5

defined as follows. If Y = {0}, then TsY = {0}. Otherwise, we define ak ∈
H(Tn, `2s) by

ak(t) :=

{ PJs (t)eπ(k)

‖PJs (t)eπ(k)‖`2s

, t ∈ Ak,

0, otherwise,
where π : N → Zn is bijection and Ak := {t ∈ Tn : PJs

(t)eπ(k) 6= 0}, k ∈ N.
Let (Bk)k∈N be a sequence of sets such that

B1 := A1, Bk+1 := Ak+1\
k⋃

j=1

Aj , k ∈ N,

and define
F :=

∑

k∈N
ak1Bk

.

Then, since σY =
⋃

k∈NAk, we have F (t) ∈ Js(t) and ‖F (t)‖`2s
= 1σY

(t) for
a.e. t ∈ Tn. Thus, it is clear that ϕ := T −1

s F is a quasi-orthogonal generator
of Ss(ϕ) ⊂ Y , and σSs(ϕ) = σY .

It is easy seen that

Ts(Y ª Ss(ϕ)) =
{
Q ∈ H(Tn, `2s) : Q(t) ∈ Js(t), 〈F (t), Q(t)〉`2s = 0 a.e. t ∈ Tn

}
.

If Q ∈ Ts(Y ª Ss(ϕ)), then

〈Q(t), eπ(k)〉`2s = 〈Q(t), PJs
(t)eπ(k)〉`2s = 0, for a.e. t ∈ Tn, k = 1, k0, (2.3)

where k0 = min{k ∈ N : |Ak| 6= 0}.
Next, by induction on k, we will construct a sequence (ϕk)k∈N of quasi-

orthogonal generators. Let ϕ1 := T −1
s F (Vs), and suppose that we have al-

ready constructed functions ϕ1, . . . , ϕk, for some k ∈ N, with properties:
(1) the function ϕi ∈ Vs is a quasi-orthogonal generator of V i

s = Ss(ϕi), for
i = 1, . . . , k;

(2) V i
s ⊥ V j

s for i 6= j;
(3) for Q ∈ TsW

k
s , where

W k
s = Vs ª

( k⊕

i=1

V i
s

)
, (2.4)

we have 〈Q(t), eπ(i)〉`2s = 0 for all i = 1, . . . , k and a.e. t ∈ Tn.

Set ϕk+1 := T −1
s F (W k

s ). Now, the set {ϕ1, . . . , ϕk+1} satisfies the properties
(1) − (3). Namely, (1) follows from the fact that ‖Tsϕk+1(t)‖`2s

= 1σ
W k

s
(t);

(2) is a consequence of the fact that V k+1
s ⊂ W k

s and the equality (2.4) and,
finally, (2.3) implies (3).

Take Q ∈ Ts

(⋂+∞
i=1 W i

s

)
. Then, from (3), we deduce that 〈Q(t), eπ(i)〉`2s =

0 for a.e. t ∈ Tn and all i ∈ N. Hence,
⋂+∞

i=1 W i
s = {0}. Thus (2.1) follows.

Next, since W i+1
s ⊂ W i

s , we conclude that σV i+1
s

= σW i+1
s

⊂ σW i
s

= σV i
s
.

Finally, (2.2) follows from (2.1). ¤
Unless otherwise stated, in the remainder of the paper, we assume ⊕ to

be an orthogonal sum.
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Proposition 2.1 ([5], Lemma 2.7). Let JVs and JUs be the range functions for
the shift-invariant subspaces Vs, Us of Hs, respectively.

(1) The orthogonal complement of Vs, denoted by V ⊥
s , is a shift-invariant

space and JV ⊥s (t) = (JVs
(t))⊥ for a.e. t ∈ Tn.

(2) If JVs
(t) = JUs

(t) for a.e. t ∈ Tn, then Vs = Us.
(3) The space Vs ∩ Us is a shift-invariant space and JVs∩Us(t) = JVs(t) ∩

JUs
(t), for a.e. t ∈ Tn.

Proof. (1) Let f ∈ V ⊥
s . Since f /∈ Vs, we have Tkf /∈ Vs for every k ∈ Zn.

Consequently, Tkf ∈ V ⊥
s , for every k ∈ Zn, i.e. V ⊥

s is a shift-invariant space.
Furthermore, for every F ∈ H(Tn, `2s), we have

F (t) /∈ JVs(t) if and only if F (t) ∈ (JVs(t))
⊥, for a.e. t ∈ Tn.

By Theorem 2.1, we get

F (t) /∈ JVs(t) if and only if T −1
s F /∈ Vs

if and only if F (t) ∈ JV ⊥s (t), for a.e. t ∈ Tn.

Hence, JV ⊥s (t) = (JVs
(t))⊥ for a.e. t ∈ Tn.

(2) If JVs(t) = JUs(t) for a.e. t ∈ Tn, then MJVs
= MJUs

. Since TsVs =
MJVs

and TsUs = MJUs
, we get Vs = Us.

(3) Obviously, Vs ∩ Us is a shift-invariant space. By Theorem 2.1, for
F ∈ H(Tn, `2s), we have

F (t) ∈ JVs∩Us(t) for a.e. t ∈ Tn

if and only if T −1
s F ∈ Vs ∩ Us

if and only if T −1
s F ∈ Vs and T −1

s F ∈ Us

if and only if F (t) ∈ JVs(t) and F (t) ∈ JUs(t) for a.e. t ∈ Tn

if and only if F (t) ∈ JVs(t) ∩ JUs(t) for a.e. t ∈ Tn.

Thus, JVs∩Us(t) = JVs(t) ∩ JUs(t), for a.e. t ∈ Tn. ¤

Proposition 2.2 ([5], Lemma 2.9). Let Vs ⊂ Hs be a shift-invariant space with
corresponding range function Js such that dim Js(t) < +∞ for a.e. t ∈ Tn.
Then, there exist functions ϕi ∈ Hs, i ∈ N, and measurable sets (Ad)d∈N0

such that Ai ∩Aj = ∅, i 6= j,
⋃

d∈N0
Ad = Tn satisfying:

(1) {Tkϕi : i ∈ N, k ∈ Zn} is a Parseval frame for Vs;
(2) for i > d, Tsϕi(t) = 0, for a.e. t ∈ Ad;
(3) {Tsϕ1(t), . . . , Tsϕd(t)} is an orthonormal basis for Js(t), for a.e. t ∈ Ad;
(4) dim Js(t) = d for a.e. t ∈ Ad.

Proof. By Theorem 2.3, there exist ϕi ∈ Hs, i ∈ N, such that {Tkϕi : i ∈
N, k ∈ Zn} is a Parseval frame for Vs. By Theorem 2.2, {Tsϕi(t) : i ∈ N} is a
Parseval frame for Js(t) for a.e. t ∈ Tn.

Since σV i+1
s

⊂ σV i
s

for every i ∈ N, we can define a family of disjoint sets
(Ad)d∈N0 as follows: A0 := Tn\σVs and Ad := σV d

s
\σV d+1

s
for d > 0. Since
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dim Js(t) < +∞, we have
∑

i∈N ‖Tsϕi(t)‖`2s
< +∞, and thus

⋂
i∈N σV i

s
= ∅.

Consequently,
⋃

d∈N0
Ad = Tn.

It is obvious that (2) is true for d > 0. Further, by (1), Theorem 2.3 and
Lemma 2.1, the assertion (3) follows, and thus dim Js(t) = d for a.e. t ∈ Ad.
For d = 0, we have Js(t) = {0} for a.e. t ∈ A0. ¤

3. Shift-preserving operators and range operators

Let Vs be a shift-invariant subspace of Hs with the range function Js and as-
sociated projection PJs (see [7]). Following [17] we define the shift-preserving
operator and the range operator.

We say that a bounded linear operator L : Vs → Hs is shift-preserving
if LTk = TkL for all k ∈ Zn.

A range operator on Js (with values in `2s) is a mapping Rs : Tn →
{set of bounded operators defined on closed subspaces of `2s}, so that the
domain of Rs(t) equals Js(t) for a.e. t ∈ Tn. The operator Rs is measurable
if t 7→ Rs(t)PJs(t) is weakly operator measurable, i.e. t 7→ 〈Rs(t)PJs(t)a, b〉`2s
is measurable scalar function for each a, b ∈ `2s.

Now we transfer results from [17] related to L2 spaces to Hs spaces.

Theorem 3.1 ([17], Proposition 4.2). Let ϕ ∈ Hs be a tight-frame generator
of Ss(ϕ) and an operator L : Ss(ϕ) → Hs be shift-preserving. Then, for any
g ∈ L2

s(Tn),

(TsLT −1
s

)
(gΦ)(t) = g(t)

(TsLT −1
s

)
Φ(t) for a.e. t ∈ Tn, (3.1)

where Φ = Tsϕ.

Proof. For Φ = Tsϕ, ϕ ∈ Ss(ϕ), by Lemma 2.1, we have

(TsLT −1
s

)
(e−2π

√−1〈·,k〉Φ) =
(TsLTk

)
ϕ =

(TsTkL
)
(T −1

s Tsϕ)

= e−2π
√−1〈·,k〉(TsLT −1

s

)
Φ.

Thus, for all polynomials pm(t) =
∑
|k|≤m ake−2π

√−1〈t,k〉, holds

(TsLT −1
s

)
(pmΦ)(t) = pm(t)

(TsLT −1
s

)
Φ(t) for a.e. t ∈ Tn. (3.2)
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Using Lemma 2.1, the fact that ϕ is a tight-frame generator of Vs = Ss(ϕ),
and boundedness of L, we get∫

Tn

|pm(t)|2
∥∥(TsLT −1

s )Φ(t)
∥∥2

`2s
dt =

∫

Tn

∥∥(TsLT −1
s )(pmΦ)(t)

∥∥2

`2s
dt

=
∥∥(TsLT −1

s )(pmΦ)
∥∥2

H(Tn,`2s)

≤ C2
∥∥pmΦ

∥∥2

H(Tn,`2s)

= C2

∫

Tn

|pm(t)|2‖Φ(t)‖2`2s dt

= C2

∫

Tn

|pm(t)|21σSs(ϕ)(t) dt < +∞.

(3.3)

For every r ∈ L∞(Tn) there exists a sequence of polynomials (pi
mi

)i∈N such
that: ‖pi

mi
‖∞ ≤ ‖r‖∞, i ∈ N, and limi→+∞ pi

mi
(t) = r(t), for a.e. t ∈ Tn.

Thus, from (3.3), we have∫

Tn

|r(t)|2
∥∥(TsLT −1

s )Φ(t)
∥∥2

`2s
dt ≤ C2

∫

Tn

|r(t)|2‖Φ(t)‖2`2s dt,

so ∥∥(TsLT −1
s )Φ(t)‖`2s

≤ C‖Φ(t)‖`2s
for a.e. t ∈ Tn. (3.4)

Therefore, we can choose a sequence (pi
mi

)i∈N such that pi
mi

→ g in
L2

s(Tn) and additionally

lim
i→+∞

pi
mi

(t) = g(t), lim
i→+∞

(TsLT −1
s

)
(pi

mi
Φ)(t) =

(TsLT −1
s

)
(gΦ)(t),

(3.5)
for a.e. t ∈ Tn. Finally, from (3.2), using (3.4) and (3.5), it follows that (3.1)
holds for a general functions in L2

s(Tn). ¤
Let us mention a consequence of the theorems 3.1 and 2.1.

Corollary 3.1. Let Vs ⊂ Hs be a shift-invariant space and let L : Vs → Hs

be the shift-preserving operator. Then, for any Φ ∈ TsVs and measurable
function g so that gΦ ∈ H(Tn, `2s) (and thus gΦ ∈ TsVs), holds(TsLT −1

s

)
(gΦ)(t) = g(t)

(TsLT −1
s

)
Φ(t), for a.e. t ∈ Tn.

Theorem 3.2 ([17], Theorem 4.5). Let Vs ⊂ Hs be a shift-invariant space with
the range function Js.
(1) Let L : Vs → Hs be a shift-preserving operator. Then, there exists a

measurable range operator Rs on Js so that

(TsL)f(t) = Rs(t)(Tsf(t)) for a.e. t ∈ Tn, f ∈ Vs. (3.6)

(2) Let Rs be a measurable range operator on Js such that

ess sup
t∈Tn

‖Rs(t)‖ < +∞.

Then, there exists a shift-preserving operator L : Vs → Hs that satisfies
(3.6).
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The correspondence between L and Rs is one-to-one under the convention
that the range operators are identified if they are equal almost everywhere.
Furthermore, ess sup

t∈Tn

‖Rs(t)‖ = ‖L‖.

Proof. (1) From Theorem 2.3, we have that Vs = ⊕+∞
i=1 Ss(ϕi), where ϕi is a

tight-frame generator of Ss(ϕi).
First, we observe V k

s := ⊕k
i=1Ss(ϕi) with a range function Jk

s . Let Φi = Tsϕi.
Then {Φ1(t), ..., Φk(t)}\{0} (if t /∈ σV k

s
, then Φi(t) = 0, i = 1, . . . , k) is an

orthonormal basis of Jk
s (t) for a.e. t ∈ Tn. We define Rk

s (t) : Jk
s (t) → `2s with

Rk
s (t)

( k∑

i=1

αiΦi(t)
)

=
k∑

i=1

αi(TsLT −1
s )Φi(t), αi ∈ C, i = 1, . . . , k.

Note, by (3.4) that, it is well defined operator. Now, let f ∈ V k
s be arbitrary.

Then there exist fi ∈ Ss(ϕi), i = 1, ..., k, such that f = f1 + · · · + fk, and
Tsf = Tsf1 + · · ·+Tsfk = g1Φ1 + · · ·+gkΦk, for some gi ∈ L2

s(Tn). Therefore,
by Theorem 3.1, we have

(TsL)f(t) = (TsLT −1
s )

( k∑

i=1

giΦi

)
(t) =

k∑

i=1

gi(t)(TsLT −1
s )Φi(t)

=
k∑

i=1

gi(t)Rk
s (t)

(
Φi(t)

)

=
k∑

i=1

Rk
s (t)

(
gi(t)Φi(t)

)

= Rk
s (t)

(Tsf(t)
)
. (3.7)

Since Ts is the isometry, we conclude that Rk
s is measurable.

Let ‖L‖ ≤ C, where C is some positive constant. We will proof that
‖Rk

s (t)‖ ≤ C for a.e. t ∈ Tn. First, we will proof that

ess sup
t∈Tn

‖Rk
s (t)(Ψα(t))‖`2s

≤ C, (3.8)

where Ψα ∈ H(Tn, `2s) is given by Ψα(t) :=
∑k

i=1 αiΦi(t) for α = (α1, ..., αk) ∈
Sk := {α ∈ Ck : |α1|2 + · · ·+ |αk|2 = 1}. Obviously, ‖Ψα(t)‖`2s

= 1.
To obtain a contradiction, suppose that (3.8) were false. Then, there

exist ε > 0 and an nonempty measurable set A ⊂ Tn such that for t ∈ A,
‖Rk

s (t)(Ψα(t))‖`2s
> C + ε. Let Ψ = Ψα1A and ψ := T −1

s Ψ ∈ V k
s . Since Ts is

isometry and ‖L‖ ≤ C, we get

‖(TsL)ψ‖H(Tn,`2s) = ‖Lψ‖Hs ≤ C‖ψ‖Hs = C‖Ψ‖H(Tn,`2s).
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But, by (3.7),

‖(TsL)ψ‖2H(Tn,`2s) =
∫

Tn

‖Rk
s (t)(Ψ(t))‖2`2s dt =

∫

A

‖Rk
s (t)(Ψα(t))‖2`2s dt

≥ (C + ε)2
∫

A

dt = (C + ε)2
∫

A

‖Ψα(t)‖2`2s dt

= (C + ε)2‖Ψ‖2H(Tn,`2s),

which is a contradiction. Thus, (3.8) is true. Now, by (3.8), for a dense subset
(αn)n∈N of Sk, we have

ess sup
t∈Tn

‖Rk
s (t)‖ = ess sup

t∈Tn

sup
α∈Sk

‖Rk
s (t)(Ψα(t))‖`2s

= ess sup
t∈Tn

sup
n∈N

‖Rk
s (t)(Ψαn(t))‖`2s

≤ C.

Hence, ‖Rk
s (t)‖ ≤ C for a.e. t ∈ Tn.

Let ` ≤ k. Since R`
s(t) = Rk

s (t)|J`
s(t), we define Rs(t) :

⋃
`∈N J`

s(t) → `2s
with Rs(t)(a) = R`

s(t)(a), a ∈ J`
s(t) for some ` ∈ N. Then,

‖Rs(t)(a)‖`2s
≤ C‖a‖`2s

, a ∈
⋃

`∈N
J`

s(t).

Therefore, we can uniquely extend Rs(t) to Rs(t) : Js(t) → `2s with ‖Rs(t)‖ ≤
C, using the fact that

⋃

`∈N
J`

s(t) = Js(t).

Finally, let us show that (3.6) holds. Choose any f ∈ Vs and (fk)k∈N, fk ∈ V k
s ,

such that limk→+∞ fk = f in Hs, limk→+∞ Tsfk(t) = limk→+∞ Tsf(t) and
limk→+∞(TsL)fk(t) = limk→+∞(TsL)f(t) for a.e. t ∈ Tn. Thus, for this
sequence, by the previous construction and (3.7), we have

(TsL)fk(t) = Rs(t)(Tsfk(t)).

Let k → +∞. It follows that (3.6) holds.
(2) Let Rs be a measurable range operator on Js such that

ess sup
t∈Tn

‖Rs(t)‖ = C < +∞.

Then, Rs(t)(Tsf(t)) is also measurable operator and

‖Rs(Tsf)‖2H(Tn,`2s) =
∫

Tn

‖Rs(t)(Tsf(t))‖2`2s dt

≤ ess sup
t∈Tn

‖Rs(t)‖2
∫

Tn

‖Tsf(t)‖2`2s dt

= C2‖Tsf‖2H(Tn,`2s) = C2‖f‖2Hs . (3.9)
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For L : Vs → Hs given by Lf = T −1
s Rs(Tsf), we have: L is linear; ‖Lf‖Hs ≤

C‖f‖Hs (by (3.9)); L satisfies (3.6) and since

(TsLTk)f(t) = Rs(t)(TsTkf(t)) = Rs(t)(e−2π
√−1〈t,k〉Tsf(t))

= e−2π
√−1〈t,k〉Rs(t)(Tsf(t))

= e−2π
√−1〈t,k〉Ts(Lf)(t)

= (TsTkL)f(t),

it follows that L is a shift-preserving operator.
Finally, from (3.6) it follows immediately that there is a unique corre-

spondence between the operators L and Rs. ¤

Theorem 3.3 ([17], Theorem 4.6). Let L : Vs → Hs be a shift-preserving
operator with the corresponding range operator Rs on Js. Then,

‖Lf‖Hs ≥ C‖f‖Hs , f ∈ Vs, (3.10)

if and only if

‖Rs(t)(a)‖`2s
≥ C‖a‖`2s

, a ∈ Js(t), for a.e. t ∈ Tn, (3.11)

where C > 0 is a constant.

Proof. If (3.11) holds, then using (3.6) we have

‖Lf‖2Hs = ‖(TsL)f‖2H(Tn,`2s) =
∫

Tn

‖Rs(t)(Tsf(t))‖2`2s dt

≥
∫

Tn

C2‖Tsf(t)‖2`2s dt = C2‖Tsf‖2H(Tn,`2s) = C2‖f‖2Hs , f ∈ Vs.

Assume, now, that (3.10) holds. Let {a1, a2, . . .} be a dense subset of
`2s. We will prove that for a.e. t ∈ Tn,

‖Rs(t)(PJs(t)ai)‖`2s
≥ C‖PJs(t)ai‖`2s

, i ∈ N. (3.12)

Suppose that (3.12) is not valid. Then there exist a nonempty measurable set
A ⊂ Tn, i0 ∈ N, and ε > 0 such that, for t ∈ A we have

‖Rs(t)(PJs(t)ai0)‖`2s
≤ (C − ε)‖PJs(t)ai0‖`2s

.

Let f ∈ Vs be a function such that Tsf(t) = 1A(t)PJs(t)ai0 . Then, using (3.6)
again, we have

‖Lf‖2Hs = ‖(TsL)f‖2H(Tn,`2s) =
∫

Tn

‖Rs(t)(Tsf(t))‖2`2s dt

≤ (C − ε)2
∫

A

‖PJs(t)ai0‖2`2s dt

= (C − ε)2
∫

Tn

‖Tsf(t)‖2`2s dt

= (C − ε)2‖f‖2Hs ,

contrary to (3.10). ¤
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Corollary 3.2. Let L be a shift-preserving operator and let Rs be its corre-
sponding range operator. Then, L is an isometry if and only if Rs(t) is an
isometry, for a.e. t ∈ Tn.

Proof. Using (3.6) we get

‖(TsL)f‖2H(Tn,`2s) =
∫

Tn

‖(TsL)f(t)‖2`2s dt =
∫

Tn

‖Rs(t)(Tsf(t))‖2`2s dt

= ‖Rs(Tsf)‖2H(Tn,`2s).

Thus, since

‖Rs(Tsf)‖H(Tn,`2s) = ‖(TsL)f‖H(Tn,`2s) = ‖Lf‖Hs ≤ C‖f‖Hs = C‖Tsf‖H(Tn,`2s),

C > 0, the assertion follows. ¤
Theorem 3.4 ([17], Theorem 4.8). Let Vs ⊂ Hs be a shift-invariant space
with the associated range function Js and L : Vs → Vs be a shift-preserving
operator with corresponding range operator Rs.
(1) The adjoint operator L∗ : Vs → Vs is also shift-preserving and with

R∗s(t) = (Rs(t))∗, for a.e. t ∈ Tn, is given the corresponding range
operator R∗s.

(2) The operator L is self-adjoint and σ(L) ⊆ [A,B] if and only if Rs(t) is
self-adjoint and σ(Rs(t)) ⊆ [A,B] for a.e. t ∈ Tn, where A, B ∈ R such
that A ≤ B.

(3) The operator L is unitary if and only if Rs(t) is unitary operator for
a.e. t ∈ Tn.

Proof. (1) It is obvious that R∗s is measurable and uniformly bounded on
Js. From Theorem 3.2 we have that there exists a shift-preserving operator
L• : Vs → Hs such that (TsL

•)f(t) = R∗s(t)(Tsf(t)), f ∈ Vs. Thus, for f ,
g ∈ Vs, we get

〈Lf, g〉Hs = 〈(TsL)f, Tsg〉H(Tn,`2s) =
∫

Tn

〈Rs(t)(Tsf(t)), Tsg(t)〉`2s dt

=
∫

Tn

〈Tsf(t), R∗s(t)(Tsg(t))〉`2s dt

= 〈Tsf, (TsL
•)g〉H(Tn,`2s) = 〈f, L•g〉Hs .

(2) From the part (1), we have L∗ = L if and only if R∗s(t) = Rs(t), for
a.e. t ∈ Tn. Let σ(L) ⊆ [A,B], i.e. for all f ∈ Vs we have

A‖f‖2Hs ≤ 〈Lf, f〉Hs = 〈TsLf, Tsf〉H(Tn,`2s)

=
∫

Tn

〈Rs(t)(Tsf(t)), Tsf(t)〉`2s dt ≤ B‖f‖2Hs . (3.13)

Analysis similar to that in the proof of Theorem 3.3 shows that the assertion
holds.

In the opposite direction, suppose that σ(Rs(t)) ⊆ [A,B] for a.e. t ∈ Tn,
i.e. for f ∈ Vs

A‖Tsf(t)‖2`2s ≤
〈
Rs(t)(Tsf(t)), Tsf(t)

〉
`2s
≤ B‖Tsf(t)‖2`2s , for a.e. t ∈ Tn.
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We obtain (3.13) by the integration of above inequalities over Tn.

(3) The statement follows from (2). L is unitary, σ(LL∗) = σ(L∗L) =
{1}, if and only if σ(Rs(t)R∗s(t)) = σ(R∗s(t)Rs(t)) = {1} for a.e. t ∈ Tn, i.e.
Rs(t) is unitary for a.e. t ∈ Tn. ¤

Similarly as in [17], we have the next propositions.

Proposition 3.1. Let Vs ⊂ Hs be a shift-invariant space and let L be its shift-
preserving operator. For Ṽs = L(Vs), we have dim

Ṽs
(t) ≤ dimVs(t) for a.e.

t ∈ Tn.

Proof. Let Vs = Ss(AI,s). Using the theorems 3.2 and 2.1, the range function
J̃s of Ṽs = Ss

({Lϕ : ϕ ∈ AI,s}
)

satisfies

J̃s(t) = span
{Tsφ(t) : φ ∈ {Lϕ : ϕ ∈ AI,s}

}
= span

{
(TsL)ϕ(t) : ϕ ∈ AI,s

}

= span
{
Rs(t)(Tsϕ(t)) : ϕ ∈ AI,s

}
= Rs(t)(Js(t)), for a.e. t ∈ Tn.

Thus, we have that dim J̃s(t) ≤ dim Js(t).
On the other hand, by Theorem 2.3, dimVs(t) =

∑
i∈N ‖Tsϕi(t)‖`2s

, for
a.e. t ∈ Tn, which completes the proof. ¤

Proposition 3.2. Let Vs, Ṽs ⊂ Hs be the shift-invariant spaces. Then,

dimVs(t) = dim
Ṽs

(t) for a.e. t ∈ Tn

if and only if there exists an operator L : Vs → Ṽs which is a shift-preserving
isomorphism (or isometry).

Proof. Suppose that Vs and Ṽs are shift-invariant spaces such that dimVs(t) =
dim

Ṽs
(t) for a.e. t ∈ Tn. Using Theorem 2.3, the spaces Vs and Ṽs can be

decomposed as

Vs =
⊕

i∈N
Ss(ϕi), Ṽs =

⊕

i∈N
Ss(ϕ̃i),

where ϕi and ϕ̃i are tight-frame generators, and σSs(ϕi) = σSs(ϕ̃i), i ∈ N.
Let Li : Ss(ϕi) → Ss(ϕ̃i) be defined by Li(Tkϕi) = Tkϕ̃i, i ∈ N. Now, for
arbitrary (ck)k∈Zn ∈ `2s with finite number of elements which are different
from zero, we have

∥∥∥∥
∑

k∈Zn

ckTkϕi

∥∥∥∥
2

Hs

=
∥∥∥∥

∑

k∈Zn

cke−2π
√−1〈t,k〉Tsϕi(t)

∥∥∥∥
2

H(Tn,`2s)
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=
∫

Tn

∣∣∣∣
∑

k∈Zn

cke−2π
√−1〈t,k〉

∣∣∣∣
2

‖Tsϕi(t)‖2`2s dt

=
∫

Tn

∣∣∣∣
∑

k∈Zn

cke−2π
√−1〈t,k〉

∣∣∣∣
2

‖Tsϕ̃i(t)‖2`2s dt

=
∥∥∥∥

∑

k∈Zn

ckTkϕ̃i

∥∥∥∥
2

Hs

=
∥∥∥∥Li

( ∑

k∈Zn

ckTkϕi

)∥∥∥∥
2

Hs

.

Therefore, Li is a shift-preserving isometry. Then, the operator L :=
⊕

i∈N Li

has the desired properties.
In the opposite direction, assume that L : Vs → Ṽs is a shift-preserving

isomorphism. Then, applying Proposition 3.1 to L : Vs → Ṽs and L−1 : Ṽs →
Vs, we get dimVs(t) = dim

Ṽs
(t), for a.e. t ∈ Tn. ¤

4. The frame operator

Let Es(AI,s) be a Bessel family for Ss(AI,s). The operator

K : Ss(AI,s) → `2s(Zn × I)

given by Kf =
( 〈f,Tkϕi〉Hs

µs(k+i)

)
(k,i)∈Zn×I

, has the dual K∗ : `2s(Zn × I) →
Ss(AI,s) defined by

K∗c =
∑

(k,i)∈Zn×I

ck,iTkϕiµs(k + i).

In order to distinguish the shift-invariant operator defined by K∗K and a
general shift-invariant operator L defined in the previous section, we use
notation L0 = K∗K. The frame operator L0 : Ss(AI,s) → Ss(AI,s) given by
L0 = K∗K is self-adjoint and

L0f =
∑

(k,i)∈Zn×I

〈f, Tkϕi〉HsTkϕi,

where the convergence is unconditional in Hs.
Let t ∈ Tn be fixed and consider (Tsϕi(t))i∈I . The corresponding Gramian

Gs : `2(I) → `2(I) and the dual Gramian G̃s : `2s(Zn) → `2s(Zn) is defined
by Gs = N∗

s Ns and G̃s = NsN
∗
s , respectively, where Ns : `2(I) → `2s(Zn) is

given by Ns(c) =
∑

i∈I ciTsϕi(t), and N∗
s : `2s(Zn) → `2(I) is adjoint of Ns

given by N∗
s (a) =

(〈a, Tsϕi(t)〉`2s
)
i∈I

.

Remark 4.1. Obviously, if (Tsϕi)i∈I is a Bessel family, then the operator Ns

(i.e. N∗
s ) is bounded, and vice versa.

The following two assertions are necessary for the proof of Theorem 4.2.
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Lemma 4.1 ([7]). Let Es(AI,s) be a Bessel family. Then, for all f ∈ AI,s, we
have

∑

ϕ∈AI,s

∑

k∈Zn

∣∣〈Tkϕ, f〉Hs

∣∣2 =
∑

ϕ∈AI,s

∫

Tn

∣∣∣
〈Tsϕ(t), Tsf(t)

〉
`2s

∣∣∣
2

dt.

Theorem 4.1 ([17], Theorem 5.1). Let Es(AI,s) be a Bessel family for Ss(AI,s)
and let Js be the range function of Ss(AI,s). Then, L0 = K∗K is self-adjoint,
shift-preserving operator with the range operator Rs(t) = G̃s(t)|Js(t), where
G̃s(t) is the dual Gramian of {Tsϕi(t) : i ∈ I} for a.e. t ∈ Tn.

Proof. Since

L0T`f =
∑

(k,i)∈Zn×I

〈T`f, Tkϕi〉HsTkϕi =
∑

(k,i)∈Zn×I

〈f, Tk−`ϕi〉HsTkϕi

=
∑

(k,i)∈Zn×I

〈f, Tkϕi〉HsTk+`ϕi,

for all ` ∈ Zn, we have L0T` = T`L0, i.e. L0 is shift-preserving. Further,

‖Kf‖2`2s = 〈Kf, Kf〉`2s = 〈L0f, f〉Hs

= 〈(TsL0)f, Tsf〉H(Tn,`2s)

=
∫

Tn

〈
R̃s(t)

(Tsf(t)
)
, Tsf(t)

〉
`2s

dt, (4.1)

for f ∈ Ss(AI,s), where R̃s is the range operator of L0. By Lemma 4.1, we
get

‖Kf‖2`2s =

∥∥∥∥∥
( 〈f, Tkϕi〉Hs

µs(k + i)

)

(k,i)∈Zn×I

∥∥∥∥∥

2

`2s

=
∑

(k,i)∈Zn×I

∣∣〈f, Tkϕi〉Hs

∣∣2

=
∑

i∈I

∫

Tn

∣∣∣
〈Tsf(t), Tsϕi(t)

〉
`2s

∣∣∣
2

dt

=
∫

Tn

∑

i∈I

〈Tsf(t), Tsϕi(t)
〉

`2s

〈Tsf(t), Tsϕi(t)
〉

`2s
dt

=
∫

Tn

〈(〈Tsf(t), Tsϕi(t)
〉

`2s

)
i∈I

,
(〈Tsf(t), Tsϕi(t)

〉
`2s

)
i∈I

〉
`2

dt

=
∫

Tn

〈
N∗

s (Tsf(t)), N∗
s (Tsf(t))

〉
`2

dt

=
∫

Tn

〈
NsN

∗
s (Tsf(t)), Tsf(t)

〉
`2s

dt

=
∫

Tn

〈
G̃s(t)Tsf(t), Tsf(t)

〉
`2s

dt. (4.2)
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Combining (4.1) with (4.2), we obtain∫

Tn

〈(
R̃s(t)− G̃s(t)|Js(t)

)(Tsf(t)
)
, Tsf(t)

〉
`2s

dt = 0, f ∈ Ss(AI,s).

Thus, R̃s(t) = G̃s(t)|Js(t) := Rs(t) for a.e. t ∈ Tn. ¤
Theorem 4.2 ([17], Theorem 5.2). Let Es(AI,s) be a frame with constants A,
B. Then, Es(BI,s) is its dual frame with constants B−1, A−1, where BI,s =
{θi : θi = L−1

0 ϕi, i ∈ I}. Furthermore,

Tsθi(t) = R−1
s (t)

(Tsϕi(t)
)

for a.e. t ∈ Tn, i ∈ I. (4.3)

Proof. Since∑

(k,i)∈Zn×I

∣∣〈f, L−1
0 Tkϕi〉Hs

∣∣2 =
∑

(k,i)∈Zn×I

∣∣〈L−1
0 f, Tkϕi〉Hs

∣∣2

=
∑

(k,i)∈Zn×I

〈L−1
0 f, Tkϕi〉Hs〈L−1

0 f, Tkϕi〉Hs

=
∑

(k,i)∈Zn×I

〈〈L−1
0 f, Tkϕi〉HsTkϕi, L

−1
0 f

〉
Hs

=
〈 ∑

(k,i)∈Zn×I

〈L−1
0 f, Tkϕi〉HsTkϕi, L

−1
0 f

〉

Hs

=
〈
L0(L−1

0 f), L−1
0 f

〉
Hs = 〈L−1

0 f, f〉Hs ,

we get

B−1‖f‖Hs ≤
∑

(k,i)∈Zn×I

∣∣〈f, L−1
0 Tkϕi〉Hs

∣∣2 = 〈L−1
0 f, f〉Hs ≤ A−1‖f‖Hs .

(4.4)
Consequently, {L−1

0 Tkϕi : k ∈ Zn, i ∈ I} is a dual frame of Es(AI,s) with
constants B−1, A−1. Furthermore, by Theorem 4.1, L0 is a shift-preserving
operator. Thus, for any F = L0f ∈ Hs, we have

L−1
0 TkF = L−1

0 TkL0f = L−1
0 L0Tkf = Tkf = TkL−1

0 F, k ∈ Zn.

Hence, L−1
0 is shift-preserving. Now, by (4.4), it follows that Es(BI,s) is a

dual frame of Es(AI,s) with constants B−1, A−1. Moreover,
∑

(k,i)∈Zn×I

〈f, Tkθi〉HsTkϕi =
∑

(k,i)∈Zn×I

〈f, Tkϕi〉HsTkθi = f ∈ Ss(AI,s)

holds with the unconditional convergence in Hs.
Finally, (4.3) follows from (3.6) and Theorem 4.1. ¤

Remark 4.2. Let Es(AI,s) be a Riesz family with constants A, B. Then, the
dual Es(BI,s) is a Riesz family with constants B−1, A−1. Moreover,

〈Tkϕi, T`θj〉Hs = δk,`δi,j , k, ` ∈ Zn, i, j ∈ I,

where δi,j =

{
1, i = j,

0, i 6= j.
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5. Structural theorems

This section will be devoted to the main results of [7].
Recall that DL2(Rn) =

⋂
s≥0 Hs and D′L2(Rn) =

⋃
s≥0 H−s (see for

instance [28], [30]). Note that Vs is a closed subspace of Hs, s ∈ R, so it is
also a separable Hilbert space. The space of periodic L2-functions, L2

per(Rn),
is defined by

L2
per(Rn) =

{
g : g(·) =

∑

k∈Zn

ake−2π
√−1〈·,k〉, (ak)k∈Zn ∈ `2

}
,

Theorem 5.1 ([7]). Assume that Es(AI,s) is a frame for Vs and that Es(BI,s)
is its dual frame, where BI,s = {θi : θi = L−1

0 ϕi, i ∈ I}. Then, F(Vs) is the
set of Fourier transforms of elements f ∈ D′L2(Rn) so that

f̂(·) =
∑

i∈I

ϕ̂i(·)
∑

k∈Zn

ai
ke−2π

√−1〈·,k〉,

where (ai
k)k∈Zn ∈ `2 is given by

ai
k =

∫

Rn

f̂(x)e2π
√−1〈k,x〉θ̂i(x)µ2

s(x) dx, k ∈ Zn, i ∈ I. (5.1)

Equivalently, it is equal to the space of elements f ∈ D′L2(Rn) which Fourier
transforms have the form

f̂ =
∑

i∈I

figi, gi ∈ L2
per(Rn),

where fi = ϕ̂i ∈ L2
s(Rn), i ∈ I, and gi, i ∈ I, have the expansions

gi(·) =
∑

k∈Zn

ai
ke−2π

√−1〈·,k〉,

with ai
k determined by (5.1).

Instead of notation V p
s in [26] (and Vp in [13]) we use V2

s , for p = 2. The
main properties of the space V2

s were announced in [26], where the weighted
spaces V p

s , p ∈ [1, +∞), were considered.
So, assume that p = 2. In the case s = 0, we assume that ψi ∈ L∞,

i = 1, . . . , r, where

L∞ =
{

ψ : ‖ψ‖L∞ = sup
t∈Tn

∑

j∈Zn

|ψ(t + j)| < +∞
}

.

By [13], V2 =
{
f : f =

∑r
i=1

∑
k∈Zn ci

kTkψi, (ci
k)k∈Zn ∈ `2, i = 1, . . . , r

}
.

Theorem 5.2 ([7]). Assume that Ar = {ψi : i = 1, . . . , r} ⊂ L2(Rn) ∩ L∞.
Then,

V2 = V0 = S0(Ar),

if V2 is closed in L2(Rn).
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Now, we consider weighted versions. Let s > 0 be fixed. We will intro-
duce several assumptions on generators ψi, i = 1, . . . , r, in order to have that
their linear combinations determine subspaces of Hs and of L2

s:

ψi ∈ Hs ∩ L2
s, i = 1, . . . , r. (5.2)

Moreover, in order to have the same assumptions as in [13] (and [26]), we
assume, as in the previous assumption, that

ψi ∈ L∞, i = 1, . . . , r. (5.3)

Let

V2
s =

{
f : f =

r∑

i=1

∑

k∈Zn

ci
kTkψi, (ci

k)k∈Zn ∈ `2s, i = 1, . . . , r

}
, (5.4)

by recalling the notation in [26].

Theorem 5.3 ([7]). Assume that s > 0, (5.2) and (5.3) hold.
(1) Assume that

Vs and F(V2
s ) are closed in L2

s.

Then,
V2

s ⊂ Hs and V2
s = Vs = Ss(Ar,s).

In particular, any element f ∈ Vs has the frame expansion as in (5.4).
(2) Assume that s > 1/2 and that V2

s is closed in L2
s. Then, F(V2

s ) is
closed in L2

s and both assertions in (1) hold true.

Concerning the duality, we have the following assertion.

Theorem 5.4 ([7]). Assume that s > 0, (5.2) and (5.3) hold. Moreover, as-
sume that the conditions of assertion (1) or conditions of assertion (2) of
Theorem 5.3 hold. Then in (both cases),

(1) (V2
s )′ = V2

−s, where V2
−s is the space of formal series of the form

F (·) =
r∑

i=1

∑

k∈Zn

bi
kψi(· − k),

r∑

i=1

∑

k∈Zn

|bi
k|2(1 + |k|2)−s < +∞,

with the dual pairing

〈F, f〉 =
r∑

i=1

∑

k∈Zn

bi
kci

k, (f is of the form given in (5.4)).

(2) V2
−s = V−s.

In order to consider the intersections of Vs, s ≥ 0, instead of conditions
(5.2) and (5.3), we assume

ψi ∈ S(Rn), i = 1, . . . , r. (5.5)
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Theorem 5.5 ([7]). Assume that (5.5) holds. Then,
⋂

s≥0

V2
s =

⋂

s≥0

Vs,

and the expansion for their elements has the form as in (5.4) with

sup
k∈Zn

|ci
k|ks < +∞, i = 1, . . . , r, for every s > 0.

Recall that the space P(Rn) = P of periodic smooth test functions (with
period one in any variable) is given by

P =
{

φ : φ(·) =
∑

k∈Zn

ake−2π
√−1〈·,k〉, (ak)k∈Zn ∈ `2s for every s ≥ 0

}
,

while its dual space P ′(Rn) = P ′ is given by

P ′ =
{

φ : φ(·) =
∑

k∈Zn

ake−2π
√−1〈·,k〉, (ak)k∈Zn ∈ `2−s for some s ≥ 0

}
.

A direct consequence part (2) of Theorem 5.3 is the following assertion.

Corollary 5.1 ([7]). Assume that (5.5) holds. Then

F
( ⋂

s≥0

V2
s

)

=
{ r∑

i=1

ψ̂i(·)
∑

k∈Zn

ci
ke−2π

√−1〈·,k〉 : (ci
k)k∈Zn ∈ `2s, i = 1, . . . , r, for every s ≥ 0

}
,

where Φi(·) =
∑

k∈Zn ci
ke−2π

√−1〈·,k〉 ∈ P, i = 1, . . . , r.

Concerning the duality, by Theorem 5.4, we have the next corollary.

Corollary 5.2 ([7]). Assume that (5.5) holds. Then V ′
s = V2

−s,
⋃

s>0 V ′
s =⋃

s>0 V2
−s and

F
( ⋃

s≤0

V2
s

)

=
{ r∑

i=1

ψ̂i(·)
∑

k∈Zn

ci
ke−2π

√−1〈·,k〉 : (ci
k)k∈Zn ∈ `2s, i = 1, . . . , r, for some s ≤ 0

}
,

where Fi(·) =
∑

k∈Zn ci
ke−2π

√−1〈·,k〉 ∈ P ′, i = 1, . . . , r.

Note that the assumption ψi ∈ S(Rn) implies a well defined product of
a smooth function and a (periodic) Schwartz distribution.
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6. Spectral analysis of the range operator

The present section contains relevant concepts and auxiliary results needed
to prove theorems in the last section. These specialize to the results of [5] if
s = 0. Ideas used in proofs are in much the same way as in [5].

Theorem 6.1 ([5]). Let A = A(t) be an n× n matrix of measurable functions
defined on a measurable set B. Then, there exist n measurable functions λi :
B → C, i = 1, . . . , n, such that λ1(t), . . . , λn(t) are eigenvalues for matrix
A(t), for a.e. t ∈ B.

Theorem 6.2 ([5], Proposition 3.4, Theorem 5.4). Let Js be a range function
for the shift-invariant space Vs ⊂ Hs such that dim Js(t) = d < +∞ for
a.e. t ∈ Ω, where Ω ⊆ Tn is measurable set, and let L : Vs → Vs be a shift-
preserving operator with the corresponding range operator Rs. Then, there
exist d2 measurable bounded functions (Rij

s )d
i,j=1 defined on Ω, such that

[Rs(t)] =




R11
s (t) R12

s (t) · · · R1d
s (t)

R21
s (t) R22

s (t) · · · R2d
s (t)

...
...

. . .
...

Rd1
s (t) Rd2

s (t) · · · Rdd
s (t)


 ,

for a.e. t ∈ Ω. Moreover, there exist d measurable functions λi
s : Ω → C,

i = 1, . . . , d, so that λ1
s(t), . . . , λd

s(t) are eigenvalues for Rs(t) for a.e. t ∈ Ω.

Proof. Let us consider (Ad)d∈N0 and ϕi ∈ Hs, i ∈ N, from Proposition 2.2.
Since {Tsϕ1(t), . . . , Tsϕd(t)} is the orthonormal basis for Js(t) for a.e. t ∈ Ad,
we can conclude that Rs(t) has a matrix representation with elements

Rij
s (t) :=

〈
Rs(t)Tsϕj(t), Tsϕi(t)

〉
`2s

,

for a.e. t ∈ Ad. Obviously, Rij
s (t) is measurable for a.e. t ∈ Ad. Since L is

bounded, by Theorem 3.2, we have |Rij
s (t)| ≤ ‖L‖, i, j = 1, . . . , d, for a.e.

t ∈ Ad. Clearly, the set Ω is included in Ad.
Let νs(t) : Js(t) → Cd be given by νs(t)

(Tsϕi(t)
)

= ei, for a.e. t ∈ Ad,
i = 1, . . . , d, where {e1, . . . , ed} is the canonical basis for Cd. In this way,
the unique connection between bases is established, for a.e. t ∈ Ad. Then,
Rs(t) = νs(t)−1[Rs(t)]νs(t), for a.e. t ∈ Ω. For a measurable function λs :
Ω → C holds

ker
(
Rs(t)− λs(t)1(t)

)
= ker

(
νs(t)−1([Rs(t)]− λs(t)1(t))νs(t)

)
, a.e. t ∈ Ω.

Therefore, by Theorem 6.1, the assertion follows. ¤

For a bounded measurable range operator Rs, we will denote by Rλ(t)
the set of all eigenvalues of Rs(t). The length of FSI space Vs ⊂ Hs, denoted
by Γ(Vs), is defined to be the smallest r ∈ N such that Vs = Ss(ϕ1, . . . , ϕr),
where ϕ1, . . . , ϕr ∈ Vs. In the notation of [5], the equivalent definition is
Γ(Vs) = ess supt∈Tn dim Js(t), where Js corresponds to Vs.
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Theorem 6.3 ([5], Theorem 5.5). Let Js be a range function so that dim Js(t) <
+∞ for a.e. t ∈ Tn, and let Rs(t) : Js(t) → Js(t) be a bounded mea-
surable range operator. Then, there exist λi

s ∈ L∞(Tn), i ∈ N, such that
λi

s(t) 6= λj
s(t), i 6= j, for a.e. t ∈ Tn, and if Ad,q := {t ∈ Ad : card(Rλ(t)) =

q}, where the sequence (Ad)d∈N0 is given by Proposition 2.2, then Rλ(t) =
{λ1

s(t), . . . , λq
s(t)} for a.e. t ∈ Ad,q, for all q ≤ d and d, q ∈ N.

Proof. By Proposition 2.2, Ai ∩ Aj = ∅, i 6= j, and σVs =
⋃

d∈NAd. More-
over, by Theorem 6.2, for every d ∈ N there exist d measurable functions
λd,1

s , . . . , λd,d
s : Ad → C which are the eigenvalues of Rs(t) for a.e. t ∈ Ad. Let

us regard d ∈ N as fixed and, for all q ≤ d, define

Ad,q :=
{
t ∈ Ad : card{λd,1

s (t), . . . , λd,d
s (t)} = q

}
.

These sets are measurable and disjoint and Ad =
⋃d

q=1 Ad,q. Now, there exist
measurable functions λd,q;1

s , . . . , λd,q;q
s : Ad,q → C which are eigenvalues of

Rs(t) such that λd,q;i
s (t) 6= λd,q;j

s (t), i 6= j, for a.e. t ∈ Ad,q. Further, since Rs

is bounded, there exists a constant C > 0 such that |λd,q;i
s (t)| ≤ C for a.e.

t ∈ Ad,q and i ≤ q ≤ d. Let us define the functions λi
s : Tn → C by

λi
s(t) :=

{
λd,q;i

s (t), t ∈ Ad,q, i ≤ q ≤ d,

C + i, otherwise.

Then, λi
s(t) 6= λj

s(t), i 6= j, for a.e. t ∈ Tn and λi
s ∈ L∞(Tn), i ∈ N. Moreover,

λi
s(t) is the eigenvalue of Rs(t) for a.e. t ∈ Ad,q, since

ker
(
Rs(t)− λi

s(t)1(t)
)

= ker
(
Rs(t)− λd,q;i

s (t)1(t)
)
,

for a.e. t ∈ Ad,q and all i ≤ q ≤ d. Otherwise, since λi
s(t) = C + i is not the

eigenvalue of Rs(t), we have ker
(
Rs(t)− λi

s(t)1(t)
)

= {0}. ¤

Remark 6.1. (1) If Js is the range function for FSI space Vs ⊂ Hs, then
the measure of the set Ad is 0 for every d > Γ(Vs) (we write it |Ad| = 0,
d > Γ(Vs), for short). Thus, for q ∈ N, we define

Bq :=
+∞⋃

d=q

Ad,q, and q := max{q ∈ N : |Bq| 6= 0}. (6.1)

(2) Let us define Ci :=
⋃+∞

q=i Bq, i ∈ N. The set Ci contains t ∈ σVs such
that the range operator Rs(t) has at least i different eigenvalues. By the proof
of Theorem 6.3, it is clear that Ci =

{
t ∈ Tn : ker(Rs(t)−λi

s(t)1(t)) 6= {0}},
i ∈ N, and |Ci| = 0 for i > q.

7. s-Diagonalization and dynamical sampling for
shift-preserving operators

The definition of s-diagonalization was first introduced by Aguilera et al.
in [5]. In this section, we follow the notation used in [5] and [6] and adapt
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the definition for the space Hs and give conditions under which the shift-
preserving operator will be s-diagonalizable. In the last part of this section,
we show that iterations of the shift-preserving operator on a finite set of
functions produce a frame for Vs.

Let ψ : Tn :→ C be measurable and Mψ be a multiplication operator
Mψ : H(Tn, `2s) → H(Tn, `2s),

MψTsf(t) =
(

ψ(t)ĝ(t + k)
µs(k)

)

k∈Zn

, t ∈ Tn,

where g = (1− ∆
4π2 )s/2f . It is continuous if and only if ψ ∈ L∞(Tn).

For a sequence a = (ak)k∈Zn ∈ `2s, we define

â(·) =
∑

k∈Zn

ake−2π
√−1〈k,·〉

and an operator Λs
a : Hs → Hs by Λs

a =
∑

k∈Zn akTk. If â(·) ∈ L∞(Tn), then
the sequence a = (ak)k∈Zn ∈ `2s is called a sequence with bounded spectrum.
We say that Λs

a is an s-eigenvalue of L if V a
s := {f ∈ Hs : Lf = Λs

af} 6= {0},
where a = (ak)k∈Zn ∈ `2s is a sequence with bounded spectrum. The space
V a

s is called s-eigenspace associated to Λs
a. Note that ’s’ in ’s-eigenvalue’ and

’s-eigenspace’ has nothing to do with ’s’ in the space Hs, even though we use
the same letter.

The following lemma will prove extremely useful.

Lemma 7.1. Let a = (ak)k∈Zn ∈ `2s. Then Λs
a = T −1

s Ms
âTs : Hs → Hs is

linear bounded operator if and only if a has a bounded spectrum.

Proof. Let f ∈ Hs, then (1−∆/(4π2))s/2f =: g ∈ L2 and

T −1
s Ms

âTsf(t) = T −1
s

(
â(t)ĝ(t + j)

µs(j)

)

j∈Zn

=
∑

k∈Zn

akT −1
s e−2π

√−1〈k,t〉
(

ĝ(t + j)
µs(j)

)

j∈Zn

=
∑

k∈Zn

akT −1
s e−2π

√−1〈k,t〉Tsf(t) =
∑

k∈Zn

akTkf(t) = Λs
af(t),

where we used Lemma 2.1. Hence, Λs
a = T −1

s Ms
âTs. Linearity simply follows

from the definition of operator Λs
a. Since Ts is an isometric isomorphism (see

Lemma 2.1), the statement follows. ¤

Next tree lemmas are necessary for Theorem 7.1.

Lemma 7.2. For f ∈ V a
s , we have Rs(t)

(Tsf(t)
)

= â(t)Tsf(t), for a.e. t ∈ Tn.

Proof. Using (3.6), Lemma 7.1 and Lf = Λs
af , we have

Rs(t)
(Tsf(t)

)
= Ts

(
Lf

)
(t) = Ts

(
Λs

af
)
(t) = Ts

(T −1
s Ms

âTsf
)
(t) = â(t)Tsf(t),

for a.e. t ∈ Tn. ¤
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Lemma 7.3. Let Vs ⊂ Hs be a shift-invariant space. Then, there exists ϕ ∈ Vs

such that supp ‖Tsϕ(·)‖`2s
= σVs

.

Proof. The proof is a direct consequence of [15, Proposition 2.9] and therefore
is omitted. ¤

The next lemma may be proved in much the same way as [5, Proposition
3.5], so the proof is omitted.

Lemma 7.4. Let Js be a range function such that dim Js(t) < +∞ and let
Rs(t) : Js(t) → Js(t) be a measurable range operator for a.e. t ∈ Tn. Then,
the mapping t 7→ ker(Rs(t)), t ∈ Tn, is a measurable range function.

Using the lemmas 7.2, 7.3 and 7.4, we get the following statement.

Theorem 7.1 ([5], Proposition 4.5). Let Js be a range function for shift-
invariant space Vs ⊂ Hs such that dim Js(t) < +∞ for a.e. t ∈ Tn. Let
a ∈ `2s be a sequence of bounded spectrum and let L : Vs → Vs be a bounded
shift-preserving operator. If Λs

a is an s-eigenvalue of L, then Λs
a(t) := â(t)

is an eigenvalue of Rs(t) for a.e. t ∈ σV a
s
. Moreover, Ja

s (t) := ker
(
Rs(t) −

Λs
a(t)1(t)

)
, for a.e. t ∈ Tn, is the measurable range function for V a

s .

Remark 7.1. From the previous, it follows that:

(1) V a
s is a shift-invariant subspace of Vs,

(2) LV a
s ⊆ V a

s ,
(3) if V a

s ∩ V b
s = {0}, then â(t) 6= b̂(t) a.e. in σV a

s
∩ σV b

s
.

In the remainder of this section, we assume Vs ⊂ Hs to be FSI space
with the range function Js and L : Vs → Vs to be a shift-preserving operator
with the corresponding range operator Rs.

We will say that (Vs, L, a1, . . . , ap) is an s-diagonalization of L, i.e. the
operator L is s-diagonalizable, if there exists natural number p so that Λs

ai ,
i = 1, . . . , p, are s-eigenvalues of L and Vs = V a1

s ⊕V a2

s ⊕ · · · ⊕V ap

s , where ⊕
denote direct sum and ai, i = 1, . . . , p, are sequences of bounded spectrum.
Note that ’s’ in ’s-diagonalization’ has nothing to do with ’s’ in the space
Hs, even though we use the same letter.

Theorem 7.2 ([5], Theorem 6.4). If L is s-diagonalizable, then Rs(t) is diag-
onalizable for a.e. t ∈ σVs .

Proof. Assume that (Vs, L, a1, . . . , ap) is an s-diagonalization of L. Then, by
Theorem 7.1, λs

a`(t) := â`(t) is an eigenvalue of Rs(t) for a.e. t ∈ σ
V a`

s
and

Ja`

s (t) := ker
(
Rs(t) − â`(t)1(t)

)
is eigenspace for Rs(t), for a.e. t ∈ Tn, for

` = 1, . . . , p. We only need to show that Js(t) = Ja1

s (t)⊕ · · ·⊕ Jap

s (t), for a.e.
t ∈ Tn.

We check at once that Ja1

s (t) + · · ·+ Jap

s (t) ⊆ Js(t), which is clear from

V a`

s ⊆ Vs ⇒ Ja`

s (t) ⊆ Js(t), ` = 1, . . . , p.
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For φ ∈ Vs, we have φ = φ1 + · · · + φp, where φ` ∈ V a`

s , ` = 1, . . . , p. Thus,
Tsφ(t) = Tsφ1(t) + · · ·+ Tsφp(t) for a.e. t ∈ Tn, and therefore

Js(t) = span{Tsϕ(t) : ϕ ∈ Ar,s} ⊆ Ja1
s (t) + · · ·+ Jap

s (t) = Ja1

s (t)+· · ·+Jap

s (t),

where Vs = Ss(Ar,s). The second equality follows from the fact that dimJs(t) <
+∞ for a.e. t ∈ Tn.

From the above, we conclude that Js(t) = Ja1

s (t) + · · ·+ Jap

s (t), for a.e.
t ∈ Tn. Using Proposition 2.1, we get Js(t) = Ja1

s (t) ⊕ · · · ⊕ Jap

s (t), for a.e.
t ∈ Tn, i.e. the sum is direct. ¤

Theorem 7.3 ([5], Theorem 6.8). If the operator Rs(t) is diagonalizable for
a.e. t ∈ σVs , then there exist sequences (ai)qi=1 of bounded spectrum, where q
is given by (6.1), such that Jai

s (t) := ker
(
Rs(t)− âi(t)1(t)

)
, i = 1, . . . ,q, are

measurable range functions and

(1) Js(t) = Ja1

s (t) ⊕ · · · ⊕ Jaq

s (t), for a.e. t ∈ Tn, where ⊕ denote direct
sum;

(2) the sets Ci =
{
t ∈ σVs

: Jai

s (t) 6= {0}}, i = 1, . . . ,q, satisfy |Ci| > 0
and Ci+1 ⊂ Ci, i = 1, . . . ,q− 1.

Proof. (1) Let Γ(Vs) = r. By Theorem 6.3 and Remark 6.1, there exist measu-
rable functions λ1

s, . . . , λ
q
s ∈ L∞(Tn) such that

Js(t) =
q⊕

i=1

ker
(
Rs(t)− λi

s(t)1(t)
)
, for a.e. t ∈ Tn.

Indeed, if t ∈ Ad,q, then (see the proof of Theorem 6.3)
q⊕

i=1

ker
(
Rs(t)−λi

s(t)1(t)
)

=
q⊕

i=1

ker
(
Rs(t)−λd,q;i

s (t)1(t)
)⊕

q⊕

i=q+1

{0} = Js(t),

since Rs(t) is diagonalizable and {λd,q;1
s (t), . . . , λd,q;q

s (t)} is the set of eigenval-
ues of Rs(t) on Ad,q, for a.e. t ∈ Tn. If t /∈ σVs , then ker

(
Rs(t)−λi

s(t)1(t)
)

=
{0}, i = 1, . . . ,q, and Js(t) = {0}.

Moreover, since λi
s ∈ L∞(Tn), there exists a sequence ai = (ai

k)k∈Zn ∈
`2s of bounded spectrum so that λi

s(t) = âi(t) for a.e. t ∈ Tn and the function
Jai

s (t) = ker
(
Rs(t)− âi(t)1(t)

)
is measurable. Hence, (1) holds.

(2) It follows from Remark 6.1(2). ¤

Now we can prove a theorem which gives necessary conditions for s-
diagonalization of shift-preserving operator L. The main idea of the proof is
presented in [5].

Theorem 7.4 ([5], Theorem 6.16). If L : Vs → Vs is a normal shift-preserving
operator, then L is s-diagonalizable and

L =
p∑

i=1

Λs
aiPV ai

s
,
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where (Vs, L, a1, . . . , ap) is an s-diagonalization of L and PV ai
s

: Vs → V ai

s ,
i = 1, . . . , p, are the orthogonal projections.

Proof. Since L is normal and Vs is a FSI space, by Theorem 3.4, the range
operator Rs(t) is normal for a.e. t ∈ Tn, and therefore the range operator
Rs(t) is diagonalizable for a.e. t ∈ Tn and moreover, its eigenspaces are
orthogonal.

Let q be given by (6.1). By Theorem 7.3, we have Js(t) = Ja1

s (t) ⊕
· · · ⊕ Jaq

s (t) for a.e. t ∈ Tn, where Jai

s (t) = ker
(
Rs(t) − âi(t)1(t)

)
is the

measurable range function and ai is the sequence of bounded spectrum for
all i = 1, . . . ,q.

Using Theorem 7.1, we get that V ai

s = {f ∈ Hs : Lf = Λs
aif} 6=

{0} is the shift-invariant space with the measurable range function Jai

s . The
orthogonality between the eigenspaces Jai

s (t), i = 1, . . . ,q, for a.e. t ∈ Tn,
implies the orthogonality between the s-eigenspaces V ai

s , i = 1, . . . ,q. Finally,
by Proposition 2.1(2), we get Vs = V a1

s ⊕ · · · ⊕ V aq

s and consequently, the
shift-preserving operator L is s-diagonalizable.

If (Vs, L, a1, . . . , ap) is any s-diagonalization for L, since the eigenspaces
of Rs(t) are orthogonal for a.e. t ∈ Tn, we get that the s-eigenspaces V ai

s are
orthogonal and Vs = V a1

s ⊕ · · · ⊕ V ap

s . Thus, the assertion holds. ¤

Theorem 7.5 ([6], Proposition 2.16). If the operator L : Vs → Vs is normal,
then the following assertions hold.

(1) The operators L and its adjoint L∗ are s-diagonalizable.
(2) If the operator Λs

a is an s-eigenvalue of operator L, then its adjoint,
denoted by Λs∗

a , is an s-eigenvalue of L∗ and V a
s = {f ∈ Hs : L∗f =

Λs∗
a f}. Moreover, Λs∗

a = Λs
ã, where ã ∈ `2s and ãk := a−k, k ∈ Zn.

(3) If (Vs, L, a1, . . . , ap) is an s-diagonalization for operator L, then (Vs, L
∗, ã1,

. . . , ãp) is an s-diagonalization for L∗.

Proof. (1) The adjoint L∗ of normal operator L is also normal, and thus, by
Theorem 7.4, L and L∗ are s-diagonalizable.

(2) Since

â(t) =
∑

k∈Zn

ake2π
√−1〈k,t〉 =

∑

k∈Zn

a−ke−2π
√−1〈k,t〉,

write ãk := a−k, k ∈ Zn. It is clear that ã = (ãk)k∈Zn ∈ `2s. For Λs
a which is

an s-eigenvalue of L and ϕ1, ϕ2 ∈ Vs, we get

〈Λs
aϕ1, ϕ2〉Hs = 〈ϕ1,Λs

ãϕ2〉Hs ,

i.e. Λs∗
a = Λs

ã. Moreover, since L− Λs
a is a normal operator, we get ker(L∗ −

Λs
ã) = ker((L− Λs

a)∗) = ker(L− Λs
a) = V a

s 6= {0}, and the assertion holds.
(3) Let (Vs, L, a1, . . . , ap) be an s-diagonalization for L. By (2), we have

ker(L∗ − Λs
ãj ) = V aj

s , j = 1, . . . , p, and therefore Vs = V a1

s ⊕ · · · ⊕ V ap

s is
decomposition on s-eigenspaces for L∗. ¤
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We introduce the notion of M = {1, 2, . . . , m}, D = {0, 1, . . . , d − 1}
and V b

s := {f ∈ Hs : L∗f = Λs
bf}, where L∗ is the adjoint operator of

shift-preserving operator L : Vs → Vs and b ∈ `2s is a sequence of bounded
spectrum such that Λs

b is an s-eigenvalue of L∗. By Theorem 7.5, if L is
normal, then Λs

b = Λs
ã, where Λs

a is an s-eigenvalue of L.
The following assertion is a restatement of [6, Theorem 3.2].

Theorem 7.6. Let Vs = Ss(ϕ1, . . . , ϕd) ⊂ Hs be a shift-invariant space and
let Jb

s (t) := ker
(
R∗s(t) − b̂(t)1(t)

)
, where b̂(t) is eigenvalue of R∗s(t) for a.e.

t ∈ σV b
s
. If {Rj

s(t)(Tsφi(t)) : φi ∈ Vs, i ∈ M, j ∈ D} is a frame for Js(t)
with a frame bounds A,B > 0, for a.e. t ∈ σV b

s
, then {PJb

s
(t)(Tsφi(t)) : φi ∈

Vs, i ∈ M} is a frame for Jb
s (t) with bounds A/C(t), B/C(t), for a.e. t ∈ σV b

s
,

where C(t) =
∑

j∈D |̂b(t)|2j.

Proof. The assertion follows from the next equalities.
∑

j∈D

∑

i∈M

∣∣〈Tsφ(t), Rj
s(t)(Tsφi(t))

〉
`2s

∣∣2 =
∑

j∈D

∑

i∈M

∣∣〈R∗j

s (t)(Tsφ(t)), Tsφi(t)
〉

`2s

∣∣2

=
∑

j∈D

∑

i∈M

∣∣〈b̂(t)j(Tsφ(t)), Tsφi(t)
〉

`2s

∣∣2

=
∑

j∈D

|̂b(t)|2j
∑

i∈M

∣∣〈Tsφ(t), PJb
s
(t)(Tsφi(t))

〉
`2s

∣∣2,

where b̂(t) is eigenvalue of R∗s(t), for a.e. t ∈ σV b
s
. ¤

Now, we can prove our main result.

Theorem 7.7 ([6], Theorem 3.6). Let Vs = Ss (ϕ1, . . . , ϕd) ⊂ Hs be a shift-
invariant space and let L : Vs → Vs be a shift-preserving operator with the
corresponding range operator Rs. If

{Ljφi : φi ∈ Vs, i ∈ M, j ∈ D}
is a frame generator set for Vs with bounds A, B > 0, then

{PV b
s
φi : φi ∈ Vs, i ∈ M}

is a frame generator set for V b
s with bounds A

( ∑d−1
j=0 ‖L‖2j

)−1 and B.

Proof. Assume that {Ljφi : φi ∈ Vs, i ∈ M, j ∈ D} is a frame generator set
for Vs with bounds A,B > 0. Using Theorem 2.2 and the equality (3.6), we
get

{Ts

(
Ljφi

)
(t) : i ∈ M, j ∈ D} = {Rj

s(t)
(Tsφi(t)

)
: i ∈ M, j ∈ D}

is a frame for Js(t) with the same frame bounds, for a.e. t ∈ Tn. If Λs
b is an

s-eigenvalue of L∗, then, using theorems 3.4 and 7.1, it follows that b̂(t) is an
eigenvalue of R∗s(t) for a.e. t ∈ σV b

s
. By Theorem 7.6, we conclude that

{
PJ

V b
s
(t)

(Tsφi(t)
)

: i ∈ M, j ∈ D
}
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is a frame for Jb
s (t) with bounds A

C(t) and B
C(t) for a.e. t ∈ σV b

s
, where C(t) =

∑d−1
j=0 |̂b(t)|2j . Using Theorem 3.2, we get

1 ≤ C(t) =
d−1∑

j=0

|̂b(t)|2j ≤
d−1∑

j=0

‖Rs(t)‖2j ≤
d−1∑

j=0

‖L‖2j .

Therefore, using [7, Theorem 2.3] and Theorem 2.2, the assertion follows. ¤

Finally, we will prove that the equivalence in Theorem 7.7 holds under
additional assumptions. We will say that shift-preserving operator L : Vs →
Vs has the spectral property if there exists C > 0 so that |λ′s − λs| ≥ C, for
all λ′s 6= λs, λs, λ′s ∈ Rλ(t), for a.e. t ∈ σVs .

Theorem 7.8 ([6], Theorem 3.8). Let Vs = Ss(ϕ1, . . . , ϕd) ⊂ Hs be a shift-
invariant space and let L : Vs → Vs be a normal shift-preserving operator
which satisfies the spectral property, with the corresponding range operator
Rs. The set

{Ljφi : φi ∈ Vs, i ∈ M, j ∈ D}
is a frame generator for Vs if and only if

{PV b
s
φi : φi ∈ Vs, i ∈ M}

is a frame generator set for V b
s with the same frame bounds for every s-

eigenvalue Λs
b of L∗.

Proof. On account of Theorem 7.7, it remains to prove that the opposite
implication holds.

Since L is normal operator, by Theorem 7.5, L∗ is s-diagonalizable
and we can construct an s-diagonalization (Vs, L

∗, b1, . . . , bq) for L∗ so that
σ

V b`+1
s

⊆ σ
V b`

s
, ` = 1, . . . ,q− 1, and

|̂bi(t)− b̂j(t)| ≥ C, i 6= j, (7.1)

for some constant C > 0, for a.e. t ∈ Tn, i, j = 1, . . . ,q (see Theorem 7.3 and
Remark 7.1(3)).

Let {P
V b`

s
φi : i ∈ M} be a frame generator for V b`

s , ` = 1, . . . ,q, with
frame bounds A,B > 0. By Theorem 2.2, {Ts(PV b`

s
φi)(t) : i ∈ M} is a frame

for Jb`

s (t) with the same frame bounds for a.e. t ∈ Tn, ` = 1, . . . ,q. Using
[7, Theorem 2.3], we get that {P

Jb`
s

(t)(Tsφi(t)) : i ∈ M} is a frame for Jb`

s (t)
with the same frame bounds for a.e. t ∈ Tn, ` = 1, . . . ,q.

Let A` := σ
V b`

s
\σ

V b`+1
s

for ` = 1, . . . ,q − 1, and Aq := σV bq
s

. Then,
Tn =

⋃q
`=1 A` ∪

(
Tn\σVs

)
.

Fix ˜̀∈ {1, . . . ,q}. Then, {P
Jb`

s
(t)(Tsφi(t)) : i ∈ M} is a frame for Jb`

s

for a.e. t ∈ A`, ` = 1, . . . , ˜̀. By [6, Theorem 3.5], {Rj
s(t)(Tsφi(t)) : i ∈ M, j ∈
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D} is a frame for Js(t) for a.e. t ∈ A˜̀ with bounds

A

(
q

β(t)

˜̀−1∑

i=0

(˜̀− 1
i

)2

‖Rs(t)‖2i

)−1

and B

(
˜̀

d−1∑

j=0

‖Rs(t)‖2j

)
,

where β(t) = min1≤`≤˜̀
∏˜̀

i=1,i6=` |̂b`(t)− b̂i(t)|2.
There is no loss of generality in assuming C < 1 in (7.1). Then, C2q ≤

C2˜̀≤ β(t) for a.e. t ∈ A˜̀, and we get

A

(
q

C2q

q−1∑

i=0

(
q− 1

i

)2

‖L‖2i

)−1

≤ A

(
q

β(t)

˜̀−1∑

i=0

(˜̀− 1
i

)2

‖Rs(t)‖2i

)−1

,

B

(
˜̀

d−1∑

j=0

‖Rs(t)‖2j

)
≤ B

(
q

d−1∑

j=0

‖L‖2j

)
,

for a.e. t ∈ A˜̀. For every set A˜̀, ˜̀ = 1, . . . ,q, we have the same frame
bounds and therefore {Rj

s(t)(Tsφi(t)) : i ∈ M, j ∈ D} is a frame for Js(t) for
a.e. t ∈ Tn. Finally, using (3.6) and Theorem 2.2, we conclude that the family
{Ljφi : i ∈ M, j ∈ D} is a frame generator for Vs with the frame bounds
A

(
q

C2q

∑q−1
i=0

(
q−1

i

)2‖L‖2i
)−1, B

(
q

∑d−1
j=0 ‖L‖2j

)
. ¤
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