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Abstract. We study the shift-preserving operator L : Vi — V; and the range
operator R, and their relationship, where V is a shift-invariant subspace of
Sobolev space H*(R"™), s € R. Using the range operator, we give a result
about dual frames. For the shift-invariant space V; generated by d functions,
we find conditions on L and a finite set {¢; : ¢; € Vi,i = 1,...,m} so that
the collection {L’¢; :i=1,...,m,j =0,...,d — 1} is a frame generator for
finitely generated shift-invariant space V5.

Key Words and Phrases: Sobolev space; shift-invariant space; range func-
tion; range operator; shift-preserving operator; frame; dual frame, dimension
function, dynamical sampling, diagonalization.

2020 Mathematics Subject Classification: 42C40, 42C15, 42B30, 46B15, 42B30,
47A05, 47A15, 94A20.

1. Introduction

This paper has the characteristics of a review paper in which results of Bownik
[17] and Aguilera et al. [5]-[6] were transferred to Sobolev spaces, thus it also
contains the original results. If after some assertion is written ([...], Theo-
rem/Lemma/Proposition ...), it means that the corresponding result is proved
in quoted paper for the L?-case.

In the first part of this paper, we follow the results of Bownik [17]
(based on [15]-[16], [24], [27]) for shift-preserving operator defined on shift-
invariant subspaces of L?(R"), and give the corresponding results for the
shift-preserving operator defined on V, where V; is a shift-invariant sub-
space of Sobolev space H® := H*(R"™), s € R, building on our results [7]. By
studying the shift-preserving operator defined on V;, we give some character-
istics of the dimension function. We show that every shift-preserving operator
L : V; — H?® can be represented by the corresponding range operator R;.
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Using a range operator approach, for a given frame with bounds A and B,
we obtain elements of the dual frame with bounds B~! and A~1.

In the second part of this paper, we follow the results of [6] (based
on [5], [8], [17]-[18]) and thus, the definitions of s-eigenvalue, s-eigenspace
and s-diagonalization of the shift-preserving operator L are adapted to our
spaces. We prove that every normal shift-preserving operator L : Vg — V;
is s-diagonalizable. Moreover, if the operator L is s-diagonalizable then the
corresponding range operator is diagonalizable. Finally, we give conditions
under which the collection {Li¢; : ¢; € Vs,i =1,...,m,j = 0,...,d — 1}
is a frame generator for shift-invariant space V; generated by d functions
©1,---,pq € H®. This problem is known as Dynamical Sampling. The dy-
namical sampling problem has got a lot of attention in the last few years. For
a recent account of the theory, we refer the reader to [1]-[3], [8]-[11], [20]-[22],
[25]. Applications can be found in [12], [29].

The paper is organized as follows. After the introduction section where
background information is provided, in Section 2 we reintroduce notation
and assertions in much the same way as in [7]. The shift-preserving operator
and the range operator are studied in Section 3. In Section 4, we prove that
the frame operator has the corresponding range operator associated with the
dual Gramian and we give a result about the dual frame. The results in
Section 6 will prove extremely useful in Section 7. Finally, in Section 7, we
find conditions on the shift-preserving operator and a finite set of functions
of Vi so that the iterations of the operator on the functions produce a frame
generator set of V.

2. Notation and basic assertions

We follow the notation of [7]. Let s be a real number, ps(-) := (1 + |- |*)%/?
and T™ :=[0,1)", where n € N. We denote the translation of a function f for
keZ"by Tif(x) = f(x—k). By f or Ff we denote the Fourier transform of
an integrable function f defined by Ff(t) = f(t) = [p. f(z)e 2™V =10 dg,
t € R, where (z,t) = Y1 | @;t;. Note that F~1f(t) = f(—t). Recall,

(ck)rezn € £2(Z™) if and only if Z lex]? 2 (k) < +oo,
kezZn

feH® ifandonlyif feS&'(R")and / 1F(O)2p(t) dt < +o0,

n

with the scalar product ((cx)rezn, (di)rezn)ez = D pezn chdrp? (k) for €2(Z™)
and (f,9)ms = Jgn f(t)?(t),ug (t)dt for H*. To shorten notation, we write £
instead of £2(Z"). Note, L% := L2(R") = F(H?), i.c. f € L2 if and only if f €
H?° seR.By H (T",Eg) we denoted the Hilbert space which consists of all
vector-valued measurable functions F : T" — ¢2 such that [, ||F (t)||§2 dt <
+00, with scalar product <F1, F2>H(T",Z§) = f'ﬂ‘n <F1 (t), Fg(t»g? dt. By I is de-
noted the finite set {1,2,...,7} or N. Next, Es(Ars) = {Twp: o € A1 5,k €
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Z™}y C H?, where Ar s ={pi:p; € H?,icI}. If I ={1,...,r}, we will use
notation A, s instead of notation Ay .

Recall ([7], [17]), a closed subspace Vi C H* is a shift-invariant space
if T € Vi for every ¢ € Vi, for any k € Z". The space Ss(Ass) =
span(Fg(Ars)) is a shift-invariant space generated by Ay . It is called a
principal shift-invariant (PSI) space if Ss(Ars) = Ss(¢). If Ss(Ars) =
Ss(p1, 02, ..., ¢r), we say that it is a finitely generated shift-invariant (FSI)
space.

We recall some assertions from [7].

Lemma 2.1 ([7]). A mapping T, : H® — H(T", ¢2) defined by

o~

t+k
To = (D) e
/Ls(k) kezn
where p € H® and (1— ﬁ)s/zgp = € L*(R"™), is an isometric isomorphism

and

T.Ty(t) = e 2™V XN T 0o(t), jeZ’ teT

J

We introduce several notions, following [7]. A range function is a map-
ping
Jg: T" — {closed subspaces of 83}

Next, J, is measurable if for each a, b € £2, the scalar function t — (Py, (t)a, b)
is measurable, where Py (t) : £2 — J4(t), t € T™, are associated orthogonal
projections. For a function Jg, let us define the space M, = {F € H(T™,(?) :
F(t) € Js(t) for a.e. t € T"}, which is a closed subspace of H(T", ¢2).

Theorem 2.1 ([7]). Let J, be a measurable range function. A closed subspace
Vs C H? is shift-invariant if and only if

Vi={p € H® : T,p(t) € Jy(t) for a.e. t € T"}.

The correspondence between Vi and Js is one-to-one under the convention
that the range functions are identified if they are equal a.e. Furthermore, if
Vs = Ss(Ars) for some Ar s C H®, then Js(t) = span{Zsp(t) : ¢ € A5 s}

Thus, every measurable range function J; determines a shift-invariant
space Vi by Vi = 7,7 M_, and vice versa, i.e. for every shift-invariant space
Vs C H? there is a measurable range function Jg such that 7.V, = M;,.
The definition of the dimension function dimy, : T" — N U {0, +oc0} of V;
is adapted from [7] and it is defined by dimy, (¢) = dim Js(¢), where V; =
T,7*M,,. The spectrum of V; is defined by oy, := {t € T™ : J,(t) # {0}}.

Recall that Eg(A; ) is a Bessel family for Sy ( Ay ) with bound B < +00
if

> AT me P <B|fFe,  f €span(By(Ar)).

(k,i)eznxI
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A Bessel family E(A; ) is called a frame for Sg(As) with frame bounds
A, B, if additionally there exists A > 0 such that

AlflF < Y WA Tepdn*,  f € span(Ey(Ar)).

(kd)ezn xI

We call Ey(A;.,) C H® a Riesz family with bounds A, B > 0 if

> cTvp

(k)eznxI

2
Alel < |

< Blle|Z,
HS

hold for all (finitely supported) sequences ¢ = (¢;);cr. The best general ref-
erences here are [19] and [23].

Theorem 2.2 ([7]). Es(Ars) is a frame or a Riesz basis for Ss(Ars) with
bounds A, B or a Bessel family with bound B for every s € R (equivalently,
for some s € R) if and only if {Tep(t) : ¢ € Ars} C £2 is a frame or a
Riesz basis for Js(t) with bounds A, B or a Bessel family with bound B for
a.e. t € T, for every s € R (equivalently for some s € R), respectively.
Moreover, Es(Ars) is a fundamental frame for every s € R if and only if
{Tsp(t) : ¢ € A s} C €2 is a fundamental frame for a.e. t € T", for every
seR.

We say that ¢g € Ss() is a tight-frame generator (or quasi-orthogonal

generator) of S,(¢p) if for every f € Ss(¢) holds || f[|7s = D rezn (Tepo, ) as|?
If o is a tight-frame generator of Ss(¢), then [[Zspo(t)|le = 144, (t) for

a.e. t € T", and vice versa (see [7] for more details).

The next theorem is given in [7] without proof, since it is similar to the
proof of Theorem 3.3 in [17]. For the sake of completeness, we give here the
proof.

Theorem 2.3 ([7]). (The decomposition theorem). Suppose that Vs is a shift-
invariant subspace of H®. Then, Vs can be decomposed as an orthogonal sum

V, = @ %8 (2.1)
€N

where V!, i € N, are principal shift-invariant spaces with tight-frame gen-
erators ¢;, i € N, and o1 C oyi, for all i € N. Moreover, dimy:(t) =
| Zspi(t)]lez, i €N, and

dimy, (t) = Z 1 Zspi(t)]lez, for a.e. t €T (2.2)
ieN

Proof. Let Y be an arbitrary shift-invariant space with the range function Jj
and associated projections P;,. We will consider the function

FelY
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defined as follows. If Y = {0}, then 7,Y = {0}. Otherwise, we define a; €
H(T",(3) by

P (t)ex(k)
ag(t) = 1255 (B)ex iy lloz? t € Ap,

0, otherwise,
where 7 : N — Z™ is bijection and Ay, := {t € T" : Py (t)erx) # 0}, k € N.
Let (Bg)ken be a sequence of sets such that

k
By := Ay, Biy1 = Ak+1\UAjv keN,

j=1

F = Zalek.

keN
Then, since oy = (J, ey Ak, we have F(t) € Js(t) and [[F(t)[|z = 1o, (t) for
a.e. t € T™. Thus, it is clear that ¢ := 7,71 F is a quasi-orthogonal generator
of Ss(¢) CY, and 05, () = oy
It is easy seen that

(Y 5 8.(¢)) = {Q € H(T", 2): Q1) € J,(0), (F(), Q)2 = 0 ae. t € T},
If Q € 7,(Y © Ss(p)), then

<Q(t)ae‘n’(k)>£§ = <Q(t)7 PJS (t)e‘/r(k)>1€§ = Oa for a.e. t € Tnv k= 13 kOv (23)
where kg = min{k € N: |Ay| # 0}.
Next, by induction on k, we will construct a sequence (¢ )ren of quasi-
orthogonal generators. Let ¢; := 7,7'F(Vj), and suppose that we have al-
ready constructed functions @1, ..., @k, for some k € N, with properties:

and define

(1) the function ¢; € Vj is a quasi-orthogonal generator of V! = S,(y;), for
i=1,...,k;

(2) Vi LV fori+# j;

(3) for Q € T,WF, where

k
wE=v,e (EBV) (2.4
=1

we have (Q(t),er(i))ez =0 foralli=1,...,k and a.e. t € T".

Set g1 := T, L F(WF). Now, the set {¢1, ..., px. 1} satisfies the properties
(1) = (3). Namely, (1) follows from the fact that ||Zs¢py1(t)[le2 = 10_W5k (t);
(2) is a consequence of the fact that V¥ C WF and the equality (2.4) and,
finally, (2.3) implies (3).

Take Q € ’];( ;Of Wsl) Then, from (3), we deduce that (Q(t), ex(i))ez =
0 for a.e. t € T" and all i € N. Hence, ;-7 W? = {0}. Thus (2.1) follows.
Next, since Wit? ¢ W, we conclude that Oyitt = Oyitt C Owi = Oyj.

S

Finally, (2.2) follows from (2.1). O

Unless otherwise stated, in the remainder of the paper, we assume @ to
be an orthogonal sum.
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Proposition 2.1 ([5], Lemma 2.7). Let Jy, and Jy,_ be the range functions for
the shift-invariant subspaces Vi, Us of H?, respectively.
(1) The orthogonal complement of Vs, denoted by V-, is a shift-invariant
space and Jy 1 (t) = (Jy, (t)*t for a.e. t € T™.
(2) If Iy, (t) = Ju,(t) for a.e. t € T", then Vs = Us.
(3) The space Vs N Us is a shift-invariant space and Jy,qu,(t) = Jv, (1) N
Ju,(t), for a.e. t € T™.

Proof. (1) Let f € V.- Since f ¢ Vi, we have Ty f ¢ V, for every k € Z".
Consequently, Ty f € V5, for every k € Z", i.e. V- is a shift-invariant space.
Furthermore, for every F' € H(T",¢?), we have

F(t) ¢ Jy.(t) if and only if F(t) € (Jy,(t))*, for a.e. t € T".
By Theorem 2.1, we get
F(t) ¢ Jy,(t) if and only if 7, 'F ¢ V,
if and only if F(t) € Jy.(t), for a.e. t € T".
Hence, Jy.(t) = (Jv, (t))* for a.e. t € T™.
(2) If Jy,(t) = Ju,(t) for a.e. t € T", then My, = My, . Since T,V =
My, and T,Us = My, , we get Vs = Us.
(3) Obviously, V; N Us is a shift-invariant space. By Theorem 2.1, for
F € H(T™, (?), we have
F(t) S JVsﬂUs (t) for a.e. t€T”
if and only if 7,7 'F € V, N U,
if and only if 7, 'F € V; and 7, 'F € U,
if and only if F(t) € Jy,(t) and F(t) € Jy_(t) for a.e. t € T"
if and only if F(t) € Jy_ (t) N Jy (t) for a.e. t € T™.

Thus, Jyv,nv, (t) = Jv,(t) N Jy, (1), for a.e. t € T™. O

Proposition 2.2 ([5], Lemma 2.9). Let V, C H*® be a shift-invariant space with
corresponding range function Js such that dim Jg(t) < 400 for a.e. t € T™.
Then, there exist functions ¢; € H*, i € N, and measurable sets (Aq)den,
such that A; N A; =0, i # j, Ugen, Aa = T" satisfying:

(1) {Tkpi:i e N,k € Z"} is a Parseval frame for V;

(2) fori>d, T;pi(t) =0, for a.e. t € Ag;

(3) {Zs1(t),...,Tspa(t)} is an orthonormal basis for Js(t), for a.e. t € Ag;

(4) dim Js(t) = d for a.e. t € Ay.

Proof. By Theorem 2.3, there exist ¢; € H®, i € N, such that {Tpp; : i €
N,k € Z"} is a Parseval frame for V. By Theorem 2.2, {7;p;(t) : i € N} is a
Parseval frame for J,(t) for a.e. t € T™.

Since oyi+1 C oy for every i € N, we can define a family of disjoint sets
(Ad)den, as follows: Ag := T"\oy, and A4 := O'V;i\O'V;iJrl for d > 0. Since
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dim J4(t) < 400, we have Y, . [|Zepi(t) ||z < +o00, and thus ;e oy = 0.
Consequently, | den, Aa =T".

It is obvious that (2) is true for d > 0. Further, by (1), Theorem 2.3 and
Lemma 2.1, the assertion (3) follows, and thus dim J;(¢) = d for a.e. t € Ay.
For d = 0, we have Js(t) = {0} for a.e. t € Ay. O

3. Shift-preserving operators and range operators

Let Vs be a shift-invariant subspace of H® with the range function J; and as-
sociated projection Pjy_ (see [7]). Following [17] we define the shift-preserving
operator and the range operator.

We say that a bounded linear operator L : Vs — H*® is shift-preserving
if LTy, =Ty L for all k € Z™.

A range operator on J, (with values in ¢2) is a mapping Ry : T" —
{set of bounded operators defined on closed subspaces of 2}, so that the
domain of Rs(t) equals Js(t) for a.e. t € T™. The operator R, is measurable
if t — Ry(t)Py,(t) is weakly operator measurable, i.e. t — (Rs(t) Py, (t)a,b)
is measurable scalar function for each a,b € 2.

Now we transfer results from [17] related to L? spaces to H® spaces.

Theorem 3.1 ([17], Proposition 4.2). Let ¢ € H® be a tight-frame generator
of Ss(v) and an operator L : Ss(p) — H? be shift-preserving. Then, for any
g € LI(T"),

(T.LT, ') (9®)(t) = g(t)(T.LT, ") ®(t) for a.e. t € T, (3.1)
where & = T,p.
Proof. For ® = T,p, ¢ € Ss(¢), by Lemma 2.1, we have

(TLT V) (e7 V=IO @) = (T,LT )¢ = (T.T:L) (T, Top)
=e VLR (T LT 1) 0.

Thus, for all polynomials py, (t) = 3 ;<. are”2V=IER) holds

(LT, Y (pm®)(t) = (1) (LT, 1) ®(t)  for ae. t € T (3.2)
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Using Lemma 2.1, the fact that ¢ is a tight-frame generator of Vi = Sq(¢p),
and boundedness of L, we get

[ en®P LT D00t = [ (TLT ) ma)0) de
T : ™ :

= [ TLT ) )y

< Cngmq)Hi{(qrn,eg)

yer / [P (1) 2|0 ()12 dt

2 2
= [ o1, (00 < 420
(3.3)

For every r € L>°(T") there exists a sequence of polynomials (pfm)ieN such
that: [[pl, leo < [I7]loe, @ € N, and lim; 4o pl,, (t) = 7(t), for ae. t € T
Thus, from (3.3), we have

_ 2
[ rOPITLT e, de < 0 [ P IelR; d,
SO
[(T.LT (@) < Cl0@E) |2 for ae. t € T (3.4)

Therefore, we can choose a sequence (pini)iEN such that pin — g in
L2(T™) and additionally

Jim g, () =g(t),  lim (TLT) (0, @)(0) = (TLT ) (92)(0),

(3.5)
for a.e. t € T™. Finally, from (3.2), using (3.4) and (3.5), it follows that (3.1)
holds for a general functions in L2(T"). O

Let us mention a consequence of the theorems 3.1 and 2.1.

Corollary 3.1. Let V; C H?® be a shift-invariant space and let L : Vs — H?®
be the shift-preserving operator. Then, for any ® € T,V, and measurable
function g so that g® € H(T",¢?) (and thus g® € T,Vy), holds

(T.LT, ') (9®)(t) = g(t)(T,LT, ") ®(t), for a.e. t € T™

Theorem 3.2 ([17], Theorem 4.5). Let V; C H® be a shift-invariant space with
the range function J.

(1) Let L : Vy — H?® be a shift-preserving operator. Then, there exists a
measurable range operator Ry on Js so that

(TL)f(t) = Ru(&)(Tf(£) for ac. teT", fe V. (3.6)
(2) Let Ry be a measurable range operator on Js such that
esssup || Rs(t)]| < +o0.
teTn

Then, there exists a shift-preserving operator L : Vs — H?® that satisfies
(3.6).



Shift-invariant spaces and shift-preserving operators 9

The correspondence between L and R is one-to-one under the convention
that the range operators are identified if they are equal almost everywhere.
Furthermore, esssup ||Rs(t)|| = ||L]||.

teTn

Proof. (1) From Theorem 2.3, we have that Vs = &2 S;(¢;), where ¢; is a
tight-frame generator of S(y;).

First, we observe V¥ := @k _, S, (;) with a range function J*. Let ®; = T,;.
Then {®y(t), ..., 2x(t)}\{0} (if t & oyx, then ®;(t) = 0,4 = 1,...,k) is an
orthonormal basis of J¥(t) for a.e. t € T". We define R¥(t) : JF(t) — (2 with

k k
s t)(Za@i(t)) =Y (TLT, (1), a;€Cii=1,... .k
=1 i=1

Note, by (3.4) that, it is well defined operator. Now, let f € VF be arbitrary.
Then there exist f; € Ss(p;), ¢ = 1,...,k, such that f = f1 +--- + fx, and
T.f=Tfi+ +Tofr = 1P+ -+ gp Py, for some g; € L2(T"). Therefore,
by Theorem 3.1, we have

(T.L)f(t) = (LT (Zgz ) Zgz (T.LT )i (1)
S R (:(0)
=1

k
= Z RE() (gi(t)®i(t))
i=1
= RE()(Tof(t)). (3.7)

Since 7 is the isometry, we conclude that R¥ is measurable.

Let ||L|| < C, where C is some positive constant. We will proof that
|RE(t)|| < C for a.e. t € T". First, we will proof that

ess sup [|RY () (Wa(t))[le2 < C, (3-8)
teT™

where ¥, € H(T",(?) is given by ¥, (t) := Zf 1 0 ®;(t) for o = (o, ..., ) €
Ski={aeCF:la1|? 4+ |o|* = 1}. Obviously, ||¥s(t)]lez = 1.

To obtain a contradiction, suppose that (3.8) were false. Then, there
exist ¢ > 0 and an nonempty measurable set A C T" such that for ¢t € A,
|RE(t)(®a(t)lez > C +e. Let ¥ = W,ly and ¢ := T, 'W € VF. Since T is
isometry and ||L]| < C, we get

(LYl e g2y = L6 < Clblare = Cl® [ zcom g2y
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But, by (3.7),
Tl = [ RSOt = [ 1RSI at

> e [Lar=(C+o? [ 1waildr
A A °
= (C + )15 (rn 02y

which is a contradiction. Thus, (3.8) is true. Now, by (3.8), for a dense subset
(ot )nen of S*, we have

esssup || RE (t)]| = esssup sup [|RE(£)(Wa (1)) ]2
teTn teTr qeSk

— esssup sup [|RE () (T, (1) |liz < C.
teT? neN °

Hence, |[R¥(t)|| < C for a.e. t € T™.
Let £ < k. Since R{(t) = RE(t)]yer), we define Ry(t) : Uyey JE(t) — €2
with R4 (t)(a) = R.(t)(a), a € JE(t) for some £ € N. Then,

IR (t)(a)llez < Cllallez, a € | Ti).
LeN

Therefore, we can uniquely extend R (t) to Rs(t) : J(t) — £2 with | Rs(t)|| <
C, using the fact that

U 7t = J.(0).

leN

Finally, let us show that (3.6) holds. Choose any f € Vi and (fi)xen, fr € V¥,
such that limg_— 100 frx = f in H®, limg_— 100 Ts fr(t) = limg_ 100 75 f(t) and
lmg— oo (T5L) fi(t) = limg—yoo(ZsL) f(t) for ae. t € T™. Thus, for this
sequence, by the previous construction and (3.7), we have

(TL) (1) = Rs (£)(Ts fi(2))-

Let k — +oo. It follows that (3.6) holds.
(2) Let Ry be a measurable range operator on .J, such that

esssup || Rs(t)|| = C < +o0.
teTn
Then, R, (t)(7f(t)) is also measurable operator and
IRT ey = [ IR

< esssup HRs(t)Hg/ ||'T5f(t)||%2 dt
teT" T

= CTf N can 2y = COlIF I - (3.9)



Shift-invariant spaces and shift-preserving operators 11

For L : V; — H® given by Lf = T, ' Ry(7, f), we have: L is linear; || Lf| g: <
C\lf|lzs (by (3.9)); L satisfies (3.6) and since

(T.LTY) () = Ra()(TTu f (1)) = Ra(t)(e 2™ TERT f(1))
= e 2R R (1)(T, £ (1))
= e 2R T (Lf)(2)
= (TT L) f(1),

it follows that L is a shift-preserving operator.
Finally, from (3.6) it follows immediately that there is a unique corre-
spondence between the operators L and R;. O

Theorem 3.3 ([17], Theorem 4.6). Let L : V, — H?® be a shift-preserving
operator with the corresponding range operator Ry on Js. Then,

ILfllms = Clifllass [ € Vs, (3.10)
if and only if
[Rs(t)(a)llez = Clla

where C > 0 is a constant.

ez, a€Js(t), for a.e. t €T", (3.11)

Proof. If (3.11) holds, then using (3.6) we have
ILAFre = T L) o a2y = /T IR ()(Tof (£)) 72 dt

> / CHTf (1) At = CO T f e g2y = C2 e £ € Ve
Assume, now, that (3.10) holds. Let {a1,as,...} be a dense subset of
£2. We will prove that for a.e. t € T",
|R.()(Ps, (Ve > ClIPs, Maille, i€ N. (312

Suppose that (3.12) is not valid. Then there exist a nonempty measurable set
A CT" ig € N, and € > 0 such that, for t € A we have

[ Rs(t)(Py, (t)aig)|lez < (C = )| Py, (t)ai,
Let f € V; be a function such that 75 f(t) = 14(t) Py, (t)a;,. Then, using (3.6)

again, we have

LA = T L) e 2y = /Tn 1Rs (8)(Z f(1))II7: dt

2.

< (€2 [ P (t)as s
A

— (€= [ sl

= (C = ePlIf I3,
contrary to (3.10). O
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Corollary 3.2. Let L be a shift-preserving operator and let Rs be its corre-
sponding range operator. Then, L is an isometry if and only if Rs(t) is an
isometry, for a.e. t € T".

Proof. Using (3.6) we get
T ey = [ LSO at = [ IR dt
— NRAT) ra2)

Thus, since

|Bs(Zs )l 02y = (T L) fll v eome2y = 1L le < Clflls = CN T fl (e 2),
C > 0, the assertion follows. O

Theorem 3.4 ([17], Theorem 4.8). Let Vs C H? be a shift-invariant space
with the associated range function Js and L : Vs — Vy be a shift-preserving
operator with corresponding range operator R.

(1) The adjoint operator L* : Vi — Vg is also shift-preserving and with
Ri(t) = (Rs(t))*, for a.e. t € T™, is given the corresponding range
operator .

(2) The operator L is self-adjoint and o(L) C [A, B] if and only if Rs(t) is
self-adjoint and o(Rs(t)) C [A, B] for a.e. t € T", where A, B € R such
that A < B.

(3) The operator L is unitary if and only if Rs(t) is unitary operator for
a.e. t €T

Proof. (1) It is obvious that R} is measurable and uniformly bounded on
Js. From Theorem 3.2 we have that there exists a shift-preserving operator
L* : V, — H?® such that (Z,L*)f(t) = R:(t)(T:f(t)), f € V. Thus, for f,
g € Vs, we get

(Lt.9)we = (T Tg)nney = [ (RAOTAO): Teglt))

n

= [ @0, RO(Tgt)

= (L[, (TL*)g) o2y = (f, L*g) 1
(2) From the part (1), we have L* = L if and only if R%(t) = R(t), for
a.e. t € T". Let o(L) C [4, B], i.e. for all f € V, we have

Al < (LF, Do = (TLE Tof) een )
— [ (ROTA). IO de < B[ (313

Analysis similar to that in the proof of Theorem 3.3 shows that the assertion
holds.

In the opposite direction, suppose that o(R(t)) C [A, B] for a.e. t € T",
ie. for f eV

AT S0 < (RaO(Tf(0). Tf () s < BITS (@), forae. t €T".
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We obtain (3.13) by the integration of above inequalities over T".

(3) The statement follows from (2). L is unitary, o(LL*) = o(L*L) =
{1}, if and only if o(Rs(t)R:(t)) = o(R:(t)Rs(t)) = {1} for a.e. t € T, i.e.
R;(t) is unitary for a.e. t € T"™. O

Similarly as in [17], we have the next propositions.

Proposition 3.1. Let Vi, C H? be a shift-invariant space and let L be its shift-
preserving operator. For Vs = L(Vs), we have dimgs (1) < dimy, () for a.e.
teT".

Proof. Let Vi = S4(Aj ). Using the theorems 3.2 and 2.1, the range function
Js of Vo = S;({Ly : ¢ € Ajs}) satisfies

Jo(t) = span{Teo(t) : 6 € {Lip: ¢ € Ar}} =span{(TL)p(t) : 9 € Ar}
= span{ R, (t)(Ts(t)) : o € Ars} = Rs(t)(Js(t)), for a.e. t € T

Thus, we have that dim J,(t) < dim J,(2).
On the other hand, by Theorem 2.3, dimvy, (t) = >,y [|Zsi(t)|e2, for
a.e. t € T", which completes the proof. O

Proposition 3.2. Let VS,/“/; C H? be the shift-invariant spaces. Then,

dimy, (t) = dimy; (t) for a.e.t € T"

if and only if there exists an operator L : Vi — ﬁ which is a shift-preserving
isomorphism (or isometry).

Proof. Suppose that Vy and V, are shift-invariant spaces such that dimy, () =
dimgs (¢) for a.e. t € T". Using Theorem 2.3, the spaces V, and V, can be
decomposed as

Vo=@ 5S:(¢0), Vo= S,
1€EN 1€N

where ¢; and ¢; are tight-frame generators, and og_ (,,) = 05,(3,), @ € N.
Let L; : Ss(¢i) — Ss(@;) be defined by L;(Tkyp;) = Tkps, ¢ € N. Now, for
arbitrary (ck)rezn € €2 with finite number of elements which are different
from zero, we have

Z crTrpi

kezm

2 2

Hs

Z Ckef27r\/jl<t,k>zz—s<pi (t)
kezm

H(T",£2)
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kezn
Z cpe —2my/—1(t,k)

/n
kezn
Hs ‘

=y Cka%
kezn

Therefore, L; is a shift-preserving isometry. Then, the operator L :=

has the desired properties.

IITZ%( )z dt

IIT%( 7 dt

(o)l

kezn

Hs

ieN Li

In the opposite direction, assume that L : V, — /IZ is a shift—prese;zing
isomorphism. Then, applying Proposition 3.1to L : Vy — Vyand L™ : V, —
Vi, we get dimy, (t) = dimg (t), for a.e. t € T". O

4. The frame operator

Let E4(Ar,s) be a Bessel family for Ss(Aj ). The operator
K : Sy (Ars) — (7" x I)

given by Kf = (Llegdne) o has the dual K* @ (2(2" x I) —
Ss( Ay, s) defined by
K'e= Z ki Trpipts (k + ).

(k,3)ezZm™x1

In order to distinguish the shift-invariant operator defined by K*K and a
general shift-invariant operator L defined in the previous section, we use
notation Ly = K*K. The frame operator Lg : Ss(As,s) — Ss(Ar,s) given by
Ly = K*K is self-adjoint and

Lof = Z (f, Troi) 1= Trs,

(ki)ezmxI

where the convergence is unconditional in H*.

Let t € T™ be fixed and consider (7;p;(t))icr. The corresponding Gramian
G, : 2(I) — (2(I) and the dual Gramian G, : (2(Z") — (%(Z™) is defined
by Gy = NN, and G, = N,N7, respectively, where N, : £2(I) — (2(Z") is
given by N,(c) = 3, ¢iTopi(t), and N : £2(Z™) — (*(I) is adjoint of N
given by N7 (a) = ((a, Topi(t))e2) ;-

Remark 4.1. Obuviously, if (Tsp;)icr is a Bessel family, then the operator Ny
(i.e. N¥) is bounded, and vice versa.

The following two assertions are necessary for the proof of Theorem 4.2.



Shift-invariant spaces and shift-preserving operators 15

Lemma 4.1 ([7]). Let Es( A ) be a Bessel family. Then, for all f € Az s, we

have
> S lmennl = ¥ [ [Teo. 1),

pEAL s kEZ™ pEALs

Theorem 4.1 ([17], Theorem 5.1). Let E(A; ) be a Bessel family for Ss(Aj 5)
and let J, be the range function of Ss(A;y ). Then, Ly = K*K is self-adjoint,
shift-preserving operator with the range operator Rg(t) = és(t)bs(t), where
G (t) is the dual Gramian of {Topi(t) :i € I} for a.e. t € T™.

Proof. Since

2
dt.

LoTof = Y (Tuf. Teeiu-Tepi= > (f Tocepi) e Thipi
(k,i)ezm™xI (k,3)eZm™x1

= Z (fs Trpi) s Thorepis
(k,i)ezn x1I

for all ¢ € Z™, we have LoTy = TyLyg, i.e. Ly is shift-preserving. Further,

IKfII7: = (Kf, K f)ex = (Lof, )
= ((TsLo) f, Ts ) m(rm 02

- /T (R(t) (T.f®), Tf(1)p dt,  (41)

for f € Ss(Arz,s), where R, is the range operator of Lo. By Lemma 4.1, we
get

2
I f||£s H ws(k +19) (k,i)ezn xI || g2
= > U Tednl
(ki)ezmxI
—Z/ (Tf (), Tpi (1)) Kl
icr 71"
- st T,
iel

— [ {(Ts0.Tei0)s) _ (T10.Toi0),s) ),k
= [ NHTFO) VT 1) o

- / (NN (T ), T (1),

. /jT {GuOT (1), T (1)), . (4.2)
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Combining (4.1) with (4.2), we obtain
() = Glt)]1.0) (T T (1)t =0, f € 1A

Thus, Ry(t) = Gs(t)] . ) := Rs(t) for ae. t € T". 0
Theorem 4.2 ([17], Theorem 5.2). Let E(A;s) be a frame with constants A,
B. Then, Es(Bys) is its dual frame with constants B=', A=, where By s =
{6;: 0, = Lalgpi,i € I}. Furthermore,

T.0;(t) = R (t)(Topi(t)) for ae. t € T" i€ . (4.3)
Proof. Since

> |, Ly Ty e | = > (Lo £, T |

(ki)eznxI (k,i)ezmx1I

= Y (LT (Lo Tei) g
(k3)ezmxI

= Y (L' Tepi) e Tooi, Lg ' £) .
(k,i)EZ™ x I

= < Z <L61f,Tkg01'>HsTk80i,L(;1f>

(kyjg)EZn x T Hs
= <LO(L51f)aLalf>Hs = <Lalfa f>H57

we get

B flu < D> [ Ly Tepi) e
(k,i)eznx1I

P (LG e < AT f e

(4.4)
Consequently, {LalTkgoi ck € Z™,i € I} is a dual frame of Es(Aj ) with
constants B~!, A~!. Furthermore, by Theorem 4.1, Lg is a shift-preserving
operator. Thus, for any F' = Lof € H®, we have
Ly'ThF = Ly ' T Lof = Ly ' LoTwf = T f = TiLy'F, k€Z".

Hence, L' is shift-preserving. Now, by (4.4), it follows that E4(Bs,) is a
dual frame of F(A;j ) with constants B~1, A=1. Moreover,

S LT uTepi = Y (f Tepi)u-Thbs = f € Ss(Ars)

(k,i)€Zn x I (k,i)eZnxI

holds with the unconditional convergence in H*.
Finally, (4.3) follows from (3.6) and Theorem 4.1. O

Remark 4.2. Let Es(Ars) be a Riesz family with constants A, B. Then, the
dual E4(Br.s) is a Riesz family with constants B~', A='. Moreover,

(Twpi, Te0j) is = 00055, k,LeZ", i,j€],
1, i=j,

whereéiyj:{o oy
y L7
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5. Structural theorems
This section will be devoted to the main results of [7].

Recall that Dp2(R") = (50 H® and D7 (R") = U5 H™® (see for
instance [28], [30]). Note that V; is a closed subspace of H®, s € R, so it is

also a separable Hilbert space. The space of periodic L?-functions, Lfm (R™),
is defined by

Lzm (Rn) = {g g Z ai€ —2mV=1 >7 (ak)kEZ" S KQ},
keZn

Theorem 5.1 ([7]). Assume that Es(Azs) is a frame for Vg and that Es(Br,s)
is its dual frame, where By s = {0; : 0, = Lo_lgai,i € I}. Then, F(Vs) is the
set of Fourier tmnsforms of elements f € D} .(R™) so that

=3 G Y aheVICR),
el keZn

where (a})kezn € €% is given by

kezricl. (5.1)

)

ah= [ Ty NG ) @) de

Equivalently, it is equal to the space of elements f € D' ,(R™) which Fourier
transforms have the form

f = Zfigia 9; € Lier(Rn)7

iel
where f; = p; € L2(R"), i € I, and g;, i € I, have the expansions

) = Z a;‘cef%ﬁ«,m,

kezn
with ai, determined by (5.1).
Instead of notation V? in [26] (and V}, in [13]) we use V2, for p = 2. The

main properties of the space V2 were announced in [26], where the weighted
spaces VP, p € [1,+00), were considered.

So, assume that p = 2. In the case s = 0, we assume that ¥ € L,
1=1,...,r, where

e = {us e = sup 3 fote-+)] <+ .
7€Z"
By 13|, V2= {f: f=31_1 Y ern iTW¥", (ch)rezn € 2, i=1,...,1}.
Theorem 5.2 ([7]). Assume that A, = {¢" : i =1,...,r} C L*(R™) N L.
Then,
V2 = VE] = SO(AT)7
if V2 is closed in L*(R™).
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Now, we consider weighted versions. Let s > 0 be fixed. We will intro-
duce several assumptions on generators ¥°, i = 1,...,r, in order to have that
their linear combinations determine subspaces of H* and of L?:

Yre HSNL?, i=1,...,r (5.2)

Moreover, in order to have the same assumptions as in [13] (and [26]), we
assume, as in the previous assumption, that

Ve L™ i=1,...,r (5.3)
Let
{f f Z Z Ckaw ck kezm™ Egs, = 1,...,7”}, (54)
i=1 keZm
by recalling the notation in [26].

Theorem 5.3 ([7]). Assume that s > 0, (5.2) and (5.3) hold.
(1) Assume that

Vs and F(V2) are closed in L2.
Then,
VZC H® and V? =V, = S,(A,5).

In particular, any element f € Vy has the frame expansion as in (5.4).
(2) Assume that s > 1/2 and that V? is closed in L2. Then, F(V?) is
closed in L? and both assertions in (1) hold true.

Concerning the duality, we have the following assertion.

Theorem 5.4 ([7]). Assume that s > 0, (5.2) and (5.3) hold. Moreover, as-
sume that the conditions of assertion (1) or conditions of assertion (2) of
Theorem 5.3 hold. Then in (both cases),

(1) (V2) =V?,, where V2, is the space of formal series of the form

=D b~ Z > IBLP A+ kP < oo,
i=1 kezn i=1 keZn
with the dual pairing
Z Z bich, (f is of the form given in (5.4)).
i=1 keZm™
(2) V2, =V_

In order to consider the intersections of V, s > 0, instead of conditions
(5.2) and (5.3), we assume

Y e SR, i=1,...,7 (5.5)
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Theorem 5.5 ([7]). Assume that (5.5) holds. Then,

vi=(Vs

s>0 s>0
and the expansion for their elements has the form as in (5.4) with

sup |ci|k® < 400, i=1,...,r, for every s > 0.
kezn

Recall that the space P(R™) = P of periodic smooth test functions (with
period one in any variable) is given by
{(;5 o) Z ape V10 kY (ag)rezn € 02 for every s > 0}7
kezn
while its dual space P’(R™) = P’ is given by
{qb () Z ape 2TV k), (ag)rezn € 02, for some s > O}.
kezn

A direct consequence part (2) of Theorem 5.3 is the following assertion.

Corollary 5.1 ([7]). Assume that (5.5) holds. Then

]-'( N vf)
s>0
{Zw Z cie —2mVEICR) () ez €2 =1,...,r, for every s> O},
kezn
where ®;(-) =3, cpm che 2VEIOR e P =1, r
Concerning the duality, by Theorem 5.4, we have the next corollary.

Corollary 5.2 ([7]). Assume that (5.5) holds. Then V] = V2, U, Ve =
Usso V2 and

f(sg()vf)

{Zt/} Z c e 2TV Ik (e pezn €620 =1,...,7, for some s < 0}7
kezn

where Fi(-) = 3 cqn che 2™VI0R € P/ i =1, r.

Note that the assumption ¢ € S(R™) implies a well defined product of
a smooth function and a (periodic) Schwartz distribution.
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6. Spectral analysis of the range operator

The present section contains relevant concepts and auxiliary results needed
to prove theorems in the last section. These specialize to the results of [5] if
s = 0. Ideas used in proofs are in much the same way as in [5].

Theorem 6.1 ([5]). Let A= A(t) be an n X n matriz of measurable functions
defined on a measurable set B. Then, there exist n measurable functions \; :
B — C,i=1,...,n, such that M\ (t),..., A\ (t) are eigenvalues for matriz
A(t), for a.e. t € B.

Theorem 6.2 ([5], Proposition 3.4, Theorem 5.4). Let Js be a range function
for the shift-invariant space Vs C H*® such that dim Js(t) = d < +oo for
a.e. t € Q, where Q C T" is measurable set, and let L : V5 — V, be a shift-
preserving operator with the corresponding range operator Rs. Then, there
exist d*> measurable bounded functions (Réj);{jzl defined on Q, such that

RMt) B2 - RO

R¥(t) R2(t) --- RX(t
)] :<> :<> :<> |

RI(t) RE() -+ R

for a.e. t € Q. Moreover, there exist d measurable functions AL : Q — C,
i=1,...,d, so that AL(t),...,\4(t) are eigenvalues for Rs(t) for a.e. t € Q.

Proof. Let us consider (Aq)den, and ¢; € H*, i € N, from Proposition 2.2.
Since {Zs¢1(t), ..., Tspa(t)} is the orthonormal basis for J,(t) for a.e. t € Aq,
we can conclude that R,(t) has a matrix representation with elements

RI(t) == (Rs(t) T (1), Tepi(1))

for a.e. t € Ay. Obviously, RY(t) is measurable for a.e. t € Ay. Since L is
bounded, by Theorem 3.2, we have |RY(t)| < ||L||, i,5 = 1,...,d, for a.e.
t € Ay. Clearly, the set Q is included in Ay.

Let v,(t) : Js(t) — C? be given by v,(t) (7;%(15)) = ¢;, for a.e. t € Ay,
i = 1,...,d, where {ej,...,eq} is the canonical basis for C?. In this way,
the unique connection between bases is established, for a.e. t € Ay. Then,
Ry(t) = vs(t) " [Rs(t)]vs(t), for ae. t € Q. For a measurable function A :
Q) — C holds

ker (Ry(t) — As(£)1(t)) = ker (v(t) " ([Rs(1)] — As(O)1(1))vs(t)), ae. t € Q.
Therefore, by Theorem 6.1, the assertion follows. O

For a bounded measurable range operator R, we will denote by 2R, (t)
the set of all eigenvalues of R4(t). The length of FSI space V; C H®, denoted
by I'(V;), is defined to be the smallest r € N such that Vi = Ss(p1,...,¢r),
where @1,...,¢, € Vi. In the notation of [5], the equivalent definition is
I'(Vs) = esssup,epn dim J4(t), where J, corresponds to V.
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Theorem 6.3 ([5], Theorem 5.5). Let J, be a range function so that dim J,(t) <
+oo for a.e. t € T", and let Rs(t) : Js(t) — Js(t) be a bounded mea-
surable range operator. Then, there exist i € L*°(T"), i € N, such that
N(t) # Ni(t), i # j, for a.e. t € T, and if Agq := {t € Aq: card(Ry(1)) =
q}, where the sequence (Aq)den, S given by Proposition 2.2, then Ry (t) =
AL@), ..., A4(t)} for a.e. t € Agy, for all g < d and d,q € N.

Proof. By Proposition 2.2, A; N A; =0, i # j, and oy, = (Jyen Aa- More-
over, by Theorem 6.2, for every d € N there exist d measurable functions
AL A% Ay — C which are the eigenvalues of Ry(t) for a.e. t € A,. Let
us regard d € N as fixed and, for all ¢ < d, define

Agg = {t € Ag:card{A\>'(t),..., A2 ()} = ¢}.

These sets are measurable and disjoint and Ay = ngl Ag q. Now, there exist
measurable functions A»%1 ... A$%9 : 4, . — C which are eigenvalues of
Ry (t) such that A\L%(t) £ \BGI(t), i # j, for a.e. t € Ag,. Further, since R
is bounded, there exists a constant C' > 0 such that |\&%%(t)| < C for a.e.
t e Agqand i < g <d. Let us define the functions )\é :T" — C by

‘ ALGUE) te Ay, i<qg<d
o {70 et izas

C +1, otherwise.

Then, \L(t) # M (t), i # j, for a.e. t € T" and XY € L>(T"), i € N. Moreover,
Ai(t) is the eigenvalue of R(t) for a.e. t € Ag 4, since

ker (Ry(t) — AL(£)1(t)) = ker (Ry(t) — ADT(¢)1(2)),

for a.e. t € Ay, and all i < ¢ < d. Otherwise, since \i(t) = C + i is not the
eigenvalue of R(t), we have ker (Rs(t) — Ai(t)1(t)) = {0}. O

Remark 6.1. (1) If Js is the range function for FSI space Vs C H?, then
the measure of the set Aq is 0 for every d > I'(Vy) (we write it |Aq| = 0,
d > T'(Vs), for short). Thus, for ¢ € N, we define

+oo
B, = U Agq, ond q:=max{q e N:|B,| #0}. (6.1)
d=q
(2) Let us define C; := :j By, i € N. The set C; containst € oy, such
that the range operator Rs(t) has at least i different eigenvalues. By the proof
of Theorem 6.3, it is clear that C; = {t € T™ : ker(R,(t) — AL(t)1(t)) # {0} },
ieN, and |C;| =0 fori>q.

7. s-Diagonalization and dynamical sampling for
shift-preserving operators

The definition of s-diagonalization was first introduced by Aguilera et al.
in [5]. In this section, we follow the notation used in [5] and [6] and adapt
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the definition for the space H® and give conditions under which the shift-
preserving operator will be s-diagonalizable. In the last part of this section,
we show that iterations of the shift-preserving operator on a finite set of
functions produce a frame for V5.

Let ¢ : T" :— C be measurable and M, be a multiplication operator
My H(T",£2) — H(T", 2),

w0 = (S ),
S ez

where g = (1 — ﬁ)smf. It is continuous if and only if ¢ € L>°(T").
For a sequence a = (ay)xezn € (2, we define

a(-) = Z ape 2V =1k)
kezn
and an operator Ay : H® — H® by Aj =3, ;. apTy. If a(-) € L°>(T™), then
the sequence a = (ag)rezn € £2 is called a sequence with bounded spectrum.
We say that A? is an s-eigenvalue of L if V¥ := {f € H® : Lf = A3 f} # {0},
where a = (ag)kezn € €2 is a sequence with bounded spectrum. The space
V& is called s-eigenspace associated to A3. Note that ’s’ in ’s-eigenvalue’ and
's-eigenspace’ has nothing to do with ’s’ in the space H?, even though we use
the same letter.
The following lemma will prove extremely useful.

Lemma 7.1. Let a = (ax)kezn € (2. Then A = T, 'MST, : H® — H® is
linear bounded operator if and only if a has a bounded spectrum.

Proof. Let f € H®, then (1 — A/(472))*/?f = g € L? and

7T -7 (D)
S ]En

_ Z aszsflef%r\/jl(k:,t) </g\(t +])>
kezn MS(-]) jEZ"

Yo aT e VIO () = N T f (1) = AL (1),

kezm kezn

where we used Lemma 2.1. Hence, A§ = 7,7 M$7,. Linearity simply follows
from the definition of operator AJ. Since 7, is an isometric isomorphism (see
Lemma 2.1), the statement follows. ]

Next tree lemmas are necessary for Theorem 7.1.
Lemma 7.2. For f € V&, we have R,(t)(T, f(t)) = a(t)T, f(t), for a.e. t € T™.
Proof. Using (3.6), Lemma 7.1 and Lf = A2 f, we have

Ry(t)(Tf (1) = To(Lf)(t) = To (AL ) (8) = To (T, ' METLf) () = a(t) T f (1),
for a.e. t € T™. O
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Lemma 7.3. Let V, C H® be a shift-invariant space. Then, there exists ¢ € Vi
such that supp | Too ()2 = ov.

Proof. The proof is a direct consequence of [15, Proposition 2.9] and therefore
is omitted. O

The next lemma may be proved in much the same way as [5, Proposition
3.5], so the proof is omitted.

Lemma 7.4. Let Js be a range function such that dim Js(t) < 400 and let
R(t) : Js(t) — Js(t) be a measurable range operator for a.e. t € T™. Then,
the mapping t — ker(R4(t)), t € T", is a measurable range function.

Using the lemmas 7.2, 7.3 and 7.4, we get the following statement.

Theorem 7.1 ([5], Proposition 4.5). Let Js; be a range function for shift-
invariant space Vs C H® such that dim Js(t) < +oo for a.e. t € T™. Let
a € 02 be a sequence of bounded spectrum and let L : Vs — Vy be a bounded
shift-preserving operator. If A% is an s-eigenvalue of L, then AZ(t) := a(t)
is an eigenvalue of Ry(t) for a.e. t € oya. Moreover, J2(t) := ker (R(t) —
Aj(t)l(t)), for a.e. t € T", is the measurable range function for V.

Remark 7.1. From the previous, it follows that:
(1) V& is a shift-invariant subspace of Vy,
(2) LV SV,
(3) if Van Vb = {0}, then a(t) # b(t) a.e. in ova Noys.

In the remainder of this section, we assume Vy C H*® to be FSI space
with the range function Jg and L : Vy — V; to be a shift-preserving operator
with the corresponding range operator R;.

We will say that (Vi, L,al,...,aP) is an s-diagonalization of L, i.e. the
operator L is s-diagonalizable, if there exists natural number p so that A?;,
1=1,...,p, are s-eigenvalues of L and Vs = V;’l &) V;z OB Vsap, where @
denote direct sum and a?, i = 1,...,p, are sequences of bounded spectrum.
Note that ’s’ in ’s-diagonalization’ has nothing to do with ’s’ in the space
H?, even though we use the same letter.

Theorem 7.2 ([5], Theorem 6.4). If L is s-diagonalizable, then R4(t) is diag-
onalizable for a.e. t € oy,.

Proof. Assume that (V, L,a,...,aP) is an s-diagonalization of L. Then, by
Theorem 7.1, A%, (t) := @*(t) is an eigenvalue of Ry(t) for a.e. t € Oyqr and
Jge (t) := ker (R,(t) — a’(t)1(t)) is eigenspace for R(t), for a.e. t € T", for
¢=1,...,p. We only need to show that J,(t) = Jo ()& --- & J (1), for a.e.
te T

We check at once that J2 () +-- -+ J% (t) C J,(t), which is clear from

VY CV, = JY@) C I, (=1,...,p.
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For ¢ € Vi, we have ¢ = ¢1 + -+ + ¢, where ¢y € VS“L], £=1,...,p. Thus,
Tsp(t) = Tep1(t) + - - + Ty, (t) for a.e. t € T™, and therefore

Jo(t) = span{Top(t) : @ € Apo} C IO (E) + -+ JO(t) = J* (t)+- -+ (1),
where Vg = S5(Ayr,s). The second equality follows from the fact that dim J;(¢) <
400 for a.e. t € T".

From the above, we conclude that J,(t) = J& (t) 4 - - + J (t), for a.e.
t € T". Using Proposition 2.1, we get Jy(t) = Jo () ® --- @ J2"(t), for a.e.
t € T™, i.e. the sum is direct. (I

Theorem 7.3 ([5], Theorem 6.8). If the operator Rs(t) is diagonalizable for
a.e. t € ay,, then there exist sequences (a*)i; of bounded spectrum, where q

is given by (6.1), such that J& (t) := ker (Rs(t) —a'(t)1(t)), i=1,...,q, are
measurable range functions and
(1) Jo(t) = J () & --- & JO(t), for a.e. t € T", where & denote direct
sum; ‘
(2) the sets C; = {t € oy, : J&(t) # {0}}, i = 1,...,q, satisfy |C;| > 0
andCi_H cCii=1,...,q—1.

Proof. (1) Let I'(Vy) = r. By Theorem 6.3 and Remark 6.1, there exist measu-
rable functions AL, ..., A2 € L>(T") such that

t) = é ker (Rs(t) — AL(t)1(t)), for ae. t € T".

Indeed, if t € A4 4, then (see the proof of Theorem 6.3)

q
@ ker (R, (t)—A €B ker (R — At @ {0} =
=1 i=q+1
since R,(t) is diagonalizable and {\%1(¢),...  A%%9(¢)} is the set of eigenval-
ues of Ry(t) on Agq, for ae. t € T". If t ¢ oy, then ker (R,(t) — Ai(£)1(¢)) =
{0},i=1,...,q, and J,(t) = {0}.

Moreover, since AL € L>(T™), there exists a sequence a’ = (a})rezn €
2 of bounded spectrum so that A\.(t) = @(t) for a.e. t € T" and the function
J& (t) = ker (R,(t) —a'(t)1(t)) is measurable. Hence, (1) holds.

(2) It follows from Remark 6.1(2). O

Now we can prove a theorem which gives necessary conditions for s-
diagonalization of shift-preserving operator L. The main idea of the proof is
presented in [5].

Theorem 7.4 ([5], Theorem 6.16). If L : V, — V, is a normal shift-preserving
operator, then L is s-diagonalizable and

L= ZA s
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where (Vs, L,at, ..., aP) is an s-diagonalization of L and P, Vs — Vs“i,
1=1,...,p, are the orthogonal projections. '

Proof. Since L is normal and V; is a FSI space, by Theorem 3.4, the range
operator Rg(t) is normal for a.e. ¢ € T", and therefore the range operator
R,(t) is diagonalizable for a.e. t € T™ and moreover, its eigenspaces are
orthogonal.

Let q be given by (6.1). By Theorem 7.3, we have J,(t) = J& (t) &
<@ JO(t) for ae. t € T", where Jgi(t) = ker (Rs(t) — @' (t)1(t)) is the
measurable range function and a* is the sequence of bounded spectrum for
alli=1,...,q.

Using Theorem 7.1, we get that Vsai ={feH :Lf =A,[f} #
{0} is the shift-invariant space with the measurable range function Jgi. The
orthogonality between the eigenspaces Jgi (t),i=1,...,q, for a.e. t € T",
implies the orthogonality between the s-eigenspaces Vsai, i=1,...,q. Finally,
by Proposition 2.1(2), we get V; = VS“1 @®--- @V and consequently, the
shift-preserving operator L is s-diagonalizable.

If (Vi, L,at, ..., aP) is any s-diagonalization for L, since the eigenspaces
of R4(t) are orthogonal for a.e. t € T", we get that the s-eigenspaces Vsai are
orthogonal and V,; = VS“1 @®---® V2. Thus, the assertion holds. O

Theorem 7.5 ([6], Proposition 2.16). If the operator L : Vi — V; is normal,
then the following assertions hold.

(1) The operators L and its adjoint L* are s-diagonalizable.
(2) If the operator A3 is an s-eigenvalue of operator L, then its adjoint,
denoted by AS*, is an s-eigenvalue of L* and V& = {f € H® : L*f =

AS*f}. Moreover, AS* = A%, where a € (2 and ay, :=a_y, k € Z".

(3) If (Vi, L,a*, ..., aP) is an s-diagonalization for operator L, then (Vy, L*,a*,
...,aP) is an s-diagonalization for L*.

Proof. (1) The adjoint L* of normal operator L is also normal, and thus, by
Theorem 7.4, L and L* are s-diagonalizable.

(2) Since
(t) = Z Gpe2mV Ik Z e 2V Ikt

keZ‘n keZn

)

write a 1= a_, k € Z". Tt is clear that @ = (ax)rezn € 2. For AS which is
an s-eigenvalue of L and ¢1, s € Vs, we get

(Aspr, p2) e = (01, AZp2) e,
ie. AS* = A2. Moreover, since L — A} is a normal operator, we get ker(L* —
AZ) =ker((L — A)*) =ker(L — A;) = V2 # {0}, and the assertion holds.
(3) Let (Vi, L,a',...,aP) be an s-diagonalization for L. By (2), we have
ker(L* — A%;) = Vs‘zj, j=1,...,p, and therefore V, = VS“1 R R T
decomposition on s-eigenspaces for L*. O



26 A. Aksentijevié¢, S. Aleksié¢ and S. Pilipovié

We introduce the notion of M = {1,2,...,m}, D = {0,1,...,d — 1}
and VP = {f € H® : L*f = Ajf}, where L* is the adjoint operator of
shift-preserving operator L : V, — V; and b € £2 is a sequence of bounded
spectrum such that Aj is an s-eigenvalue of L*. By Theorem 7.5, if L is
normal, then A} = A2, where A}, is an s-eigenvalue of L.

The following assertion is a restatement of [6, Theorem 3.2].

Theorem 7.6. Let V, = Ss(¢1,...,04) C H® be a shift-invariant space and
let Jb(t) := ker (R:(t) —B(t)l(t)), where E(t) is eigenvalue of R:(t) for a.e.
t € oy, If {RI)(Ts¢i(t)) : ¢ € Vi,i € M,j € D} is a frame for Js(t)
with a }mme bounds A, B > 0, for a.e. t € gy, then {P(t)(T:¢i(t)) : ¢i €
Vi,i € M} is a frame for J°(t) with bounds A/LC(t),B/C’(i), fora.e.t € oy,
where C(t) =3 ;cp [b(t)[% .

Proof. The assertion follows from the next equalities.

303" KTeolt), RAO(Tai(0)) | = D0 D (BT (0)(Teb(0)). Tedi(0)) |

jeDieM jeDieM
B Z Z | ))s Tsobi(t )> |2
jeEDieM
=30 > [(Tap(t), P (1) (Tetri(1))) |
jeD i€EM °
where g(t) is eigenvalue of R (t), for a.e. t € oys. O

Now, we can prove our main result.

Theorem 7.7 ([6], Theorem 3.6). Let Vs = S; (¢1,...,04) C H® be a shift-
invariant space and let L : Vi — Vi be a shift-preserving operator with the
corresponding range operator Ry. If

{L¢;: ¢; € Vy,i€ M,j € D}
is a frame generator set for Vi with bounds A, B > 0, then
{Pvodi: i € Vsyi€ M}
is a frame generator set for V2 with bounds A(Z?;& ||L||2j)_1 and B.
Proof. Assume that {L7¢; : ¢; € Vi,i € M,j € D} is a frame generator set

for V with bounds A, B > 0. Using Theorem 2.2 and the equality (3.6), we
get

{T,(L7¢:)(t) : i € M, j € D} = {R.(t)(Ts0i(t)) : i € M, j € D}
is a frame for J,(t) with the same frame bounds, for a.e. t € T". If A] is an

s-eigenvalue of L*, then, using theorems 3.4 and 7.1, it follows that B(t) is an
eigenvalue of R (t) for a.e. t € oy. By Theorem 7.6, we conclude that

{PJV;, () (Tsgi(t)) i€ M,j € D}
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is a frame for J?(t) with bounds % and % for a.e. t € oy, where C(t) =
Z?;é |3(t)|2j . Using Theorem 3.2, we get

d—1 d—
1<) =Y pm)¥ < Z ®)% < Z L)%
j=0 =0 j=0

Therefore, using [7, Theorem 2.3] and Theorem 2.2, the assertion follows. O

Finally, we will prove that the equivalence in Theorem 7.7 holds under
additional assumptions. We will say that shift-preserving operator L : V; —
Vs has the spectral property if there exists C' > 0 so that |\, — As| > C, for
all A # Ag, As, A, € R(t), for ae. t € oy,

Theorem 7.8 ([6], Theorem 3.8). Let Vi = Ss(¢1,...,04) C H® be a shift-
invariant space and let L : Vi — Vg be a normal shift-preserving operator
which satisfies the spectral property, with the corresponding range operator
R,. The set

{L7¢; : ¢ € Vs,i€ M, j € D}
s a frame generator for Vi if and only if
{Pyrdi s i € Vi€ M}
is a frame generator set for VP with the same frame bounds for every s-

eigenvalue Ay of L*.

Proof. On account of Theorem 7.7, it remains to prove that the opposite
implication holds.
Since L is normal operator, by Theorem 7.5, L* is s-diagonalizable

and we can construct an s-diagonalization (Vi, L*,b',...,b9) for L* so that
Oypett © Oppts {=1,...,q—1, and

bi(t) — b (1) > C, i, (7.1)
for some constant C' > 0, for a.e. t € T", 4,5 =1,...,q (see Theorem 7.3 and

Remark 7.1(3)).

Let {P, e ¢; : 1 € M} be a frame generator for Vbz {=1,...,q, with
frame bounds A, B > 0. By Theorem 2.2, {7,(P, e ¢;)(t) i € M} is a frame
for Jb (t) with the same frame bounds for a.e. t € T, £ = 1,...,q. Using
[7, Theorem 2.3], we get that {P,be( ) (Zs¢i(t)) : i € M} is a frame for ng (t)
with the same frame bounds for a.e. t € T", £ =1,...,q.

Let Ay = Tyt \Uvb‘“ for £ =1,...,9—1, and Ay = oyva. Then,

Ué 1 AU (Tn\JV )

Fix € € {1,...,q}. Then, {P,, (t)(T:64(t)) : i € M} is a frame for JY'
for a.e. t € Ay, £ =1,...,0. By [6, Theorem 3.5], {RI(t)(Tops(t)) : i € M,j €
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D} is a frame for J,(t) for a.e. t € A; with bounds

A(ﬁ‘(lt)fz:é(zi1)2||Rs<t>||2i)_l and B(e:lzém ),

. ‘ y i
where 8(t) = min, _, 7 [[;—; ;2 [bE(t) — bi(t)|%.
~ There is no loss of generality in assuming C' < 1 in (7.1). Then, C?a <
C? < B(t) for ae. t € Az, and we get

&S () ) < E ()

( ZHR |2J) < B(qdfnLn%),

Jj=0

|Rs<t>||2i)_1,

for a.e. t € Aj For every set Aj, (= 1,...,q, we have the same frame
bounds and therefore {RY(t)(Zs¢:(t)) : i € M, j € D} is a frame for J,(t) for
a.e. t € T". Finally, using (3.6) and Theorem 2.2, we conclude that the family
{Li¢; : i € M,j € D} is a frame generator for V; with the frame bounds

Al 35 (D) I T Bass 1)), :
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