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and Saša T. Milojević *
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Abstract

This paper presents the strain-smoothed element (SSE) method applied to the 4-node tetra-
hedral finite element. The unique characteristic of the SSE method represents constructing
a smoothed strain field for the elements, rather than for the smoothing domains, whereby
the constant strains of all adjacent elements are fully utilized for the strain smoothing
of the target element. Consequently, a linear strain field within the 4-node tetrahedral
finite element is constructed through four Gauss integration points. The method does not
require any additional creation of the mesh, and a standard isoparametric formulation of
the 4-node tetrahedral finite element is used to formulate it. A numerical example was
used to demonstrate the stress prediction improvement achieved as regards the corrected
element, as taken from Chaemin Lee and Phill-Seung Lee’s publication of the method itself,
compared with the linear and quadratic tetrahedral finite elements, which are implemented
within the PAK and Simcenter Nastran software packages. The numerical results show that
stresses predicted by the strain-smoothed 4-node tetrahedral finite element are comparable
to that of a 10-node tetrahedral finite element that incorporates an extrapolation process for
the determination of nodal stress values.

Keywords: finite element analysis; low-order finite elements; strain-smoothed element
(SSE) method; strain smoothing technique; tetrahedral finite elements

1. Introduction
Displacement finite element method (FEM) models [1,2] have been most commonly

used to efficiently solve any practical issues in almost all fields of engineering and physical
sciences for the past decades. However, the standard FEM models are generally considered
to be too stiff, with an internal strain energy that is not sufficiently estimated [3]. Therefore,
the stiffness matrix obtained by the standard FEM method is overestimated, consequently
resulting in solutions for displacements that are less than the real ones. As an example,
we state the low level of accuracy of predicted stresses during the use of a mesh of linear
triangular (3-node triangular finite elements) or linear tetrahedral finite elements (4-node
tetrahedral finite elements), i.e., the simplest and the only mesh of finite elements that can
be automatically generated in the complex geometry of solids and structures. A classical
approach used to deal with these difficulties represents the use of improved hexahedral
finite elements instead of linear tetrahedral finite elements. However, the standard FEM
method requires the creation of a high-quality mesh of hexahedral finite elements [4,5].

Computation 2026, 14, 205 https://doi.org/10.3390/computation14090205

https://crossmark.crossref.org/dialog?doi=10.3390/computation14090205&domain=pdf&date_stamp=2026-09-23
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/computation
https://www.mdpi.com
https://orcid.org/0009-0001-2132-9249
https://orcid.org/0000-0002-0752-6289
https://orcid.org/0000-0003-3071-4728
https://orcid.org/0000-0003-0569-047X
https://doi.org/10.3390/computation14090205


Computation 2026, 14, 205 2 of 15

In addition, mapping and coordinate transformation must be included to ensure the
compatibility of the interfaces of hexahedral finite elements, which is why the element
cannot be entirely arbitrarily shaped. The use of heavily distorted elements leads to the
ill-conditioning of the Jacobian matrix, resulting in very inaccurate solutions and even the
termination of the computing process.

In order to provide solutions for the above-mentioned issues, Liu et al. [6] applied the
strain smoothing technique of Galerkin meshfree methods [7,8] into the FEM context and
formulated a novel method, termed as the smoothed finite element method (SFEM). Intro-
ducing the strain smoothing technique, complete with the concept of point interpolation
method (PIM), used for constructing meshfree shape functions, into the FEM settings [5],
resulted in the development of a class of smoothed finite element methods (S-FEMs or
S-FEM) [4,5]. Although the S-FEM methods may be applied to quadrilateral finite elements
and hexahedral finite elements, the main concept of S-FEM methods is to enable the use
of simple-to-generate, low-order, simplex (triangular, tetrahedral) meshes, keeping the
accuracy provided by the higher-order finite elements [9], without introducing additional
degrees of freedom (DOFs). The basic idea of S-FEM methods consists of weighted av-
eraging of the compatible strain field over the smoothing domain, which may be found
within the specific element cell or spread over a number of elements. Furthermore, by
using the simplest local constant smoothing functions, S-FEM methods ensure piecewise
constant strain fields through smoothing domains. Therefore, the stiffness matrix in the
smoothed model is not computed on the element basis but on the constructed smoothing
domain basis. Various schemes for constructing the smoothing domains define various
forms of the S-FEM methods, and some of them are the following: the cell-based smoothed
finite element method (CS-FEM), originally known as SFEM [6]; the node-based smoothed
finite element method (NS-FEM) [10]; the edge-based smoothed finite element method
(ES-FEM) [11]; and the face-based smoothed finite element method (FS-FEM) [12]. The
theoretical foundation of the S-FEM models consists of the weakened weak form theory
(W2) [5,13]. Therefore, the Gauss divergence theorem is used for its formulation, during
which the values of shape functions are necessary but not their derivatives. Hence, the
Jacobian matrix is not included in the S-FEM methods, by means of which we develop
models that are not sensitive to distortion, which is of particular importance for nonlinear
problems of large deformations [5]. For a detailed presentation of the S-FEM method
properties, methodology and applications, reference should be made to the review arti-
cles [4,5]. It is worth noting that high-order S-FEM methods have been derived for the
past few years [14–16]. In these methods, smoothed strains in the smoothing domains are
expressed by polynomials of complete order in line with the pick-out technique [17]. In
this manner, apart from the constant approximation [16], smoothed strain fields can use
the first-order [14–16] and the second-order approximation [14,15]. It should be stated that
high-order S-FEM methods go beyond the main concept of the standard S-FEM methods.

The strain smoothing technique is coupled with the extended finite element method (X-
FEM) [18] in order to achieve better performance of the low-order finite elements in the crack
analysis. Bordas et al. [19] implemented the CS-FEM strain smoothing approach into the
X-FEM to solve linear elastic fracture mechanics problems. The formulated method, named
the smoothed extended finite element method (SmXFEM) [19], was applied not only to the
two-dimensional (2D) but also to the three-dimensional (3D) fracture problems. Afterwards,
Chen et al. [9] implemented the ES-FEM method into the X-FEM framework, which resulted
in a new numerical method, named an edge-based smoothed extended finite element
method (ESm-XFEM). Numerical results show that when compared with the X-FEM, the
proposed method considerably improves the accuracy level of the stress intensity factor in
the case of using the linear triangular finite elements. The NS-FEM and FS-FEM methods are
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coupled with the X-FEM method as well, by means of which superconvergence results are
achieved for the linear triangular finite elements [20] and a greater level of accuracy of the
linear tetrahedral finite elements [21], respectively. The above-mentioned methods use the
advantages of both the S-FEM and X-FEM methods. Namely, due to the transformation of
an internal integration (a surface integration for the 2D elements, i.e., a volume integration
for the 3D elements) into the integration along the smoothing domain boundaries (a line
integration for the 2D elements, i.e., a surface integration for the 3D elements), there is no
need to compute neither the derivatives of shape functions nor the ones of enrichment
functions, which significantly reduces the level of complexity while evaluating the stiffness
matrix. Hence, the derivative of the 1/

√
r term derived from the asymptotic functions does

not occur, and in this manner, the integration of a singular term is avoided. By applying the
strain smoothing technique, a division of the elements cut by a crack is suppressed in ESm-
XFEM [9] and a node-based smoothed extended finite element method (NS-XFEM) [20],
which simplifies integration of the discontinuous approximation. To additionally increase
the level of accuracy of low-order finite elements, Zhao et al. [22] have recently proposed a
stable node-based smoothed extended finite element method (SNS-XFEM) for the fracture
analysis of structures. The SNS-XFEM method, developed by the coupling of a stable
node-based smoothed finite element method (SNS-FEM) [23] and X-FEM method, models
the crack-induced discontinuity through the use of enrichment functions and stabilization
terms based on strain gradient. Numerical examples indicate that the SNS-XFEM method
achieves considerably better results compared with the standard X-FEM method and
NS-XFEM method [22].

From another point of view regarding the development of strain smoothing methods,
Lee and Lee [24] proposed a new strain smoothing method—the strain-smoothed element
(SSE) method for the 4-node tetrahedral finite elements. As with the previously mentioned
S-FEM methods, the SSE method does not introduce additional DOFs. However, the pro-
posed method does not require the creation of special smoothing domains, but the strain
smoothing process is performed over the entire element by fully utilizing strains of the
adjacent elements, sharing common edges with the targeted element. In the SSE method,
the important work is to calculate the stiffness matrix of the element, which is now ob-
tained by directly assigning the constructed smoothed strains to the four Gauss integration
points. In this manner, the formulated method provides a linear strain field within the
4-node tetrahedral finite element through strain smoothing, whereas the integration of
the smoothed strain field is performed over the element. Therefore, the discretization of
the domain is completely identical, just like with the standard FEM method, and more
accurate solutions are achieved without any additional DOFs, compared with the standard
linear formulation of these elements. Subsequently, the SSE method has been applied to the
membrane strain field of a 3-node triangular shell finite element (MITC3+) [25]. The strain-
smoothed MITC3+ shell finite element has initially been developed for linear analysis,
and it considerably enhances the membrane behavior of the MITC3+ finite element while
retaining its excellent bending behavior. Likewise, such a formulation has been extended
to the nonlinear analysis as well [26], which led to achieving the superior performances of
the strain-smoothed MITC3+ finite element in geometrical and material nonlinear analysis.
In recent years, the SSE method has been developed for the 4-node quadrilateral finite
element [27], as well as for the polygonal finite elements [28]. It should be noted that the ap-
plication of the SSE method is limited to constant strain finite elements, which is the reason
why the strain smoothing process of the 4-node quadrilateral and polygonal finite elements
is performed through triangulation with the piecewise linear shape functions employed
for each sub-triangle. Hence, to apply the SSE method to the 4-node quadrilateral and
polygonal finite elements, additional steps are necessitated within the operative sequence
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of procedures invoked by the triangulation, unlike the aforementioned strain-smoothed
finite elements [24–26]. More recently, Lee and Kim [29] proposed the formulation of the
linear triangular finite element that combined the SSE method, complete with the phantom-
node method (PNM) [30] for application in linear elastic fracture mechanics problems.
Enhanced accuracy was achieved both in stress intensity factors and strain energy when
compared with the linear triangular finite element developed in conjunction with the PNM
method. Additionally, the proposed approach demonstrates accuracy comparable to that
of the phantom-node approach applied to the quadratic triangular finite element (6-node
triangular finite element). The mathematical foundation for the convergence properties
of the SSE method is presented in [31], whereas designing preconditioners for the strain
smoothing methods has been investigated in [32].

The SSE method has been presented in this paper to analyze the accuracy of the stress
predictions obtained using the linear and quadratic tetrahedral finite elements (10-node
tetrahedral finite elements), implemented within the PAK [33] and Simcenter Nastran [34]
software packages, compared with the solutions for the proposed tetrahedral finite element
given in [24]. The analyzed numerical example indicates that the proposed element achieves
a significant improvement in the accuracy of the predicted stress compared with the
standard formulation of the 4-node tetrahedral finite element. In addition, it is noticed that
the newly proposed tetrahedral finite element provides the stress solutions that are more
accurate compared with the 10-node tetrahedral finite element, which, taking into account
all elements that the considered node appertains to, the nodal stress value calculates as the
average of the stresses at the nearest integration points to the observed nodal point. Further
on, it is observed that the stress prediction of the corrected tetrahedral finite element is
comparable to the 10-node tetrahedral finite element that includes an extrapolation process
in order to determine nodal stress values.

This paper has been organized in the following manner: the fundamental equations
of the standard linear tetrahedral finite element are presented in Section 2.1, whereas
Section 2.2 is devoted to the coupling methodology of the FEM and SSE methods as applied
to the linear tetrahedral finite elements. In Section 3, performances of the proposed element
are discussed based on a numerical example. Concluding considerations are given in
Section 4.

2. The Strain-Smoothed Element Method for the Linear Tetrahedral
Finite Elements

An overview of elementary equations of standard formulation for the linear tetrahe-
dral finite element is presented in this section, complete with a brief presentation of the
formulation for the strain-smoothed 4-node tetrahedral finite element [24].

2.1. Standard Formulation of the Linear Tetrahedral Finite Elements

Geometry and displacement interpolations of the standard linear tetrahedral finite
element have the following forms:

x =
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where the displacement interpolation matrix H is given by:

H =
[

H1 H2 H3 H4
]

, (3)

and the vectors of nodal point coordinates X and nodal point displacements U in the global
Cartesian coordinate system are defined as follows:

XT =
[

X1T X2T X3T X4T
]

, (4)

UT =
[

U1T U2T U3T U4T
]

. (5)

Submatrices Hk, the position vector Xk and the displacement vector Uk of the nodal
point k have the following forms, respectively:

Hk =







hk 0 0
0 hk 0
0 0 hk






, (6)

XkT =
[

Xk
1 Xk

2 Xk
3

]

, (7)

UkT =
[

Uk
1 Uk

2 Uk
3

]

. (8)

Indices 1, 2 and 3 in (7) and (8) refer to the axes x, y and z respectively.
In the case of the 4-node tetrahedral finite element, shape functions hk(r, s, t) of the

standard isoparametric procedure corresponding to the nodal point k are given as:

h1 = 1 − r − s − t, h2 = r, h3 = s, h4 = t. (9)

It can be noticed that the shape functions are linear according to the natural coordinates r, s

and t which is why this element is referred to as a linear element.
The strain tensor of the tetrahedral finite element contains all six strain components

and is expressed as:

ee = BeUe =
[

B1 B2 B3 B4
][

U1 U2 U3 U4
]T

, (10)

where vectors U and Uk are defined by (5) and (8), respectively, whereas B represents the
strain-displacement matrix. Submatrices Bk for the nodal point k read:

Bk =
1

6V





















bk 0 0
0 ck 0
0 0 dk

ck bk 0
0 dk ck

dk 0 bk





















, (11)

bk = (−1)k

∣

∣

∣

∣

∣

∣

∣

1 Xl
2 Xl

3
1 Xm

2 Xm
3

1 Xn
2 Xn

3

∣
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∣

∣
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∣

, (12)
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∣

∣
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∣
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1 1 Xl

3
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3
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3
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∣

, (13)
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dk = (−1)k

∣

∣

∣

∣

∣

∣

∣

Xl
1 Xl

2 1
Xm

1 Xm
2 1

Xn
1 Xn

2 1

∣

∣

∣

∣

∣

∣

∣

, (14)

where k, l, m, n = 1, 2, 3, 4. The coefficients bk, ck and dk are obtained by a cyclic permutation
of indices k, l, m, n i.e., klmn → lmnk → mnkl → nklm.

2.2. Formulation of the Strain-Smoothed 4-Node Tetrahedral Finite Elements

Constant strains of the adjacent elements, defined by (10), are fully used for the
construction of the smoothed strain field of the observed element. Therefore, we observe
the linear tetrahedral finite element, the ith edge and adjacent elements that the observed
element shares the ith edge with, as shown in Figure 1.

Figure 1. Strain smoothing between the target element and elements in the vicinity of the ith edge of
the target element, with ni = 3.

Strain smoothing operation is performed along the six edges of the tetrahedron be-
tween the target element and adjacent elements, as expressed in the following equation:

êi =
1

Ve +
ni
∑

j=1
Vi

j

(

Veee +
ni

∑
j=1

Vi
je

i
j

)

, (15)

where i = 1, 2, 3, 4, 5, 6. Here, ni represents the number of adjacent elements sharing the ith

edge with the target element, ee and ei
j represent strain tensors of the target element and jth

element in the vicinity of the ith edge of the target element, whereas Ve and Vi
j represent

their volumes, respectively. The strain tensors ee and ei
j are determined by the application

of the standard formulation of the linear tetrahedral finite elements, i.e., by (10).
It should be stated that the strain smoothing process defined by (15) represents the

determination of strain at the middle of the element edges.
The configuration of adjacent tetrahedral finite elements along the six edges of the

observed element may differ. In addition, as is the case with the other strain smoothing
methods, the effect of strain smoothing of external regions can be less compared with
the effect of strain smoothing of internal regions, because external (boundary) elements
contain relatively fewer adjacent elements compared with the internal elements. As regards
the case when the observed boundary element shares no edges with any other adjacent
element, that is, as for the case where ni = 0, the strains shall be equal êi = ee.

The four Gauss integration points are used for computing the stiffness matrix of the
smoothed tetrahedral finite element, the positions of which a, b, c and d are given in Figure 2.
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Figure 2. Location of the Gauss integration points in the natural coordinate system of the smoothed
tetrahedral finite element (r, s, t).

The smoothed strain values are directly assigned to the Gauss integration points through
the use of the following equations:

ea =
1
5

(

ê1 + ê2 + ê3 + ê + ee
)

, (16)

eb =
1
5

(

ê1 + ê4 + ê6 + ê + ee
)

, (17)

ec =
1
5

(

ê2 + ê4 + ê5 + ê + ee
)

, (18)

ed =
1
5

(

ê3 + ê5 + ê6 + ê + ee
)

, (19)

ê =
1
6

6

∑
i=1

êi. (20)

The smoothed strain field and the edge numbering of the observed element are given
in Figure 3.

The stiffness matrix of the strain-smoothed 4-node tetrahedral finite element is formed
according to the following equation:

K =
d

∑
p=a

BpTC Bp| J |wp, (21)

with C being the observed element constitutive matrix, Bp being smoothed strain-
displacement matrices for the four Gauss integration points a–d, | J | being the Jacobian
determinant and wp being weighted coefficients for the four Gauss integration points a–d.

Figure 3. Presentation of the smoothed strain field of the target element and edge numbering.
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The smoothed strain-displacement matrices Bp for the four Gauss integration points
a–d relate smoothed strains (16)–(19) to the corresponding nodal point displacement vector
U by the equation:

ep = BpU, (22)

and are given by:

Bp
=
[

B1 B2 . . . Bn
]

, (23)

where n represents the number of nodes that are involved in the strain smoothing process
of the target element.

The corresponding nodal point displacement vector U containing n displacement
vectors is given by:

UT
=
[

U1T U2T . . . UnT
]

. (24)

The first four submatrices in (23) and vectors in (24) refer to the four nodes of the target
element, while the number n can take values from five to eight, depending on the number of
adjacent elements through four element faces of the target element. That is, every adjacent
element through an element face of the target element contributes one additional node in
the formation of (23) and (24).

3. Numerical Example
A 3D problem, the subject of which is a sphere that is subjected to pressure, shall be

analyzed in this section. A numerical analysis shall be conducted in the PAK v2024 and
Simcenter Nastran v2412 software packages. The main idea of this section is a comparative
representation of the accuracy of the stress predictions obtained for the low-order and
high-order tetrahedral finite elements, implemented in the PAK and Simcenter Nastran
software packages, compared with the solutions obtained for the corrected element, which
are given in the paper itself [24].

PAK (derived from “Program for Structural Analysis” in Serbian) is a software package
based on the FEM method that is being developed at the Faculty of Engineering, University
of Kragujevac. Evolvement of the PAK program started in 1975 in the field of linear analysis,
and it has been developed to encompass nonlinear problems [35]. Today, PAK is an exten-
sive program that can be used to solve problems in the areas of solid mechanics, physical
quantity fields (fluids, heat transfer, porous media), biomechanics and coupled problems.

NASTRAN (originated from “NASA STRuctural ANalysis”) is a finite element com-
puter code for structural analysis that was originally developed for NASA in the late
1960s and became available to the public in late 1970 [36]. Simcenter Nastran (formerly
NX Nastran) is a program based on the NASTRAN original source code and is today
being developed within the company Siemens Digital Industries Software. The program is
multidisciplinary and is used to solve problems of linear and nonlinear analysis, dynamic
response, vibro-acoustics, aeroelasticity and optimization.

A Hollow Sphere Under Internal Pressure: Lamé Problem

Let us consider the Lamé problem [37], as shown in Figure 4. To create the finite
element model, the Simcenter Femap program [34] was used. What is observed is a
hollow sphere with an internal radius of a = 1 m and the external radius of b = 2 m,
which is subjected to internal pressure P = 100 Pa. Material properties of the problem are
E = 1 × 103 Pa and ν = 0.3.
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Figure 4. A hollow sphere under internal pressure.

The sphere is divided into three parts, and each one of them is modeled by the mesh
the density of which is N × N × N (N = 3, 5, 9, 17), with N being the number of nodes
per edge, as shown in Figure 5. Because the hollow sphere has three axes of symmetry,
one-eighth of the model shall be analyzed while bearing in mind the following boundary
conditions: uz = 0 for the nodal points on the surface ABEF, ux = 0 for the nodal points on
the surface CDEF and uy = 0 for the nodal points on the surface ABCD.

Figure 5. Presentation of the mesh of the Lamé problem, for the number of nodes per edge N = 5.

The analytical solution of the Lamé problem is given in the spherical coordinate system
(R, ψ, θ), depicted in Figure 6, in terms of the normal stress σR in the radial direction and
normal stresses σψ and σθ in tangential (ψ and θ) directions (known also as circumferential
or hoop stresses), which read [37]:

σR =
Pa3
(

b3 − R3
)

R3
(

a3 − b3
) , (25)

σψ = σθ = σt =
Pa3
(

2R3 + b3
)

2R3
(

b3 − a3
) , (26)

where R represents the radial distance from the centroid of the sphere and the point of
interest in the sphere. Note that the hollow sphere expands equally along tangential
directions due to the axial symmetry of the problem. From (25) and (26), we can observe
that in the case of the hollow sphere subjected to internal pressure only, σR is always
compressive stress, while σt is always tensile stress.
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Figure 6. Stress state of the Lamé problem.

Prediction of the numerical solution for the equivalent von Mises stress at the nodal
point G of the sphere, as shown in Figure 5, is considered. To analytically calculate the
equivalent von Mises stress, axial symmetry should again be taken into account, causing
the shear stresses to vanish, meaning that the bases of the spherical coordinate system
are also the principal directions of the stress tensor (i.e., σ1 = σR, σ2 = σψ and σ3 = σθ).
Written in terms of the principal stress components, the equivalent von Mises stress takes
the following form [38]:

σref =

√

1
2

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ1 − σ3)
2
]

. (27)

Tables 1 and 2 depict the results of linear and quadratic tetrahedral finite elements,
obtained in the PAK and Simcenter Nastran software packages, respectively, considering
the four different mesh discretizations. For comparison, the numerical results for the
corrected element of the Lamé problem, given in paper [24], are also listed in Tables 1 and 2.
Relative errors have been computed in the expression |σref − σ|/σref × 100, where σ rep-
resents the obtained numerical solution. The corresponding graphical representation of
the convergence of the numerical solutions, given in Tables 1 and 2, towards the analytical
solution when increasing the mesh density is provided in Figures 7 and 8, respectively, to
highlight the convergence rate of all analyzed tetrahedral finite elements. The values in the
charts are normalized relative to the analytical solution.

Table 1. Comparative solutions for the equivalent von Mises stress at the nodal point G of the linear
and quadratic tetrahedral finite elements obtained by the PAK software package and the corrected
tetrahedral finite element adapted from [24].

Number of Nodes
per Edge

Linear Tetrahedral Finite
Element

Quadratic Tetrahedral
Finite Element

Corrected Tetrahedral
Finite Element

N [Pa] % [Pa] % [Pa] %

3 115.6233 32.55 94.6232 44.80 166.7563 2.73

5 129.5844 24.41 139.7400 18.49 166.3370 2.97

9 154.5133 9.87 151.4733 11.64 166.6823 2.77

17 161.4900 5.80 162.7967 5.04 169.5621 1.09

Analytical solution: 171.4286
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Table 2. Comparative solutions for the equivalent von Mises stress at the nodal point G of the linear
and quadratic tetrahedral finite elements obtained by the Simcenter Nastran software package and
the corrected tetrahedral finite element adapted from [24].

Number of Nodes
per Edge

Linear Tetrahedral Finite
Element

Quadratic Tetrahedral
Finite Element

Corrected Tetrahedral
Finite Element

N [Pa] % [Pa] % [Pa] %

3 115.6235 32.55 145.0665 15.38 166.7563 2.73

5 129.5831 24.41 163.9383 4.37 166.3370 2.97

9 154.5146 9.87 168.2156 1.87 166.6823 2.77

17 161.4879 5.80 170.6606 0.45 169.5621 1.09

Analytical solution: 171.4286

Figure 7. Comparison between convergence towards the analytical solution of the linear and quadratic
tetrahedral finite elements, based on the numerical results of the PAK software package, and the
corrected tetrahedral finite element adapted from [24]. Convergence curves depict the equivalent
von Mises stress at the nodal point G depending on the number of nodes per edge. The results are
normalized relative to the analytical solution.

Figure 8. Comparison between convergence towards the analytical solution of the linear and quadratic
tetrahedral finite elements, based on the numerical results of the Simcenter Nastran software package,
and the corrected tetrahedral finite element adapted from [24]. Convergence curves depict the
equivalent von Mises stress at the nodal point G depending on the number of nodes per edge. The
results are normalized relative to the analytical solution.

Prior to the analysis of the numerical solutions, let us reflect on the manner of cal-
culating the stress values at nodal point G. Tetrahedral finite element shape functions
are C0 continuous, meaning that the continuity of the unknown (displacement) occurs
between elements, but not their slopes (derivatives), which implies that the stress field
across element boundaries is discontinuous. In both software packages, the one-point
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Gauss quadrature rule (midpoint rule) and four-point Gauss quadrature rule were used for
numerical integration over the linear and quadratic tetrahedral finite elements, respectively.
Regarding the PAK software package, the nodal stress value of the linear tetrahedral finite
element is calculated by averaging the stresses obtained at integration points of all elements
to which the observed nodal point belongs. On the other hand, taking into account all
elements that the considered node appertains to, the average of the stresses at the nearest
integration points to the observed nodal point defines the nodal stress value in the case
of the quadratic tetrahedral finite element. The discrepancy in obtaining stress values
at nodal points in the PAK and Simcenter Nastran software packages is reflected in the
extrapolation to the nodal points of stresses calculated at the integration points, which
is applied to the quadratic tetrahedral finite element of the Simcenter Nastran software
package [34]. No extrapolation is applied for the constant stress tetrahedral finite element
(linear tetrahedral finite element). As regards the corrected element, the stress values are
obtained by averaging stresses in the elements to which the nodal point belongs [24].

4. Discussion
Taking into consideration all the results shown, firstly, the ones obtained by the

PAK and Simcenter Nastran software packages, we observe good agreement between the
numerical solutions of the linear tetrahedral finite elements and numerical discrepancy
between the quadratic tetrahedral finite elements, which is justifiable by recalling the
fact that the Simcenter Nastran software package calculates the nodal stress value by
extrapolating stress values obtained at integration points. While making a comparison
between the linear and corrected tetrahedral finite elements, the stress field of which
is constant and linear, respectively, we notice a 32.55% error with a very coarse mesh,
for N = 3, in a linear tetrahedral finite element, compared with the corrected element
with an error of 2.73% only. With respect to the numerical solutions of the quadratic and
corrected tetrahedral finite elements, it can be observed that increasing mesh density leads
to a slightly better stress prediction of the quadratic tetrahedral finite element with an
incorporated extrapolation process. However, one should bear in mind that a linear stress
field in the quadratic tetrahedral finite element is achieved through the use of second-order
shape functions and that it is an element with a higher number of DOFs. It can also be noted
that the stress prediction of the corrected element is more accurate in comparison with that
of the quadratic tetrahedral finite element, where, taking into consideration all elements
that the considered node appertains to, the nodal stress value is defined as the average of
the stresses at the nearest integration points to the observed nodal point. It is interesting to
point out that the corrected element at a mesh density of N = 3 provides more accurate
stress prediction than the quadratic tetrahedral finite element in both software packages.

5. Conclusions
The SSE method, which was applied to linear tetrahedral finite elements to reduce

their overly stiff behavior, was demonstrated in this work. The proposed element has
the smoothed strain field within the element that is constructed by using constant strains
of the adjacent elements. The method is based on the standard FEM framework, so the
domain discretization and the number of DOFs remain unchanged compared with the
standard isoparametric formulation of elements. The strain-smoothed 4-node tetrahedral
finite element provides a linear strain field within the element, with the smoothed strain
values being directly assigned to the Gauss integration points.
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A numerical analysis of a hollow sphere subjected to internal pressure was performed
in the PAK and Simcenter Nastran software packages by using the linear and quadratic
tetrahedral finite elements. The numerical solutions show that there is a good agreement
between the results obtained by the application of linear tetrahedral finite elements. The
lack of fit of numerical results obtained in the above-mentioned software packages is
noticed in the case of quadratic tetrahedral finite elements, which is explained by the
extrapolation that the Simcenter Nastran software package includes when determining the
stress values at nodal points, while in the PAK software package the stress values at the
integration point are recorded as the stress values at the nearest node.

The numerical example demonstrates that a significant improvement in the accuracy
of the stress prediction is achieved by using the corrected element when compared with
the linear tetrahedral finite element. It is noticed that the corrected element converges
considerably faster towards the analytical solution and that a good fit of the numerical
and analytical solutions is achieved even in the case of the relatively coarse mesh of the
corrected elements. It is also observed that more accurate stress solutions are provided by
the corrected tetrahedral element when compared with those of the quadratic tetrahedral
finite element whose nodal stress value is defined as the average of the stresses at the
nearest integration points to the observed nodal point, taking into account all elements that
the considered node belongs to. The obtained results show that the strain-smoothed tetra-
hedral finite element ensures the stress solutions, which are comparable to the quadratic
tetrahedral finite elements that incorporate extrapolation for the calculation of the nodal
stress values. However, one should bear in mind the fact that the quadratic tetrahedral
finite element adopts the second-order shape functions, i.e., the ones containing one order
more compared with the linear tetrahedral finite element, along with the fact that the
number of nodal points of quadratic tetrahedral finite element is greater, leading to the
increased number of equilibrium equations of the system that need to be solved. Further
research is needed for analysis of bending-dominated problems and development of the
SSE method for nonlinear analysis and nearly incompressible materials.
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Abbreviations
The following abbreviations are used in this manuscript:

CS-FEM Cell-based smoothed finite element method
DOFs Degrees of freedom
ES-FEM Edge-based smoothed finite element method
ESm-XFEM Edge-based smoothed extended finite element method
FEM Finite element method
FS-FEM Face-based smoothed finite element method
NS-FEM Node-based smoothed finite element method
NS-XFEM Node-based smoothed extended finite element method
PIM Point interpolation method
PNM Phantom-node method
SFEM Smoothed finite element method
S-FEMs or S-FEM Smoothed finite element methods
SmXFEM Smoothed extended finite element method
SNS-FEM Stable node-based smoothed finite element method
SNS-XFEM Stable node-based smoothed extended finite element method
SSE Strain-smoothed element
X-FEM Extended finite element method
2D Two-dimensional
3D Three-dimensional
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