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1. Introduction
The phase-field (PF) damage modeling is one of

the hottest topics in computational mechanics. The
application of the implementation in Finite Element
Method (FEM) software depends on possibility to
make appropriate FE model. One of the steps in
implementation of PF models into FEM codes is the
verification on benchmark examples. There are
several well established and described problems
which need to be solved to show the functionality
and accuracy of the implementation. One of the
main issues is strong FE mesh and step size
dependence of the model response. To show the
importance of the proper modeling and step size
selection, the authors selected one of the benchmark
examples: “Single edge notched tension test” [1].
The difference in response of the model with the
same boundary and loading conditions is shown for
coarse and fine mesh and for coarse and fine time
step.

2. Phase-field damage modeling theory
The PF is the theory which can have wide

application but one of the most popular is prediction
of damage evolution in engineering structures. The
main variable which follows the state of the material
is damage 𝑑 which can be formulated as discrete
crack of zero-width, but the more appropriate for the
PF implementation is exponential form for diffusive
representation of the crack as [1]:

𝑑(𝑥) = 𝑒−|𝑥|
𝑙𝑐 , (1)

where 𝑥 is the coordinate of the crack and 𝑙𝑐 is the
characteristic length which actually defines the
crack width in the simulation and represents
material parameter. The crack surface can be
defined as [1]:

𝑆(𝑑) = ∫ 𝛾(𝑑, ∇𝑑)𝑑𝑉,𝑉 (2)

where 𝛾 is the crack surface density function over
the volume. The total elastic strain energy density is
defined as [1]:

𝜓 = 𝑔(𝑑) 1
2 

𝜺𝑇: 𝑪0: 𝜺, (3)

where 𝑔(𝑑) is a degradation function, 𝑪0 is the
elastic constitutive tensor, and 𝜺 is the elastic strain
tensor. The degradation function for the brittle crack
formation is defined as:

𝑔(𝑑) = (1 − 𝑑)2. (4)

The constitutive free energy potential is given as
[1]:

𝐸 = ∫ 𝜓𝑑𝑉 (5)

The dissipation functional is defined as:

𝑊 = 𝐺𝑐 ∫ 𝛾(𝑑, ∇𝑑)𝑑𝑉 (6)

where 𝐺𝑐 is the critical energy release rate. The
variational principle defines the equilibrium
between the variation of internal potential energy
which consist of free energy potential and
dissipation functional 𝑉 = 𝐸 + 𝑊 and the variation
of the external potential energy:

𝛿𝑉 = 𝛿𝑃 (7)

where the external potential energy is defined as [1]:

𝑃 = ∫ 𝒃 ∙ 𝛿𝒖𝑑𝑉𝑉 + ∫ 𝒉 ∙ 𝛿𝒖𝑑𝐴𝐴 (8)

and 𝒃 is the vector of body forces, 𝒉 are the traction
forces and 𝒖 is the displacement vector. After the
appropriate transformations, and the derivations, the
equilibrium equation is:

𝐷𝑖𝑣[𝝈] + 𝒃 = 0, (9)

and the evolution law for phase-field variable is [1]:
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𝐺𝑉[𝑑 − 𝑙𝑐
2∇2𝑑] + 𝑔′(𝑑)𝜓 = 0. (10)

where 𝐺𝑉 = 𝐺𝑐 /𝑙𝑐 . The presented equations are
implemented into the in-house FEM software PAK-
DAM v26 [2], as multifield 2D and 3D elements.

3. Single edge notched tension (SENT) test
This is one of the best-known examples for the

verification of the PF implementations [1]. This
simulation considers the isotropic formulation
without the spectral energy decomposition. The
model is designed as a square plate with a notch in
the middle of the specimen from the left edge to the
center. The bottom edge is fixed in vertical
direction, while the prescribed displacement is
defined at the nodes of upper edge. The model is
created by using triangular and quadrilateral
elements, with the very fine and course mesh in the
zone of crack evolution.

Fig. 1. Boundary and loading conditions for SENT test.

The material parameters used in simulation are
same as the values used in relevant literature and are
given in Table 1.

Table 1. Material parameters for the SENT test
Material parameter [Symbol] Value [Unit]
Young modulus [E] 210 [kN/mm2]
Poisson’s ratio 0.3 [-]
Critical energy release rate [GV] 0.18 [kN/mm2]
Length scale parameter [lc] 0.015 [mm]

4. The simulations and results
The simulations are performed for the two types

of mesh and two step size. The coarse mesh is used
to check validity of the boundary and loading
conditions using the fast computation with small
number of degrees of freedom. The mesh size in the
crack zone is 0.025 mm what is bigger than the
length scale parameter. The step size is set as
suggested in literature – very small step size of
0.00001 mm per step is used when the loading
achieves level of crack propagation. For the fine
mesh, the idea is to provide crack energy
concentration at the notch tip, so the element size is
set to 0.001 mm as suggested in the literature. The
two different step size were used when the loading

comes to the critical loading level: (1) 0.00001 mm
per step and (2) 0.0001 mm per step. The obtained
results are shown in Fig. 2. The damage field for the
fine mesh at the end of the simulation is also given
in Fig. 3.

Fig. 2. Force-displacement diagrams

Fig. 3. Damage field at the end of simulation

5. Conclusions
The FE modeling of damage evolution by PFDM

method is strongly dependent on the FE mesh and
time step size. The force-displacement diagram
differs for different mesh size and step size in two
very important aspects: maximal force and onset of
crack propagation. This fact should be carefully
taken into account in the simulation of real
engineering structures.
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