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Abstract. In this paper, we define k-type spacelike slant helices lying on a lightlike surface in Minkowski
space ]E:f according to their Darboux frame for k € {0,1,2}. We obtain the necessary and the sufficient
conditions for spacelike curves with non-null and null principal normal lying on lightlike surface to be the
k-type spacelike slant helices in terms of their geodesic curvature, normal curvature and geodesic torsion.
Additionally, we determine their axes and show that the Darboux frame of a spacelike curve lying on a
lightlike surface coincides with its Bishop frame if and only if it has zero geodesic torsion. Finally, we give
some examples.

1. Introduction

The geometry of Minkowski space is important for both differential geometry and physics, particu-
larly in the theory of general relativity. Geometric properties of non-degenerate (spacelike and timelike)
submanifolds in Minkowski spaces are studied in analogy with the Riemannian submanifolds. However,
lightlike (degenerate) submanifolds in those spaces have a quite new and sometimes unexpected proper-
ties which have no Riemannian analogues ([2]). The most important difference between degenerate and
non-degenerate submanifolds is that the normal bundle of degenerate submanifolds intersects their tangent
bundle. For example, the normal vector of a lightlike plane belongs to that plane, which is not the case if
the plane is a spacelike or a timelike. It is known that lightlike surfaces are the models of event, Cauchy’s
and Kruskal horizonts, which are studied in the relativity theory.

In classical differential geometry, the general helices are defined as a regular space curves whose tangent
makes a constant angle with a fixed direction. They are geodesics of cylinders shaped over a plane curve
[11]. Slant helices are the successor curves of the general helices [12]. In particular, they are geodesics of
the helix surfaces [11]. For the recent characterizations of the general and the slant helices, we refer to
[1,6-8,15,17,19, 20].
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Isophotic curves in Euclidean 3-space are regular curves lying on a surface and having a property that the
surface normals along those curves make a constant angle with a fixed direction. Isophotic curves in [E® are
related with general and slant helices as follows - geodesic isophotic curves are slant helices and asymptotic
isophotic curves are general helices [4]. Isophotic curves are also studied in Minkowski space EJ. Null
Cartan isophotic curves in ]E? are characterized in [13], and spacelike and timelike isophotic curves lying
on a timelike surface in ]Ef are studied in [3].

To the best of authors” knowledge, there are no references related with the spacelike isophotic curves
lying on a lightlike surface in Minkowski space IE3 yet. Accordingly, we can ask the following question: “Can
we determine the conditions under which a spacelike curve lying on a lightlike surface in IE} is an isophotic
curve by using its Darboux frame?” In order to answer to this question, we introduce k-type spacelike
slant helices as the spacelike curves lying on a lightlike surface and having a property that the scalar
product of their Darboux’s frame vector field Vj and a fixed direction is constant for k € {0, 1, 2}. According
to the introduced definition, 0-type spacelike slant helices correspond to spacelike general helices, and
2-type spacelike slant helices correspond to the spacelike isophotic curves. We define the Darboux frame
of a spacelike curve lying on a lightlike surface in IE} as positively oriented pseudo orthonormal frame
consisting of two null and one spacelike vector field. We show that the Darboux frame of a spacelike curve
lying on a lightlike surface coincides with its Bishop frame if and only if it has zero geodesic torsion. We
give the necessary and sufficient conditions for spacelike curves with non-null and null principal normal
to be the k-type spacelike slant helices for k € {0, 1, 2} in terms of their geodesic curvature, normal curvature
and geodesic torsion. We prove that every pseudo null curve lying on a lightlike surface with geodesic
torsion 7, # 0 is O-type and 1-type pseudo null slant helix. We also show that pseudo null curve lying on
a lightlike surface with geodesic torsion 7, = 0 is 2-type pseudo null slant helix. Finally, we give some
examples. The obtained characterizations of 2-type spacelike slant helices (with non-null and null principal
normal) represent a new contribution to the geometry of spacelike isophotic curves.

2. Preliminaries

Minkowski space E? is the real vector space E> equipped with the standard indefinite flat metric (-, -)
given by

(X, y) = =x1y1 + X212 + X3Y3,

for any two vectors x = (x1,x2,x3) and v = (y1, Y2, ¥3) in ]E? Since (-, -) is an indefinite metric, an arbitrary

vector x € ]Ei’ can have one of three causal characters: it can be a spacelike, a timelike, or a null (lightlike),

if (x,x) > 0,{x,x) < 0, or (x,x) = 0 and x # O respectively. In particular, the vector x = 0 is said to be a

spacelike. The norm (length) of a vector x € ]Ef is given by [lx|| = V[{x, x)|. If [|x|| = 1, x is called a unit vector.
The vector product of two vectors u = (u1,up, u3) and v = (v1,v2,v3) in lE‘i’ is defined by

UXv= (u302 — U903, U3V1 — U103, U0 — szl).

An arbitrary curve a : I — E? can be spacelike, timelike, or null (lightlike), if all of its velocity vectors a’
are spacelike, timelike or null, respectively [14].

Denote by {T, N, B} the moving Frenet frame along a non-null curve a parameterized by an arc-length
parameter s. Then T, N and B are the tangent, the principal normal and the binormal vector field of «,

respectively.
If o is a spacelike curve with a non-null principal normal N, the Frenet formulae of « read ([9])
T (s) 0 €x(s) 0 T(s)
NG |=] —x) 0 —ets) || N |, (1)
B’(s) 0 —€e1(s) 0 B(s)

where «(s) is the first curvature (curvature) and 1(s) is the second curvature (torsion). In particular, the
following relations hold

(I, Ty=1, (N,N)y=e==1, (B,B)=—¢€, (2)
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TxN=-eB, NxB=T, BxT=cN, 3)

A spacelike curve in [E is called a pseudo null curve, if its principal normal vector N(s) and the binormal
vector B(s) are linearly independent null vectors. The Frenet formulae of a pseudo null curve have the form

([21])
T 0 x« 0
N |=|l 0 = 0 N |, 4)
B’ -x 0 -7 || B

where k(s) = 1 is the curvature and 1(s) is the torsion. The Frenet’s frame vectors of a pseudo null curve
satisfy the relations

(T,T)=1, {N,N)=(B,B) =0, 5
(N,B) =1, (T,N) = (T,B) = 0, (5)
TxN=N NxB=T BxT =B, ©6)

Definition 2.1. A surface M in Minkowski space IE; is called a lightlike (null, degenerate), if the induced metric on
the surface is degenerate.

Throughout the next sections, let Ry denote R\ {0}.

3. Darboux frame of a spacelike curve lying on a lightlike surface

In this section, we define the Darboux frame of a spacelike curve lying on a lightlike surface in IE3. We
show that the Darboux frame of a spacelike curve lying on a lightlike surface coincides with its Bishop frame
if and only if it has zero geodesic torsion. We also derive the corresponding Darboux’s frame equations
and prove that every pseudo null curve lying on lightlike surface has zero geodesic curvature.

Denote by M a lightlike surface in Minkowski space [E? with parametrization ¢(s, ). Let N = ¢, x ¢; be
the null normal vector field of M and « : I C R — M a spacelike curve lying on M. We define the Darboux
frame of « as a positively oriented pseudo orthonormal frame {T, {, 17}, consisting of the tangential vector

field T, the null transversal vector field C and the null normal vector field 1 = Nla, satisfying the conditions

(T,Ty=1,{n,n1) =<, C) =0, )
(T,O) =(T,n) =0,{C,n) =1,

Tx{=( C(xn=T,nxT=n. 8)
We also define the normal curvature k;, the geodesic curvature k; and the geodesic torsion 7, of a as follows:

kn (s) = (T"(5),1(5)), kg(s) =(T"(5),C(s5)), T4(5) =T (5),1(5))- ©)

Remark 3.1. Note that the introduced Darboux frame {T,C, n}, the normal curvature k,, geodesic curvature k, and
geodesic torsion T, of a correspond to the Darboux frame {T, Y, Z}, z-curvature ., y-curvature x, and torsion —1,
respectively, which are defined in [18] in order to characterize spacelike curves lying on a lightcone Q* in E3. Darboux
frame of a spacelike curve lying on a lightcone Q* in S is called asymptotic frame {t,a, y} in [10].

In order to obtain the corresponding Darboux’s frame equations, we may distinguish two cases:
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Case 1. N is a non-null vector field. By using the relations (7) and (9), we find that Darboux’s frame
equations read

T 0 ki Kk T
C, = _kg Tg 0 C (10)
n k., 0 -1, n

It can be shown that the Darboux frame of « coincides with its Bishop frame (relatively parallel adapted
frame, rotation minimizing frame) if and only if 7, = 0. For the Bishop frame of a non-null curve with a
non-null principal normal, see [16].

By using the relations (1) and (10), we get

T" = exN = kyC + ky1. (11)

The condition (N, N) = € and the relations (7) and (11) give ex? = 2kgky. If k; = 0 or k, = 0, a is a spacelike
straight line lying on the lightlike surface M. Therefore, we will assume that k; # 0 and k, # 0. Thus the
relationship between the Frenet frame {T, N, B} and the Darboux frame (T, C, 7} of a reads

T 1 0 0 T
C } =lo & & N |. (12)
1 0 3% —zr |l B
In particular, the relations between the curvatures are given by
kﬂ ’ kq
2y — (4t
K2 = 2ekgk,, T = w (13)
()

Case 2. N is a null vector field. Then « is a pseudo null curve. By using the relations (4), (7) and (9), we get
T =N = kL + k. (14)

Consequently, the condition (N, N) = 0 and the relations (7) and (14) imply 0 = 2k,k,. We will prove that
ky; = 0. Assume that k, = 0 and k; # 0. Then T" = N = k7. The conditions (T, B) = 0 and (N, B) = 1 give
B = quC. Since {T, N, B} is positively oriented Frenet frame, it holds (T X N, B) = 1. However, by using (7) and
(8) we find (T X N,B) =(T X (k;n), klgC) = (-1,C) = =1, which is a contradiction. This proves the following
statement.

Proposition 3.2. A pseudo null curve a lying on a lightlike surface in IE3 with the Darboux frame (T, C, ) which
satisfies the conditions (7) and (8), has the geodesic curvature k, = 0 and the normal curvature k, # 0.

Relations (7), (9) and the Proposition 3.2 imply that the Darboux’s frame equations read

T 0 k O T
= 0 1, O C (15)
n k. 0 -1 n

It can be verified that the Darboux frame of a coincides with its Bishop frame if and only if 7, = 0. For
the Bishop frame of a pseudo null curve, we refer to [5].

Since k; = 0, according to (4) and (15) we have T" = N = k,C. By using the conditions (T, B) = 0 and
(N,B) =1, we obtain B = kl”n. Therefore, the Frenet frame and the Darboux frame of « are related by

T 1 0 O T
N|=|0 k 0 C |, (16)
B 0 0 £+ 1

n
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where k,, # 0. Differentiating the relation B = klnr] and using (4), we get that relations between the curvature
functions read

’

k=1, T:k—"+1y. (17)
n

4. k-type spacelike slant helix lying on a lightlike surface

In this section, we define k-type spacelike slant helices lying on a lightlike surface in [E; according to
their Darboux frame for k € {0, 1, 2}. We obtain the necessary and sufficient conditions for spacelike curves
with non-null and null principal normal lying on the lightlike surface to be the k-type spacelike slant helices
in terms of their geodesic curvature, normal curvature and geodesic torsion. Additionally, we determine
their axes and prove that every pseudo null curve lying on a lightlike surface with 7, # 0 is 0-type and
1-type pseudo null slant helix. We also prove that every pseudo null curve lying on a lightlike surface with
7, = 0 is 2-type pseudo null slant helix.

If {T, C, n} is the Darboux frame of the spacelike curve lying on the lightlike surface, let us set

T=Vy, =V, n=V.

Definition 4.1. A spacelike curve a lying on a lightlike surface M in 3 with the Darboux frame {Vo, V1, Va} is
called a k-type spacelike slant helix for k € {0,1,2}, if there exists a non-zero fixed direction U € 3 such that holds

Vi, U) =¢,
where c € R.

The fixed direction U spans an axis of the helix. It can be a non-null or a null direction. We will exclude
the case when the Darboux’s frame vector Vj for k € {0, 1,2} is constant, since the relation (V, U) = constant
is always satisfied. According to the Definition 4.1, 0-type spacelike slant helices correspond to the spacelike
general helices, and 2-type spacelike slant helices correspond to the spacelike isophotic curves.

In the sequel, we will consider two cases: (A) « is a k-type spacelike slant helix with non-null principal
normal N; (B) a is a k-type spacelike slant helix with null principal normal N, i.e. the k-type pseudo null
slant helix.

(A) a is a k-type spacelike slant helix with non-null principal normal N. In this case, we will consider
the next three subcases (A.0), (A.1) and (A.2).

(A.0) ais aO-type spacelike slant helix with non-null N.
According to the Definition 4.1, there exists a non-zero fixed direction U € E? such that holds

Vo, Uy =(T,Uy=c¢c, ceR.
Assume that ¢ # 0. With respect to the Darboux frame {T, C, 1)}, the fixed direction U can be decomposed as
U =cT + upC+ usn,

where u; and u3 are some differentiable functions of s. Differentiating the previous equation with respect
to s and using the equations (10), we obtain the following system of differential equations

—uzkg - 1/l3kn = 0,
uy +uty +cky, =0, (18)
uy —u3ty +cky, = 0.
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Since k, # 0 and k; # 0, from the second and the third equation of (18), we get

Uy = —ce~J ot (fknef79d5d5>,
{ 1z = —cel (fkge‘fTﬂdsds). (19)

Substituting (19) in the first equation of (18), we obtain that the curvature functions of « satisfy the relation

kge*ffqu (f knef”dsds) + knef Tyds (fkgeffﬂdsds) =0. (20)

Conversely, assume that relation (20) holds. Consider the vector U given by
U = cT — ce~ J 70 ( f knef Tﬂ"lscls) C- cel s ( f kge*f Iﬂdsds) 1,

where k, # 0, k; # 0 and c € Ry. Differentiating the previous equation with respect to s and using (10), we
find U’ = 0. Hence U is a fixed direction. It can be easily checked that

(T,Uy=c¢, ceRy.

According to the Definition 4.1, @ is a 0-type spacelike slant helix whose axis is spanned by vector U.
Therefore, we can give the following theorem and corollary.

Theorem 4.2. Let v be a spacelike curve with non-null principal normal N lying on a lightlike surface in IE3. Then

is a O-type spacelike slant helix whose axis is not orthogonal to T if and only if its curvature functions k,, # 0, k, # 0
and t, # 0 satisfy the relation

kge_f Tyds ( f kel ngsds) + kel s ( f kge_f T-‘”’lscls) =0. (21)

Corollary 4.3. If an axis of the O-type spacelike slant helix in IES is not orthogonal to T, then it is spanned by
U = T — ce~ J s ( f knef T9‘15015) C- cel s ( f kge*f I9dsals) n,
wherek, #0,k; #0, 7, # 0 and c € Ry.

Corollary 4.4. Every 0-type spacelike slant helix whose axis is not orthogonal to T with non-zero constant curvatures
kg, kn, T4 is also 1-type and 2-type spacelike slant helix with respect to the same axis.

In particular, if the axis of « is orthogonal to T, substituting c = 0 in the relation (18), we get
—uzkg - M3ky, = O,
uy +ut; =0, (22)
uy —u3ty = 0.

From the second and third equations of (22), we have

— — d;
Un —Ale fTﬁ s/

23
Uus = AzEfTﬁdS, ( )

where A1, Ay € R*. Substituting (23) in the first equation of (22), we obtain

Arkge™ 5% 1 Agkyel v = 0.
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Theorem 4.5. Let a be a spacelike curve with non-null principal normal N lying on a lightlike surface in IE3. Then

a is a O-type spacelike slant helix whose axis is orthogonal to T if and only if its curvature functions k, # 0, k; # 0
and t,; # 0 satisfy the relation

Alkge‘f Tods 4 Azknef Tds = ()
where A1, A; € R,
Corollary 4.6. An axis of the 0-type spacelike slant helix which is orthogonal to T is spanned by
u= Ale‘ffﬂdsc + AzefTﬂdsn,
where T, # 0 and Ay, A; € R,

If the Darboux frame of @ makes minimal rotation, i.e. if it coincides with its Bishop frame, we have
7, = 0. Substituting 7, = 0 in (18), we get the next theorem.

Theorem 4.7. Let a be a 0-type spacelike slant helix with the curvatures k, # 0 and k; # 0 lying on a lightlike
surface M in IE3. Then a has geodesic torsion T, = 0 if and only if its curvature functions k, and k, satisfy

[ o]

Corollary 4.8. An axis of the O-type spacelike slant helix with geodesic torsion T, = 0 is spanned by

el fra)eo| fras

wherek, #0,k; # 0and c € Ry

Next, let us characterize the 1-type spacelike slant helices.

(A.1) o is a 1-type spacelike slant helix with non-null N.
By the Definition 4.1, there exists a non-zero constant vector V € IE? such that holds

(V,Vy={,V)=¢, ceR.
Assume that ¢ # 0. With respect to the Darboux frame {T, C, n}, the fixed direction V can be decomposed as
V=o1T+00+cn, (24)

where v; and v, are some differentiable functions of the arclength parameter s. Differentiating the equation
(24) with respect to s and using the equations (10), we obtain the system of equations
vy — v2ky — ¢k, =0,
0, + 0aTy + U1k, =0, (25)
v1k; — ¢y = 0.
Since k; # 0 and k;, # 0, from the second and the third equation of (25), we get

Ty
01 = Ck—’,

q
26
vy = —ce~ T (f Ti—’;”effﬁdsds), (26)

where ¢ € Ry. Substituting (26) in the first equation of (25), we obtain

’ kn

9 9
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Conversely, assume that relation (27) holds. Consider the vector V given by

ky
V= c(%) T — ce~J s (f Ti—emdsds) C+en,

g g
where ¢ € Ry. Differentiating the previous equation with respect to s and using the equations (10), we find
V’ = 0. Hence V is a fixed direction. It can be easily checked that
(C,V)=c, ceRy.
According to the Definition 4.1, « is a 1-type spacelike slant helix whose axis is spanned by vector V.

Theorem 4.9. Let o be a spacelike curve with non-null principal normal N lying on a lightlike surface in IES. Then o

is a 1-type spacelike slant helix whose axis is not orthogonal to C if and only if its curvature functions k, # 0, k; # 0
and T, # 0 satisfy the relation

’ k,
(E) +kye ( f Ti—ef T?”’Sds) —ky =0, (28)

kg g

Corollary 4.10. If the axis of the 1-type spacelike slant helix « is not orthogonal to C, then it is spanned by
V= c(%) T — ce™J 7% (f %effﬂdsds) C+en,

wherek, #0,k; #0, 75 # 0and c € Ro

In particular, if the axis of a is orthogonal to (, substituting ¢ = 0 in the relation (25) we obtain v; = v, = 0.
Hence the next corollary holds.

Corollary 4.11. There are no 1-type spacelike slant helices with the curvatures k, # 0 and k, # 0 lying on a lightlike
surface in IES whose the Darboux’s frame vector C is orthogonal to their axes.

If the Darboux frame of o makes minimal rotation, i.e. if it coincides with the Bishop frame of a, then
7, = 0. Substituting 7, = 0 in (25), we get the next theorem.

Theorem 4.12. Let o be a 1-type spacelike slant helix lying on a lightlike surface in I3, with the curvatures ky # 0
and k, # 0. Then a has geodesic torsion T, = 0 if and only if its curvature functions satisfy

k

2 = constant # 0,
ky

and its axis is spanned by

ky
V= _C(k_g)c +cn,

where ¢ € Ry.

(A.2) a is a 2-type spacelike slant helix with non-null N.
The following theorems and corollaries can be proved analogously as in the cases (A.0) and (A.1), so we
omit their proofs.

Theorem 4.13. Let a be a spacelike curve with non-null principal normal N lying on a lightlike surface in IE3. Then
a is a 2-type spacelike slant helix whose axis is not orthogonal to 1 if and only if its curvature functions k, # 0, k, # 0

and T, # 0 satisfy the relation

’ k
(%) + kel 70 (f %e‘f”dsds) +ky = 0. (29)

n n
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Corollary 4.14. If an axis of the 2-type spacelike slant helix o is not orthogonal to n, then it is spanned by

k
W= —c(%) T+cC+ cel s (f %e‘fﬁdsds) 1,

n n

whereky; # 0, k, #0, 7, # 0 and c € Ry.

Corollary 4.15. There are no 2-type spacelike slant helices with the curvatures k, # 0 and k, # 0 lying on a lightlike
surface M in I3 whose Darboux’s frame vector 1) is orthogonal to their axes.

Theorem 4.16. Let a be a 2-type spacelike slant helix lying on a lightlike surface in E2 with the curvatures k; # 0
and k, # 0. Then a has geodesic torsion T, = 0 if and only if its curvature functions satisfy

ky
— = constant # 0,
kn

and its axis is spanned by

kn
i

where ¢ € Ry.

(B) a is a k-type pseudo null slant helix. According to the Proposition 3.2, every pseudo null curve
lying on a lightlike surface in IE3 has the curvature functions k, = 0 and k, # 0. In this case, we will consider
the next three subcases (B.0), (B.1) and (B.2).

(B.0) a is a 0-type pseudo null slant helix.
According to the Definition 4.1, there exists a non-zero constant vector field U € IEJ such that holds
Vo, W) =(T,Uy=c¢c, ceRR.
Assume that ¢ # 0. With respect to the Darboux frame {T, C, n}, the fixed direction U can be decomposed as
U =cT + upC + usn,

where u; and u3 are some differentiable functions in the arclength parameter s. Differentiating the last
equation with respect to s and using the relations (15), we obtain the following system of differential
equations

_u3kn = 0/
uy +uty +cky, =0, (30)

’ —
Uy — UsTy = 0.

Since k, # 0, from the first and the second equation of (30) we get

{ Uy = —ce~J s ( f k,,ef Tﬂdsds),

31
u3:0, ( )

where ¢ € Rg.
Conversely, consider the vector U given by

U = T — e~ s (fknef%dsds) C
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where k, # 0 and ¢ € Ry. Differentiating the previous equation with respect to s and using the equations
(15), we find U’ = 0. Hence U is a fixed direction. It can be easily checked that

(T,Uy=c¢c, celRy.

According to the Definition 4.1, « is a 0-type pseudo null slant helix whose axis is spanned by vector U.
In particular, if an axis of « is orthogonal to T, substituting ¢ = 0 in the relation (30), we get

—Z/lgkn = 0,
uy +uxt; =0, (32)
uy —ust,; = 0.
Since k;, # 0, from the first equation and second equation of (32), we have

Cle—f’rﬁds/

2%
u3 = 0,

where C; € R*. Hence an axis of « is lightlike direction spanned by
U= (e /o™,

where C; € R*. Conversely, by using the last relation, it can be easily shown that U’ = 0 and (T, U) = 0.
Therefore, a is 0-type pseudo null slant helix. This proves the following theorem.

Theorem 4.17. Every pseudo null curve lying on a lightlike surface in IE3 with the curvatures k, # 0 and t, # 0, is
a 0-type pseudo null slant helix having spacelike and lightlike axes spanned by

U, =cT - ce™J s ( f knef Tﬂdsds) ¢, (33)
and

U =C (e_f T”ds) G (34)
respectively, where ¢ € Ry and C; € R™.

Corollary 4.18. Every 0-type pseudo null slant helix lying on a lightlike surface in I3, with the curvatures k, # 0
and t, # 0 is a 1-type pseudo null slant helix with respect to the same axes.

If the Darboux frame of pseudo null curve @ makes a minimal rotation, i.e. if it coincides with its Bishop
frame, then 7, = 0. Substituting 7, = 0 in (30), we get the next theorem.

Theorem 4.19. Every pseudo null curve lying on a lightlike surface in IE3 with the curvatures k, # 0 and T, = 0, is
a 0-type pseudo null slant helix having spacelike axis spanned by

u-= cT—c(fknds)C,
where ¢ € Ry.

Next, let us characterize the 1-type pseudo null slant helices.
(B.1) o is a 1-type pseudo null slant helix.

By the Definition 4.1, there exists a non-zero constant vector field V € IE? such that holds

(Vi,V)y=(,V)=¢, ceR (35)



U. Oztiirk et al. / Filomat 33:9 (2019), 2781-2796 2791

Assume that ¢ # 0. With respect to the Darboux frame {T, C, n}, the fixed direction V can be decomposed as
V=o1T+0,0+cn, (36)

where v; and v, are some differentiable functions in the arclength parameter s. Differentiating the equation
(36) with respect to s and using the equations (15), we obtain the following system of differential equations

v’l —ck, =0,
vy + 027y + 01k, = 0, (37)
—cty = 0.

Since ¢ € Ry, from the third equation of (37) we get 7, = 0. Then the relation (15) implies ' = 0, so Cis a
constant vector. However, this case we have excluded as the possibility, since then relation {C, V) = constant
is trivially satisfied.

Theorem 4.20. There are no 1-type pseudo null slant helices with geodesic torsion T, = 0 lying on a lightlike surface
in 3.
1

Theorem 4.21. There are no 1-type pseudo null slant helices lying on the lightlike surface in I3 whose axis is not
orthogonal to C.

On the other hand, if an axis of « is orthogonal to C, we get the next theorem.

Theorem 4.22. Every pseudo null curve lying on a lightlike surface M in I3 with the curvatures k, # 0 and T, # 0
is a 1-type pseudo null slant helix whose axes are given by (33) and (34).

Finally, let us characterize the 2-type pseudo null slant helices.
(B.2)  is a 2-type pseudo null slant helix.

The following theorems and corollaries can be proved analogously as in the subcase (B.0), so we omit their
proofs.

Theorem 4.23. Let o be a pseudo null curve lying on a lightlike surface M in E3. Then a is a 2-type pseudo null
slant helix whose axis is not orthogonal to Darboux’s frame vector 1 if and only if its curvatures k, # 0 and 7, # 0
satisfy the relation

T / T, S
c(k—g) = —ak,e' ", (38)

where ¢ € Ry and a € R*.
Corollary 4.24. An axis of the 2-type pseudo null slant helix a, which is not orthogonal to Darboux’s frame vector

1, is spanned by

W= —c(%)T +cC+ a(e‘mdﬁ)n,

n

wherek, # 0,1, #0,c € Roand a € R".

Corollary 4.25. There are no 2-type pseudo null slant helices lying on a lightlike surface in IES whose axis is orthogonal
to Darboux’s frame vector 1.

Theorem 4.26. Every pseudo null curve lying on lightlike surface in E3 with geodesic torsion T, = 0, is 2-type
pseudo null slant helix whose axis is a lightlike direction spanned by

W =cC,
where ¢ € Ry.
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5. Some examples of k-type spacelike slant helices
Example 5.1. Let us consider a ruled surface M in I} parameterized by (see Figure 1)
s 4 . . s . _s
@ (s, t)=a(s)+ t(coshg - gsmh g,smhg — = cosh
with a spacelike base curve given by

s .. S 4s
a(s) = (3 cosh 5,3s1nh 5 g)

Figure 1: The ruled surface M and 0-type, 1-type and 2-type spacelike slant helix «

It can be verified that the normal vector field N = @5 X @; of M is lightlike. Hence M is a lightlike surface. The Frenet
vectors of o have the form

T(s) = (% sinh £, 2 cosh §, %),
N(s) = (~cosh £, —sinh £,0),

B(s) = (—% sinh £, —% cosh £, %),

and the Frenet curvatures x and t of « read

3 4
K(s) = %5 7(s) = %5
The Darboux’s frame vectors of o are given by

— (3 s 3 s 4
T(s) = (5 sinh £, £ cosh £, 5),

-1 S 1+ 4cinh S g s 4 4 s _3
C) =3 (COSh5 + z sinh £,sinh £ + £ cosh £, 5),

=(4ginh & — s 4 S _ginhs =3
17(5)—(55111h5 cosh £, z cosh £ — sinh £, 5).

By using the relation (9) and the previous equations, we obtain that the curvatures k,, k, and t, of a read

3 3 4
k() =—g5 k() =755 16 =5-
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Since the curvature functions k,, k, and T, satisfy the relation (21), the curve a is O-type spacelike slant helix whose

axis is spanned by U = C(O, 0, %), where ¢ € Ry. Moreover, by the Definition 4.1, the curve « is also 1-type and

2-type spacelike slant helix with respect to the same axis U.

Example 5.2. Let us consider a ruled surface M in I3 parameterized by (see Figure 2)

1 1
= 25+ =—,25— —,2
P D =al) (245,25 -2)

with a null rulings and a pseudo null base curve given by

a(s) = (sz, s2, s) .

Figure 2: The ruled surface M and 0-type and 1-type pseudo null slant helix

It can be checked that @ X @; = 0, which means that M is a lightlike ruled surface. The Frenet vectors of a have the
form

T(s) = (2s,2s,1),
N(s) =(2,2,0),

1 1
B(s) = (—52 Y —s* + T —s),

and the Frenet curvatures x and t of « read
x(s)=1, (s)=0.
The Darboux’s frame vectors of a are given by

T(s) =(2s,2s,1),
C(s) =5(2,2,0),

1 1
n(s) = (—25 - g,—Zs + g,—z).

Relation (9) implies that the curvatures ky, k, and t,; of a have the form

O =0 k©=2 e =-.
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According to the Theorem 4.17, the pseudo null curve o is 0-type pseudo null slant helix having two axes spanned by
U; =¢(0,0,1),ce Ryand U, = C1(1,1,0), C; € R*. In particular, by the Corollary 4.18, the curve « is also 1-type
pseudo null slant helix with respect to the same axes Uy and Ub.

Example 5.3. Let us consider a lightlike ruled surface in I3 parameterized by (see Figure 3)

t
7 (\6(54 + 16),54 —85% — 16,5 + 8% — 16)

(p(s,t):a(s)+4

with a null rulings and a pseudo null base curve given by
) = (i $+12s §° - 125)
12" 12427 12v2 )

Figure 3: The ruled surface M and 0-type and 1-type pseudo null slant helix «

The Frenet vectors of a have the form

2 2 2
T(s):(s—,s +4,S 4)/
4" 42 42
Ne = S (1, Y2, ¥2)
2 2 2
$ 1 s 1 s3 s 1 s3

B(S)z(_E_E’Z«/EJr V3s 16v2 23 NBs  16v3)

and the Frenet curvatures x and T of « read
1
x(s)=1, 1(s) = 5

The Darboux’s frame vectors of a are given by

2 s2+4 -4
T =\ s ’
© (4 42 4\/5)
co= (22,02
=8 167 160
4 N2, 22 V2, 242
10 = (-5 - Va2 e e 2
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By using (9) and the last equations, we find that the curvatures k,, k, and t, of a read
1
ky(s)=0, ki(s)=4, 7,(s)= o

By the Theorem 4.17, the pseudo null curve o is O-type pseudo null slant helix having two axes spanned by
u, = c(O, g, —g), c €Rpand U, = C; (%, 1—‘?, 1—‘?), where C; € R*. By the Corollary 4.18, the curve a is also
1-type pseudo null slant helix with respect to the same axes Uy and U,.

Example 5.4. Let us consider a lightlike ruled surface M in IE3 parameterized by (see Figure 4)

@ (s, t)=a(s)+ ! (\6(54+16),s4—852—16,s4+852—16)
4V2s
with a null rulings and a pseudo null base curve given by

s s
a(s)=(§ +s+2,§ +s—7,s—5).

Figure 4: The ruled surface M and 0-type and 2-type pseudo null slant helix a
The Frenet vectors of a have the form

T(s) = (s +1,52+1,1),

N(s) = (2s,2s,0),

1+(s2+1)2 1—(sz+1)2 241
4s ! 4s o2 |

B(s) =| -

and the Frenet curvatures « and t of « read

k() =1, (s) = %
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The Darboux’s frame vectors of a are given by

2 s24+4 -4

T =N\

©) (4 42 4ﬁ)

C(s) =(2,2,0), , )
1+(sz+1) 1—(sz+1) 241

n@s)=|- 1 , 1 —

According to (9), the curvatures kg, k, and T, of a read

ky(s) =0, kiu(s)=s, 14(s)=0.

According to the Theorem 4.19, the pseudo null curve a is a 0-type pseudo null slant helix whose spacelike axis is
spanned by U = c¢(1,1,1), c € Ro. By the Theorem 4.26, « is 2-type pseudo null slant helix with lightlike axis
spanned by W = cC = ¢(2,2,0), ¢ € Ry.
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