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Abstract: This paper presents all the significant nonlinearities that exist in the description of an
electro hydraulic actuator for flexible nozzle thrust vector control. Starting from practical possibilities
of the theory of a nonlinear system (which are based on the analyses of one nonlinearity or one
equivalent nonlinearity in the proximity of the linear description of an actuator), this paper explores
the possibilities of additional analyses of a nonlinear electro hydraulic actuator for flexible nozzle
thrust vector control. These explored possibilities can provide information that is useful for the design
of the control algorithm, as well as for the general design of a flexible nozzle and actuator system.
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1. Introduction

Flexible nozzle thrust vector control has many characteristics that justify its application in practice.
From a technological perspective, it is a relatively simple construction consisting of a flexible nozzle.
However, relatively large forces are demanded from the actuator. The deflection of the nozzle deflects
the engine thrust vector and generates a momentum about the rocket center of gravity. The flexible
nozzle design application is typical for rocket ballistic engines, and provides a clear advantage
compared to electro hydraulic actuator systems in the past. However, today, electro mechanical
actuators of 40 to 50 kW are taken into consideration as their alternatives. The work presented in this
paper cannot be compared to any existing work, because in this paper, we use the idea of a flexible
nozzle which can be introduced through a model of flexible joint with shearing between the two rubber
bricks with reinforcement.

A technologically improved electric current feedback loop (that became the source of the
main internal feedback compared to the feedback per force) has given electro mechanical actuators
performances that approximate those of electro hydraulic actuators. Along with the inherited
advantage of simple maintenance, they further increase the competitiveness of electro mechanical
actuators towards electro hydraulic actuators. They have a shearing load type for which we can
consider Hook’s law to be applicable. Based on this, in the modeling phase, this load can be
represented as an ideal spring within a linear approach to modeling. It is extremely important
to understand how the structured nonlinear nature of an electro hydraulic actuator is manifested.
Most importantly, it is necessary to raise the question of how the nonlinear flow characteristic of
a piston distributor is correlated with the flexible load characteristic. Flexible nozzle control is a
positional problem of control that needs to be discussed considering the very important fact that it is
impossible to measure a nozzle’s reference position, but only the position of the hydraulic cylinders’
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piston. Within certain discussions, one can consider the fact that the description of flexible nozzle
control is considered to be a positional problem, and perhaps a more adequate description would be to
have the actuator systems controlled per force [1].

The main problem is to define the reference force, which brings up an important question of
comparison between the actuator system’s bandwidth per force and per position. The previous position
hides the reason of giving advantage to flexible nozzle control through electro hydraulic actuator,
because electro mechanical actuators do not have bandwidth per force in a closed circuit, which is
eminent for an electro hydraulic actuator system in an open circuit. Figure 1 depicts a flexible nozzle
consisting of four main subsystems: the movable nozzle section, the attachment to the rocket motor,
the actuation system, and the flexible joint. The flexible joint (bearing) is a non-rigid pressure-tight
connection between the rocket motor and a movable nozzle that allows the nozzle to be deflected in a
specified direction. Certain studies justify the use of an internal feedback loop per force and external
per position [1–4]. This approach to hydraulic actuator dynamic analysis (shown in Figure 2) is greatly
simplified in the interest of developing an easy-to-understand introduction into the integration nature
of the hydraulic cylinder.

Figure 1. (a) Flexible nozzle and actuator—scheme. (b) Flexible nozzle—model.

Figure 2. Actuator in the rocket control structure. where: K—gain, Kα—feedback gain, Wα
β (s)—transfer

function of rocket, β—control position, ∆—dead band value.

2. Actuator System—Description in the Model of a Rocket

In many models of a rocket, in the early stages of the rocket design, the actuator system
is represented by the non-linearity of insensitivity zones with saturation types. Aside from true
physical insensitivity, this non-linearity has an additional part from hysteresis-type non-linearity.



Actuators 2018, 7, 15 3 of 11

It generally describes static characteristics of a loaded actuator in the combination control
signal-position, control signal-force and stroke-force (i.e., as an element without inertia). By developing
this model further, as depicted in Figure 2, a significantly enhanced model which considers the character
of a loaded actuator and the integrated nature of the position system is being created. Within the
structured description of the electro hydraulic actuator, special attention should be paid to having
all feedback loops—based on true contributors to the system—presented, as well as those feedback
loops which are created by mutual internal influences that do not need any special contributors to the
actuator system. By the adequate measurement of forces, stroke, and control signal, hysteresis-type
non-linearities are obtained, which contribute to the estimation accuracy of the actuator’s operations
dependency on all influences. This is done without only relying on the simulations’ feedback from
linear and nonlinear mathematical models, with a control algorithm in a closed control loop [5,6].

3. Nonlinearity in Electro Hydraulic Actuator System

The non-linear nature of an actuator system is observed in two ways. The first is to have the
entire non-linear model defined, and the second is to linearize the square root type nonlinearity which
characterizes the flow characteristic of the spool/sleeve distributor and thus generates the linear part of
the system in its description, while defining and elaborating static nonlinearities in the actuator system
related to saturation per pressure and flow. Figure 3 depicts the structure of an actuator with saturation
per flow and pressure, which are indirectly presented via velocity and acceleration. Based on the
description in Figure 2, a very useful diagram can be constructed (as shown in Figures 3 and 4) [7] that
shows the frequency and amplitudes, by which manifestations of the non-linear nature of actuator
systems from saturation per pressure and flow can be avoided. The realization of this dependency
enables the design of a special expert filter for a control signal that prevents the occurrence of unwanted
combinations of amplitudes and frequencies. Especially important is the fact that the most relevant
nonlinearity is the one of hysteresis type in the elaborated actuator system. Even though there are
different types of hysteresis, this particular case includes hysteresis from the distributor, experimental
results as shown in Figures 5 and 6, and model description as shown in Figure 7, combined with
the hysteresis of elastic load. Basically, every actuator system has its general description through a
hysteresis function that transfers to an insensitivity zone non-linearity type (as shown in Figure 8),
which is obtained by experimental record of static characteristics. Something similar occurs in
distributors as a functional substructure—the hysteresis of the electro mechanical converter (hysteresis
that is generated by the electromagnetic nature of the converter), together with the hysteresis of the
entire structure for work fluid distribution, which is generated from clearance and friction that is
partially compensated by the DITHER signal. Figure 5 shows the experimentally recorded nature of a
distributor’s hysteresis (control signal–distributor spool movement), while Figure 6 shows diagram
control signal–pressure difference that also represents manifestation of hysteresis—a phenomenon of
amplification per pressure (i.e., force).

As previously mentioned, it is difficult to have a mathematical description of dominant hysteresis
type non-linearity in a flexible nozzle actuator system (Figure 9). This is why the discussion on the
following approach is proposed: to have a flexible nozzle treated as a load with dominant internal
friction and as a small inertial load in combination with the ideal elastic (position) part of a load.
In this case, mathematical description leads to a universal function of hysteresis for flexible load
that—besides considerations in control synthesis—could be used to determine the rigidity of a flexible
joint when it affects the stability of an actuator system in a positive or negative way. This is of
extreme importance in constructing the joint between the flexible nozzle and the rocket motor chamber.
Justification for this approach are the flexible nozzle modeling techniques which use the functions of
internal frictions as a consequence of shearing in a flexible joint that is represented by the dynamic
behavior of rubber [8].
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Figure 3. Basic simulating non-linear model of an actuator with non-linearities of saturation type.

Figure 4. Diagram that shows frequency and amplitude dependency and manifestation of system’s
non-linear nature and saturation from velocity and acceleration.

Figure 5. Distributor hysteresis, test +/− 50% control signal–spool movement.

Figure 6. Spool movement–pressure difference, lines A and B blocked, test system.
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Figure 7. Model of an actuator with small inertial load, friction, and elastic load.

Figure 8. Behavior of flexible joint with control offset (0.080 V, K = 1), control per position, elastic and
inertial loads.

It is completely reasonable to neglect inertial load compared to flexible, in order to have the
actuator load presented through an elastic joint with a nozzle, load presented via a non-linear
function of friction (in a flexible joint there is shearing, meaning that there is internal friction between
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composite layers of rubber), and eventually lining with an ideal spring. In this way, by very simple
mathematical description, the equation is derived that describes the function of clearance, which can
be considered a function of hysteresis, which is much easier to describe than the “elastic hysteresis”
described by a differential Equation (1), Bouc–Wen model [2], and for parameters determination
for which a very complex experiment is required. By non-linearity—as described in Figure 7 and
parameter Cf—the stiffness of a flexible joint is depicted in a much easier and simpler way than
by Equation (1). An alternative to description of a flexible joint is basically mathematical description
through LOOK UP function (in MatLab), based on experimental data, as shown in [1].

Figure 9. Test system for qualitative and functional simulation of flexible joint nozzle.

dz
A− |z|n[β− γsgn(ξ ′z)]

= dξ (1)

Basic equations of linear actuators (cylinder) without initial load are presented as:

Q1 = A1
dx
dt

+
V
2β

dp1

dt
= A1

.
xp (2)

A1 p1 = C f cx + Ff r(
.
x) (3)

If we put Equation (2) under the integral:

Cbc(xp − x) = A1 p1 (4)

Ideal actuator’s flow:
Q1 = A1

.
xp (5)
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Based on Equations (2), (4) and (5) and the descriptions from Figure 7, the following can be
written:

Cbc(xp − x) = Ff r(sx) + C f cx (6)

If (7) is inserted into Equation (6):

Ff r(sx) = Ff rsign(sx), sx 6= 0 (7a)

Ff r(sx) = −Ff r ≤ F(sx) ≤ Ff r, sx = 0 (7b)

Then Equation (7) is obtained, which describes the non-linearity of clearance type,
representing one instance of non-linear phenomenon hysteresis (Figure 7).

x = C f (xp − ∆sign(sx), sx 6= 0 (8)

C f (xp − ∆) ≤ x ≤ C f (x + ∆), sx = 0C f =
Cbc

Cbc + C f c
, ∆ =

Ff r

Cbc
(9)

If the harmony linearization of Equation (7) is performed, under the assumption that nonlinearity
is dynamic, a translating function of first order is obtained: (10) [9,10]. After harmony linearization of
translating function is defined (10) [5], the influence that friction had together with the stiffness of the
flexible joint on the stability of the actuator system can be determined, through diagram in Figure 7,
based on Equations (13) and (14), as one possible way.

F(xp) =
K∗

T∗s + 1
=

x(s)
xp(s)

(10)

K∗ =
q2(A) + q′ 2(A)

q(A)
(11)

T∗ = − q′(A)

q(A)ω
(12)

If, based on table expressions for q(a) and q′(a), graphical dependency for different amplitudes
is defined, the influence of the flexible joint (internal friction) on the stability of the electro-hydraulic
actuator system can be obtained.

q(A) =
1
π

[
π

2
+ arcsin(1− 2

A
) + 2(1− 2

A
)

√
1
A
(1− 1

A
)

]
(13)

q′(A) = − 4
πA

(1− 1
A
) (14)

where q(a), q′(a) are coefficients of harmonic linearization.
Without inertial load, there is a much smaller force of keeping the actuator in the middle position,

which directly affects the stability of the work of the flexible joint (see Figure 10). It is necessary to
measure the force in order to be able to control the position of the flexible nozzle, as internal feedback
loop per force. Figure 11 depicts the character of the measured force via difference in pressures and
integrated sensors. It is absolutely clear that a signal from the integrated force sensor is of better quality
to work with and does not require filtering. If inertial load is neglected, friction reduces the stability of
the actuator system. As the zone of distributor hysteresis is observed, signals smaller than 0.5% are
specially controlled, on how the preciseness and symmetry of amplification per pressure is affected.

This experimental technology to develop a robust control algorithm is an alternative to numerical
models [11]. Additionally, this concept of control with offset can support situations during failure
(asymmetry load–non-symmetrical elastic hysteresis of flexible joint) with on-line offset value changing.
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For this reason, adequate monitoring is necessary [12]. The nozzle is held by a ring of alternate layers
of molded elastomer and spherically formed sheet metals. It is a complex load which is difficult to
model for linear or non-linear mathematical models. With a real model of a flexible joint, we can
preliminarily estimate some control algorithms. In this case, we tested a simple control algorithm.
The criterion for quality estimation is force hysteresis compensation. If we have symmetrical hysteresis,
it is considered to be a better situation for control compensation then a situation with non-symmetrical
hysteresis—especially by relay non-linearity. The relay non-linearity is defined by control offset defined
by non-symmetrical directional control valve pressure gain.

Based on the results of experiments, it is possible to compare the positional response of an
actuator in the case of inertial and flexible loads being combined, and in the case when inertial load
can be neglected. In this way, it is possible to estimate when the internal friction in a flexible joint can
have a positive influence on the stability of the operations of an actuator system, and when it cannot.
Previous analysis shows the parameters of an electro hydraulic system which require special attention.

Figure 10. Behavior of flexible joint (model) without control offset, 2 Hz (±1 V), K = 1, input signal and
friction in model of flexible joint.

Figure 11. Force and pressure difference feedback.
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4. Non-Linear and Linear Description of Flow Characteristics of Distributor and Flexible Load

The classical approach is based on the proximity of the work point to nominal, around which the
linearization of a distributor’s flow characteristic is performed, justifying or not the linearization of
the distributor’s flow characteristics (which is mathematically square root function type). This paper
presents another analysis, of how flexible load affects the way in which distributor’s flow characteristics
are being described. This analysis shows the boundary/limit of modeled and un-modeled dynamics.
Flexible load is presented as an ideal spring. In the case of dominant position load, the following
dependency is defined, after the application of mathematical formalisms for determination of
work force:

A× pL ≈ cel × xi (15a)

pL = −m
A

ay ×ω2 sin ωt (15b)

Work with non-linear description of the static characteristic of a distributor:

A1 = 2Kcel x2
io

π∫
o

√
1− xiocel

xicca
sin ωt sin2 ωtdt (16)

In the case of position load and linear description of the static characteristic of a distributor,
the work force is:

A2 = πKcel x2
io (17)

Quotient ratio of works is in the form of

β =
2
π

π∫
0

√
1− xiocel

xicca
sin θ sin2 θdθ (18)

The previous integral can be solved only numerically, and in Figure 12, the dependency of function
β = β(α) is presented:

α =
xiocel
xicca

(19)

Previous consideration presents a mathematical study of the influence of the static characteristic
of the distributor in various methods of modeling when we want to see the effect of flow oscillations on
the quality of the operation of the actuator system. It is clear that the described problem—non-linear
or linear description—does not exist in actuators with dominant positional load.

Figure 12. Graph of numerical solution of the integral in Equation (16).
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5. Conclusions

It is demonstrated that some results from the application of automated control theory can be
used as criteria for the general design of a flexible nozzle in the initial phases of its design, especially
when parameters of a flexible joint and an actuator are being defined. The result of experiments in the
frame of this work indicate that we can make a poor identification with the model of a flexible nozzle,
which can define only the main non-linearity. This nonlinearity which can be defined according to
the static characteristics of the actuation system can be compensated by P control law with offset.
Thus, the mathematical model of flexible load for control synthesis is not necessary. The experiments
also indicate that cascade control with force feedback is not necessary if the force and position are in
variation with the same velocity. This is extremely important, considering that there can be an ideally
synthesized and adjusted control algorithm for the actuator system, yet the very system could be
poorly designed with a great number of deficiencies. The significance of this approach is also in the
fact that available solutions show the application of very simple linear mathematical description of the
structure of electro hydraulic systems used for control synthesis [13–17], meaning that there are no
structural deficiencies in the design.

The elaboration in this paper showed that by accepting the approach to present the system at a
structural level (after the initial design phase), with non-linearity of dead band type (which includes
all the phenomena described through hysteresis), it is very efficient to synthesize the control by
defining proportional gain plus offset, which need to be determined experimentally by recording
the difference (non-symmetry, pressure difference) in amplifications per pressure as a good solution
for the compensation of nonlinearities. Thus, it is possible to synthesize the control algorithm without a
mathematical model. All control improvements must be under the check of energy-saving criterion [18,19],
generally for electro hydraulic systems for flight control.

This paper describes the consideration of non-linearity influences, mathematical (static
characteristic of directional control valve), inherent static (velocity and acceleration saturation, friction,
and elastic hysteresis) and control non-linearity for control synthesis without the direct modeling and
simulation of electro-hydraulic actuator structure.
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