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NOTE ON THE UNICYCLIC GRAPHS WITH THE FIRST THREE

LARGEST WIENER INDICES

E. GLOGIĆ1 AND LJ. PAVLOVIĆ2

Abstract. Let G = (V, E) be a simple connected graph with vertex set V and
edge set E. Wiener index W (G) of a graph G is the sum of distances between
all pairs of vertices in G, i.e., W (G) =

∑

{u,v}⊆G dG(u, v), where dG(u, v) is the
distance between vertices u and v. In this note we give more precisely the unicyclic
graphs with the first tree largest Wiener indices, that is, we found another class of
graphs with the second largest Wiener index.

1. Introduction

Let us denote by V (G) and E(G) the set of vertices and edges, respectively, of a
simple connected graph G. The order of G we will denote by n(G) and it is n. We
deal with unicyclic graphs, that is, the number of the edges is also n. If e is an edge
of G, G − {e} represents graph obtained from G by deleting edge e. The distance
dG(u, v) between vertices u and v in G is the number of edges on a shortest path
connecting these vertices. The distance of a vertex v ∈ V (G), denoted by dG(v), is
the sum of distances between v and all other vertices of G, dG(v) =

∑

x∈V (G) dG(v, x).
The Wiener index W (G) of G is defined as

(1.1) W (G) =
∑

{u,v}⊆G

dG(u, v) =
1

2

∑

v∈V (G)

dG(v).

This topological index was introduced by Wiener 1947 in [11]. This index found
application in chemistry [3, 6]. At the begining, it was conceived only for trees.
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Wiener showed that for tree T on n vertices

(1.2) W (T ) =
∑

e

n1(e)n2(e),

where summation goes over all edges of tree, n1(e) and n2(e) are the number of vertices
which lie in the components of T −{e}. The definition of the Wiener index in terms of
distances between vertices of a graph, such as equation (1.1) was first given by Hosoya
[4]. This index attracted attention chemists and mathematicians. We will mentioned
some important results. Between the trees the smallest Wiener index has the star Sn

and the largest has the path Pn, while among connected graphs the smallest Wiener
index has the complete graph Kn and the largest the path Pn [1, 2]. Operations on
graphs which augment or reduce the Wiener index was studied in [5,7–9]. The recent
results on the distance based topological indices one can find in [12].

In this paper we improve theorem given in [10] about the unicyclic graphs with the
first three largest Wiener indices, i.e., we found new class of graph with the second
largest Wiener index.

2. Improvement

We use terminology from [10]. Let G = (V, E) be an unicyclic graph with its unique
circuit Cm = v1v2 . . . vmv1 of length m, T1, T2, . . . , Tk, 0 ≤ k ≤ m, are all nontrivial
components (they are all nontrivial trees) of G − E(Cm), ui is the common vertex
of Ti and Cm, i = 1, 2, . . . , k. Such graph is denoted by Cu1,u2,...,uk

m (T1, T2, . . . , Tk).
Specially, G = Cn for k = 0. And if k = 1, we write Cm(T1) instead of Cu1

m (T1). Let
n(Ti) = li + 1, i = 1, 2, . . . , k, then l = l1 + l2 + · · · + lk = n − m. Pn is a path of
order n.

Theorem 2.1. [10] Let G = Cu1,u2,...,uk

m (T1, T2, . . . , Tk) be an (n, n)-graph of order

n ≥ 6. If G ≇ C3(Pn−2), C4(Pn−3), then

W (G) ≤ W (Cu1

3 (T (n − 5, 1, 1))) < W (C4(Pn−3)) < W (C3(Pn−2)),

with the equality if and only if G ∼= Cu1

3 (T (n − 5, 1, 1)), where Cu1

3 (T (n − 5, 1, 1)) is

showed in Figure 1.
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Figure 1. Graph Cu1

3 (T (n − 5, 1, 1))

We discovered another class of graph C
u1,u2

3 (P2, Pn−3) with the second largest Wiener
index. Graph from this class is showed in Figure 2.
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Figure 2. Graph C
u1,u2

3 (P2, Pn−3)

Our improved theorem is the following theorem.

Theorem 2.2. Let G = Cu1,u2,...,uk

m (T1, T2, ..., Tk) be an (n, n)-graph of order n ≥ 6.

If G ≇ C3(Pn−2), C4(Pn−3), C
u1,u2

3 (P2, Pn−3), then

W (G) ≤ W (Cu1

3 (T (n − 5, 1, 1))) < W (Cu1,u2

3 (P2, Pn−3)) = W (C4(Pn−3))

< W (C3(Pn−2)),

with the equality if and only if G ∼= Cu1

3 (T (n − 5, 1, 1)), and for n = 7 equality holds

for G ∼= C
u1,u2

3 (P3, P3).

In order to prove this theorem we use next theorem from [10].

Theorem 2.3. [10] Let G = Cu1,u2,...,uk

m (T1, T2, . . . , Tk) be an (n, n)-graph. Then

W (G) =W (Cm) + (n − m)ω + (m − 1)
k
∑

i=1

ωi +
k
∑

i=1

W (Ti)

+
k−1
∑

i=1

k
∑

j=i+1

(liωj + liljdCm
(ui, uj) + ljωi),

where li = n(Ti) − 1, ωi = dTi
(ui), i = 1, 2, . . . , k, ω = dCm

(u), u ∈ V (Cm).

Proof of Theorem 2.1. Using Theorem 2.3, we calculate the Wiener index of
C

u1,u2

3 (Pl1+1, Pl2+1), i.e.,

W (Cu1,u2

3 (Pl1+1, Pl2+1)) =W (C3) + (n − 3)dC3
(u) + 2(dPl1+1

(u1) + dPl2+1
(u2))

+ W (Pl1+1) + W (Pl2+1) + l1dPl2+1
(u2) + l1l2dC3

(u1, u2)

+ l2dPl1+1
(u1)

=3 + 2(n − 3) + 2

((

l1 + 1

2

)

+

(

l2 + 1

2

))

+

(

l1 + 2

3

)

+

(

l2 + 2

3

)

+ l1

(

l2 + 1

2

)

+ l1l2 + l2

(

l1 + 1

2

)

=
1

6

(

12n − 18 + l3
1 + 9l2

1 + 8l1 + l3
2 + 9l2

2 + 8l2

+3l1l2(l1 + l2 + 4)) .
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Since l1 + l2 = n − 3, we get

W (Cu1,u2

3 (Pl1+1, Pl2+1)) =
1

6

(

n3 − 7n + 12 − 6l1l2
)

.

Since W (Cu1

3 (T (n − 5, 1, 1))) = 1
6
(n3 − 13n + 30), we have

W (Cu1,u2

3 (Pl1+1, Pl2+1)) − W (Cu1

3 (T (n − 5, 1, 1))) = n − 3 − l1l2.

If l1 = 1 and l2 = n − 4, we have n − 3 − l1l2 = 1 > 0, which means that
the graphs C

u1,u2

3 (P2, Pn−3) have greater Wiener-index than Cu1

3 (T (n − 5, 1, 1) and
W (Cu1,u2

3 (P2, Pn−3)) = n3 − 13n + 36 = W (C4(Pn−3)). If l1 = 2 and l2 = n − 5, we
have n − 3 − l1l2 = 7 − n, which is equal to 0 for n = 7. �

The Theorem 2.1 is symmetrical with Theorem 7 from [10] which characterize the
graphs with three smallest Wiener indices.

Acknowledgements. This research was supported by Serbian Ministry for Educa-
tion and Science, Project No. 174033 “Graph Theory and Mathematical Programming

with Applications to Chemistry and Computing”.

References

[1] A. A. Dobrymin, R. Entriger and I. Gutman, Wiener index of trees: theory and applications,
Acta Appl. Math. 66 (2001), 211–249.

[2] R. C. Entringer, D. E. Jackson and D. A. Snyder, Distance in graph, Czechoslovak Math. J. 26

(1976), 283–296.
[3] I. Gutman and J. H. Potgieter, Wiener index and intermolecular forces, Journal of the Serbian

Chemical Society 62 (1997), 185–192.
[4] H. Hosoya, Topological index. A newly proposed quantity characterizing the topological nature of

structural isomers of saturated hydrocarbons, Bulletin of the Chemical Society of Japan 44(9)
(1971), 2332–2339.

[5] H. Hua, Wiener and Schults molecular topological indices of graphs with specifed cut edges,
MATCH Commun. Math. Comput. Chem. 61 (2009), 643–651.

[6] S. Nikolić, N. Trinajstić and Z. Mihalić, The Wiener index: developments and applications,
Croatica Chemica Acta 68 (1995), 105–129.

[7] J. Rada, Variation of the Wiener index under tree transformations, Discrete Appl. Math. 148

(2005), 135–146.
[8] P. Šparl and J. Žerovnik, Graphs with given number of cut-edges and minimal value of Wiener

number, International Journal of Chemical Modeling 3(1-2) (2011), 131–137.
[9] P. Šparl and J. Žerovnik, Graphs extremal w.r.t. distance-based topological indices, in: I. Gut-

man and B. Furtula (Eds.), Distance in Molecular Graphs-Theory, University of Kragujevac,
Kragujevac, 2012, pp. 177–194.

[10] Z. Tang and H. Deng, The (n,n)-graphs with the first three extremal Wiener indices, J. Math.
Chem. 43(1) (2008), 60–74.

[11] H. Wiener, Structural determination of paraffin boiling points, Journal of the American Chemical
Society 69 (1947), 17–20.

[12] K. Xu, M. Liu, K. C. Das, I. Gutman and B. Furtula, A survey on graphs extremal with respect to
distance-based topological indices, MATCH Commun. Math. Comput. Chem. 71 (2014), 461–508.



NOTE ON THE UNICYCLIC GRAPHS WITH THE FIRST THREE LARGEST WIENER INDICES537

1Department of Mathematics,
State University of Novi Pazar
Email address: edinglogic@np.ac.rs

2Department of Mathematics and Informatics,
Faculty of Science,
University of Kragujevac
Email address: pavlovic@kg.ac.rs


	1. Introduction
	2. Improvement
	Acknowledgements.

	References

