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Abstract

In this paper we present some coincidence point results for four mappings satisfying
generalized (¥, )-weakly contractive condition in the framework of ordered b-metric
spaces. Our results extend, generalize, unify, enrich, and complement recently results
of Nashine and Samet (Nonlinear Anal. 74:2201-2209, 2011) and Shatanawi and Samet
(Comput. Math. Appl. 62:3204-3214, 2011). As an application of our results, periodic
points of weakly contractive mappings are obtained. Also, an example is given to
support our results.

MSC: 47H10; 54H25
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1 Introduction
A self-mapping f on a metric space (X, d) is a contraction, if d(fx, fy) < kd(x,y) forall x,y €
X, where k € [0,1).

The Banach contraction principle, which shows that every contractive mapping defined
on a complete metric space has a unique fixed point, is one of the famous theorems which
was generalized by many researchers in different ways [1-5] and [6-12].

A self-mapping f on X is a weak contraction, if d(fx, fy) < d(x,y) — ¢(d(x,y)) for all x,y €
X, where ¢ is an altering distance function.

The above concept was introduced by Alber and Guerre-Delabriere [13] in the setup
of Hilbert spaces. Rhoades [14] generalized the Banach contraction principle by consid-
ering this class of mappings in the setup of metric spaces and proved that every weakly
contractive mapping defined on a complete metric space has a unique fixed point.

Let f and g be two self-mappings on a nonempty set X. If x = fx = gx for some x in X,
then x is called a common fixed point of / and g.

Zhang and Song [15] introduced the concept of a generalized ¢-weak contractive map-
pings and proved the following common fixed point result.

Theorem 1 [15] Let (X,d) be a complete metric space. If f,g : X — X are generalized
@-weak contractive mappings, then there exists a unique point u € X such that u = fu = gu.

For further work in this direction, we refer to [1, 16, 17] and [18].
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Recently, many researchers have focused on different contractive conditions in complete
metric spaces endowed with a partial order and obtained many fixed point results in this
spaces. For more details of fixed point results, its applications, comparison of different
contractive conditions, and related results in ordered metric spaces we refer the reader to
[2, 5,19-28] and the references mentioned therein.

The concept of a b-metric space was introduced by Czerwik in [29]. Since then, several
papers have been published on the fixed point theory of various classes of single-valued
and multi-valued operators in b-metric spaces (see also [30—41]).

In this paper, we prove some coincidence point results for nonlinear generalized (v, ¢)-
weakly contractive mappings in partially ordered b-metric spaces. Our results extend and
generalize the results in [22] and [25] from the context of ordered metric spaces to the
setting of ordered b-metric spaces.

2 Preliminaries
Definition 1 Let f and g be two self-maps on partially ordered set X. A pair (f,g) is said
to be:

(i) weakly increasing if fx < gfx and gx < fgx for all x € X [42],

(ii) partially weakly increasing if fx < gfx for all x € X [2].

Let X be a nonempty set and f : X — X be a given mapping. For every x € X, let f !(x) =
{ueX:fu=x}.

Definition 2 Let (X, <) be a partially ordered set and f,g, % : X — X are mappings such
that fX C hX and gX C hX. The ordered pair (f,g) is said to be:
(a) weakly increasing with respect to 4 if and only if for all x € X, fx < gy for all
y € h(fx) and gx < fy for all y € h1(gx) [22],
(b) partially weakly increasing with respect to & if fx < gy for all y € h71(fx) [20].

Remark 1 In the above definition: (i) if f = g, we say that f is weakly increasing (partially
weakly increasing) with respect to 4, (ii) if # = Ix (the identity mapping on X), then the
above definition reduces to the weakly increasing (partially weakly increasing) mapping
(see [22, 25]).

Jungck in [43] introduced the following definition.

Definition 3 [43] Let (X,d) be a metric space and f,g : X — X. The pair (f,g) is said
to be compatible if lim,,_, o d(fgx,,gfx,) = 0, whenever {x,} is a sequence in X such that

limy,, oo fX,, = lim,,—, oo g%, = £ for some ¢ € X.

Definition 4 [44] Letf,g: X — X be given self-mappings on X. The pair (f,g) is said to be
weakly compatible if f and g commute at their coincidence points (i.e., fgx = gfx, whenever
fx = gx).

Definition 5 Let (X, <) be a partially ordered set and d be a metric on X. We say that
(X,d, =) is regular if the following conditions hold:
(i) if a nondecreasing sequence x,, — x, then x,, < x for all #,

(ii) if a nonincreasing sequence y, — y, then y,, > y for all n.
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In [22], Nashine and Samet, by considering a pair of altering distance functions (¥, ¢),
established some coincidence point and common fixed point theorems for mappings sat-
isfying a generalized weakly contractive condition in an ordered complete metric space.
They proved the following theorem.

Theorem 2 ([22], Theorem 2.4) Let (X, <X) be a partially ordered set and suppose that
there exists a metric d on X such that (X, d) is a complete metric space. Let T,R : X — X be
given mappings satisfying for every pair (x,y) € X x X such that Rx and Ry are comparable,

¥ (d(Tx, Ty)) < ¥ (d(Rx, Ry)) — ¢(d(Rx, Ry)),

where  and ¢ are altering distance functions. We suppose the following hypotheses to
hold:
(i) T and R are continuous,
(i) TX CRX,
(iii) T is weakly increasing with respect to R,
(iv) the pair (T,R) is compatible.
Then T and R have a coincidence point, that is, there exists u € X such that Ru = Tu.

Also, they showed that by replacing the continuity hypotheses on 7" and R with the reg-
ularity of (X, d, <) and omitting the compatibility of the pair (7, R), the above theorem is
still valid (see Theorem 2.6 of [22]).

Also, in [25], Shatanawi and Samet studied common fixed point and coincidence point
for three self-mappings T, S, and R satisfying (v, ¢)-weakly contractive condition in an
ordered metric space (X,d), where S and T are weakly increasing with respect to R and
¥, @ are altering distance functions. Their result generalizes Theorem 2.

Shatanawi and Samet proved the following result.

Theorem 3 Let (X, <) be a partially ordered set and suppose that there exists a metric d
on X such that (X, d) is a complete metric space. Let T, S, R : X — X be three mappings such
that for all x,y € X for which Rx and Ry are comparable, we have

¥ (d(Tx, Sy)) < ¥ (M(x,p)) - ¢(M(x,)),

where

Mx,y) € { d(Rx, Ry), d(Rx, Tx) ; d(Ry, Sy) ’ d(Tx, Ry) ; d(Rx, Sy) }
and r and ¢ are altering distance functions. Assume that T, S, and R satisfy the following
hypotheses:
(i) T and S are weakly increasing with respect to R,
(i) TX C RX, SX C RX, and R is continuous.
Let either
(ili) the pair (T,R) is compatible and T is continuous, or
(iv) the pair (S, R) is compatible and S is continuous.
Then T, S, and R have a coincidence point, that is, there exists u € X such that Ru = Tu =
Su.
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Analogous to the work in [22], Shatanawi and Samet proved the above result by replac-
ing the continuity hypotheses of T, S, and R with the regularity of X and omitting the
compatibility of the pair (7, R) and (S, R) (see Theorem 2.2 of [25]).

In [45], Radenovié et al. studied common fixed point for two mappings satisfying (¥, ¢)-
weakly contractive condition, but without order. The difference is that they do not use the
maximum of the set, but its arbitrary element.

Consistent with [29, 46] and [40], the following definitions and results will be needed
in the sequel.

Definition 6 [29] Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X — R* is a b-metric iff, for all x, y, z € X, the following conditions are satisfied:

(by) d(x,y)=0iffx=y,
(by) d(x,9) = d(y,x),
(bs) d(x,z) <sld(x,y) +d(y,2)].

The pair (X, d) is called a b-metric space.

It should be noted that the class of b-metric spaces is effectively larger than the class of
metric spaces, since a b-metric is a metric, when s = 1.

The following example shows that in general a b-metric need not necessarily be a metric.
(see, also, [40], p.264).

Example 1 [47] Let (X,d) be a metric space, and p(x,y) = (d(x,y))’, where p > 1 is a real
number. Then p is a b-metric with s = 271,

However, if (X, d) is a metric space, then (X, p) is not necessarily a metric space.

For example, if X = R is the set of real numbers and d(x, y) = |x — y| is the usual Euclidean
metric, then p(x,y) = (x — y)? is a b-metric on R with s = 2, but not a metric on R.

The following example of a b-metric space is given in [4.8].

Example 2 [48] Let X be the set of Lebesgue measurable functions on [0,1] such that
[5 If )2 dx < 00. Define D: X x X — [0,00) by D(f,g) = [ [f(x) - g(x)|* dx. As (; |f(x) -
g(x)|? dx)% is a metric on X, from the previous example, D is a b-metric on X, with s = 2.

Khamsi [49] also showed that each cone metric space over a normal cone has a b-metric
structure.

We also need the following definitions.

Definition7 Let X be a nonempty set. Then (X, d, <) is called a partially ordered b-metric
space if and only if d is a b-metric on a partially ordered set (X, <).

Definition 8 [34] Let (X,d) be a b-metric space. Then a sequence {x,} in X is called:
(a) b-convergent if and only if there exists x € X such that d(x,,x) — 0, as n — +00. In
this case, we write lim,,_, oo X, = x.

(b) b-Cauchy if and only if d(x,,x,,) — 0, as n, m — +00.

Proposition 1 (See Remark 2.1 in [34]) In a b-metric space (X, d) the following assertions
hold:
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(p1) A b-convergent sequence has a unique limit.
(p2) Each b-convergent sequence is b-Cauchy.
(ps) In general, a b-metric is not continuous.

Also, recently, Hussain et al. have presented an example of a b-metric which is not con-
tinuous (see Example 3 in [36]).

Definition 9 [34] The b-metric space (X, d) is b-complete if every b-Cauchy sequence in
X b-converges.

Definition 10 [34] Let (X, d) be a b-metric space. If Y is a nonempty subset of X, then
the closure Y of Y is the set of limits of all b-convergent sequences of points in Y, i.e.,

Y= {x € X : there exists a sequence {x,} in ¥ so that lim %, = x}
n—00
Taking into account the above definition, we have the following concepts.

Definition 11 [34] Let (X,d) be a b-metric space. Then a subset Y C X is called closed if
and only if for each sequence {x,} in Y, which b-converges to an element x, we havex € ¥’
(ie, Y =Y).

Definition 12 Let (X, d) and (X', d’) be two b-metric spaces. Then a function f : X — X’
is b-continuous at a point x € X if and only if it is b-sequentially continuous at x, that is,
whenever {x,} is b-convergent to x, {f(x,)} is b-convergent to f(x).

Since in general a b-metric is not continuous, we need the following simple lemma about
the b-convergent sequences.

Lemmal [47] Let (X,d) be a b-metric space with s > 1, and suppose that {x,} and {y,} are
b-convergent to x, y, respectively. Then we have

1
—d(x,y) <liminfd(x,,y,) < limsupd(x,, y,) < s*d(x,).
s n—00

n—00

In particular, ifx =y, then we have lim,,_, oo d(x,1,¥) = 0. Moreover, for each z € X, we have

1d(x, z) <liminfd(x,,z) <limsupd(x,,z) < sd(x,z).
N n—00 n—00
Motivated by the work in [20, 22] and [25], we prove some coincidence point results for
nonlinear generalized (v, ¢)-weakly contractive mappings in partially ordered b-metric
spaces. Our results extend and generalize the results in [22] and [25] from the context of
ordered metric spaces to the setting of ordered b-metric spaces.

3 Main results
Let (X, <,d) be an ordered b-metric space and f,g,R,S : X — X be four self-mappings.
Throughout this paper, unless otherwise stated, let

d(Sx,fx) + d(Ry,gy) d(Sx,gy) + d(Ry, fx) }

M(x, d(Sx,Ry),
(s) € fatsm ), 80 .

forall x,y € X.
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Theorem 4 Let (X, <,d) be an ordered complete b-metric space. Let f,g,R,S : X — X be
four mappings such that f(X) C R(X) and g(X) C S(X). Suppose that for every x,y € X with
comparable elements Sx, Ry, there exists M(x,y) such that

¥ (s*d(fr. ) < ¥ (M(x,9) - (M), 3.1)

where ¥, ¢ : [0,00) — [0, 00) are altering distance functions. Let f, g, R, and S are contin-
uous, the pairs (f,S) and (g, R) are compatible and the pairs (f,g) and (g,f) are partially
weakly increasing with respect to R and S, respectively. Then the pairs (f,S) and (g, R) have
a coincidence point z in X. Moreover, if Rz and Sz are comparable, then z is a coincidence
point of f, g, R, and S.

Proof Let xg be an arbitrary point of X. Choose x; € X such that fxy = Rx; and x, € X such
that gx; = Sx,. This can be done as f(X) € R(X) and g(X) € S(X).
Continuing this way, construct a sequence {z,} defined by

2n+1 = Rx2n+1 zfon

and

Zons2 = SXope2 = ZXon41

forall » > 0.
As x; € R\ (fxo) and x; € S(gx1), and the pairs (f,g) and (g,f) are partially weakly in-
creasing with respect to R and S, respectively, we have

Rxy :fxo <gx = Sxy ffxz = Rx3.

Repeating this process, we obtain zy,,1 < 22,42 forall n > 0.

We will complete the proof in three steps.

Step L. We will prove that limy_, o d(zk, zk+1) = 0.

Define dy = d(zk, zk1). Suppose di, = 0 for some ko. Then zi, = zi,41. In the case that
ko = 2n, then zy, = 22,141 gives 22441 = Zons2. Indeed,

w(s4d(z2n+lrz2n+2)) = V’(Sgd(fon:ng}Hl))
= W(M(mexZnH)) - ¢(M(x2nrx2n+l))r 3.2)

where

M(xZVU x2n+1) € { d(Sxan Rx2n+1)x

A(Sxou, fXon) + A(RX2p41, 82n41)
2s

d(SxZ;fnnger) + d(Rx2n+1;fx2n) }

’

252

(22n1z2n+1) + d(z2n+l’ 22n+2)
2s

’

d
= {d(ZZn; 22n+1)r
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A(zons Zon+2) + A(Z2n415 Zons1)
2s2

-lo Ad(zon41, Z2n42)  A(Z2n Zons2)
’ 2s ’ 252 '

Taking M (%2, %241) = W, then from (3.2) we have

1# (S4d(Z2n+1r Z2n+2)) = 1ﬁ (d(ZZVH'l’ Z2n+2) ) - (d(ZZVH-l’ Z2Vl+2) )

2s s
d )
< ‘ﬂ(d(Zznu, Z2Vl+2)) — ¢<w>
d(z n+1>Z2n+
< W(ssd(22n+1,z2n+2)) - (p(%)’ os)

which implies that <p(%jm2>) =0, that is, 2o, = Zoys1 = Zous2. Similarly, if ko = 27 + 1,
then zy,41 = Zou42 gives zoui2 = Zo443. Consequently, the sequence {zx} becomes constant
for k > ko and zx, is a coincidence point of the pairs (f, S) and (g, R). To this aim, let ko = 2n.

Since za, = Zop1 = Zous2,
Zon = Sx2n = 2o+l = Rx2n+1 :fx2n =Zop+2 = &Xon+1 = Sx2n+2-
This means that S(xy,) = f(x2,) and R(x2,41) = g(*2441)-

On the other hand, the pairs (f,S) and (g,R) are compatible. So, they are weakly
compatible. Hence, fS(x2,) = Sf(x2,) and gR(x24+1) = Rg(%2441), o1, equivalently, fz,,

Szon1 and gzou41 = Rzoyeo. Now, since zo, = Zoui1 = Zogsa, We have fzy, = Szp, and gzo,
Rz,,,.

In the other case, when ko = 2n + 1, similarly, one can show that z,,,; is a coincidence
point of the pairs (f,S) and (g, R).

Note that, when M(xy,,%2,:1) = 0 or, M(X2,,, X2,4+1) = ‘MZ”TZZQ’”Z), the desired result is ob-
tained.

Now, suppose that
dr = d(zk, 2x41) > 0 (3.4)
for each k. We claim that
A(zi415 2k42) < d(zi, Zks1) (3.5)
foreachk=1,2,3,....

Let k = 2n and, for n > 0, d(zo441, Zons2) = d(zon, Zans1) > 0. Then, as Sxy, < Rxy,41, using
(3.1) we obtain

I/f (S4d(Z2n+1, Z2n+2)) = W (Ssd(fon’ngrHl))

= 1ﬂ(jw(xZn:xZ;Hl)) - ¢(M(x2nyx2n+1)): (3.6)
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where

d(Smefon) + d(Rx2n+1:gx2n+l)
2s ’

d(SxZ;fnnger) + d(Rx2n+1;fx2n)
252

M(me x2n+1) € { d(Sxan Rx2n+1);

(Z2ns Zon41) + A(Zon+15 Z2n42)
2s

’

d
= {d(ZZn’ ZZVHl)r

A(zons Zon+2) + A(Zon415 Zons1)
252 ’

If

d(22n¢22n+1) + d(22n+1¢z2n+2) < d(z2n+1: Z2n+2)
2s - s ’

M (Ko, Xops1) =

as d(2041, Zons2) = d(2on, Zon41), then from (3.6), we have

4 A(zons Zons1) + AZans1s Z2ns2)
W(S d(z2n+1y Z2n+2)) = K[f

2s

(d(z2m ZZn+1) + d(z2n+1¢ Z2n+2)>
-9
2s

d(ZZm Z2n+1) ‘;d(z2n+l’zzn+2)>, (37)
S

<y (Sgd(ZZnH, ZZn+2)) - (0(

which implies that

@ (d(z2n722n+1) +2d(22n+1;z2n+2)) < 0’
S

this is possible only if d(zz"’22"*1)"2’1(22”*1’22”*2) =0, that is, d(z2,, z2,4+1) = 0, a contradiction to
(3.4). Hence, d(z2,41,Zon+2) < d(Zon,Zons1), forall m > 0.

Therefore, (3.5) is proved for k = 2n.

Similarly, it can be shown that

(22142, Z2n+3) < A(Z2041, Z2n42) (3.8)

forall » > 0.
Analogously, in all cases, we see that {d(zx,zx;1)} is a nondecreasing sequence of non-
negative real numbers. Therefore, there is an r > 0 such that

lim d(zk,zk41) = 7. (3.9)
k—o00

We know that
d(Smefx2n) + d(Rx2n+1)gx2n+l)
28 ’

d(sx2n,gx2n+l) + d(Rx2n+1;fx2n)
252

M(X2, X2041) € {d(sx2nrRx2n+l)’
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(2213 Zon41) + A(Zon+1, Z2n42)
2s

)

d
= {d(ZZn’ ZZVHl)r

A(zons Zon+2) + A(Zon415 Z2n41)
252 '

Substituting the values of M(xy,,, %2,,41) in (3.6) and then taking the limit as # — oo in (3.6),
we obtain 7 = 0. For instance, let

A(zons Zon+2) + A(Zon41, Zans1)
252

M(x2m x2n+1) =

So, we have

1ﬁ(SZLd(ZZMJrlr 22n+2)) = 1»[/(

252

_g (d(zzmzzmz) + d(22n+1:22n+1))

252

_ w d(z2m22n+2) _ d(z2m22n+2)
- 252 ¢ 2s2

<y <d(22m22n+1) + d(22n+1,22n+2)> B ¢<d(z2m22n+2)

A(zons Zone2) + d(22n+1122n+1))

s 752 ) (3.10)

Letting n — oo in (3.10), using (3.9) and the continuity of ¥ and ¢, we have

(p( lim d(Zzn»szz)) -o.

n—00 252

Hence, lim,,_, % =0, from our assumptions as regards ¢.

Now, taking into account (3.10) and letting # — oo, we find that v (s*r) < v (0) — ¢(0).
Hence, r = 0. In general, for the other values of M(x5,,%2,:1) we can show that

r= lim d(zx,zks1) = im d(z2,,2241) = 0. (3.11)
k—o00 n—00

Step II. We will show that {z,} is a b-Cauchy sequence in X. That is, for every ¢ > 0, there
exists k € N such that for all m, n > k, d(z,u,z,) < &.

Assume to the contrary that there exists ¢ > 0 for which we can find subsequences
{Zom(o} and {za,(0 } of {22} such that n(k) > m(k) > k and

A(Zom(k)s Z2nk) = & (3.12)
and n(k) is the smallest number such that the above condition holds; i.e.,

d(z2m(k), Zank)-2) < € (3.13)
From the triangle inequality and (3.12) and (3.13), we have

& < d(zam(k), Z2n(k))
< s[d(zamk)» 22n(0-2) + AEn)-25 Z2n0)) |

< 8€ + sd(Zan(k)-2» Zon(k))- (3.14)
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Taking the limit as k — oo in (3.14), from (3.11) we obtain

& < limsup d(zom(i), Z2n)) < S€. (3.15)

k—o0

Using the triangle inequality again we have
A(Zam(r 2on)) < $[A(Zom(i) 22n(041) + A Zan(io+15 2200 |
< 8*[d(zam@y zon)) + AZ2n)» Z2n(i+1) ] + 5420 Z2n(i)41)- (3.16)

Taking the limit as k — oo in (3.16) and using (3.11) and (3.15), we have

& < slimsup d(zym), Zany+1) < 5°¢,
k—o00

or, equivalently,

3 .
— < limsup d(22m(x), Zan(i)+1) < s%e. (3.17)
N k—o00

Using the triangle inequality again we have

A(Zam(-122n(0+1) < S[AZ2m()-1, Z2amt)) + A Z2mi@)» Zan(io1) ]
< sd(Zam@)-1, Z2m(i) + 8 [A@2m(i) 2200)) + A(Z2n(t0s Z2n(i0+1) ] (3.18)

Letting k — oo in the above inequality, we have

lim sup d(zam(k)-1, Zan(i)+1) < sle. (3.19)

k— o0

Using the triangle inequality again we have

& < d(Zam) Zan() < $[A@2m(i) Z2mii-1) + A Zamiio-1, Zan(i) ]
< sd(Zam(iy 22m(i)-1) + §*[A(Z2m()-1 Z2n+1) + AZan(y+1, 22n0)) |- (3.20)

Letting k — oo in the above inequality, we have

. &
lim sup d(22m(k)-15 Zan(i)+1) = a2 (3.21)

k— o0

Also,

A(Zam(k)r Zan(k))
< s[d(ZZm(k)v Z2m(k)+l) + d(z2m(k)+l¢ Z2n(k))]

< sd(Zam) Zam@o+1) + $°[A@am@) 11> Zon)42) + AZan(i)s2: Zonk)) |- (3.22)
Letting k — oo and using (3.11) and (3.15), we have

e .
— = limsup d(zam(+1, Z2n(i) +2)- (3:23)
N k— 00
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As Sxom() = Rxan(i)+1, from (3.1), we have

1/f (S4d(z2m(k)+1) ZZn(/<)+2)) = W (ssd(fx2m(k)’gx2n(k)+1))
< Y (M@2m(e)s %2n0+1)) — @ (M &2m(i)s X2n(iy+1)) s (3.24)
where

A(Sx2m(k)> fX2m)) + ARX2n(k) 41, EX2n(k)+1)
2s ’

M(X2m(k)s Xan(+1) € {d(stm(k)’RxZn(k)H);

A(Sx2m(k) Ean()+1) + ARX2 (k) +15 fX2m(k)) }
2s2

(Zam(k)s Z2m(k)-1) + A(Z2n()+15 Z2n(k))
2s

’

d
= {d(z2m(k)’22n(k)+l);

A(Zam) Zon) + AZ2n()+1, Zam(k)-1) }
252 '

If

A(Zom(ys Z2mik)-1) + A(Zon()+1> Zon(k))
M(me(k)’xzn(k)ﬂ) = )y 22l % 0+ Al )

from (3.11), we get limy_, oo M(X2m(k)> ¥2n(+1) = 0. Hence, according to (3.24) we have
limy—, o0 d(Zom(k)+1, Zon()+2) = 0, which contradicts (3.23).
If

A(Zomk)s Zonk)) + AZan() 1> Z2m(k)-1)
2s2

M(E2m(i) Xon()+1) =

from (3.15), (3.19), and (3.21), we get

€ . .
~— < Uminf M(xomk), X2n(+1) < imsup M (%), X2n(k)41) < s€.
2s k=00 k—00

Taking the limit as k — oo in (3.24), we have

w<s-e)sw(s4-%)
S

<y (S3 lim sup d(zn(x)+1, Zn(k)+2)>

k— o0

<y (lim sup M (%2m(x)» x2n(k)+1)) - <l1kr£1)1£fM (%2mk)s xzn(k)+1))

k— o0

<Ylse)—g (2%) (3.25)

which implies that (p(%) <0, hence, ¢ = 0, a contradiction.
If

M(X2m(k)s Xon(k)+1) = A(Z2m(k)s Zan(k)+1)s
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from (3.17), by taking the limit as k — oo in (3.24), we have

w(sz “g) = 1//(54 . S%)

<y <s4 lim sup d(z2m(k)+1, ZZn(k)+2))

k— 00

<y <1im sup d(zomk), ZZn(k)+1)) - 90(1iklg§gfd(zzm(k>: Z2n(k)+1)>

k—o00

< W(SZE)—qJ(f),

S

which implies that ¢(£) < 0, hence, ¢ = 0, a contradiction.
Hence, {z,} is a b-Cauchy sequence.
Step III. We will show that f, g, R, and S have a coincidence point.
Since {z,} is a b-Cauchy sequence in the complete b-metric space X, there exists z € X

such that
lim d(zo441,2) = lim d(Rx2,41,2) = lim d(fxs,,2) =0 (3.26)
n—0oQ n— o0 n— o0

and
lim d(zo442,2) = lim d(Sx242,2) = lim d(gxo,41,2) = 0. (3.27)
n—00 n—00 n—00

Hence,
Sxy, —z and  fxy, — z, asu— oo. (3.28)

As (f,S) is compatible, so,
lim d(Sfxa,,fSx2,) = 0. (3.29)

Moreover, from lim,_, o d(fx2,,2) = 0, lim,,_, oo d(Sxy,,,2) = 0, and the continuity of S and
f, we obtain,

lim d(Sfxy,,Sz) =0 = lim d(fSxy,,fz). (3.30)
n—00 n—-oo
By the triangle inequality, we have

d(Sz,fz) < s[d(Sz, Sfxon) + d(Sfxan, z)]
< 5d(Sz, Sfxan) + S*[A(Sfron, fSx2n) + dA(fSx2, f2)]. (3.31)

Taking the limit as # — oo in (3.31), we obtain
d(Sz,fz) =0,

which yields fz = Sz, that is, z is a coincidence point of f and S.
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Similarly, it can be proved that gz = Rz. Now, let Rz and Sz be comparable. By (3.1) we
have

¥ (s*d(fz,g2)) < ¥ (M(2,2)) — 0(M(z,2)), (3.32)

where

2s 252
d(fz,gz)
s2 '

Mz2) { (52, R2), d(Sz,fz) + d(Rz, gz), d(Sz,g2) + d(Rz, fz) }

= {d(fz,gz), 0,

In all three cases (3.32) yields fz = gz = Sz = Rz. g

In the following theorem, we omit the continuity assumption of f, g, R, and S, and replace
the compatibility of the pairs (f,S) and (g, R) by weak compatibility of the pairs.

Theorem 5 Let (X, <,d) be a regular partially ordered b-metric space, f,g,R,S: X — X
be four mappings such that f(X) C R(X) and g(X) € S(X) and RX and SX are complete
subsets of X. Suppose that for comparable elements Sx, Ry € X, we have

¥ (s*d(fx,g9) < ¥ (M(x,9)) - 9(M(x,9)), (333)
where ¢ : [0,00) — [0, 00) are altering distance functions. Then the pairs (f, S) and (g, R)
have a coincidence point z in X provided that the pairs (f,S) and (g, R) are weakly compat-
ible and the pairs (f,g) and (g,f) are partially weakly increasing with respect to R and S,

respectively. Moreover, if Rz and Sz are comparable, then z € X is a coincidence point of f,
g R, andS.

Proof Following the proof of Theorem 4, there exists z € X such that
lim d(z,z) = 0. (3.34)
k— 00

Since R(X) is complete and {z5,,1} C R(X), therefore z € R(X). Hence, there exists u € X
such that z = Ru and

lim d(Zz,,H.l,RM) = lim d(Rx2n+1,Ru) =0. (335)
n— o0 n—0o0
Similarly, there exists v € X such that z = Ru = Sv and
lim d(zy,,Sv) = lim d(Sxy,,Sv) = 0. (3.36)
n— 00 n—o0
We prove that v is a coincidence point of f and S.
Since Rxy,,1 — z = Sv, as n — oo, from regularity of X, Rx;,,; < Sv. Therefore, from

(3.33), we have

1p(“"[Ld(fvtngrH-l)) = w(M(V:xZnH)) - (p(M(V:x2n+l))¢ (3'37)
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where, from Lemma 1,

d(SV,fV) + d(Rx2n+1rgx2n+l)

MV, %211) € {d(Sv, Rx2411),

28
d(Sv, gxoni) + A(RX241,fV)
2s2
N {o, d(z,fV)’ d(z,fv) }

2s 252

Taking the limit as n — oo in (3.37), using Lemma 1 and the continuity of ¥ and ¢, we can
obtain fv =z = Sv.

As f and S are weakly compatible, we have fz = fSv = Sfv = Sz. Thus, z is a coincidence
point of f and S.

Similarly it can be shown that z is a coincidence point of the pair (g, R).

The remaining part of the proof is done via similar arguments to Theorem 4. g
Taking S = R in Theorem 4, we obtain the following result.
Corollary 1 Let (X, <,d) be a partially ordered complete b-metric space and f,g,R : X —

X be three mappings such that f(X) U g(X) C R(X) and R is continuous. Suppose that for

every x,y € X with comparable elements Rx, Ry, we have

V¥ (s*d(fr.gy) < ¥ (M(x,9) - o (M(x,9)), (3.38)

where

Mx,) € { d(Rx, Ry), d(Rx,fx);Sd(Ry,gy), d(Rx,gygzzd(Ry,fx) }

and ¥, ¢ : [0,00) — [0,00) are altering distance functions. Then f, g, and R have a coin-
cidence point in X provided that the pair (f,g) is weakly increasing with respect to R and
either

(a) the pair (f,R) is compatible and f is continuous, or

(b) the pair (g, R) is compatible and g is continuous.

Taking R = S and f = g in Theorem 4, we obtain the following coincidence point result.
Corollary 2 Let (X, X,d) be a partially ordered complete b-metric space and f,R: X — X

be two mappings such that f(X) C R(X). Suppose that for every x,y € X for which Rx, Ry
are comparable, we have

¥ (s*d(fx.fy) < ¥ (M(x,9)) - o (M(x,9)), (3.39)

where

M(x.) € {d(Rx, Ry), LRESD) + ARy ) AR fy) + ARy, f2) }

2s 252
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and vy, ¢ : [0,00) — [0, 00) are altering distance functions. Then the pair (f,R) has a coin-
cidence point in X provided that f and R are continuous, the pair (f,R) is compatible, and
f is weakly increasing with respect to R.

Example 3 Let X = [0,00) and d on X be given by d(x,y) = |x — y|?, for all x,y € X. We
define an ordering ‘<’ on X as follows:

x=y << y<x VxyelX.
Define self-maps f, g, S, and R on X by

fx =sinhx, Rx = sinh 3x,

gx =sinh™! (g), Sx = sinh 6x.

To prove that (f,g) is partially weakly increasing with respect to R, let x,y € X be such
that y € R™'fx, that is, Ry = fx. By the definition of f and R, we have sinh™ x = sinh 3y and

y= m As sinhx > (sinh™ %), for all x € X, therefore 6x > sinh}(sinh ™ x), or,

1 1
fx =sinh™ x > sinh™! <€ sinh™ (sinh™ x)) =sinh™! <§y> = gy.

Therefore, fx < gy. Hence (f,g) is partially weakly increasing with respect to R.
To prove that (g,f) is partially weakly increasing with respect to S, let x,y € X be

such that y € S~'gx. This means that Sy = gx. Hence, we have sinh™ 5 = sinh6y and so,

PRI [P

w. As sinhx > (sinh™ x), for all x € X, therefore 3x > ’2—‘ > sinh~!(sinh™* g), or,

sinh™ (sinh™1 3)
6

TR

v

» SO,

1
gx =sinh™! ;—C > sinh™! (E sinh™ (sinh1 ;)) = sinh7}(y) = fy.

Therefore, gx < fy.

Furthermore, fX = gX = SX = RX = [0, 00) and the pairs (f,S) and (g, R) are compatible.
Indeed, let {x,} is a sequence in X such that lim,_, o, d(¢,fx,) = lim,_, d(t, Sx,)) = 0, for
some t € X. Therefore, we have

lim |sinh™ x,, — ¢| = lim |sinh6ux, —¢| = 0.
n— o0 n— 00

Continuity of sinh™ x and sinh 6x on X implies that

sinh™ ¢

lim |x, —sinh¢| = lim
n—00 n—>00

Xn — :Or

. inh1
and the uniqueness of the limit gives sinh ¢ = S““‘Tt. But,

sinh™ ¢
6

sinh¢ =

t=0.
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So, we have £ = 0. Since f and S are continuous, we have
lim d(fSx,, Sfx,) = lim |fSx, — Sfx,|* = 0.
H—0Q n— 00

Define v, ¢ : [0,00) — [0,00) as ¥ (£) = bt and ¢(¢) = (b — 1)t for all ¢ € [0,00), where 1 <
b<3

T

Using the mean value theorem for the functions sinh™ x and sinhx on the intervals

[, %] C X and [6x, 3y] C X, respectively, we have

2

W(Z‘Ld(fx,gy)) = 16b|fx — gy|> = 16b

sinh ™ x — sinh™! (%)

2 |6x — 3|

<16b <16b
36

L7
2

16b
<3¢ | sinh 6x — sinh 3y|* < |Sx — Ry
= d(Sx, Ry) = ¥ (d(Sx, Ry)) — ¢ (d(Sx, Ry)).

Thus, (3.1) is satisfied for all x,y € X and M(x,y) = d(Sx, Ry). Therefore, all the conditions
of Theorem 4 are satisfied. Moreover, 0 is a coincidence point of f, g, R, and S.

Corollary 3 Let (X, <,d) be a regular partially ordered b-metric space, f,g,R : X — X be
three mappings such that f(X) C R(X) and g(X) € R(X) and RX is a complete subset of X.
Suppose that for comparable elements Rx, Ry € X, we have

¥ (s*d(fr.gy) < ¥ (M(x,9) — o(M(x,9)), (3.40)

where

d(Rx, fx) + d(Ry,gy) d(Rx,gy) + d(Ry,fx) }
2s ’ 2s?

M(x,y) € {d(Rx, Y)s

and ¥, ¢ : [0,00) — [0, 00) are altering distance functions. Then the pairs (f,R) and (g,R)
have a coincidence point z in X provided that the pair (f, g) is weakly increasing with respect
toR.

Corollary 4 Let (X, <,d) be a regular partially ordered b-metric space, f,R: X — X be
two mappings such that f(X) C R(X) and RX is a complete subset of X. Suppose that for
comparable elements Rx, Ry € X, we have

¥ (s*d(fx, ) < ¥ (M(x,9)) - o (M(x,9)), (3.41)

where

Mixy) { d(Rx, Ry), d(Rx, fx) + d(Ry,fy)’ d(Rx, fy) + d(Ry, fx) }

2s 252

and ¥, : [0,00) — [0, 00) are altering distance functions. Then the pair (f,S) have a co-
incidence point z in X provided that f is weakly increasing with respect to R.
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Taking R = S = Ix (the identity mapping on X) in Theorems 4 and 5, we obtain the fol-
lowing common fixed point result.

Corollary 5 Let (X, X,d) be a partially ordered complete b-metric space. Let f,g: X — X
be two mappings. Suppose that for every comparable elements x,y € X,

¥ (s*d(fr, 29)) < ¥ (M(x,) - 9(M(x,9)), (3.42)

where

d(x,fx) + d(y,gy) d(x,gy) +d(y,[fx)
Mx,) < {d(x,y), f : (0,89 dlx,gy : 0/
S 2s
and y,¢ : [0,00) — [0, 00) are altering distance functions. Then the pair (f,g) have a com-
mon fixed point z in X provided that the pair (f,g) is weakly increasing and either
(a) f or g is continuous, or

(b) X is regular.

Remark 2
Theorem 2.1 of [25] is a special case of Corollary 1.
Theorem 2.2 of [25] is a special case of Corollary 3.
Corollary 2.1 of [25] is a special case of Corollary 5.
Corollary 2.2 of [25] is a special case of Corollary 5.
Theorem 2.4 of [22] is a special case of Corollary 2.
Theorem 2.6 of [22] is a special case of Corollary 4.
Corollary 2.7 of [22] is a special case of Corollary 1 with R = Ix.

4 Periodic point results
Let F(f) = {x € X : fx = x}, be the fixed point set of f.

Clearly, a fixed point of f is also a fixed point of f” for every n € N; that is, F(f) C F(f").
However, the converse is false. For example, the mapping f : R — R, defined by fx = % -
has the unique fixed point 1, but every x € R is a fixed point of f2. If F(f) = F(f") for every
n € N, then f is said to have property P. For more details, we refer the reader to [50-52]
and the references mentioned therein.

Taking f = g and ¢ = [[o,~) (the identity mapping on [0,00)) in Corollary 5, we obtain
the following fixed point result.

Corollary 6 Let (X, <,d) be a partially ordered complete b-metric space. Let f : X — X be
a mapping. Suppose that for every comparable elements x,y € X,

std(fx, fy) < M(x,y) — o (M(x,)), (4.1)

where

d(x, d(y, d(x, dy,
M(x,y)e{d(x,y), (xfx);s (yfy), (96f31)2:2 (J’fx)}

and ¢ : [0,00) — [0,00) is an altering distance function. Then f has a fixed point if f is
weakly increasing and either
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(a) f is continuous, or
(b) X is regular.

Theorem 6 Let X and f be as in Corollary 6. Then f has property P.

Proof From Corollary 6, F(f) # 0. Let u € F(f") for some #n > 1. We will show that u = fu.
We have f"'u < f"u, as f is weakly increasing. Using (3.42), we obtain

d(u, fu) = d(f"u, /" u)
— d(ﬁ”’lu,ﬁ"”u)
M u, f"u) — p(M(f" 1uf”u))

st

where

M(f”_lu,f”u) € {d(f”_lu,f”u),

d(f”‘lu,f”u) + d(f"u,f”*lu)
2s
d(f”‘lu,f”“u) + d(f”u,f”u) }

252

If M(f"Yu,f"u) = d(f"'u,f"u), then we have

A" f"u) - A" u,f"u)

d(u, fu) < o

Starting from d(f"'u,f"u), and repeating the above process, we get
1
d(u,fu) < Sj[d(f”_lu,f”u) - (p(d(f”_lu,f"u))]
1 2 n-2 n-1 n-2 n—1 1 n-1 n
= | 2| [0 ws " u) - e (@l uf""u)] - Ze(d(" uf"u))

n-1

_[ ]d(uﬁt ZM o(d(f" " Vu))

i=0

n-1 1

i+1
= d(u,fu) - Z |:s_41| gp(d(fnf(nl)u’fn—(i)u)),

i=0

which from our assumptions as regards ¢ implies that

d(f t+1ufn (i) ):
for all 0 <i < n-1. Now, taking i = n — 1, we have u = fu.
Now, let
M(f”‘lu,f”u) _ A(f"Lu, f"u) + d(f"u, f* u)

2s
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Using (3.42) we have

d(u, fu) = d(f"u, /" u)

— d(ﬁ”’_lu,ﬁ"”u)
1 [d(f”‘lu,f”u) +d(f"u, [ u) (d(f”‘lu,f”u) + d(f”u,f”+1u)):|
f _4 —(P ’
s 2s 2s

that is,

d(u, fu) = d(f"u, /" u)
2s° |:1 1 <d(f”‘1u,f"u)+d(f”u,f”+1u)>:|

< —d n—l,n _
T 285 -1 2s° (f wf u) 34('0 2s

Repeating the above process, we get
d(f”’lu,f”u)
2s° 1 - - 1 (dif"™%u,f" u) + d(f"u,f"u)
<—[_d(f 2u’fn 1”)_5_4§0( (f f (f f )i|.

T 285 -1 2s° 2s

From the above inequalities, we have

1 n
d(u, fu) < |:2s5 - 1] d(u, fur)

1 n-1 2% n—(i+1) d(fn—(nl)u’fn—(i)u) + d(f”_(i)u,f”_(i_l)u)

st 285 -1 ¢ 2s
i=0
< d(u,fu)

1 n-1 % n—(i+1) d(fn—(nl)u’fn—(i)u) + d(f”_(i)u,f”_(i_l)u)

s —| 2s° -1 ¢ 2s ’
Therefore,

1 HZ—I % n—(i+1) d(fn—(iﬂ)u,fn—(i)u) +d(fn—(i)u,fn—(i—l)u) o
st P 285 -1 ¢ 2s o

which from our assumptions as regards ¢ implies that
d(fn—(i+1)u,fn—(i)u) _ d(f”_(i)u,f”_(i"l)u) =0

forall 0 <i <n-1. Now, taking i = n — 1, we have u = fu.
In the other case, the proof will be done in a similar way. O
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