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We construct a sequence {¢;(-—j) | j € Z, i = 1,...,r} which constitutes a p-frame for the weighted shift-invariant space VI(CD) =
>, ZjeZ c(NG:C =) Ha(D}ez € 1‘,’5, i=1,...,r}, p € [1,00], and generates a closed shift-invariant subspace ofLZ(R). The

first construction is obtained by choosing functions ¢;, i
The second construction, with compactly supported ¢, i

1. Introduction and Preliminaries

The shift-invariant spaces V: (D), p € [1,00], quoted in the
abstract, are used in the wavelet analysis, approximation the-
ory, sampling theory, and so forth. They have been extensively
studied by many authors [1-18]. The aim of this paper is to
construct Vi (D), p € [1,00], spaces with specially chosen
functions ¢;, i = 1,...,r, which generate its p-frame. These
results extend and correct the construction obtained in [19].
For the first construction, we take functions ¢;,i = 1,...,7,s0
that the Fourier transforms are compactly supported smooth
functions. Also, we derive conditions for the collection {¢;(- —
f)1jez, i=1,...,r}toform a Riesz basis for V:((I)). We
note that the properties of the constructed frame guarantee
the feasibility of a stable and continuous reconstruction
algorithm in Vﬁ’ (D) [20]. We generalize these results for a

shift-invariant subspace of Li(le). The second construction
is obtained by choosing compactly supported functions ¢,
i =1,...,r. In this way, we obtain the Riesz basis.

This paper is organized as follows. In Section 2 we quote
some basic properties of certain subspaces of the weighted L?
and €7 spaces. In Section 3 we derive conditions for functions

= 1,...,r, with compactly supported Fourier transforms </A>I-, i=1,...,r
=1,..

., 1, gives the Riesz basis.

of the form §,(-) = O(- + k1), k; € Z,i = 1,2,...,r,1 € N,
to form a Riesz basis for V’f (®). We also show that using
functions of the form (Zi(-) = 0(-+im),i = 1,...,r, where
0 is compactly supported smooth function whose length of
support is less than or equal to 277, we cannot construct a
p-frame for the shift-invariant space V; (®). In Section 4 we
constructasequence {¢;,(-—j) | j € Z, i =0,...,r},wherer €
2N or r € 3N, which constitutes a p-frame for the weighted
shift-invariant space V[f (®). Our construction shows that the
sampling and reconstruction problem in the shift-invariant
spaces is robust in the sense of [1]. In Section 5 we construct
p-Riesz basis by using compactly supported functions ¢;,, i =
1,...,r.

2. Basic Spaces

Let a function w be nonnegative, continuous, symmetric, and
submultiplicative; that is, w(x + y) < w(x)w(y), x, y € R let
a function y be w-moderate; that is, u(x + ¥) < Cw(x)u(y),
x, y € RY. Functions y and w are called weights. We consider
the weighted function spaces Lﬁ and the weighted sequence



spaces L’ﬁ (Z%) with w-moderate weights y (see [19]). Let p €
[1, 00). Then (with obvious modification for p = co)

Lo= 1 Ul

P 1/p
= <JW (Zd |f(x+j)|w(x+j)> dx)

< +00 ¢,

We = L e

1/p
) < +00

o)

=<Z sup |f (x+ j)[Pw(j)”

jezd xe[0,1]7

In what follows, we use the notation ® = (¢,,...,¢,)"
Define [|®]l5 = Y!_, ll¢ll;> where Z = L, #P or WE, p €
[1,c0]. With % ¢ = ¢ we denote the Fourier transform of the
function ¢; that is, {5(5) = .[[Rd qb(x)e_""x'f dx, £ € R%.

Letc = {cliy € €F and f,g € Lf, p € [1,00]. We
define, as in [1], the semiconvolution f+'c as (f*'c)(x) =
Zjezd cif(x—j)xce R% and (frg) = -[[R"’ f(x)g(x) dx.

The concept of a p-frame is introduced in [1].

It is said that a collection {¢,(- — j) | j € Z%, i=1,...,7}
is a p-frame for V/f (D) if there exists a positive constant C
(dependent upon @, p, and w) such that

-1
171,
< cufuL;,

Recall [21] that the shift-invariant spaces are defined by

<[, 708G axf @

i€z || pp
jeztlles

fevi(@).

V:((D):= {f€Li|f(')=Zr:ZC; ¢ (- =)

i=ljezd

(3)

{C;'}jezd € t’ﬁ, i= 1,...,1’}.
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Remark 1 (see [22]). Let @ € Wal, and let 4 be w-moderate.
Then V[f (D) is a subspace (not necessarily closed) of Lfl and

p i i p P
Wy for any p € [1, 00]. Clearly (2) implies that €M and v, (D)
are isomorphic Banach spaces.

Let ® = (¢y,...,¢,)". Let

[@.0] @) = l . 6 +2kn) §; (€ + 2knm) ,

kezd

(4)
where we assume that (};(E)(/A)j(ﬁ) is integrable for any 1 < i,
j<r.Let A= [a(j)]jezd be an r x 0o matrix and AAT =

(X jez¢ @;(7)ar ()] 1< Then rank A = rank AAT.
We recall results from [1, 19] which are needed in the
sequel.

Lemma 2 (see [1]). The following statements are equivalent.
(1) rank[D(¢ + 2jn)]jezd is a constant function on R

(2) rank[®, D] (&) is a constant function on R,

(3) There exists a positive constant C independent of & such
that

' [3,3]©) < [3.0]©)[®.3]®"
Eel-m, ﬂ]d.

- (5)
<C[®, @] ®),

The next theorem [19] derives necessary and sufficient
conditions for an indexed family {¢,(- — j) | j € Z% i =
1,...,r} to constitute a p-frame for Vj (®), which is equiva-
lent with the closedness of this space in L. Thus, it is shown

that under appropriate conditions on the frame vectors, there
is an equivalence between the concept of p-frames, Banach
frames, and the closedness of the space they generate.

Theorem 3 (see [19]). Let ® = (¢y,...,¢,)" € (W), p, €
[1,00], and let u be w-moderate. The following statements are
equivalent.

(i) V}f‘)(q)) is closed in Lff.

(i) (- —j) | je 2% i=1,...
VEo(®).

(iii) There exists a positive constant C such that

, 1} is a py-frame for

c[@,0] ) < [0.0] ) [@,0] )"

<C[®,0]©®, &el-mn”

(iv) There exist positive constants C; and C, (depending on
O and w) such that

r

Cilflep = f=Zm£; 16 e o )
<Gl flps  f eV (@),
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(v) There exists ¥ = (v, ..., 1//,)T € (Wul))r, such that

I PRAEHITIE)
=3 T - Dwl-i). fevp@).

(8)

Corollary 4 (see [19]). Let ® = ($,,...,¢,)" € (W)Y, p, €
[1, c0], and let y be w-moderate.

Q) If{g(-—j) | j € 2% i=1,...,r}is a p,-frame for
V,f°((D), then the collection {¢,(- — j) | j € 7%, i =
1,...,r}is a p-frame for V[f(d))for any p € [1,00].

(i) IfV}f0 (D) is closed in L‘Z" and W;O’ then Vlf(CD) is closed
in 1P p
in Ly, and W/ for any p € [1, 00].

(iii) If (7) holds for p,, then it holds for any p € [1, c0].

3. Construction of Frames Using
a Band-Limited Function

Considering the length of the support of a function 6, we have
different cases for the rank of matrix [D(¢ + 2 jm)] jez-

First, we consider the next claim.

Let 6 € C;°(R) be a nonnegative function such that
0(x) > 0, x € (—m,m), and supp 0 C -7, ]. Moreover, let

b (6) =0 (& +km),

and @ = (¢, Pyaps-- > Piny) i€ Z, 7 €N,

Then the rank of matrix [®( + 2 jm)] jez is not a constant
function on R and it depends on & € R.

As a matter of fact, by the Paley-Wiener theorem, ¢; €

SR) ¢ W;([R{), i € Z Foranyi € Z, matrix [¢;, $;](§) =
Z]«Ez |6 +im + 2j7'r)|2, & € R, has the rank 0 or 1, depending
on &. Moreover, we have [¢,;, ¢,;] () = OAand [b21> $,;,1(0) > 0.
Because of that, the rank of the matrix [®(§ + 2j7)] jez is not
a constant function on R and it depends on & € R.

keZ, 9)

Theorem 5. Let 6 € C°(R) be a non-negative function such
that0(x) > 0, x € (-m—¢,m+e), andsupp 0 = [-m—¢, T +¢],
where 0 < & < 1/4. Moreover, let

;&) =0E+km), kezZ i=12,...,r, (10)

and ®© = (¢, ¢, ..., ¢,) .
1 gllk2 — k| =2and|k; - ij > 2 for different i, j < r,
en

rank [5 &+ 2j7'r)] =T,

jez EeR. (1)

(2) If Ik, —ky| = 2 and, at least for k; and k; , it holds that
|k; — k| =1, where 1 < iy, i, <, then rank[®D(£ +
2jm)] jez is not a constant function on R.

Proof. By the Paley-Wiener theorem, ¢; € S(R) ¢ W;(R),

i=1,...,r. All possible cases are described in the following
lemmas.

Lemma 6. Let ® = ((/)kl,(/)kz)T, ky—k, =2 k,k, € Z The

rank of matrix [D(E+ Zjﬂ)]jez is a constant function on R and
equals 2.

Proof. We have the next two cases.
(I IfE e (—m-e—kym+28m,—nm+e—km+2¢m), L € Z,
for matrix [D(£ + 2j7r)]jEZ we obtain 2 X 0o matrix

1 1
@B 00 @)
for some a’,b' > 0,i = 1,2. It is obvious that rank[®(£ +
2jmjez = 2,8 € (-m—e—kymw + 20m, - + & — kym + 28m),
tel.
(2°) For & € [-m+¢e—kym+26m,m — e -k, + 2€m),
¢ € Z, there are only two nonzero values a' and a* which are
in different columns of matrix [O(£ + 2 jm)] jez- Since

— ) _-'-00a10-~-
[CD(£+217T)]]'EZ_[... 042 00 THN ’ (13)
X000
ithastherank 2 forallé € [-m+e—k,m+28m, m—e—k,m+2¢€m],

te”.

We conclude that the rank of matrix [®(£ +2 Jm)]jez> @ =
(¢, » ¢k2)T, ky, —k, =2,k k, € Z, is a constant function on
R and equals 2. O

Lemma?7. Therank of matrix [6(£+2jﬂ)]jez is not a constant
function on R if © = (¢k1,¢k2)T, ky—ky =1k, k, € Z

Proof. We have four different cases for matrix [D(E+2 Jm]jez-
Suppose, without losing generality, that k, € 2Z.
(1) Ifé € (~-m—e+28m,—m + &+ 26m), £ € Z, then

(14)

and rank[D(£ + Zjn)]jez =2,forallé € (-m—e+20m, -1+
e+20m), L e”Z.

(2°)For& € [-m+e+2€m, —e+2€7m), £ € Z, nonzero values
a' and a? are in the same column of matrix [D(¢ + 2j7T)]jez-
For any choice of a 2 x 2 matrix, we get that the determinant
equals 0. So we obtain

v 0ad 0 -
k =1, 15
ran [ 0 a® 0 ] (15)

forallé € [-m + e+ 26m,—e +26m], € € Z.
(3°) If & € (—e + 26m, e + 2¢m), € € Z, then

e 1 e
CICRRY0) I [ A R



for some a', a®,b* > 0, has therank 2, for all & € (—e+26m, e+
20m), ¢ € Z.

(4°) For& € [e+26m, m—e+28r], £ € Z,there are two non-
zero values a' and b? in different columns of matrix [O(& +
2jm)]jez and the block with these elements determines the
rank 2 for all§ € [-e+ 2¢m,m — e+ 26n), £ € Z.

Considering possible cases, we conclude that rank[®( +
2jm)] jezr @ = (g, ¢x,)"> ky — Ky = 1, ky, k, € Z, depends on
¢ € R and equals 1 or 2. This rank is a nonconstant function
on R. O

Proof of Theorem 5. (1) Using Lemmas 6 and 7, it is obvious
that if |k, — k;| = 2 and |k; - kjl > 2 for different i, j < r,
then the position of the first non-zero element in each row of
matrix [D(£ + 2 jm)] jez is unique for each row. So the rank of

matrix [D(E +2 )] jez is a constant function on R and equals
rforall& € R.

(2) I |ky — k| = 2 and, at least for k; and k; , it holds that
lk; —k; | =1,1<1i,,i, <r,then, in the row with the index i,
(suppose, without losing generality, that i, € 2Z + 1), we will
have a new column with a non-zero element for £ € (-m—¢+
20m, -1+ &+ 26m), £ € Z,butfor & € [e + 28m,m — & + 207],
¢ € Z, the positions of all non-zero elements in that row will
appear in the previous columns. It is obvious that the rank of
the matrix [O(¢ + 2jm)] ;e depends on & € R and is not the
same for all £ € R. O

As a consequence of Theorems 3 and 5(1), we have the
following result.

Theorem 8. Let the functions 0 and © satisfy all the conditions
of Theorem 5(1). Then space V[ (®) is closed in L, for any p €
[1, 00], and the family {¢;(-—j) | j € Z, 1 <i <r}isa p-Riesz
basis for V,f(CD)for any p € [1,00].

The following theorem is a generalisation of Theorem 5
and can be proved in the same way, so we omit the proof.

Theorem 9. Let 6 € C°(R) be a positive function such that
0(x) > 0, x € (a,b), b > a, and supported by [a,b] where
b —a > 2m. Moreover, let

$:(®)=0@E+kn), keZ i=12...rreN,

17)

and ®© = (¢, ¢y ..., ) .
(D) Iflky — k| = 2 and |k; - kjl > 2 for different i, j < r,
then
rank [d) &+ 2j7't)]jEZ =r,
(2) If Ik, = ky| = 2 and, at least for k; and k; , it holds that
|k; — ki | =1, where 1 < iy, i) <, then rank[®D(£ +
2jm)] jez is not a constant function on R.

¢EeR. (18)

4. Construction of Frames Using
Several Band-Limited Functions

Firstly, we consider two smooth functions with proper com-
pact supports.
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Lemma10. Let 6 € C;°(R), v € C°(R) be positive functions
such that

0(x)>0, xe€(-¢2m+e),
v(x)>0, xe(g2m—¢),
supp 0 = [~¢,27 + €], (19)

1
suppy = [g,2m—¢], 0<e< T
Moreover, let $1(E) = 6(¢), ‘/A’z(f) =y(é),& e R and ® =
(b1 b,)". Then rank[®(E +2jm)] ey = 1, E € R.

Proof. Note that ¢; € S(R) ¢ W;(R), i=1,2.
We have the following two cases.
(1°) If &€ € (& + 26m, & + 2€m), € € Z, then matrix

(20)

has a constant rank equal to 1.
(2°) For & € (e + 28m,2m — € + 26m), € € Z, the rank of
matrix

Oe2m] =T 0 g0 ] @

where ¢, d are non-zero values, is equal to 1. An equivalent
matrix is obtained for & = € + 2w and & = —¢ + 2¢m, so we
conclude that rank[®(€ + 2jm))jez = 1,for & € [e+2€m,2m
e+20r), e ”Z.

Considering these two cases, the rank of matrix [D( +
2jrr)]jez isa constant functionon R, rank[(1A>(£+2j7'r)]jGZ =1,
EeR. O

Using functions 0 and y from Lemma 10, in the next
lemma we construct the p-frame with four functions.

Lemma 11. Let the functions 0 and y satisfy all the conditions
of Lemma 10. Moreover, let

Prrz (6) = v (£ + 2km),
k=01,

b (§) = 0 (& +2kn),

and © = (¢0,¢1,¢2,¢3)T. Then rank[D(¢ + 2j7'r)]jGZ = 2,
EeR.

Proof. The proof is similar to the proof of Lemma 10.
(1°) If & € (—e + 28m, & + 26m), £ € Z, then matrix

-0 0 a b o -
~ . -0a2 bt oo -
[CD(E+2]7T)]],62= 000001 @
00 0 00 -

where a',b’ > 0,i = 1,2, has a constant rank equal to 2.
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(2°) For & € [e+28m,2m — & + 267, £ € Z, we have

.00 Lo .-
d

o @

rank [6 &+ Zjﬂ)] =2,

0
j€z | ... 0
0

o O O

0
20

QU o

(24)

where ', d' > 0,i=1,2. _
We conclude that the rank of matrix [®(& + 2jm)] jez isa
constant function on R equal to 2. O

Lemma 10 can be easily generalised for an even number
of functions ¢;, i = 0,...,2r — 1, with compactly supported

¢;»i = 0,...,2r — 1. The proof of the next theorem is similar
to the previous proofs.

Theorem 12. Let the functions 0 and y satisfy all the condi-
tions of Lemma 10. Moreover, let

G &) =0E+2km), Gy, (§) =y (E+2km),
k=0,....,r—1, reN,

and © = (¢y, ¢y ... ’¢2r—1)T'
The following statements hold.

(1°) rank[®D(& + 2jm)jez = rforall € R.
(2°) VI(®) is closed in LY, for any p € [1,00].

G){(-=j) 1 jeZ 0<i<2r—1}isa p-frame for
V,f(CD)for any p € [1,00].

25)

Now we consider three functions with compact supports.

Lemma 13. Let the function 0 satisfies all the conditions of
Lemma 10, and let T € C°(R) and w € C;°(R) be positive
functions such that

T(x)>0, xe(em—e)U(m+¢&2m—¢),

w(x)>0, xe(3m-¢-m+e),

suppT = [&,m — €] U [ + &2 — €], (26)

1
suppw =[-3m—¢,-m+e], 0<e< 1
Moreover, let ¢, (£) = 0(E), ¢, () = 1(5), $;(8) = w(@), E € R,
and ® = (¢1,¢2,¢3)T. Then rank[D(& + 2j7'r)]jGZ =2,¢eR.

Proof. We have four different forms for matrix [D(E+2 jm)] jez
and in all we show that the rank of matrix is equal to 2.
Now we will show all possible cases. Denote with a,i=
1,2,3,and V', i = 1,2, some positive values.
(1°) Consider

Lyl 0 0 ---
0 a*0 |,
0 00 --- (27)

Ee(—e+20me+20m).

O O O
Q

B 2jm], - [:::

o O

(2°) Consider

S

o oo
L, ©

o |, o
o oo

} (28)

Eele+20m,m—e+26m].

oo,

Q

(3°) Consider

N .0 0 00 -
R R e

Ee(m—e+20m,m+e+20m).

'::]’ (30)

Eem+e+20m2m—e+20n].

(4°) Consider

o O O

<
o O O
o o
oS O O

s,

Dwo

O

Remark 14. In Lemma 13 the support of the function w must
have an empty intersection with the supports of 6 and 7. In
the opposite case, that is, supp & N supp T N supp w # @, the
rank of the matrix [®(£ +2 jm)] jez is anon-constant function
on R.

Lemma 13 can be easily generalised for functions ¢;, i =
0,...,3r — 1, with compactly supported ggi, i=0,..,3-
1. The proof of the next theorem is similar to the previous
proofs.

Theorem 15. Let the functions 0, T, and w satisfy all the
conditions of Lemma 13. Moreover, let

¢ () = 0(§ + 2km),
brir (6) = 7 (€ + 2km), (31)
Prrzr (©) = w (€ + 2k),

k=0,...,r=1LreN, and ® = (¢y, Pp>...»b5_1) .
The following statements hold.

(1°) rank[D(¢ + 2jm)]jez = 2r for allé € R.
(2°) Vlf(CD) is closed in L‘Zfor any p € [1,00].

B){(-=j) |1 jeZ 0<i<3r—1}isa p-frame for
VE(®) for any p € [1,00].

5. Construction of Frames of Functions with
Finite Regularities and Compact Supports

We will recall the well-known construction of the B-spline
functions in order to justify the rank properties of the corre-
sponding matrices.



Let H(x), x € R, be the characteristic function of the
semiaxis x > 0; thatis, H(x) = 0if x < 0 and H(x) = 1 if
x > 0 (Heaviside’s function). We construct a sequence {¢,,},,cn
in the following way. Let ¢, (x) := (H(x) - H(x—a))/a,a > 0,

b=y # bps 3 = Py * by x ¢y, thats,
=P x k- x Py, neN, (32)
n—1 times
where * denotes the convolution of the functions.
We obtain
$2) = — (6H () - 2(x -~ @) H (v~ a)
+(x —2a)H (x - 2a)),
¢, (x) = 2'—1613 (x*H (x) = 3(x —a)’H (x — a) + 3(x - 2a)°
xH (x —2a) — (x — 3a)2H (x— 3a)) ,
¢y (x) = 3'—1614 (xX’H (x) - 4(x - a)’H (x - a)
+6(x —2a)’H (x - 2a) — 4(x - 3a)’
X H (x—3a)+ (x— 4a)3H (x - 4a)) .
(33)

Continuing in this manner, for all n € N, we have

1
$n (%) = a*(n-1)!

x ( <’;> X"H (x) - (;’) (x —a)"!

x H(x —a)+ (;) (x —2a)""!

x H (x —2a) - (Z) (x —3a)""H (x - 3a)

n
n—1

+ok (1) < )(x - (n-1a)""

xH(x—-m-1)a)+(-1)" (Z)

x (x —na)" "H (x - na) > )
(34)

Calculating the Fourier transform of functions ¢,,, n € N, we
get

¢ (§) = _;iv-p-G)(emf_ 1),

_\? .
0= (7)) o9

a2

(—i)’
a

¢; (§) = : v.p.<é>(61a5_1)3.
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Continuing in this manner, we obtain @n(f) = (=i)"/a"v-p-
(1 /E”)(e"“E - 1)",n € N, where v - p- denotes the principal
value.

Let ® = (¢}, ¢y,...,¢,)", r € N. matrix [D(E + 2jm)] ;c;
has for all £ € R the same rank as matrix

R(&)

C O grPsn CanPan %Py %P CunPun o
2 2 2 2 202 2 2 2 2

Bl s Pan 4By %nPon KunPin
3 53 3 03 303 3 p3 3 3

0y Bl 00 Plan %Py %Pon KanPin

4 4 4 4 4 4 4 4 4 4
' “—471/3—471 ‘x—Znﬁ—Zn “oﬁo (XZmBZTr “471[3471

L “:471[;1471 “1271[;1271 agﬁg agnﬁ;n aflnﬁin Tl
(36)

where o)’ =v-p-(1/(§-k))" and B = (€ _ 1) Since
rank R(&) = r, & € R, we have the next result.

Theorem 16. Let ® = (gbk,cpkﬂ,...,¢k+(,,1))T,fork €Zre
N. Then VI (®) is closed in LY, for any p € [1, co] and {¢.,(- -
)1 jeZ, 0<s<r—1}isa p-Riesz basis for V[f((b)for any
pe[l,00]

Remark 17. Let k be a positive integer. We refer to [23] for the
LP-approximation order k. Shift-invariant spaces generated
by a finite number of compactly supported functions in
LP(R), 1 < p < oo, were studied in [23] by Jia, who gave
a characterization of the approximation order providing such
shift-invariant spaces. Theorem 3 in [23] shows that the shift-
invariant space generated with the family of splines, which we
constructed in Section 5, provides L -approximation order k.

Remark 18. (1) We refer to [3, 20] for the y-dense set X =
{x; | j € J} Let ¢(x) = FO( - kn)(x), x € R.
Following the notation of [20], we put Ve, = </>xj, where

{x; | j € J}is y-dense set determined by f € Vi(p) =

V2(F1(0)). Theorems 3.1, 3.2, and 4.1in [20] give conditions
and explicit form of C,, > 0 and ¢, > 0 such that inequality

Sl < (s Iy Y1) < £l holds. This

inequality guarantees the feasibility of a stable and continuous
reconstruction algorithm in the signal spaces V}f (@) [20].

(2) Since the spectrum of the Gram matrix (D, D](£),
where ® is defined in Theorem 16, is bounded and bounded
away from zero (see [7]), it follows that the family {®(- - j) |
j € Z} forms a p-Riesz basis for VMP((D).

(3) Frames of the above sections may be useful in
applications since they satisfy assumptions of Theorems 3.1
and 3.2 in [4]. They show that error analysis for sampling
and reconstruction can be tolerated or that the sampling and
reconstruction problem in shift-invariant space is robust with
respect to appropriate set of functions ¢ , ..., ¢ .
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