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We define pseudohyperbolical Smarandache curves according to the Sabban frame in Minkowski 3-space. We obtain the geodesic
curvatures and the expression for the Sabban frame vectors of special pseudohyperbolic Smarandache curves. Finally, we give some

examples of such curves.

1. Introduction

In the theory of curves in the Euclidean and Minkowski
spaces, one of the interesting problems is the problem of
characterization of a regular curve. In the solution of the
problem, the curvature functions x and 7 of a regular curve
have an effective role. It is known that we can determine
the shape and size of a regular curve by using its curvatures
x and 7. Another approach to the solution of the problem
is to consider the relationship between the corresponding
Frenet vectors of two curves. For instance, Bertrand curves
and Mannheim curves arise from this relationship. Another
example is the Smarandache curves. They are the objects
of Smarandache geometry, that is, a geometry which has
at least one Smarandachely denied axiom [1]. An axiom is
said to be Smarandachely denied if it behaves in at least
two different ways within the same space. Smarandache
geometries are connected with the theory of relativity and the
parallel universes.

If the position vector of a regular curve « is composed
by the Frenet frame vectors of another regular curve f,
then the curve « is called a Smarandache curve [2]. Special
Smarandache curves in Euclidean and Minkowski spaces
are studied by some authors [3-8]. The curves lying on

a pseudohyperbolic space H; in Minkowski 3-space [E; are
characterized in [9].

In this paper, we define pseudohyperbolical Smarandache
curves according to the Sabban frame {«, T, £} in Minkowski
3-space. We obtain the geodesic curvatures and the expres-
sions for the Sabban frame’s vectors of special pseudohy-
perbolical Smarandache curves. In particular, we prove that
special T&-pseudohyperbolical Smarandache curves do not
exist. Besides, we give some examples of special pseudohy-
perbolical Smarandache curves in Minkowski 3-space.

2. Basic Concepts

The Minkowski 3-space R} is the Euclidean 3-space R’
provided with the standard flat metric given by

() = —dx} + dxd + dx2, )

where (x;, x,, x3) is a rectangular Cartesian coordinate sys-
tem of R;. Since g is an indefinite metric, recall that a nonzero
vector X € Rf can have one of the three Lorentzian causal
characters: it can be spacelike if (X, X) > 0, timelike if (¥, X) <
0, and null (lightlike) if (X¥,X) = 0. In particular, the norm
(length) of a vector X € IR? is given by [|X]| = +/[{(X, X)| and



two vectors X and y are said to be orthogonal if (X, y) = 0.
Next, recall that an arbitrary curve & = «(s) in [E? can locally
be spacelike, timelike, or null (lightlike) if all of its velocity
vectors o (s) are, respectively, spacelike, timelike, or null
(lightlike) for every s € I [10]. If &/ (s)] # 0 for every s € I,
then a is a regular curve in R3. A spacelike (timelike) regular
curve « is parameterized by pseudo-arclength parameter s
which is given by a:IcR — R}, and then the tangent
vector o (s) along « has unit length, that is, ' (s), ' (s)) =
1(a'(s),a'(s)) = =1) forall s € I, respectively.

For any X = (x,,x,,x3) and ¥ = (y,, ¥,, ¥5) in the space
R?, the pseudovector product of % and 7 is defined by

XX J = (X005 + X390, X3)1 = X1 Y3, X1 Y2 =%, 91) . (2)

Remark 1. Let X = (x1,%,,%3), ¥ = (y1, ¥ ¥3), and Z =
(21,25, 23) be vectors in R Then,

Xy X X3
Y1 Y2 Vs
21 2 23

(i) (X x 3,2) =

>

(i) X x (¥ x2) = —(X,2)J + (X, )2,
(

(111) -’X)-}xij» = _<£s£><5/.3)7> + <5é7)7>2>

where x is the pseudovector product in the space R.

Lemma 2. In the Minkowski 3-space R, the following proper-
ties are satisfied [10]:

(i) two timelike vectors are never orthogonal;

(ii) two null vectors are orthogonal if and only if they are
linearly dependent;

(iii) timelike vector is never orthogonal to a null vector.

Pseudohyperbolic space in the Minkowski 3-space R? is a
quadric defined by

Hy ={% e R} | -x7 + x5 + x5 = —1}. (3)

Let o: I C R — H bearegular unit speed curve lying
fully in H in R;. Then its position vector « is timelike vector,
which implies that tangent vector T = &' is the unit spacelike
vector forall s € I. Hence we have orthonormal Sabban frame
{a(s), T(s), &(s)} along the curve «, where &(s) = a(s) X T(s) is
the unit spacelike vector. The corresponding Frenet formulae
of «, according to the Sabban frame, read

o 0 1 0 o
g 0 —kg (s) 0 &

where kg(s) = det(a(s), T(s), T'(s)) is the geodesic curvature

of  on H; in R? and s is arc length parameter of alpha. In
particular, the following relations hold:
axT=E,

Tx&=-a, Exa=T. (5)
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3. Pseudohyperbolical Smarandache Curves in
Minkowski 3-Space

In this section, we define and investigate pseudohyperbolical
Smarandache curves in Minkowski 3-space according to the
Sabban frame.

Let « = a(s) and S = PB(s*) be two regular unit speed
curves lying fully in pseudohyperbolic space H in R} and let
{o, T, &} and {3, Ty, & ﬁ} be the moving Sabban frames of these
curves, respectively. Then we have the following definitions
of pseudohyperbolical Smarandache curves.

Definition 3. Let « :
speed curve lying fully in H¢. Then a&-pseudohyperbolical
Smarandache curve B : I ¢ R — H; of « is defined by

I ¢ R +— H; be a regular unit

B(s*(s)) = % (ac (s) + BE (), ©)

where a,b € R, and a* — b* = 2.

Definition 4. Let o
speed curve lying fully in H; Then aT-pseudohyperbolical
Smarandache curve B : I ¢ R — H; of a is defined by

: I ¢ R +— H; be a regular unit

B(s"(s)) = % (act(s) + BT (5)). o

where a,b € Ry and a® — b* = 2.

Definition 5. Let « : I < R + H; be a regular unit
speed curve lying fully in H¢. Then aT¢ -pseudohyperbolical
Smarandache curve 8 : I ¢ R = H; of a is defined by

B(s*(s) = % (aa (s) + bT (s) + c& (s)), (8)

where a,b,c € Ry and a* - b* - ¢* = 3.

Theorem 6. Leta: I ¢ R — H; be a regular unit speed curve
lying fully in H;. Then TE-pseudohyperbolical Smarandache
curve B: 1 ¢ R — H; of a does not exist.

Proof. Assume that there exists T&-pseudohyperbolical
Smarandache curve of «. Then it can be written as

. 1
B(s™ (s)) = NG (aT (s) + bE (s)) 9)
where a® + b* = -2, which is a contradiction. O

In the theorems which follow, we obtain Sabban frame
{B, Ty, &} and geodesic curvature Kg of pseudohyperbolical

Smarandache curve .

Theorem 7. Let o : I ¢ R + H; be a regular unit speed
curve lying fully in H; with the Sabban frame {o, T, &} and
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the geodesic curvature ky. If B+ I ¢ R H} is a&-
pseudohyperbolical Smarandache curve of «, then its frame

{B. Ty, &g} is given by

e 5 b
p V2 V2 ||«
Tgl=| 0 € 0 ||T], (10)
&g b a ¢
e— 0 e—
2 2
and the corresponding geodesic curvature kg reads
ak,-b
K=—2—, abeR, 1
9 |a-bk,| ’ i

wherea® —b* =2 and e = +1.

Proof. Differentiating (6) with respect to s and using (4), we
obtain

, dp ds* a-bk,
= = T,
) ds* ds V2

bk (12)
dS* a-— g
Ts— = T,
P ds \2
where
ds* _ |a-bk,| )
ds \2

Therefore, the unit spacelike tangent vector of the curve f is
given by

Ty = €T, (14)
wheree = +1ifa—bk, > 0forallsande = -1ifa - bk, <0

for all s.
Differentiating (14) with respect to s, we find

dTg ds*
pds
ds* % =€((X+kg§), (15)
and from (13) and (15) we get
V2
T' 2€ (oc + kgE) . (16)
'a - y|

On the other hand, from (6) and (14) it can be easily seen
that

§p=PxTp
e (17)
—6\/506+€\/§

is a unit spacelike vector.
Consequently, the geodesic curvature kg of the curve 8 =

B(s") is given by
B_ '
kg = det (ﬁ, Tﬁ, Tﬁ)

ak,-b (18)

Theorem 8. Let o :
curve lying fully in Hg with the Sabban frame {«, T, &} and

the geodesic curvature k. If B : I ¢ R H} is aT-
pseudohyperbolical Smarandache curve of «, then its frame

{B, Tp, &} is given by

i

I ¢ R — H; be a regular unit speed

i ; 5, ]
v % ’
b a bk,
= \/2 + (bk,)’ \j \jz + (bk,)’
bk, V2
\l4+2(bkg \/4+2 bk,) \/2+ (bkg)2 |

|i]

and the corresponding geodesic curvature ky reads

(19)

bk e, — abk e, +2
k/; I e B gsz/z = , a,beR,, (20)
(2+0%K2)
where
= bk K a2+ (bk,) ),
& = —ab’k k. + (b-bKk2) (2+(bk,)), (@D
= b2, + (ak, + b)) (2+ (bk,) ),
anda®> - b* =2

Proof. Differentiating (7) with respect to s and using (4), we
obtain

!
B (s) = Frar ﬁ (boc+aT+bkgE),
(22)
ds* 1
I;E = % (bOC+€lT+bkgE),
where

2
ds” _ \j 2+ (bk,) (23)

ds 2 '

Therefore, the unit spacelike tangent vector of the curve
B is given by

- (boc+aT + bk ). 24



4
Differentiating (24) with respect to s, it follows that
dTg ds* 1
pas
ds* dS - W (81“+£2T+83€). (25)
(2+(ek,)")
From (4) and (23), we get
\2
Té = (g0 + 6T + &), (26)
(2+(bk,)")
where
3 ' 2
&y = ~bk,k, +a(2+(bk,)),
vk k' + (b—bk?) (2 + (bk,)’ 27)
= —ao K, y+( - g)( +( g) )’

= ~b’K2K, + (ak, + bK)) (2 +

(bk,)).
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On the other hand, from (7) and (24), it can be easily seen
that

EﬁzﬁxTﬁ

2
bk,

= — X —

\/4+ 2(bk,)’

(28)

Hence & is a unit spacelike vector.
Therefore, the geodesic curvature k? of the curve f =
B(s") is given by
B_ '
kb = det (B, Tj, Tp)
~ bzkgez1 — abk e, + 2&; (29)

(2+b2k2)"

O

Theorem 9. Let « : I ¢ R + H; be a regular unit speed
curve lying fully in H; with the Sabban frame {o, T, &} and

the geodesic curvature ky. If B : 1 ¢ R - H is oTE-
pseudohyperbolical Smarandache curve of «, then its frame

{B, Ty, &g} is given by

a b < '
3 V3 V3
b - ck, bk
g 2 : o
:gﬁ = \/| ak, - c —3k2+3| \/| ak, —c —3k2+3| \/l ak —c) —3k2+3| g (30)
B
—(az— )kg+ac bc — abk, 3+ — ack,
\/|3(akg —c) - 9Kz +9| \/|3(akg —c) - 9Kz +9| \/l?)(akg —c) - 9Kz +9)
and the corresponding geodesic curvature kg reads g =- ((akg - c) ak; - 3k;kg) (a - ckg)
= (- (oo (- 3)k, ) (kg =)' -3 +3) (0- ok, -0,
+ (bc - abkg) & + (3 +c - ackg) 83) & =-— ((akg - c) ak'g - 3k;kg) bk,
-1 (31
« (((akg Ok 3>5/2> ) +((ak, — )" = 32 +3) ((a - ck,) k, + bk
(32)

a,b,c e R,

where
& =- ((akg - c) ak'g

+ ((akg - c)2 - 3k; + 3) (a - ckg),

— 3kyk,) b

anda® - b* — % = 3.

Proof. Differentiating (8) with respect to s and by using (4),
we find

d
f=2Ld 1

ds 3

(ba+(a-ck,) T +bk,E), (33)
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and thus
ds* 1
b = %(boc+(a—ckg)T+bkgE), (34)
where
ds 3 .

The geodesic curvature kg # (ac +
Varc? = (a* = 3)(c% + 3))/(a® - 3) for all s, since B=pB(s)is
a unit speed regular curve in R}.

Therefore, the unit spacelike tangent vector of the curve
B is given by

1

\/|(akg - c)2 -3k} + 3'

Ty = (boc+ (- ck,) T +bk,&).

(36)

Differentiating (36) with respect to s and from (4) and
(35), it follows that

V3
((akg - c)2 - 3k; + 3)

Té = 2 (81(X + SZT + 835) 5 (37)

(38)

&y = - ((ak, - c) ak;, - 3k. k) bk,

2 2 !
+((ak, = c)" = 3k2 +3) ((a - ck,) Kk, +bK,).
On the other hand, from (8) and (36) it can be easily seen
that

§=PBxTg
_ —(a2—3)kg+ac .
\j|3(akg - c)z - 9k§ + 9‘

bc—abkg
+
\/‘3(akg - c)z - 9k§ + 9‘
3+c¢% - ackg

+ }
\/|3(akg - c)z - 9k§ + 9|

(39)

Hence & is a unit spacelike vector.

5
FIGURE 1: The curve o on Hy(1).
Therefore, the geodesic curvature kg of the curve § =
B(s") is given by
kb = det (B, Ty, Ty )
= (— (ac - (az - 3) kg) & + (bc - abkg) &
+(3+c2 —ackg)s3) (40)
-1
X <((akg B c)2 - 3k; + 3)5/2>
O

Corollary 10. Ifa: I ¢ R — H; is a geodesic curve on H in
Minkowski 3-space E, then

(1) aT-pseudohyperbolic Smarandache curve is also geo-
desic on Hy;

(2) a&-pseudohyperbolic and «TE-pseudohyperbolic Sma-
randache curves have constant geodesic curvatures on
HE.

4. Examples

Example 1. Let « be a unit speed curve lying in pseudo-
hyperbolic space H;(1) in the Minkowski 3-space E; with
parameter equation (see Figure 1)

2 2
a(s)=<%+l,%,s>. (41)
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FIGURE 2: The a&-pseudohyperbolical Smarandache curve S and the
curve a on Hy(1).

FIGURE 3: The aT-pseudohyperbolical Smarandache curve  and the
curve a on Hy(1).

The orthonormal Sabban frame {a(s), T(s),&(s)} along the
curve « is given by

2 2
s s
a(s) = —+1,—,s |,
(s) <2 3 )

T(@s)=a (s)=(s,51), (42)

s* s
= T(Gs)=|—==—-1Ls].
§(s)=a(s)xT(s) (2 5 " Ls
In particular, the geodesic curvature k of the curve o has the
form
kg, (s) =-1. (43)
Case 1. If we take a = 2, b = /2, then from (6) the aé-

pseudohyperbolical Smarandache curve f is given by (see
Figure 2)

B(s"(s)) = ((\/5+ 1)52 +242,

(\/§+1)52—2,(2\/§+2)s).

N | —

(44)

FIGURE 4: The aT&-pseudohyperbolical Smarandache curve 3 and
the curve a on H(1).

From Theorem 7, its frame {3, T, g} is given by

HREH
Tgl=10 1 0 T], (45)
gﬁ -1 0 V2] |¢&

and the corresponding geodesic curvature kg reads

k§ =-1. (46)

Case 2. If we take a = V3, b = -1, then from (7) the
aT-pseudohyperbolical Smarandache curve is given by (see
Figure 3)

B(s" (s)) = g (\/352 - 25+2V3,V3s” — 25,235 - 2).
(47)

According to Theorem 8, its frame {3, T, §} is given by

MR
B 2 2 o
R |
ol ve w2 ve|lt

6 2 3

and the corresponding geodesic curvature kg reads
B__
kg =-1. (49)
Case 3. Ifa = 3,b = /3, and ¢ = V/3, then from (7) the «T&-

pseudohyperbolical Smarandache curve f is given by (see
Figure 4)

B(s"(s)) = ((\/§+ 1)52 +25+2V3,

0| =

(V3+1)s" +25-2,(2V3+2)s+2).
(50)
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FIGURE 5: Pseudohyperbolical Smarandache curves of o and the
curve o on Hj (1).

By using Theorem 9, it follows that the frame {8, Tj,§p} is
given by (see Figure 4)

N e
B V3-1  1-V3||¢
Ty | = > 1 3 T, (51)
£y :
V3+1  V3+1
L > 2
and the corresponding geodesic curvature kg reads
kb=-6(2+V3)(3+ \/5)”2. (52)

Also, Pseudohyperbolical Smarandache curves of « and
the curvea on Hg (1) with Figure 5 are shown.

Acknowledgment

The authors would like to thank the referees for their helpful
suggestions and comments which significantly improved the
first version of the paper.

References

[1] C. Ashbacher, “Smarandache geometries,” Swmarandache

Notions Journal, vol. 8, no. 1-3, pp. 212-215, 1997.

[2] M. Turgut and S. Yilmaz, “Smarandache curves in Minkowski
space-time,” International Journal of Mathematical Combina-
torics, vol. 3, pp. 51-55, 2008.

[3] A.T. Alj, “Special smarandache curves in the euclidean space,”
International Journal of Mathematical Combinatorics, vol. 2, pp.
30-36, 2010.

[4] K. Taskoprii and M. Tosun, “Smarandache curves on N
Boletim da Sociedade Paranaense de Matemdtica, vol. 32, no. 1,
pp. 51-59, 2014.

[5] N. Bayrak, O. Bektas, and S. Yuce, “Special Smarandache a
Curves in [} In press, http://arxiv.org/abs/1204.5656.

(6]

(9]

(10]

T. Korpinar and E. Turhan, “A new approach on timelike bihar-
monic slant helices according to Bishop frame in Lorentzian
Heisenberg group Heis®,” Kochi Journal of Mathematics, vol. 6,
pp. 8-15, 2011.

T. Korpinar and E. Turhan, “Characterization of Smaran-
dache M, M,-curves of spacelike biharmonic B-slant helices
according to Bishop frame in E(1, 1), Advanced Modeling and
Optimization, vol. 14, no. 2, pp- 327-333, 2012.

Y. Yayli and E. Ziplar, “Frenet-serret motion and ruled surfaces
with constant slope,” International Journal of Physical Sciences,
vol. 6, no. 29, pp. 6727-6734, 2011.

M. Petrovi¢-Torgasev and E. Suéurovi¢, “Some characteriza-
tions of the spacelike, the timelike and the null curves on
the pseudohyperbolic space M in E;; Kragujevac Journal of
Mathematics, vol. 22, pp. 71-82, 2000.

B. O’Neill, Semi-Riemannian Geometry, Academic Press, New
York, NY, USA, 1983.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




