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Asymptotic similarity relation and generalized inverse
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Abstract. In this paper we discuss relationships among asymptotic similarity, weak asymptotic equivalence
and the generalized inverse in the class A of all nondecreasing unbounded positive functions on a half-
axis [a,+00) (a > 0). As a main result, we prove proper characterizations of some classes of functions in
Karamata’s theory of regular and rapid variation.

1. Introduction

Karamata’s theory of regular variability (see e.g. [15]) is obtained from the serious research of Tauberian
type problems (see e.g. [16]). Soon after, it becomes a very important part of asymptotic analysis, with
many applications in other fields of mathematics (see e.g. [3]). The main object in Karamata’s theory of
regular variability is the class of O-regularly varying functions (class ORV).

A function f : [4,+00) — (0,+00) (@ > 0) belongs to the class ORV if it is measurable and satisfy the
following asymptotic condition (so-called Tauberian condition, [1]):

. S
k,(A)= lim ——
T S f@)
for every A > 0.
A function f € ORV is regularly varying in the sense of Karamata if k /(7) is differentiable for all A > 0, thus
if there is a p € R such that

>0, (1)

kp(A) = AP 2)

for every A > 0; then p is called the index of variability of f.

The class of all regularly varying functions in the sense of Karamata is denoted RV. Any function f € RV
having index of variability p = 0 is called slowly varying in the sense of Karamata. The class of slowly varying
functions in the sense of Karamata is denoted SV. It is well-known that SV ¢ RV ¢ ORYV, and classes SV
and RV represent the most utilized objects of Karamata’s theory of regular variability (see, e.g. [17]).
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A function f : [a, +o0) — (0, +o0) for some a > 0 is called positively increasing (i.e. belongs to the class PI)
if it is measurable and there is a A¢ > 1 such that

kr(Ao) > 1. ()

A function f : [a,4+00) — (0, +00), a > 0, is called rapidly varying in the sense of de Haan with index +oo (i.e.
belongs to the class R) if it is measurable and

kp(A) = +oo (4)

for every A > 1.

We have R & PI. The classes R, and PI are important objects in quantitative analysis of divergent
processes of moderate and rapid increase (see [5, 7, 14]).

Let f and g be two positive functions on [a, +0), a > 0. They are called weakly asymptotically equivalent
and denoted f(x) < g(x) as x — +oo, if

0< tim 19 < fm LY (1o ®

Yotoo g(x) X—Hroo g(x)

Let f : [a,+00) — (0,+00), a > 0, and let {f} = {g : [4, +o0) — (0,+0) | f(x) =< g(x), as x — +oo}. Then
g € {f) is called asymptotically similar to f if

0 < lim fO I +00, (6)

X—>+00 g(x) X—=oeo g(x)

which is denoted by f(x) = g(x), as x — +oc0.
Let f : [a,+00) = (0,+00),a >0, and let (f) = {g € {f} | f(x) =g(x), for x = +oo}. If f : [a, +00) — (0, +00),
for some a > 0, define

[f1. = {g:[a,+00) = (0, +00) | f(x) ~ g(x), x — +o0},
where f(x) ~ g(x), x — +o0, is the strong asymptotic equivalence relation defined by

f)

X~1>+oo g(_x)

Then [f]. & (f) < {f}.
In this paper we shall discuss the class of functions A = {f : [4, +c0) — (0, +0), for some a > 0 | f
nondecreasing and unbounded}, as well as the operator f~(x) = inf{ly > a | f(y) > x} (f € A, x = f(a)).

=1.

2. Main results
The next results are continuation of research published in [2, 8-12].

Proposition 2.1. Let f € A. Also, let f € R, or f is regularly varying function in the sense of Karamata with
index of variability p > 0. Then g~ € (f) for every g € AN(f).

Proof First assume f € AN RV, for some p > 0 and let g € AN(f). Then there is an & = a(g) > 0 such that
m f9

=a. F >1 h
x—>+oo g(x) = or any & we have

(x
(x

~

- <

<ée-w

™R
—

oqQ



D. Djurcic¢ et al. / Filomat 26:5 (2012), 1075-1080 1077

for all sufficiently large x. Hence we obtain
x €
— > o “— <o (<.
ffwzg7 () and  fT@<g(=x)

for all sufficiently large x.
For the same x we have

$7(Z) PN g7 'x).
g T g T g

Since g € (f), we find ¢ € RV, and we obtain

e-a) /P < lim < lim <
(e st §7(X) T ot g7 (x)

[24

f7O = ST (e)“f’.

If in the previous inequalities we let ¢ — 1., it follows that lirP (J(;_ 8 = a7V/¢, so that ¢~ € ().
X—+00
Next let f € ANRw and g € AN(f). Then g € {f} and by some results from [10] it follows that

70 e g ey O

X—l)lzloo fom ( x)

Proposition 2.2. If f € A and g~ € (f7) for every g € ANf), then f € Reo U Uy Rp. The same conclusion
holds for every g € (f).

Proof. Let f € Aand let g1(x) = a - f(x) for x > a, where @ > 0 is arbitrary fixed number. Since g1 € AN(f),
it follows that g7~ € (f), i.e. thereis a = f(a) € (0, +o0) such that

G g
T -

Since f € A, it follows that f~ € RV, for some p > 0. If p = 0, then by [13] we get f € Re.. If p > 0,
then f € RV, (the well-known result which can be found in [3]). Next, let ¢ € AN (f) be fixed. Then

_8) . fyx)
x1—1>I-lI—loo g(x) B xl—lgloo fx) !

for every y > 0, and hence ¢ € Ro, U RV, for some p € (0, +o0). [J
Proposition 2.3. If f € AN RV with index of variability p > 0, theng € (f) whenever g € Aand g~ € (f7).

Proof. Let f € AN RV, for some p > 0. Then f~ € R, or f is regularly varying in the sense of Karamata
with positive index of variability (see, e.g. [3]). Next, assume g € A and g~ € (f). Since g~ € A and
f< € A, Proposition 2.1 yields (f(x))” =(g"(x))” as x — +oo. Since f € RV, for p > 0, and f € A, by

: . o ()T
[12] we immediately obtain 11r+n W
varying in the sense of Karamata with positive index of variability and ¢ € RV, for some p > 0. Hence
lim 8”@
im ————
x—to0 g(X)

= 1. Since g~ € (f), we have that g~ € R, or g is regularly

=1, and we finally obtain g € (f). O

Proposition 2.4. If f € A and g € (f) whenever g € A and g~ € (f7), then f € RV with index of variability
p = 0. The same conclusion holds for every g € (f).
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Proof. Assume f € A and define g(x) = f(ax), for x > a, where a > 1 is an arbitrary fixed number. We find
that g7 (x) = l - f~(x) for all sufficiently large x, and hence g~ € (f7), i.e. g1 € (f). Therefore,

lim gl(x) lim 114 e

x—too f(x) T xS0 f(x) /

for some f € (0, +c0), where f is a function of @ > 1. Accordingly, f € RV, for some p > 0. Next, let ¢ € A
be an arbitrary and fixed function and suppose g € (f). Then analogously to the proof of Proposition 2.2
one can prove that ¢ € RV, forsome p > 0. O

Combining the results from Propositions 2.1, 2.2, 2.3 and 2.4, the next corollary can be obtained. Notice
that it can be also obtained by some results in [4] and [6].

Corollary 2.5. Let f € A N RV with index of variability p > 0. Then g € (f) for every g € A if and only if
8T €Xf). If f € Aand f is not reqularly varying in the sense of Karamata with index of variability p > 0, then
thereisa g € Asuchthat g € (fyand g~ ¢ (f7), or g~ € (f ) and g & (f).

By this corollary we will prove Proposition 2.6, Proposition 2.8, Corollary 2.9 and Corollary 2.10.
Proposition 2.6. Let f € A.
(a) If f € R then g~ € [fT]. S (f7) for every g € {f};
(b) If g~ € (f) whenever g € AN {f}, then f € RV, U R, for some p > 0.
(c) If f e RV, p > O then thereisa g € Asuch that g € {f} and g— ¢ (f7).
Proof. (a) Follows from some results in [10].
(b)According to assumptions and Proposition 2.2 we have f € RV, U R, for some p > 0.

(c) Assume that f € ANRV,, p > 0. Then there is a continuous and strictly increasing function
€ ANRV,, p>0,such that fi(x) ~ f(x), as x — +oo (see, e.g. [3]).
Contrary to the statement, assume that ¢~ € (f~) whenever ¢ € {f} N A. Since f~ € RVy,, we have that

g~ € RVypandso g € RV,
+1
A® < 2forall x > a,so g € {f}. However, g ¢ RV because )
8(x) g(x)
for x — +oo. Namely, consider the sequence («,) defined by a, = 4,41 — min{1/2,4,41 —a,}, n € N.

. glay, +1) glx+1) .
Since a;, — +00, as 1 — 400 and =———— > 2, for every n € N, we find that lim > 2. Since

1 g(an) n—+eo  g(x)
+
g € RV ¢ IRV we have 11111 g(;(x) ) =1, which contradicts to g € RV,. [

X—+00

-1

We find that g € Aand 1 <

Remark 2.7. The characterization of f obtained in Proposition 2.6 is true for every g € {f}.
Proposition 2.8. Let f € A.

(a) If f € PI, then g~ € {f} for every g € (f) N A.

(b) If g~ € {f} whenever g € {f) N A, then f € PI. The same conclusion holds for every g € (f).
Proof. (a) Obviously, f~ € ORV and g € (f). Then g € {f}, and according to [9] we find that g~ € {f}.

(b) For an arbitrary fixed a > 0 define g(x) = a- f(x), x 2 a. Then g € AN(f), 3 (x) = f‘_(ix) for all
sufficiently large x, and
— — l _ — _ 1

im im <
x_>+oof () D f@) T f(x)  aee f“( x)
Since f~ € ORV, by [9] we finally get f € PI. [

< M(a) < +oo.
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Corollary 2.9. Let f € A.
(a) If f € ORV, then g € {f} whenever g € Aand g~ € (f).
(b) If g € {f}, whenever g € Aand g~ € (f), then f € ORV. The same conclusion holds for every g € {f}.

Proof. (a) Since f~ € PI, by Proposition 2.8 (a) we have that (g7 (x))” =< (f~(x))~, as x = +co. Since
(=)~ _ fB

f € ORV and for every > 1 we have 1 < for all sufficiently large x, it follows

fo 7 f)
()T — ()T — f(Bx) -
1< xl_l,IPoo ff(—ji) < x1—1>IPoo ff(—;c) < xl_l)IPDO ff(‘Bx) = kf(ﬁ) < +o00.

Hence (f<(x))” =< f(x) as x = +oo0. Next, since g~ € (f), there is an a > 0 such that g~ (x) = h(x) - f(x)
for all sufficiently large x, where h(x) — a as x — +c0. Accordingly, for y > 79 > 1 we have

g (yx) . fTOx)
Jm e M ey b

and hence g~ € P, i.e. g € ORV. Similarly as in previous part of the proof we find that (g~ (x))” =< g(x) as
x — +oo. Therefore f(x) < g(x) as x = +o0.

(b) Let g~ (x) = a - f~(x) for x > a and some & > 0. Further, define h*=(x) = (h~(x))~ for h € A and all
sufficiently large x. Then we have

e )" = f(+)
for all sufficiently large x, so
1
lim % = lim % < M(a) < +oo.
Therefore, (f~(x))” € ORV, and consequently f € ORV, because (f~(x))” < f(x), as x — +oco. Similarly,
g€ ORV forevery g€ {f}. O
Corollary 2.10. Let f € A.
(a) If f € SV, then g € [f]. & (f) whenever g € Aand g~ € {f}.
(b) If g € (f) whenever g € Aand g~ € {f}, then f e SVURV,, p > 0.
(c) Forevery f € RV,, p>0,thereisa g€ A\ (f)such that g~ € {f}.

Proof. (a)If f € SV, then f~ € R and by [10] it follows that (¢ (x))” ~ (f<(x))” as x — +oo. Since f € SV,
we have (f7(x))” ~ f(x) for x = +oo, accordingly to [12]. Similarly, we have ¢~ € R, and hence by [13]
we obtain ¢ € SV and (3 (x))” ~ g(x) when x — +oo. This means that g € [f] & (f).

(b) Since g € (f) whenever g~ € {f7}, so g € (f) whenever g~ € (f7). By Proposition 2.4 it follows that
€ SVURV,, p > 0. The same conclusion holds for every ¢ € {f).
P y&

(c) Finally, let f € ANRV,, p > 0. Then there is a continuous and strictly increasing function F €
ANRVyy,, p>0,such that F(x) ~ f7(x), as x — +oo.

Contrarily to the statement, assume that ¢ € (f) whenever ¢ € A and ¢~ € {f~}. Since f € RV, we have
that g € RV, s0 ¢~ € RVy,.

Next, define the sequence a1 < a, <--- bya; =aand a, = F‘1(2 . F(an,l)) (n 2 2). Then g (x) = F(ay)
(@, <x <auy1) (n € N).
F(x) g (x+1)
8§ () 8§~ ()
x — +oo. But this, similarly as in the proof of Proposition 2.6, contradicts to g~ € RVy/,. O

-+ 1 when

Hence we find 1 < <2forallx >a,s0 g™ € {f~} and g= ¢ RV, since
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Remark 2.11. If in the proof of Corollary 2.10 (b) we take: g(x) = a1 (F(a1)/2 < x < F(a1)) and g(x) = a,
(F(ay) < x < F(ap+1)) (n 2 2,x > a), then g € A.

Remark 2.12. The characterization of f obtained in Corollary 2.10 is true for every g € (f).
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