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We present some results about selection properties in the class of double sequences of real
numbers.

1. Introduction

In 1900, Pringsheim introduced the concept of convergence of real double sequences: a double
sequence X = (Xp,n),,nen cONverges to a € R (notation P-lim X = a or P-lim x,, , = a), if for
every ¢ > 0 there is ny € N such that |x,,, — a| < € for all m,n > ng (see [1], and also [2, 3]).
The limit a is called the Pringsheim limit of X.

In this paper we denote by c5 the set of all double real sequences converging to a point
a € Rin Pringsheim’s sense.

A considerable number of papers which appeared in recent years study the set c; and
its subsets from various points of view (see [4-13]). Some results in this investigation are
generalizations of known results concerning simple sequences to certain classes of double
sequences, while other results reflect a specific nature of the Pringsheim convergence (e.g.,
the fact that a double sequence may converge without being bounded). In this paper we
begin with a quite different investigation of double sequences related to selection principles
(and games corresponded to them): for a given sequence (X, : n € N) of double sequences
that belong to one class «# we select from each X,, a subset Y, by a prescribed procedure so
that Y;,’s may be arranged to a new double sequence Y which belongs to another class B (not
necessarily distinct from ) of double sequences. (For selection principles theory see [14, 15],
and for selection properties of some classes of simple sequences see [16-19]). Moreover, our
investigation suggests also introduction of new selection principles: instead of a sequence of
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double sequences from a class «# we start with a double sequence of double sequences from
# (see Definitions 2.1 and 2.7). The classes of double sequences considered in this article are
subsets of the class c¢5 and will be defined below.

If P-lim[X| = oo, (equivalently, for every M > 0 there are ny, n, € N such that |x,, ,| > M
whenever m > ny, n > n,), then X is said to be definitely divergent.

A double sequence X = (Xp,n), nen is bounded if there is M > 0 such that [x;,,| < M
forall m,n € N.

Notice that a P-convergent double sequence need not be bounded.

A number L € R is said to be a Pringsheim limit point of a double sequence X =
(%m,n) m nen if there exist two increasing sequences m; <my--- <m;,--- andm <mnp--- <mnj,---
such that

lim x, o, = L. (1.1)

i— o0

In [20], Hardy introduced the notion of regular convergence for double sequences: a
double sequence X = (Xn,n),,; ey Tegularly converges to a point a if it P-converges to a and
for each m € N and each n € N there exist the following two limits:

lim X = Ry,
n—oo

(1.2)

lim x,,, = C,.
m— o

The symbol ¢; denotes the set of elements (X,,n),,, nen in €5 which are bounded, regular
and such that limy, o, Xmn = limy, X n = a.

2. Results

We begin with the following new selection principle for classes of double sequences.

Definition 2.1. Let # and B be subclasses of cj. Then Sid)(J,B) denotes the selection
hypothesis: for each double sequence (A, : m,n € N) of elements of </ there are elements
Amn € Amn such that the double sequence (a,n),, ,en belongs to B.

Theorem 2.2. For a € R the selection principle Sgd) (c3,c3) is true.

Proof. Let (X/* : j,k € N) be a double sequence of elements in c§. Suppose that X/* =

(x{’rlllfn)m,neN forall j, k € N. Let us construct a double sequence Y = (Ym,n)  nen in the following
way:

(1) y11 = Xy m, € X, where m; € N is such that |xy;, — a| < 1/2 for each m > m; and
each n > m;.

(2) Y12 = Xp2m, € X2, where my € N is such that |xy, — a| < 1/22 for each m > m,
and each n > my.
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(3) Y21 = Xop my € X*! with m3 € N such that |x;, — a| < 1/22 for each m > mj3 and
each n > ms.

(4) Y22 = X m, € X2 with my € N such that |x;, — a| < 1/22 for each m > my and

each n > my.

In general, for s,t € N, g = max{s,t} >3, we put ys; = xf,;irmp, where

“1)% 4, ifg=s,
p= =1 1 21)
(g-1)"+2t-s, ifg=t,

and |xf,’f,,1 — a| < 1/27 for each m > m;, and each n > m,,.

We prove that the double sequence Y = (Yun)unen € C5- Let € > 0 be given. Pick
r € N such that 1/2" < ¢. For each m > r and each n > r, by construction of Y, we have
|Ymn —al <1/2" < . This just means Y € c¢5. As y,,,, € X™" for all m,n € N, the theorem is
proved. O

Remark 2.3. The double sequence Y from the proof of Theorem 2.2 has also the following
properties: (i) Y is bounded; (ii) Y is regular and lim,, o Ymn = lim,— oYmn = a for each
m € Nand eachn € N, thatis Y € ¢;.

Definition 2.4 (see [15]). Let «/ and B be subclasses of c5. Then a, (<4, B) denotes the selection
hypothesis: for each sequence (A, : n € N) of elements of ¢/ there is an element B in B such
that BN A,, is infinite for all n € N.

Lemma 2.5. For a € R, the selection principle ay(c3, c5) is satisfied.

Proof. Let (S* : k € N) be a sequence of elements from c# and let for each k € N, Sk =

k
(x mmn/mmneN-

(1) Form first an increasing sequence j; < jo < -+ < j; < --- in N so that:

(a) j1 =min{ny € N : |x}mn —a| <1/2 for all m > ny and for all n > ny};

(b) Leti > 2. Find p; = min{ny € N : |x}, , — a| < 1/2" for all m,n > ny}, and then
define

ﬁ={” pi> ey 22)
jior + 1, if pi <.

(2) Define now a double sequence Y = (), ey in this way:

(@) ysr = x;,t foreachl1<s<j,teN,andeach1<t<j,seN;
(b) fori>2,ys; =x',, for j; < s <ji, t >ji,and j;i <t < jir1, 8 > ji.

st/

By construction, Y € c§ and Y has infinitely many common elements with each X*, k € N;
that is, the selection principle a>(c5, c5) is satisfied. O
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Remark 2.6. Using the technique from [17] we can prove that the double sequence Y in the
proof of the previous lemma can be chosen in such a way that Y has infinitely many common
elements with each X, k € N, but on the same (corresponding) positions.

Let for each k € N, x* denote the sequence (x¥,,,),,cn. Then each x* converges to a,
so that we have the sequence (x* : k € N) of sequences converging to a. Let 2 = p; < p <
ps < --- be a sequence of prime natural numbers. Take sequence x' = (x}, ,,)men- For each
i € N, replace the elements of x! on the positions p/', h € N, by the corresponding elements
of the sequence x'*!. One obtains the sequence (z) ey converging to a which has infinitely
many common elements with each x¥ on the same positions as in x¥. Define now the double
sequence Y = (Yst) ey 50 that yss = z5, s € N, and y,; = a whenever s #t. By construction,
Y € ¢5 and has infinitely many common positions with each X*.

The following definition gives a double sequence version of the selection property
[24)] (e4 , 73) .

Definition 2.7. Let #4 and B be subclasses of cj. Then (xgd) (¢4,B) denotes the selection
hypothesis: for each double sequence (A,,,, : m,n € N) of elements of & there is an element
B in B such that BN A, , is infinite for all (m,n) € N x N.

Theorem 2.8. Let a € R be given. The selection principle agd) (c5,c3) is true.

Proof. Let (X/* : j, k € N) be a double sequence of elements in c§ and let X/* = (xf;,lfn mneN-
In a standard way (see [2]) form from this double sequence a sequence (X' : i € N) of
double sequences X' = (x!, ,,),, nen- Apply now Lemma 2.5 to this sequence and find a double
sequence Y € c& such that Y N X' is infinite for each i € N. But then Y N X/* is infinite for all
j keN. O

Remark 2.9. Notice that the double sequence Y from the proofs of Lemma 2.5 and Theorem 2.8
satisfies: (a) Y isbounded; (b) Y is regular, and lim,, —, . Yimn = limy, — o Yimn = a foreachm € N
and each n € N.

Theorem 2.10. Let a € R and let (X* : k € N) be a sequence of double sequences in c§, X* =
(K ) mnen- Then there is a double sequence Y = (Ysy) ery in ¢35 such that for each k € N the set
{(s,t) e NxN:y,, =xk = for some (m,n) €N x N} is infinite.

Proof. The double sequence Y is defined in the following way.
Let k € N. There is ix € N such that |xX, , — a| <27 for all m,n > ix. Let

&= ix, for s =k,
B ix+p, fors=k+p, peN,
(2.3)
oo {ik, fort=k,

ix+p, fort=k+p, peN.

For t > k let yi; = xfk o and for s > k let ysx = x’sﬂ, i The double sequence Y = (¥s+) sen

constructed in this way is as required, because Y has the following properties:
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(1) Yecy;
(2
3
(4 UkeNBk = {ys,t :s,t € NL

the set BX = {yx; : t > k} U {ysk : s > k} is a subset of A* = {xk , :m,neN};

mn

for each k € N, B is countable;

)
)
)
)

Another similar result is given in the next theorem.

Theorem 2.11. Let a € R and let (X* : k € N) be a sequence of double sequences in c§, Xk =
(K ) mnen- Then there is a double sequence Y = (Ysy), e i €5 which has one common row with X*
for each k € N.

Proof. For each k € N there is ng(k) € N such that |xfn,n —a| < 2% for all m,n > ny(k),
no(k1) > ng(ky) whenever ki > kp, and ny(k) > min{i(k) € N : |x,’§l’j,1[ —a|<27% forall m,n>
i(k)}. Then the desired double sequence Y is defined in such a way that its ny(k)th row is the
no(k)th row of X, that is Ynolk)n = xﬁo o (n € N), and y,; = a otherwise. Let us prove that
Y € c§. Indeed, if € > 0 is given, then choose p € N such that 277 < ¢. Then for each k € N we
have |xk, , — a| < € for all m,n > p. By construction of Y we have actually that [y, — a| < & for

allm,n > p, thatis Y € c. O

Consider now an order on the set N x N. Let ¢ : N x N — N be a bijection. Set
(my1,m1) <y (M2, n2) & @(my, ny) < @(my,ny), where < is the natural order in N.

Definition 2.12. Let &/ and B be subclasses of cj. Then S‘f(ed,B) denotes the selection
hypothesis: for each sequence (A, : n € N) of elements of <4 there is an element B =
(by-1(n)) nen in B such that by1(,) € Ay foralln € N.

Theorem 2.13. Let a € R and let <, be as previously mentioned. Then the selection hypothesis
S‘f(cg,Eg) is satisfied.

Proof. Let (X¥ : k € N), X* = (xk, ), .en, be a sequence in cj. Construct a double sequence
Y = (Ys1t)s sen as follows.

Fix k € N. Let (s(k), t(k)) = ¢~(k), and let p(k) = max{s(k),t(k)}. There is no(k) € N
such that |x%, , — a| < 277® for all m,n > ny(k). Set ys(i) (k) = xvl:o(k),no(k) and Y = (Ysk),t(k)) ken-

Then, by the construction, Y € Eg and Y have exactly one common element with Xk for each
k € N, that is Y is the desired selector. O

3. Concluding Remarks

We considered here selection properties of some classes of convergent double sequences.
It would be interesting also to study similar properties for classes of divergent double
sequences, as well as selections related to the Pringsheim limit points instead of the P-limits.
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