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Abstract—Atherosclerosis is a progressive disease characterized
by the accumulation of lipids and fibrous elements in arteries. It
is characterized by dysfunction of endothelium and vasculitis, and
accumulation of lipid, cholesterol, and cell elements inside blood
vessel wall. In this study, a continuum-based approach for plaque
formation and development in 3-D is presented. The blood flow
is simulated by the 3-D Navier–Stokes equations, together with
the continuity equation while low-density lipoprotein (LDL) trans-
port in lumen of the vessel is coupled with Kedem-Katchalsky
equations. The inflammatory process was solved using three addi-
tional reaction–diffusion partial differential equations. Transport
of labeled LDL was fitted with our experiment on the rabbit ani-
mal model. Matching with histological data for LDL localization
was achieved. Also, 3-D model of the straight artery with initial
mild constriction of 30% plaque for formation and development is
presented.

Index Terms—Atherosclerosis, low-density lipoprotein (LDL),
plaque, wall shear stress.

I. INTRODUCTION

A THEROSCLEROSIS is a progressive disease character-
ized in particular by the accumulation of lipids and fibrous
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elements in artery walls. Over the past decade, scientists come to
appreciate a prominent role for inflammation in atherosclerosis.

Atherosclerosis develops from oxidized low-density lipopro-
tein (LDL) molecules. When oxidized LDL evolves in plaque
formations within an artery wall, a series of reactions occur
to repair the damage to the artery wall caused by oxidized
LDL. The body’s immune system responds to the damage to
the artery wall caused by oxidized LDL by sending specialized
white blood cells-macrophages (Mphs) to absorb the oxidized-
LDL forming specialized foam cells. Macrophages accumu-
late inside arterial intima. Also, smooth muscle cells (SMC)
accumulated in the atherosclerotic arterial intima, where they
proliferate and secrete extracellular matrix to form a fibrous
cap [1]. Unfortunately, macrophages are not able to process
the oxidized LDL, and ultimately grow and rupture, deposit-
ing a larger amount of oxidized cholesterol into the artery wall.
There has been considerable effort investigated LDL transport
and atheroslerosis process through the artery [2]–[5]. Some au-
thors [2] found that macrophage proliferation and constant sig-
naling to the endothelial cells drive lesion instability, rather than
an increasing influx of modified LDL. Pazos et al. [3] used to-
gether finite-element simulations of inflation experiments with
nonlinear least-squares algorithm to estimate the material model
parameters of the wall and of the inclusion. They fitted the sim-
ulated experiment and the real experiment with the parameter
estimation algorithm. Hoi et al. [4] found that oscillatory and
retrograde flow induced in the mice may exacerbate or accel-
erate lesion formation, but the distinct anatomical curvature of
the mouse aorta is responsible for the spatial distribution of
lesions. Olgac et al. [5] found that hypertension leads to an in-
creased number of regions with high LDL concentration where
the endothelium is represented by a three-pore model.

We are using similar approach for LDL transport through the
wall domain as homogenous wall model [6]. For the moment,
we did not consider multilayer wall model [7]. The Kedem–
Katchalsky equations for mass transport between lumen and
wall domains are used. The main difference is that we added
additional reaction–diffusion equations for process of inflam-
mantion and plaque development.

This study describes a new computer model for plaque for-
mation and development. The potential benefit for the present
computational model is to simulate plaque progression based on
real patient data from clinical measurements. The first section
is devoted to the LDL model of transport from the lumen to
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intima and a detailed 3-D model for inflammatory and process.
The next section describes labeled LDL transport and matching
with histological finding as well as benchmark example 3-D
model of plaque formation and development. Finally, the main
conclusions of the work are addressed.

II. METHODS

In this section, a continuum-based approach for plaque for-
mation and development in 3-D is presented. All algorithms are
incorporated in program PAK-Athero from the University of
Kragujevac, Kragujevac [8].

The governing equations and numerical procedures are given.
The blood flow is simulated by the 3-D Navier–Stokes equations,
together with the continuity equation

− μ∇2ul + ρ (ul · ∇) ul + ∇pl = 0 (1)

∇ul = 0 (2)

where ul is the blood velocity in the lumen, pl is the pressure,
μ is the dynamic viscosity of the blood, and ρ is the density of
the blood.

Mass transfer in the blood lumen is coupled with the
blood flow and modeled by the convection–diffusion equation
as follows:

∇ · (−Dl∇cl + clul) = 0 (3)

in the fluid domain, where cl is the solute concentration in the
blood lumen and Dl is the solute diffusivity in the lumen.

Mass transfer in the arterial wall is coupled with the trans-
mural flow and modeled by the convection–diffusion-reaction
equation as follows:

∇ · (−Dw∇cw + kcw uw ) = rw cw (4)

in the wall domain, where cw is the solute concentration in the
arterial wall, Dw is the solute diffusivity in the arterial wall,
K is the solute lag coefficient, and rw is the consumption rate
constant.

LDL transport in lumen of the vessel is coupled with
Kedem–Katchalsky equations

Jv = Lp (Δp − σdΔπ) (5)

Js = PΔc + (1 − σf ) Jv c̄ (6)

where Lp is the hydraulic conductivity of the endothelium, Δc is
the solute concentration difference across the endothelium, Δp

is the pressure drop across the endothelium, Δπ is the oncotic
pressure difference across the endothelium, σd is the osmotic
reflection coefficient, σf is the solvent reflection coefficient, P is
the solute endothelial permeability, and c̄ is the mean endothelial
concentration.

The incremental iterative form of finite-element equations of
balance is obtained by including the diffusion equations and
transforming them into incremental form. The final equations
are, as shown in (7) at the bottom of this page, where the matrices
are
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Fig. 1. Schematic presentation of the isolated blood vessel segment in the
water bath.

Note that N̂J are the interpolation functions for pressure (which
are taken to be for one order of magnitude lower than interpo-
lation functions NI for velocities). The matrices Mcc and Kcc
are the “mass” and convection matrices; Kcv and Jcc corre-
spond to the convective terms of (3); and Fc is the force vector
that follows from the convection–diffusion equation in (3) and
linearization of the governing equations.

The inflammatory process was solved using three additional
reaction–diffusion partial differential equations [3]

∂tOx = d2ΔOx − k1Ox · M
∂tM + div(vw M) = d1ΔM − k1Ox · M + S/(1 − S)

∂tS = d3ΔS − λS + k1Ox · M + γ(Ox − Oxthr) (8)

where Ox is the oxidized LDL or cw —the solute concentration
in the wall from (4); M and S are concentrations in the intima of
macrophages and cytokines, respectively; d1 ,d2 ,and d3 are the
corresponding diffusion coefficients; λ and γ are degradation
and LDL oxidized detection coefficients; and vw is the inflam-
matory velocity of plaque growth, which satisfies Darcy’s law
and continuity equation [9]–[12]

vw −∇ · (pw ) = 0 (9)

∇vw = 0 (10)

in the wall domain. Here, pw is the pressure in the arterial wall.
The experimental setup analyzed LDL transport through the

isolated blood vessel which was stretched to its approximate in
vivo length. The outer diameter of the blood vessel was mea-
sured using digital camera and originally developed software.
The blood vessel wall thickness was measured at the end of
each experiment, using light microscope and microscopically
graduated plate (see Fig. 1).

The blood vessel was considered to be viable if it contracted
when 25 mM KCl was added to the bath, as well as if the
presence of functional endothelium was verified by dilation with
Ach (1 μM) at the end of experiment.

The isolated blood vessel was placed into the water bath with a
physiological buffer. After the equilibration period (20–30 min)
at a constant perfusion flow of 1 mL/min, 100 μL bolus was
injected into the perfusion system containing 99m Tc-Nanocis as
an intravascular marker (referent tracer) or 125I-LDL as a test
molecule. The first 15 samples (3 drops in each sample) and 9
cumulative 3-min samples of perfusion effluent were sequen-
tially collected. All samples were prepared for measurement of

Fig. 2. Histological data (numbers on photographs indicate distances from
entry carotid artery in millimeters). White zones inside media denote labeled
LDL localization. Polylines around media are segmentation lines produce by
image processing software.

125I-LDL specific activity by addition of physiological buffer
until final volume of 3 mL/sample. Measurements of perfusion
effluent samples containing 99m Tc-Nanocis or 125I-LDL were
performed by means of the gamma counter (Wallac Wizard
1400,

GMI, Inc., MN). The 125I-LDL uptake is derived from the
difference between the 99m Tc-Nanocis value and that of 125I-
LDL recovery in each sample.

III. RESULTS

First, we examined LDL transport through an animal model
(rabbit carotid artery) under a high blood pressure of 140 mmHg
and a low perfusion flow of 1.1 mL/min.

The aim of our experiment was to determine distribution of
accumulated 125I-LDL radioactivity in different segments of the
isolated blood vessel. Specific software for 3-D reconstruction
of lumen domain and carotid wall artery was developed. A
computer model of the artery is considered as a simple straight
tube with deformation during a high pressure of 140 mmHg.
The diameter of artery was D = 0.0029 m, the mean velocity
U0 = 0.24 m/s, dynamics viscosity μ = 0.0035 Pa s, and density
ρ = 1050 kg/m3 .

Histological images are shown in Fig. 2. The labeled LDL is
localized in the white zones inside media which is probably due
to destroyed radioactive LDL of tissue. Polylines around media
are segmentation lines produces by in-house image process-
ing software. Matching of histological data and computational
simulation is presented in Fig. 3. The process of matching his-
tological images was carried out by 2-D deformation of each
histological cross section in order to keep the internal lumen
approximately cylindrical in shape. The maximum LDL was
found at distal part of the carotid artery segment at 3.5 mm from
entry segment which corresponds to the largest artery diameter.
This finding correlates with well-accepted research about the
lowest shear stress influence. A full 3-D finite-element analysis
was performed using our in-house finite-element code in order
to connect the wall shear stress and function of permeability for
the wall. Diagrams of wall LDL and oxidized LDL are shown
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Fig. 3. Labeled LDL located in histological cross sections on each 0.5 mm
for straight segment. Histological segments were obtained as deformable elastic
rings opened from the current squeezed position to circle original tube. Black
holes in these cross sections show location of the labeled LDL. Percentages
show labeled LDL area inside media and intima wall thickness.

TABLE I
VALUES FOR RABBIT CAROTID ARTERY EXPERIMENT

in Fig. 4. Experimental LDL transport of 15.7% was fitted with
specific nonlinear least-squares analysis [13] in order to obtain
numerical parameters. The fitted numerical parameters are given
in Table I.

The following example is a benchmark example for 3-D sim-
ulation with middle stenosis of the initial 30% constriction for
a time period of t = 107 s (approximately seven years). The
results for velocity distribution for initial and end stages of
simulations are presented in Fig. 5(a) and (b). Concentration
distribution of LDL inside the lumen domain and oxidized LDL
inside the intima are presented in Figs. 5 and 6. The transmural
wall pressure is presented in Fig. 7. Macrophages and cytokines
distributions are shown in Figs. 8 and 9. The diagram of 3-D
plaque volume growing during time is given in Fig. 10. It can
be seen that a change in vessel-wall volume for carotid artery
quantitative corresponds to data available in the literature where
the range of change in plaque volume was 247–447 mm3 [14],
From the aforementioned figures, it can be observed that with
time plaque is progressing and all the variables as velocity dis-
tribution, shear stress, macrophages, cytokines are increasing.
Also from Fig. 10, it can be seen that plaque progression in
volume during time corresponds to clinical findings [15].

IV. CONCLUSION

Full 3-D model for plaque formation and development, cou-
pled with blood flow and LDL concentration in blood, was cre-
ated. The model is based on partial differential equations with
space and times variables and it describes the biomolecular pro-
cess that takes place in the intima during the initiation and the
progression of the plaque.

Fig. 4. Computational results. (a) Dimensionless wall LDL concentration
profile in the media. b) Oxidized LDL concentration profile in the media; r is a
radial position at the cross section (mm).

Fig. 5. (a) Velocity distribution for an initial mild stenosis 30% constric-
tion by area. (b) Velocity distribution at the end of stenosis process after
107 s (units m/s).
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Fig. 6. (a) Oxidized LDL distribution in the intima for an initial mild stenosis
30% constriction by area. (b) Oxidized LDL distribution in the intima at the end
of stenosis process after 107 s (units mg/mL).

Fig. 7. (a) Intima wall pressure distribution for an initial mild stenosis 30%
constriction by area. (b) Intima wall pressure distribution at the end of stenosis
process after 107 s (units Pa).

Fig. 8. (a) Macrophages distribution in the intima for an initial mild stenosis
30% constriction by area. (b) Macrophages distribution in the intima at the end
of stenosis process after 107 s (units mg/mL).

Fig. 9. (a) Cytokines distribution in the intima for an initial mild stenosis
30% constriction by area. (b) Cytokines distribution in the intima at the end of
stenosis process after 107 s (units mg/mL).



FILIPOVIC et al.: ARTREAT PROJECT: THREE-DIMENSIONAL NUMERICAL SIMULATION 277

Fig. 10. Plaque progression during time (computer simulation).

The current computational model is initial demonstration of
very complex atherosclerotic process and has some limitations.
First of all, the arteries in the human body are not of the same em-
bryological origin and, therefore, might react differently. Plaque
components of the wall measured from the medical images
should be included in the model. Also, quantification of the
real patient-specific plaque progression has to be investigated.
Fluid–structure interaction should be included.

Determination of plaque location and progression in time for
a specific patient show a potential benefit for future prediction
of this vascular disease using computer simulation. The under-
standing and the prediction of the evolution of atherosclerotic
plaques either into vulnerable plaques or into stable plaques are
major tasks for the medical community.
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