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APPROXIMATE CALCULATION OF CAPACITANCE
OF LINES WITH MULTILAYER MEDIUM

Alenka M. MILOVANOVIC

¥ — Miroslav M. BJEKIC **

In this paper calculations of the capacitance per unit length of one or multilayer dielectric lines are presented. Special
attention is given to the calculations of the capacitance per unit length of lines with rectangular cross sections, whose
electrodes may be in different or the same layers of a two layer dielectric line. For the purpose of performing the above,
several numerical methods are used and simple approximate expressions are proposed.
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1 INTRODUCTION

The problem of calculation of the capacitance per unit
length of lines with multilayer medium has been evi-
denced in both theory and practice. When designing lines
and cables with multilayer medium of different geome-
try, one should often be well acquainted with most ac-
curate values of the capacitance per unit length. Calcu-
lation of the capacitance per unit length of lines with
multilayer medium can be performed using various ana-
lytical and numerical methods such us the Charge Sim-
ulation Method (CSM), Finite Element Method (FEM),
Equivalent Electrode Method (EEM) [1-7], etc. All these
methods, offering different degrees of precision, give re-
sults with satisfying accuracy, but also require extensive
mathematical work. This is a serious drawback and diffi-
culty that engineers encounter in practice. They are com-
monly very restricted in terms of time and conditions for
comprehensive numerical calculations. The aim of this pa-
per is to provide a review of the applications of different
methods for calculation of the capacitance of multilayer
lines with a rectangular cross section and to propose a
simple procedure for approximate, but sufficiently exact,
calculation of capacitance per unit length. This review
will be also of great help to PhD students who can use
this analysis in research as well as in practice.

2 LINES WITH ONE LAYER MEDIUM

The capacitance per unit length of lines with one layer
perfect dielectric medium is proportional to the permit-
tivity and can be expressed in general as

C'=gl, (1)

where ¢’ is the coeflicient of proportionality which de-
pends on the shape, dimension and mutual position of
the electrodes.
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Fig. 1. The square coaxial line

In the case of the square coaxial line, Fig. 1,

g =8K(k)/K(K'), (2)

where K (k) is the complete elliptic integral of the first
kind with modulus &,

- - 3)
p+p 1+ 2pp’”

and complementary modulus &', &' = v/1—k? [7-9]. p
is the connection with geometry of electrodes,

Kp) _l-ap iy
K@) 1+4+a/b
In order to calculate the approximate values of the ratio

K(k)/K(K'), Fig. 2, the following simple formula can be
applied [10]
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Besides expression (2) for the calculation of ¢’, the
expression given in [11] can also be used
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Fig. 2. The ratio K (k)/K (k')

Fig. 3. Coaxial line with circular inner conductor and square outer
conductor
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Fig. 4. Two wire line with square cross section

Table 1. The comparison of the results for coefficient of propor-
tionality, in the case of square coaxial line, Fig. 1, for different ratios

a/b
b g ~ 80.279;06;7?1(1/(; g ~ 85((((:,))
0.5 10.232 000 10.236 734
0.4 7.565 333 7.561678
0.25 4.898 666 4.844 421
0.2 4.232 000 4.134493
a/b g (MEE) g (FEM)
0.5 10.244 873 10.243173
0.4 7.567 525 7.568 879
0.25 4.846 910 4.846 988
0.2 4.136 304 4.136 933

Although approximate, expressions (2) and (6) do
give satisfactory results, and this can be seen when they
are compared with results obtained by other, numerical
methods which give results with high precision. For that
purpose results were obtained by using Equivalent Elec-
trode Method (Appendix A) and Finite Element Method
(Software package Femlab), Table 1.

In the case of the coaxial line with circular inner con-
ductor and square outer conductor, Fig. 3, the coefficient
of proportionality is [11]

27
In(1.0794&)

/

g =

(7)

The values of the coefficient of the proportionality, ¢,
in the case of a two wire line with a rectangular cross
section, Fig. 4, for different ratios of d/a are presented in
Table 2 and Fig. 5.
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Fig. 5. The capacitance per unit length of the line from Fig. 4, for
different ratio d/a

The presented results are obtained using the Charge
Simulation Method [12], Finite Element Method (Soft-
ware package Femlab), Modified Equivalent Source
Method (MESM) [5] and approximate analytical expres-
sion (8) which can be used with satisfying accuracy when
d>a [11],

g =~ . ~
[Zge 1] (341

,d>a.  (8)

After the capacitance is determined, admittance per
unit length of the line having one layer perfect dielectric
medium is

Y = jwC’ = jweq’. 9)

In the imperfect, linear medium with permittivity e
and conductivity ¢ not only conductive currents, but also
displacement currents can flow [16], so the first Maxwell’s
equation can be expressed as

rot H = (0 + jwe)E = oF = jweE . (10)

where: ¢ is complex conductivity, ¢ = o + jwe; g is
complex permittivity, € = 5(1 — ]%) and w. = o/e is
angular frequency when densities of conductive current

and displacement current are equal. E and H are the
complex vectors of electrical and magnetic field strength.
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Table 2. The comparison of the results for capacitance per unit length in the case of the line presented in Fig. 4

d/a C'/e C'/e C'/e d/a C'/e C'/e C'/e
[5] (CSM) (FEM) [5] (CSM) (Eq. 8)
0.1 13.06355 13.06649 13.09010 1.5 2.26644 2.26793 1.93198
0.2 7.65132 7.65556 7.66498 2 1.98063 1.98147 1.80282
0.3 5.75052 5.75469 5.76177 3 1.66128 1.66176 1.58225
0.4 4.75598 4.75991 4.76581 4 1.48049 1.48034 1.44045
0.5 4.13451 4.13819 4.14316 5 1.36089 1.36117 1.34011
0.6 3.70462 3.70808 3.71333 6 1.27443 1.27469 1.26441
0.7 3.38845 3.39027 3.39492 7 1.20820 1.20844 1.20452
0.8 3.14258 3.14436 3.14844 8 1.15539 1.15561 1.15593
0.9 294572 294746 295114 9 1.11199 1.11220 1.11567
1 278393 2.78561 2.21016 10 1.07551 1.07570 1.08116

If the real value of permittivity in (9) is replaced with
the complex value, the admitance per unit length of the
line having one layer imperfect dielectric medium is

Y' = jweg =0g' =G + jwC’, (11)

where G’ = 0C’ /e = w.C’ is conductance.

3 LINES WITH TWO LAYER MEDIUM

In the case of the line with two layer perfect dielectric
medium, Figs. 6a and 6b (the electrodes are in different
layers of multilayer dielectric line), the capacitance per
unit length can be determined by using approximate ex-
pression (12), Appendix B,

1 2
(e1+€2)915

E1 —€&2
€1+ &2

). (12

( 1 1
62953 619’12

where g}, and gh; are coefficients of the proportionality
of the lines which are formed by the existing electrode and
the electrode’s shield coinciding with separation surface
S, and g4 is a coefficient of proportionality of the line
when g1 = €9,

1 1 1 1 1

1
and =

c1=es €1013

(13)
e

C'ley—o00 62{]53’ C'Mey—o00 829’12
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Fig. 6. Coaxial line with: (a) — circular inner conductor, and (b) —
square outer conductor

The suggested expression (12) is exact when the sur-
face of separation S is of uniform potential. However, it
is useful as a very good approximation in the case when
the potential on the surface of separation is not uniform.

The effective permittivity can be calculated as

C/

= (14)
913

€e

and depends on the electric characteristics of the exist-
ing layers, conductor’s shape and their mutual position.
Exceptions are lines having electrodes symmetric in rela-
tion to the surface of separation of dielectric layers, where

912 = g3 = 2913 and
1 1/1 1
LD
€e 2\e1 g9

As layers inside the line are imperfect, the admittance
per unit length, Y, is approximately

(15)

1 2 g, — 0y ( 1 1
Y' (g +0a2)dis o1 +09\0a953 1919

). o)

where: Y/ = GL + jwC., G, = 0egis, C. =ccgis, 01 =
01+ jwer and g, = 02 + jwes. 0. and e, are effective
permittivity and effective conductivity, respectively.

If the lines with two layer imperfect dielectric medium
are treated as lines with one layer imperfect dielectric
medium, complex effective conductivity is

Y' G+ juC,

o, = = 0¢ + jwee, 17
913 913 ‘ ‘ ()
accordingly
o, +0,y .
—_— = 1
2w, B, (18)
where
66 — a(gl + 62) + /6,(01 + 02) , ﬂ/ — E , (19)
2(a? + (?) w
oy 4 02) +wp(er +e2) (20)

e = 2(a% 1 2) ’
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Fig. 7. The line with two layer perfect dielectric medium, where
electrodes are in the same layer
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Fig. 8. Effective permittivity of the line where electrodes are in the
same layer
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Fig. 9. The line with perfect three layer dielectric medium
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In the case when two layer perfect dielectric medium
exists, but the electrodes are in the same layer, Fig. 7, the
capacitance per unit length can be determined by using
approximate expression (24),

1 2 €9 — €1 1
- = + , 24
C' (e1+4e2)g e1+e2e19) (24)

where ¢’ and ¢| are coefficients of proportionality

1 1 1 _ 1
C’'leg—oco0 — e14] and c’ T oeg’

E£1=€2

When the approximate capacitance is calculated using
(24), it is possible to determine the effective permittivity
as

c’ e1(e1 +€2)

g 26+ (e2—e1)(g'/91)

Ee = (25)

As the layers of the lines are imperfect the admittance
per unit length is approximately

1 2 g, —0; 1
= = =2l (26)
Y (g1 +a3)9 o1 +050,9,

Y =G +jwC, G, =09, C.=c.q,

‘ ‘ (27)
o, =01+ Jjwer, gy =01 +Jjwer.

In this case dielectric complex effective conductivity is:

X/ g, (Q1 +05)

o, === .
© 9 20+ (g —ay)(9/9h)

(28)

4 THE LINE WITH THREE LAYER MEDIUM

In the case of the line with three layer perfect dielec-
tric medium, such as a two wire line having a rectangular
cross section (Fig. 9), the approximate expression for cal-
culation of the capacitance per unit length and effective
permittivity are

1 2 €1 — €2 1 1 1 1
e 7 [ T —<T + T)}
C (e1+e2)gly  €1+ealeaghy  e1\gly  ghy
(29)
and
Ee = Cl/gll4a

where g, and g}5 are determined for the line composed
by conductors defined by surfaces S; < Sy, respectively
Sy « S3 and g}, g54 for the coaxial line defined by
surfaces 57 < S5, respectively S3 < Sy.

(30)

5 EXAMPLES

The application of the proposed approximate expres-
sions (12), (24), and (29) will be illustrated through sev-
eral examples and the results obtained will be compared
with results obtained by using different numerical tech-
niques.

ExaMPLE 1. Results for effective permittivity of square
coaxial line with two layer perfect dielectric medium,
Fig. 10a, and three layer perfect dielectric medium
Fig. 10b, obtained using proposed approximate expres-
sions (12) and (29) are shown in Figs. 11 and 12. Some of
the results obtained are compared with results obtained
using FEM (Software package Femlab) in Table 3.

Coefficients of proportionality ¢1,, g53, ¢13 in the case
of the line from Fig. 10a and g5, g53, 944, 914 in the case
of the line from Fig. 10b are determined using expression
(2). The agreement of the results is very good.
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Fig. 10. Square coaxial line with multilayer dielectric medium
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Fig. 11. Effective permittivity of square coaxial line with two layer
perfect dielectric medium (Fig. 10a) for different ratios b/c and
c=4a
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Fig. 12. Effective permittivity of square coaxial line with three
layer dielectric medium (Fig. 10b) for different ratios as/a2 and
az/a1 =2, as/az =4

Table 3. The comparison of the results for effective permittivity of
the coaxial line, Fig. 10b, when a4/a3 = az/az = az/a1 =2

e1/ea  ec/er (FEM)  ec/e1 (Eq.29 and 30)
0.1 1.508 66 1.51188
0.2 1.41750 1.421 34
0.5 1.21535 1.21813
1 1 1
2 0.75706 0.75000
) 0.437 88 0.437 88
10 0.260 45 0.260 58

253

ExXAMPLE 2. The dependency of effective permittivity of
a rectangular coaxial line with two layer perfect dielectric
medium against the ratio e3/e7 for the different ratios
a/b, a/b = a1/by = aa/by and a1/a = as/a; = 2 is
shown in Fig. 13. The coeflicients of proportionality ¢,
ghs and g}4 are determined using EEM.

Also, the coefficients of proportionality can be deter-
mined using the analytical expressions given in [11]. For
example, for the rectangular coaxial line presented in
Fig. 14 expression (31) is suggested

21
!
g—w, d>3t, w>1.25b. (31)
W5 /dre/d
&
g
a
a;
as
ge/ €1
2.0
1.5
€/€1

Fig. 13. Effective permittivity of the rectangular coaxial line with
two layer perfect dielectric medium

e

w

Fig. 14. Rectangular coaxial line

ExaMPLE 3. For a coaxial line having a circular inner
conductor and square outer conductor (Fig. 15) coeffi-
cients of proportionality ghs and gj; are determined us-
ing expression (7) and

21

!/
G2 = —F—— -
12 In(rg/r1)

The results for effective permittivity of the coaxial
line obtained using expressions (12) and (14) are com-
pared with results obtained using FEM [Software package
FEMM] in Table 4.
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Table 4. Effective permittivity of the coaxial line presented in Fig. 15, for different ratios £1/e2 and a/2r2, when a/2r1 =4

ge/el

e1/ea  afra =87 a/ro =8/6 a/ro =8/5 a/ro =8/4 a/ro =8/3
Eq. (12) FEM Eq. (12) FEM Eq. (12) FEM Eq. (9) FEM Eq.(9) FEM
0.1 1.1480 1.1474 1.2884 1.2880 1.5062 1.5059 1.8989 1.8970 2.8608 2.8605
0.2 1.1295 1.1286 1.2484 1.2480 1.4259 1.4257 1.7262 1.7263 2.3706 2.3705
0.5 1.0772 1.0762 1.1420 1.1416 1.2296 1.2294 1.3568 1.3568 1.5658 1.5658

1 1 1 1 1 1 1 1 1 1 1
2 08747 0.8775 0.8008 0.8015 0.7282 0.7283 0.6553 0.6554 0.5805 0.5805
) 0.6356 0.6438 0.5013 0.5027 0.40104 0.40128 0.32216 0.32222 0.2570 0.2570
10 0.4367 0.4466 0.3088 0.3101 0.2293 0.2295 0.1744 0.1744 0.1333 0.1333

Table 6. Comparison of the results for
C'/ea, when di /a1 = 18 and da/a2 = 8.5

Table 5. Effective permittivity of coaxial line presented in Fig. 16, for different ratios 1/e2
and a/a1, when a/2r =4

66/61 c /E C//EQ C//€2
e1/ea  ajas =8/6 afa; =8/5 afa; =8/4 afa; =8/3 AL % (29) FEM
Eq. (12) FEM Eq. (12) FEM Eq. (12) FEM Eq. (12) FEM

q- 12) a- 12) q- 12) q- 12) 0.1 0.34979 0.35282
0.1 1.2096 1.2132 1.3884 1.4026 1.7306 1.7357 2.4927 2.5065 0.9 0.53224  0.53597
0.2 1.1782 1.1836 1.3267 1.3394 1.5923 1.5988 2.1218 2.1354 0'5 0'77840 0'78087

0.5 1.0997 1.1052 1.1173 1.1843 1.2953 1.2999 1.4826 1.4892 : : ’
1 1 1 1 1 1 1 1 1 1 0.92508 0.92482
2 0.8577 0.8402 0.7764 0.7708 0.6955 0.6923 0.6130 0.6104 2 102574 1.02291
) 0.6125 0.5910 0.4705 0.4647 0.3683 0.3657 0.2869 0.2852 5 1.10148 1.09761
10  0.4180 0.3957 0.2853 0.2820 0.2074 0.2062 0.1526 0.1519 10 1.13058 1.12723

) gi4are determined using expression (2) and expression
(8) respectively. Obtained results are presented in Ta-
£
o : ble 6 and Fig. 18.
€2
€1 €1
a
Fig. 15. Coaxial line having a circular inner conductor and square Electrode 1 Electrode 2
outer conductor
ai aj
ap d> an

ExXAMPLE 4. For a coaxial line presented in Fig. 16, co-
efficients of proportionality ¢{5, ¢i3 and gj; are deter-
mined using expressions (7) and (2) respectively. The
comparison of the results for effective permittivity of the
coaxial line, obtained using expressions (12) and (14) and

A
A 4

Fig. 17. The line with three layer dielectric medium

Cc’/ &€
using FEM (Software package FEMM) is presented in Ta- 17 m—
. STayE
ble 5 1.5 az/a1:4
al 82 13 as / ay = 3
as / a) = 2
g 1.1
0.9
0.7
0.5
4 03
Fig. 16. Coaxial line having a circular inner conductor and square 0.1
outer conductor 0 2 4 6 8 10
€/&

EXAMPLE 5. In the case of the line presented in Fig. 17
the coefficients of proportionality ¢7,, g4, and gbs,

Fig. 18. The ratio C’/ey for different ratios ai/az and e1/e2,
when dy/a; = 18
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Table 7. Comparison of the results for C’/eg, when d/a = 10, Fig. 19

C//E()
51/52 h/a:2 h/a:1
Eq.(24) CSM FEM Eq. (24) CSM FEM
0.1 1.432218 1.431073 1.434849 1.742326 1.736781 1.742185
0.2 1.349398 1.347887 1.353017 1.562958 1.556347 1.563040
0.4 1.236992 1.235595 1.242263 1.3453198 1.339980 1.347690
0.5 1.197104 1.195929 1.203049 1.2743402 1.270006 1.277330
0.8 1.113336 1.112893 1.120840 1.1346555 1.133158 1.141287
1 1.075700 1.075700 1.083968 1.075700 1.075700 1.083874

EXAMPLE 6. The next example presents the line in which
the electrodes are in the same layer of the two layer dielec-
tric medium, Fig. 19. The capacitance per unit length is
determined using approximate expression (24), CSM and
FEM (Software package Femlab). For calculation ¢’ and
g7 CSM is also used. The obtained results are compared
in Table 7.

€1

A
y

Electrode 1

1h

Electrode 2

€2

Fig. 19. Two wire line above infinite dielectric surface

6 CONCLUSION

This paper presents an instructive review of different
techniques for calculations of the capacitance per unit
length of lines with multilayer medium, especially lines
with rectangular cross section. Several numerical methods
(CSM, EEM, MESM) and two program packages [17,18]
are used, and some simple equations are proposed which
permit an approximate, but sufficiently accurate, evalu-
ation of the capacitances. Expressions for effective per-
mittivity and conductivity are also suggested. The pro-
posed expressions (12), (24) and (29) are postulated and
their validity is then tested against several characteristic
examples. A very good agreement between obtained re-
sults is demonstrated. It is worth mentioning, moreover,
that the expressions are always exact in cases of one layer
medium, in cases when the surface of separation of the
existing layer is of uniform potential as well as in cases
when permittivity of one layer has a high value and this
medium behaves as a conductive medium. The proposed
expressions can simplify the solving of problems as and
when they present, and represent a useful tool in everyday
engineering practice.

APPENDIX A
A.1 Equivalent Electrode Method Application

The basic idea of the method [3, 4] is that an arbitrar-
ily shaped electrode can be replaced by a finite system of
the equivalent electrodes (EE) located on the body sur-
face. The radius of EE is equal to the equivalent radius
of electrode part which it substitutes. Also, the potential
and charge of EE and of the real electrode part are equal.
So, it is possible using the boundary condition that the
electrode is equipotential, and forms a system of linear
equations with charge densities of EE as unknowns. After
solving this system, unknown charge densities are deter-
mined and any other quantity of interest can be easily
calculated in a standard way.

In the case when the system has several electrodes, or
when a multilayer medium exists, it is convenient to use
Green’s functions for some electrodes or for a stratified
medium. In the case of a square coaxial line Fig. Al the
interior electrode is replaced by N cylindrical EE, with
a circular cross section having the radius a.;, charged
by line charge per unit length ¢/, n =1,2,...,N. The
radius of the EE is equal to the equivalent radius of the
electrode part which it substitutes, in this case thin flat
strip conductor, a.; = Az1/4 = a/4N.

The position of these EE are x = +x,, y = +y,,

xn:AZ1/2+(n71)Axlv yn:a’/2a

n=1,2,...,N/2 (Al)

and x, = a/2, yo, = a/2 — (Az1/24 (n — 1)Axq),

n=N/2,N/2+1,...,N. (A2)

In a similar way, the shield is replaced by M cylin-
drical conductors (EE), of circular cross section hav-
ing the radius a.o = Axzo/4 = b/4M, charged by q),,
m=12,....M.

The axes of these EE are x = +x,,, y = *ym,

T = Axo/2+ (m — 1)Azo, ym =b/2,

m=1,2,...,M/2 (A3)
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Fig. 20. The square coaxial line

and T, = b, ym = b/2 — (Aza/2+ (m — 1)Azs),
m=M/2,M/2+1,....M. (A4)

So, the total number of the EE accordingly unknown
charges having to be determined is N+ M . Using the con-
dition that equivalent electrodes have the same potential
as the electrodes they represent, ¢1 and 2, p1—p2 = U,
system of linear equations are obtained

N ’
q
U+ py=— E 27?5 In[riror34/ 7502, 0mn]

=1

q,
_ ml o 12 26
E N|7T75754/ T2 0mn
127T€ [1 203V T4 Tez L
m=

(A5)
x:xn7y:yn7n:172,""N’
N
pr=—Y n In[rirarsy/r3a2 6mn]
2 Ime 17273 1%e19mn
n=1
M
- Z G In[rirhriy/riEay0ma) (A6)
= 2me ¢
T=Tm, Y=Ym, m=12,... ., M.
N M
! ' =0 A7
Y a+> a4, =0, (A7)
n=1 m=1

=@+ )+ Y —y) =@+ )+ Y —ym)?,
r5= (=)’ + W+yn) th= (2 —2m)’ + Y+ ym)’,
=@+ )’ + Y +yn)? =@+ )’ + Y+ ym)?,
ri=(@ =)+ Y —yn)? th= (2 —2m)’ + (Y —ym)?,

and &, is Kronecker symbol.

After solving linear equation (A5-A7) the unknown
line charges of the EE are determined and the capacitance
per unit length can be calculated as

N
Cl _ 4 Zn:l q;z

i (A8)

APPENDIX B
B.1 Determination of the proposed expression

In the case of the line with two layer perfect dielectric
medium, Figs. 6a and 6b, when separation surface S is
uniform potential, the capacitance per unit length can be
exactly determined as

1 1 1 1 1

T T 7
C Cly Oy €1912  €2023

(B1)

where ¢}, and gh; are coefficients of the proportionality
of the lines which are formed by the existing electrode
and the electrode’s shield coinciding with surface S. After
certain elementary transformation, and considering that
the

1 1 1

—_— = — 4 — B2
9/13 912 (52)

933 ’
where g# is a coefficient of proportionality of the line
13

when g1 = &9,

1 €1 — &2 1 1 1 1 1
o ( T ,)+ (T*T)a
C €1+¢€2\€1915 €203 €1+t€2\g13  Ga3

(B3)
the expression (B1) can be expressed in form of (B4) as
is proposed in this paper

1 2 €1 —€ 1 1
o 7 - - ( T 7 ) (B4)
c (51 + 52)913 €1 + €2 \E27a3 €1919

For calculations of the capacitance per unit length, in
the case when two layer perfect dielectric medium exists,
but the electrodes are in the same layer of multilayer
dielectric line, Fig. 7 expression (B5) is proposed

1 2 €9 — €1 1

= = + . B5
C'" (e1+4e2)g e1+e2e19] (B5)

ﬂ h ro<<H, h,d

2ro

T

€1

€2

Fig. 21. Two wire line above infinite dielectrical surface
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This expression is formed according to the expression
(B4) and firstly, we can check its accuracy in example of a
two wire line above infinite dielectrical surface presented
in Fig. B1, for which analytical expression exists

1 1 d o9 — €1 2\/ hH
— = (1n — n ) (B6)
C’ eq1m 0 €1+ €2 Vd? +4hH

In this case the coefficients of proportionality g’ and
!
g; are

T
In(2vhH [roVd® + 4hH)
(B7)
Expression (29) proposed for the example of the line
with three layer perfect dielectric medium, Fig. 9 is ob-
tained similarly as expressions (B4) and (B5).

/

9 = n(d/ro)

and g) =
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